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Numerical solution of the time-dependent Schrödinger equation for a two-dimension model of H2 ionization
by intense ultrashort �few cycles� extreme ultraviolet �XUV� laser pulses are presented to compare linear and
circular polarization angular distributions for aligned molecules. Both ground �X 1�g

+� and excited �A 3�u
+�

states ionization is calculated at equilibrium and for extended large internuclear distance configurations to
study the effect of electron delocalization via molecular orbitals vs electron localization in Heitler-London
atomic wave functions. It is found that at large distance for ionized electron wavelengths less than the inter-
nuclear distance, circular polarization ionization angular distributions exhibit signature of the entanglement of
electrons by exchange, thus, allowing for a measure of exchange entanglement.
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Recent advances in the synthesis and characterization of
ultrashort intense laser pulses �1,2� allows for investigation
of laser-matter interaction into a new temporal regime lead-
ing to attosecond science �3,4�, thus, bridging near femtosec-
ond �1 fs=10−15 s� dynamics of proton motion to attosec-
ond �1 as=10−18 s� dynamics of electrons. Imaging
quantum dynamics is as a result a frontier of science which is
being developed and advanced through large scale simula-
tions of interaction of intense ultrashort laser pulses with
molecular systems from fs for nuclear motion �5� to as for
electron motion �6–8�. Ultrashort laser pulse advances have
led to imaging pump-probe techniques such as laser Cou-
lomb explosion imaging �5,9,10� for nuclear motion to laser-
induced electron diffraction �LIED� �11–13� for coupled
electron-nuclear motion. In LIED, the focus is on using near
fs laser-induced electron scattering �14–18� to image mo-
lecular structure. Electrons have great potential for probing
the time resolved transient structure of molecules, materials
and even biological systems via ultrashort electron diffrac-
tion �UED� �19�, and recent ultrashort laser pulses offer now
the possibility of creating coherent electron wave packets
inside molecules on the as time scale and subnanometer size
�7,8,12� by the ultrashort intense phase-stabilized laser
pulses �2–4�. UED �19� in molecules leads to interference
phenomena predicted by Cohen and Fano �20� and Kaplan
and Markin �21� for diatoms. In the present work, we present
a numerical study of one-photon single ionization of H2 with
linear and circular polarization light using an exact numeri-
cal algorithm for solving the time-dependent Schrödinger
equation �TDSE�. We use a two-dimension �2D� model, re-
stricting the two-electron motion in a plane in the Born-
Oppenheimer approximation, i.e., with static nuclei. Such a
2D model has recently been use to study correlation effects
on high-order harmonic generation �HHG� in H2 using mul-
ticonfiguration methods �22�. In the present work, we solve
numerically four-dimension �4D� partial differential equa-
tions for the two-electron motion necessitating large �ter-
abyte size �1012 points�� grid for treating adequately the con-

tinuum electron motion and to extend calculations to high
intensities to the nonlinear nonperturbative regime. We ob-
tain the ionization angular distribution for the ground X 1�g

+

and excited A 3�u
+ states of the H2 molecule at wavelengths

10 nm ��=4.56 a.u.� and 5 nm ��=9.1 a.u.� both at equi-
librium, Re=1.675 a.u. and for the extended �stretched� con-
figuration at R=10 a.u.. At equilibrium, molecular orbitals,
i.e., delocalized electron functions are adequate representa-
tions of the single electron whereas in the latter extended
configuration, one expects the two electron-wave function to
become localized Heitler-London atomic functions corre-
sponding to valence-bond structures �23�. Recent experimen-
tal work in double photoionization in D2 molecules �24� have
shown methods to measure correlated electron ionization in
coincidence with ion fragmentations. Recent time-resolved
UED has been shown to be possible with transiently aligned
molecules �25�. We present results of ionization for parallel
and perpendicular alignment of H2 with respect to the laser
polarization axis. We also compare the photoionization of the
ground X 1�g

+ state vs the excited A 3�u
+ state in order to

investigate the role of exchange symmetry known to influ-
ence the ionization as a function of internuclear distance at
high intensities in a previous nonperturbative one-dimension
�1D� simulation �26�. Our simulations of 2D aligned H2
complement previous three-dimension �3D� simulations of
nonaligned ground state H2

+, H2, and Li2
+ �27�. Alignment

methods are currently well development �13,25� and will
serve to elucidate interference effects in multicenter systems.

