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Two-photon above-threshold ionization processes in the x-ray regime are studied using atomic hydrogen as
a model system. Within the minimal-coupling formalism of nonrelativistic quantum electrodynamics, two

distinct interactions—Â · p̂ in second order and Â2 in first order—contribute to the two-photon absorption
amplitude. The relative importance of these two interactions is assessed. It is found that above a photon energy

of 6.8 keV, the contribution from Â2 to the total two-photon absorption cross section dominates. In this
high-energy regime, above-threshold ionization is a nonsequential purely nondipole process. Rate equations are
employed to calculate the probabilities of ionization by Compton scattering, one-photon absorption, and two-
photon absorption.
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I. INTRODUCTION

The advent of x-ray free-electron lasers �1–4� will open
up hitherto unexplored frontiers in physics, chemistry, biol-
ogy, and interdisciplinary areas such as materials science
�5–10�. These new light sources will provide highly intense
radiation with photon energies in the soft and hard x-ray
regimes. The Linac Coherent Light Source �LCLS� �2� at
SLAC National Accelerator Laboratory has recently become
available for user experiments and supplies �1012 photons in
a sub-100-fs pulse in the x-ray energy range between 800 eV
and 8 keV. This powerful tool makes it possible to study
x-ray multiphoton absorption processes.

A number of theoretical studies have been reported on the
response of multielectron systems to such intense x rays
�7–13�. Since the energy of an x-ray photon is typically high
enough to ionize a bound electron via one-photon absorption,
these studies focused on sequential multiphoton absorption
processes, in which each absorbed photon ionizes a different
bound electron in the system. X-ray interactions with elec-
trons in the continuum—so-called free-free transitions—
were neglected. In the high-intensity infrared, visible, and
ultraviolet regimes, it has been demonstrated that, as a con-
sequence of free-free transitions, photoelectrons may possess
a kinetic energy that is higher than the photon energy minus
the electron binding energy �14–20�. This effect is referred to
as above-threshold ionization �ATI�.

The purpose of this paper is to investigate the nature of
ATI in the x-ray regime. The high-intensity x-ray studies
mentioned earlier were based on the electric dipole approxi-
mation. In the x-ray regime, the wavelength of the radiation
is comparable to the size of the atom. Thus, one may antici-
pate that nondipole effects play a significant role in x-ray ATI
�21�. Within the minimal-coupling formalism of nonrelativ-
istic quantum electrodynamics �22�, electrons and photons

are coupled via two distinct operators Â · p̂ and Â2, where Â
is the vector potential in the Coulomb gauge, and p̂ is the
canonical momentum of the electron. In the electric dipole
approximation, which within the minimal-coupling formal-

ism corresponds to neglecting the photon momentum �22�,
Â2 is independent of the electron degrees of freedom and
can, therefore, not induce transitions between electronic
eigenstates. Particularly, ATI at long wavelengths may be

fully understood in terms of the Â · p̂ interaction. In the fol-
lowing, we demonstrate that at high photon energies, the
nature of ATI is fundamentally different. Above a photon
energy of 6.8 keV, two-photon ATI of atomic hydrogen is

dominated by Â2. Atomic units are used throughout, unless
otherwise noted.

II. FORMALISM

Atomic hydrogen is an ideal system for investigating
x-ray ATI because there is only one electron and, therefore, it
is guaranteed that in a two-photon process, the electron will
absorb both photons. Two-photon processes in hydrogen and
hydrogenlike systems have been studied theoretically in
Refs. �23–26� and experimentally in Refs. �27–29�. However,
to the best of our knowledge, no work on ATI in the high-
intensity x-ray regime has been reported.

We employ the time-dependent perturbation theory �22� to
analyze the x-ray two-photon ATI process. The unperturbed

Hamiltonian Ĥ0 is the sum of the atomic Hamiltonian and the
electromagnetic-field Hamiltonian. The matter-field interac-
tion, which in Coulomb gauge reads as

ĤI = �Â · p̂ +
�2

2
Â2, �1�

is treated as a perturbation. In Eq. �1�, � is the fine-structure
constant. Before the interaction with the x-ray photons, the
hydrogen atom is assumed to be in the atomic eigenstate ��i�
with eigenenergy �i. We assume that the initial state of the
photon field may be represented by a single-mode Fock state
�N�. Here, N indicates the number of photons in the single
mode. In the interaction picture, the initial state of the atom-
photon system can be written as the direct product
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��i
N� = ��i��N� . �2�

This is an eigenstate of Ĥ0 with eigenvalue �i+N�, where �
is the photon energy.