The 2D �plane� H2 problem becomes a 4D partial differ-
ential equation with ��1 ,�1� and ��2 ,�2� polar coordinates for
the two electrons �26�. The TDSE is appropriately written as
�through this paper, atomic units, a.u., e=�=me=1 are used
unless otherwise noted�,

i
�

�t
��1,2� = �−

1

2
��1

2 + �2
2� + Vee + Ven + VL���1,2� , �1�

where �1,2
2 is the 2D Laplacian on the right hand side of Eq.

�1�, Vee is the electron-electron repulsion and the electron-
proton attraction Coulomb potentials is Ven,*andre.bandrauk@usherbrooke.ca
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Vee =
1

��1
2 + �2

2 − 2�1�2 cos��1 − �2� + �
, �2�

Ven = − �
j=1

2 1

�� j
2 � R� j + R2/4 + 	

. �3�

R is the internuclear distance between protons, � and 	 are
regularization parameters to remove Coulomb singularities
�this corresponds to averaging over the third dimension per-
pendicular to the plane of the molecule, i.e., the z direction�.
The laser-electron radiative coupling is described by the time
dependent potential VL, for a duration T laser pulse E�t� for
intensity I0= 1

2c
0E0
2 with maximum amplitude E0, pulse en-

velope f�t� and frequency �, for a parallel polarization,

VL = − ��1 cos �1 + �2 cos �2�E0f�t�cos �t , �4�

and for perpendicular polarization,

VL = − ��1 sin �1 + �2 sin �2�E0f�t�sin �t , �5�

and for circular polarized pulse

VL = − E0f�t���
j=1

2

�� j cos � j cos �t + � j sin � j sin �t�� .

�6�

We assume a temporal slowly varying envelope

f�t� = sin2��t/T� , �7�

so that the total pulse area 	E�t�dt=0 is thus constrained in
accordance with Maxwell’s equation �1�. We solve the 4D
TDSE Eq. �1� by a third order split-operator method of third
order accuracy in the time step �t and higher order in the
spatial steps �� and �� �28�. Since the Laplacian’s � j

2 contain
singularities at �=0 in polar coordinates, we use the meth-
odology as described in �26� to obtain the regularized 4D
Laplacian propagator for the two electrons in H2 insuring
unitarity at each time step.

The regularization parameters are chosen to be �=1.0 and
	=0.35 allowing to reproduce the ground state and excited
potential energy of the H2 molecule accurately �29�. The
ground X 1�g

+ state equilibrium distance is Re=1.675 a.u.
with eigenenergy −1.3894 a.u.. The corresponding 4D val-
ues, E�A 3�u

+�−E�X 1�g
+�=0.35 a.u. and dissociation energy

E��−E�X 1�g
+�=0.19 a.u., are in good agreement with the

accurate values �30�. The time step is taken to be �t
=0.01 a.u. �1 a.u.=24 as� and the spatial discretization is
��=0.25 a.u. for a grid size 0���128 a.u. and angle grid
size ��=0.05 a.u.. To prevent unphysical effects due to the
reflection of the wave packet from the boundary, we multiply
��r , t� by a “mask function” or absorber with the form

g�t� = 
1, � � �a,

cos1/8���� − �a�/2�abs� , �a � � � �max.
� �8�

For all results reported here we set the absorber domain
�abs=�max−�a at 24 a.u., exceeding well the field induced
displacement �=E0 /�2 of the electron.