Assuming the initial condition

lim
t→−�

��,t� = ��i
N� , �3�

the time evolution of the state of the interacting atom-photon
system in the interaction picture is

��,t� = �1 − i	
−�

t

dt1ĤI��t1�

− 	
−�

t

dt1	
−�

t1

dt2ĤI��t1�ĤI��t2� + . . .
��i
N� , �4�

where

ĤI��t� = eiĤ0tĤIe
−��t�e−iĤ0t. �5�

The infinitesimal ��0 is introduced to ensure that the
perturbation disappears long before �t→−�� and long after
�t→�� the interaction between the atom and the x rays. This
particular procedure is referred to as adiabatic switching
�30�.

The two-photon transition amplitude

Sif = lim
t→�

�� f
N−2��,t� �6�

is obtained by projecting �� , t� onto the final state

�� f
N−2� = �� f��N − 2� . �7�

Using standard methods �see, for instance, Ref. �31��, we
obtain from the two-photon transition amplitude Sif the two-
photon transition rate 	if. Finally, the total x-ray two-photon
ATI cross section 
total

�2� is calculated by summing over all
final states. The final states are energy-normalized �32� con-
tinuum states with orbital angular momentum quantum num-
ber lf and projection quantum number mf. Hence,


total
�2� = �

lf,mf

	
0

� 	if

J2 d� f , �8�

where

J =
1

�

N

V
�9�

is the photon flux, and V is the normalization volume. When
evaluating Eq. �8�, it is exploited that for N�1,
N�N−1�
N2.

III. TWO-PHOTON ATI CROSS SECTION

Two-photon absorption is a first-order process with re-

spect to Â2 and a second-order process with respect to Â · p̂.
Thus, from Eqs. �1�–�9�, the total two-photon ATI cross sec-
tion for linearly polarized photons with energy � and mo-
mentum k is obtained as


total
�2� =

8�3�2

�2 �
lf,mf

��
a

�� f�p̂ze
ik·r��a���a�p̂ze

ik·r��i�
�a − �i − � − i�

−
1

2
�� f�e2ik·r��i��

�f=�i+2�

2

. �10�

Here ��i�, ��a�, and �� f� are, respectively, the initial, inter-
mediate, and final states of the atomic system; �i, �a, and � f
are the corresponding energies. The final-state energy � f
equals �i+2�. The polarization axis is chosen as the z axis.
The sum over intermediate states includes continuum states.

First, we study the importance of nondipole corrections in
the first term of Eq. �10�. This analysis is difficult because of
the presence of free-free transition matrix elements. These
matrix elements are numerically unstable in the length and
velocity gauges �33�. We therefore use the nondipole
Kramers-Henneberger formalism, which has been success-
fully employed in recent years �34–36�. The second term in

Eq. �10�, which is due to the Â2 interaction, is unaltered in
the nondipole Kramers-Henneberger formalism, thus, allow-

ing one to identify the Â · p̂ contribution to Eq. �10�. For
atomic hydrogen initially in its ground state �i=1s�, we find

that the nondipole contribution to the second-order Â · p̂ term
in Eq. �10� is less than a percent, even at a photon energy as
high as 8 keV.

We therefore continue our analysis of the first term of Eq.
�10� using the electric dipole approximation �i.e., k=0�. Dis-

regarding for the moment the Â2 interaction and employing
the identity

1

x − i�
= P

1

x
+ i�
�x� , �11�

where P indicates that the principal value must be taken, the
two-photon ATI cross section for i=1s may be written as



Â·p̂

�2�
=

8�3�2

�2 �
lf

�P	 d�

�� f�
cos �

r2 ���p����p�
cos �

r2 ��1s�

�� f − ���� − �1s��� − �1s − ��

+
i�

�2 �� f�
cos �

r2 ���̃p����̃p�
cos �

r2 ��1s��
�f=�1s+2�

2

.