The two-electron time dependent function

���1 ,�1 ,�2 ,�2 , t� allows for a study of the radial distribution
����1 ,�2 , t��2 by integrating over angles �1 and �2, or the
angular distribution ����1 ,�2 , t��2 after integrating out the ra-
dial coordinates �1 and �2. In order to illustrate electron an-
gular distribution spectra, a radial flux �electron current den-
sity� J�t� is employed. The total two-electron wave function
���1 ,�1 ,�2 ,�2 , t� generates the radial flux J�t� at large dis-
tance �0 before the wave packet is absorbed in polar coordi-
nates. The electron angular distributions are reduced to one
electron spectra by integrating out one electron, i.e.,

J��2,t� =
1

2i
  d�1d�1

� �����1,�1,�2,�2,t�
����1,�1,�2,�2,t�

��2

−
�����1,�1,�2,�2,t�

��2
���1,�1,�2,�2,t��

�2=�0

� ,

�9�

with the corresponding angular differential yield

J��� = J��2,t�dt . �10�

We show first ionization angular distributions for H2 at
equilibrium distance, Re=1.675 a.u. for both ground X 1�g

+

and first excited A 3�u
+ electronic states at intensity I0=5

�1013 W /cm2 and different excitation wavelengths �
=10 nm in Fig. 1 and �=5 nm in Fig. 2. In Fig. 3, we show
ionization angular distributions for the extended, R
=10 a.u., configuration at excitation wavelength �=10 nm.
The choice of an equilibrium short distance, Re=1.675 a.u.
and the extended configuration, R=10 a.u. allows to com-
pare changes in electron configuration. Thus, at equilibrium,
the ground X 1�g

+ state is basically a 50% mixture of the
symmetric covalent atomic Heitler-London configuration
H¯H,

�1�1,2� = 1sa�1�1sb�2� + 1sa�2�1sb�1� �11�

and the ionic configuration H+H−+H−H+

�2�1,2� = 1sa�1�1sa�2� + 1sb�1�1sb�2� �12�

obtained from the molecular orbital, MO configuration 1�g
2

�23�, whereas the triplet A 3�u
+ state described by the MO

configuration 1�g1�u is the antisymmetric covalent atomic
configuration

�3�1,2� = 1sa�1�1sb�2� − 1sa�2�1sb�1� . �13�

At large distance, both covalent configurations �1 and �3
dominate the two-electron wave function. Thus at large dis-
tance only a phase change in the entanglement via exchange
of atomic electronic configurations 1sa1sb differentiates the
X 1�g

+ and A 3�u
+ states.

Both 2D angular distributions for the X 1�g
+ and A 3�u

+

states at equilibrium are in good agreement with the 3D dis-
tributions for the H2 molecules using different numerical
methods �31�. Figure 1 shows that for both the X 1�g

+ and
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A 3�u
+ states at longer wavelengths such that the ionized-

electron wavelength �e is greater than the internuclear dis-
tance Re, the ionization angular distributions for circular po-
larization is basically the sum of orthogonal, i.e., parallel and
perpendicular linear polarization angular distributions, thus
confirming that in this case negligible diffraction is occur-
ring. Figure 2 on the other hand where �e�Re, shows an
asymmetry in the circular polarization angular distributions
for both X 1�g

+ and A 3�u
+ states. This is due to more complex

angular distribution for parallel and perpendicular linear po-
larization ionization rates which by themselves show no
asymmetry. Thus, for this case where the ionized-electron
wavelength is equal to the internuclear distance, circular po-
larization ionization angular distributions become asymmet-
ric as seen in Figs. 2�a� and 2�b�.

Figure 3 shows the ionization angular distributions for
ionized electron wavelengths �e about 1/4 of the internuclear
distance R. Both parallel and perpendicular linear polariza-
tion ionization angular distributions are very similar for both
X 1�g

+ and A 3�u
+ states. The circular polarization rates how-

ever are no longer simple superpositions of parallel and per-
pendicular linear ionizations, thus, reflecting the different
symmetry of the two electron Heitler-London covalent wave
functions �1 and �3, Eqs. �11� and �13�. This is to be com-
pared to Figs. 1 and 2 at the equilibrium Re=1.675 a.u.
where no oscillations in the angular distributions occur. In
Fig. 3�b� for the A 3�u