�12�

Here, � is the polar angle with respect to the polarization
axis, and �̃=�1s+�. The angular momentum projection quan-
tum numbers for the states appearing in Eq. �12� are zero.

At long wavelengths, the two-photon absorption is medi-
ated largely by bound intermediate states. In the x-ray re-
gime, however, the contributions from bound intermediate
states are negligible �as we have numerically verified�. These
contributions are therefore not shown in Eq. �12�. We further
find that, at high photon energy, the contribution from the P
part is negligible compared to the second term in Eq. �12�.
This second term, which we call the 
 part, describes two-
photon transitions in which the overall energy is conserved
even in the intermediate state. At a photon energy of 800 eV,
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the contribution of the 
 part is five orders of magnitude
greater than the contribution of the P part. The P part is
suppressed because of the slow variation in the dipole matrix
elements with respect to energy. This makes the contribu-
tions to the integration from both sides of the pole at
�=�1s+� essentially equal in magnitude and, hence, cancel
each other.

From these observations, we may conclude that the two-
photon ATI cross section described by Eq. �12� scales ap-

proximately as 1 /�6. The numerically exact Â · p̂-induced
two-photon ATI cross section calculated using Coulomb
waves is shown in Fig. 1. �Coulomb waves are the con-
tinuum eigenfunctions of an electron in the presence of a

proton.� The rapid decrease in the Â · p̂-induced cross section
with increasing photon energy may be qualitatively under-

stood as follows. Two-photon ATI via Â · p̂ is a sequential
two-step process. In the first step, the bound electron absorbs
a photon and is excited to a continuum eigenstate; in the
second step, the continuum electron absorbs a second photon
to reach the final continuum state. At sufficiently high photon
energy, the photoelectron in the intermediate and final states
has a kinetic energy that is much higher than the 1s binding
energy. The Coulomb interaction between the photoelectron
and the proton may then be neglected. This allows one to
approximate ��̃p and � f by plane waves. �Indeed, it is
known that the 1s one-photon ionization cross sections cal-
culated using plane waves and Coulomb waves, respectively,
converge at high energies.� If we use plane waves for both

intermediate and final states, then the Â · p̂-induced two-
photon ATI cross section vanishes because a free electron
cannot absorb a photon. Therefore, it is understandable that



Â·p̂

�2�
calculated using Coulomb waves vanishes rapidly as the

photon energy increases.

Let us now turn to the Â2 contribution to the two-photon

ATI cross section. After dropping the Â · p̂ term in Eq. �10�,
we obtain the Â2-induced two-photon ATI cross section



Â2
�2�

=
2�3�2

�2 �
lf

�2lf + 1��Rlf
��f=�1s+2�
2 . �13�

Here,

Rlf
=	 u�f,lf

�r�jlf
�2kr�u1s�r�dr , �14�

where u1s�r� and u�f,lf
�r� are radial-wave functions for the

initial and final states, respectively; jlf
�2kr� is a spherical

Bessel function. Note that there are no intermediate states
involved in Eq. �13�, so that there are no free-free transitions
that might suppress the two-photon ATI cross section.

However, the two-photon ATI via Â2 is a pure nondipole
effect. In the electric dipole approximation, k=0. Thus,
jlf

�2kr�→
lf,0
. It follows that as a consequence of the or-

thogonality of u1s and u�f,0
, Rlf

=0 and, therefore, 

Â2
�2�

=0.
Based on our discussion above, it appears natural to adopt

the plane-wave model for the final state in order to evaluate
Eq. �13�. The result is plotted in Fig. 1. Within the plane-

wave model for 

Â2
�2�

, the Â2-induced two-photon ATI cross

section is seen to dominate the numerically exact 

Â·p̂

�2�
, start-

ing at photon energies as low as 50 eV. It is thus tempting to
conclude that the two-photon ATI of hydrogen in the extreme
ultraviolet is largely a nondipole effect. However, this is an

artifact. The apparent importance of Â2 at relatively low pho-
ton energies is a consequence of the fact that a plane wave is
not an eigenstate of the atomic Hamiltonian and is, therefore,
not orthogonal to the 1s state �37�. As explained earlier, the
orthogonality between exact eigenstates is the reason why



Â2
�2�

vanishes at long wavelengths.
It is therefore necessary to orthogonalize the plane waves

with respect to the 1s state. This procedure ensures that



Â2
�2�

=0 in the electric dipole approximation. In Fig. 2, we

plot 

Â2
�2�

calculated using orthogonalized plane waves. The
orthogonalized-plane-wave cross section is smaller than the
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FIG. 1. �Color online� Contributions to the two-photon ATI

cross section: Â · p̂ �dashed line�; Â2 �solid line�. The Â2 interaction
is treated within the plane-wave model.
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FIG. 2. �Color online� Â2-induced two-photon ATI cross section
using three different final-state models. �i� Plane waves �dotted�; �ii�
orthogonalized plane waves �dot-dashed�; and �iii� Coulomb waves
�solid�. Also shown is 


Â·p̂
�2� �dashed�.
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corresponding plane-wave cross section because orthogonal-
ization removes artificial transitions that are, otherwise, al-
lowed in the plane-wave model. As the photon energy in-
creases, the orthogonalized-plane-wave model converges to
the plane-wave model as expected. The consequence of or-
thogonalization can be seen at the crossing point, where the

Â2 contribution starts dominating the Â · p̂ contribution. Or-
thogonalization pushes the crossing point from 50 eV in the
plane-wave model to a much higher energy of about 1500
eV.

The orthogonalized-plane-wave model overestimates 

Â2
�2�

by orders of magnitude, even at photon energies as high as 8
keV. This is illustrated in Fig. 2, where we show 


Â2
�2�

calcu-
lated using Coulomb waves. As may be seen in Fig. 2, be-
tween 1 and 8 keV, the numerically exact 


Â2
�2�

is much
smaller than the corresponding cross sections calculated us-
ing the two plane-wave models. At 8 keV, the cross sections
differ by a factor of 50. The Coulomb correction to the final
states pushes the crossing point between 


Â2
�2�

and 

Â·p̂

�2�
further

up in energy to 6815 eV.

The most dramatic effect of the dominance of Â2 at high
photon energies is found in the photoelectron angular distri-
bution. In the one-photon case, the nondipole corrections are
relatively small, even at a photon energy of 8 keV. Thus, the
photoelectron angular distribution is basically a dipole pat-
tern directed along the polarization vector. Within the electric
dipole approximation, the only allowed two-photon transi-

tions induced by Â · p̂ are 1s→�s and 1s→�d. In contrast, in
our calculation using Coulomb waves, we find that the main
contribution to 


Â2
�2�

comes from 1s→�p. Two-photon ab-

sorption via Â2 leads to a dipolar angular distribution di-
rected along the propagation vector k. This is easily under-
stood since k may be used to define the quantization axis
when evaluating the matrix element �� f�e2ik·r��i� in Eq.

�10�. As a consequence of the fact that the Â · p̂ and Â2 terms
in Eq. �10� lead to different final states, interference between
the two terms in the evaluation of Eq. �10� may be neglected.
Hence, to a good approximation, 
total

�2� =

Â·p̂

�2�
+


Â2
�2�

.

IV. KINETIC MODEL

At low intensities, ionization of light atoms, such as hy-
drogen or helium, by hard x rays is dominated by Compton

scattering �38,39�, which is known to be a pure Â2 effect
�31,40�. In order to assess the relative importance of x-ray
two-photon ATI in the high-intensity regime, we use the fol-
lowing rate equations:

ṗ�0��t� = − �ṗ�1��t� + ṗ�2��t� + ṗ�c��t�� , �15�

ṗ�1��t� = 
total
�1� J�t�p�0��t� , �16�

ṗ�2��t� = 
total
�2� J�t�2p�0��t� , �17�

ṗ�c��t� = 
total
�c� J�t�p�0��t� , �18�

to calculate, at a photon energy of 6815 eV, the probabilities
per atom for one-photon absorption �p�1��, two-photon ab-
sorption �p�2��, and Compton scattering �p�c��; p�0� is the
probability to find the atom in its ground state. These rate
equations are numerically solved using the fourth-order
Runge-Kutta algorithm. The Compton scattering cross sec-
tion 
�c� for hydrogen is taken from the NIST XCOM data-
base �41�. We assume a Gaussian x-ray pulse with a duration
of 2 fs full width at half maximum �42� and a focal width of
1 �m full width at half maximum. The probabilities for the
three different ionization channels, as a function of the num-
ber of photons in the x-ray pulse, are plotted in Fig. 3.