+ state, one observes eight peaks in the

circular polarization perpendicular distribution. This corre-
lates with the fact that the internuclear distance R=10 a.u. is
spanned by four wavelengths �e=2.44 a.u.. This interfer-
ence is less pronounced in Fig. 3�a� for the X 1�g

+ state. The
antisymmetry of the two-electron wave functions creates a

(a) X Σg
1 + (λ =2.75 a.u.)e

(b) A Σu
3 + (λ =2.58 a.u.)e

x10 -5

x10 -5

x10 -5

x10 -5

FIG. 1. �Color online� Ionization angular distributions in H2

electronic states at photon wavelength �=10 nm and intensity I0

=5.0�1013 W /cm2 at equilibrium distance Re=1.675 a.u.. �a�
X 1�g

+, �b� A 3�u
+. Solid black line �—�: circular polarization;

dashed green line �- -�: parallel linear polarization; and dotted red
line �¯ �: perpendicular linear polarization. The corresponding
wavelengths �e of the ejected electron for the two electronic states
are, respectively, 2.75 and 2.58 a.u. The units of angular distribution
are arbitrary.

(a) X Σg
1 + (λ =1.65 a.u.)e

(b) A Σu
3 + (λ =1.62 a.u.)e

x10 -5

x10 -5

x10 -5

x10 -5

FIG. 2. �Color online� Same as Fig. 1, except for photon wave-
length �=5 nm. The wavelengths �e for the two electronic states
are, respectively, 1.65 and 1.62 a.u.

(a) X Σg
1 + (λ =2.44 a.u.)e

(b) A Σu
3 + (λ =2.44 a.u.)e

x10 -5

x10 -5 x10 -5

x10 -6

FIG. 3. �Color online� Same as Fig. 1, except for nuclear dis-
tance R=10 a.u.. Both wavelengths �e of the ejected electron for
the two electronic states are 2.44 a.u.
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different “entanglement” by exchange of the two electrons at
large distance and this is reflected strongly in the circular
polarization angular distributions shown in Fig. 3. In that
figure, no interference appears in the perpendicular linear
polarization �dotted red lines� angular distributions. As dis-
cussed in �27�, no interference is expected in that case at
emission angles sin �=n�e /R as observed in Figs. 1 and 2. In
Fig. 3 since R /�e�4, one would now expect considerable
interference based on the simple Young’s interference model.
However as seen from Eqs. �11� and �13� at R=10 a.u., one
is now in the localized electron �Heitler-London� regime as
compared to the delocalized molecular orbital regime at R
=Re=1.675 a.u., Figs. 1 and 2. It is in the delocalized mo-
lecular orbital regime that ionization interferences dominate
�20,21�. The lack of interference in the perpendicular linear
polarization results of Fig. 3 is therefore, indicative of the
localized nature of the electrons through strong correlation.
However for circularly polarized light, the entanglement of
the electron pair via antisymmetry enhances the interference
since electrons can be transferred from one center to the
other by the action of the circular electric field.

In conclusion, we have shown that 2D numerical simula-

tions of photoionization of H2 by few cycle XUV laser
pulses show enhanced interference effects via diffraction for
circularly polarized pulses due to the concomitant interfer-
ence between parallel and perpendicular ionization. The in-
terference effects are further accentuated at large internuclear
distances where entanglement of atomic configurations, cor-
responding to the Heitler-London wave functions, via ex-
change dominates. Imaging of orbital electron distributions
has been previously achieved by electron momentum spec-
troscopy through binary �e ,2e� reactions �32�. Ultrashort few
cycle XUV pulses allow for measuring ionization angular
distributions at fixed molecular orientations and internuclear
distances, and for distinguishing electron delocalization vs
electron localization as a function of internuclear distance.
We have shown that in the latter case, electron entanglement
via exchange due to spin strongly influences ionization in
circular polarization. Spin exchange entanglement is now
considered an important tool for quantum computing via
coupled quantum dots �33� and the present 2D H2 simula-
tions suggest a method of measuring electron entanglement
as a function of internuclear distance.
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