At 1012 photons, the Compton scattering probability is
5.0�10−5, whereas the one- and two-photon absorption
probabilities are 1.5�10−6 and 3.0�10−14, respectively.
With increasing photon number, the relative importance of
two-photon ATI increases. Saturation of ionization occurs
near a photon number of 1017, where the two-photon ATI
probability is 4.5�10−5. Nevertheless, as may be seen in
Fig. 3, ionization through Compton scattering is the most
important process throughout.

V. FIELD COHERENCE

As in the case of optical light �43,44�, nonlinear processes
in the x-ray regime depend on the generalized coherence
properties of the radiation source �45,46�. The LCLS and
other forthcoming x-ray free-electron-laser sources are based
on the self-amplified spontaneous emission �SASE� scheme
�47,48�, thus, providing nonreproducible quasichaotic pulses
of highly fluctuating intensity in both the temporal and spec-
tral domains. Each SASE pulse consists of a train of phase-
uncorrelated intensity spikes of random pulse height and du-
ration �49,50�. These intensity spikes will enhance
multiphoton effects, as compared to coherent radiation with
the same average intensity. The importance of this effect can
easily be assessed by modeling the SASE radiation by cha-
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FIG. 3. �Color online� Probabilities, as a function of the number
of photons per x-ray pulse, for ionization via �i� Compton scattering
�solid�, �ii� one-photon absorption �dashed�, and �iii� two-photon
absorption �dot-dashed�. The photon energy is 6815 eV.
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otic radiation. This approach is valid for SASE radiation in
the exponential gain regime �51�. The impact of the proper-
ties of SASE radiation on x-ray two-photon absorption me-

diated by second-order Â · p̂ is discussed in Ref. �11�.
Applying a density-matrix approach for the radiation

field, as described in Ref. �11�, and assuming that the
ground-state population remains essentially unmodified by
the x rays, it can be shown that the probability of an

Â2-induced two-photon absorption event is given by

p
Â2
�2�

= 

Â2
�2�	

−�

�

�J�t�2�dt , �19�

where �J�t�2� denotes the ensemble-averaged second moment
of the x-ray flux J�t�. For SASE light, modeled by chaotic
radiation,

�J�t�2� = 2�J�t��2, �20�

as a consequence of the Siegert relations, which relate
higher-order correlation functions of the field to the first-

order correlation function �45,52�. Hence, the Â2-mediated
two-photon ATI process, when driven by a SASE free-
electron laser, will be enhanced by a factor of 2 compared to
using a smooth ensemble-averaged pulse profile. This en-
hancement factor is too small to change the conclusions
drawn in the previous section.

VI. SUMMARY

In conclusion, we have investigated the nature of x-ray
two-photon ATI of atomic hydrogen. We have found that at
photon energies higher than 6.8 keV, two-photon ATI is me-
diated primarily by Â2. This renders two-photon ATI at high
photon energies essentially a pure nondipole effect. Also,
above 6.8 keV, two-photon ATI becomes fundamentally non-
sequential, as there are no intermediate states involved in the
Â2-mediated two-photon absorption process. This behavior
at high photon energies is totally different from two-photon
ATI at longer wavelengths, which is a two-step process that
may be described within the dipole approximation. The fail-
ure of the plane-wave model has a significant impact on the

crossing point between the Â2 and Â · p̂ contributions to the
two-photon ATI cross section. The Coulomb corrections to
the wave function of the ejected electron cause 


Â2
�2�

to be

greater than 

Â·p̂

�2�
only at photon energies that are so high that

ionization of hydrogen is dominated by Compton scattering.
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