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We study the scattering of a weak and far-detuned light from a system of ultracold bosons in one-
dimensional and three-dimensional optical lattices. We show the connection between angular distributions of
the scattered light and statistical properties of a Bose gas in a periodic potential. The angular patterns are
determined by the Fourier transform of the second-order correlation function, and thus they can be used to
retrieve information on particle number fluctuations and correlations. We consider superfluid and Mott-
insulator phases of the Bose gas in a lattice and we analyze in detail how the scattering depends on the system
dimensionality, temperature, and atom-atom interactions.
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I. INTRODUCTION

Experimental realization of Bose-Einstein condensates
�BEC� in ultracold trapped gases opened up a rapidly ex-
panding field of studies of quantum-degenerate systems
�1–3�. Among the others, statistical properties of the conden-
sate, such as its fluctuations and correlations, have attracted a
wide attention. While the theory on this subject is well de-
veloped �see, e.g., �4� and references therein�, there are only
few experiments that address this issue. To date, only the
fluctuations of the total number of atoms in a condensed gas
have been measured �5� and the sub-Poissonian scaling has
been observed. The second-order correlation functions, that
are directly connected to the condensate atom number fluc-
tuations, have been investigated experimentally in the colli-
sions of metastable helium condensates �6� and in the ex-
panding rubidium condensate �7�.

One of the potential tools to measure the statistics of
quantum-degenerate gases is based on atom-light interac-
tions. This possibility has been noticed already some time
ago and has been proposed for a detection of the Bose con-
densed phase �8–11�, superfluidity in Fermi gases �12–15�
and, quite recently, for a detection of quantum phases in
ultracold gases in optical lattices �16–19�. The optical imag-
ing techniques have already been used to measure coherence
properties of BEC in the Raman super-radiant scattering �20�
and the second-order correlation functions �7�.

The light scattered from a quantum gas carries informa-
tion on atoms statistics, and thus can be used to measure the
condensate fluctuations �21�. In the case of BEC in a trap the
profile of the scattered light is dominated by a component,
which depends on the mean occupation number of the con-
densate. In order to detect a much weaker component result-
ing from fluctuations, one has to resort to the variance of the
number of scattered photons, which can be difficult to mea-
sure.

The situation changes, however, in the presence of a pe-
riodic potential. In this case the dominating classical compo-
nent exhibits interference pattern characteristic for the Bragg
scattering, and the quantum component can be measured at
the angles corresponding to destructive interference, where
the large classical component vanishes. This property has
been first noticed by Mekhov et al. �16� and these authors

have proposed a method of probing the statistics of an ultra-
cold gas in a lattice �22� based on the relatively strong cou-
pling between atoms and light modes of a cavity. In this case
one should be able to perform nondemolition measurement
allowing to distinguish between superfluid and Mott-
insulator �MI� quantum phases at temperature T=0.

In this paper we study a less complex situation of mea-
suring a quantum gas statistics based on the far-off-
resonance light scattering from a Bose gas in a lattice, focus-
ing on the effects of statistics at finite temperatures. In order
to avoid atom losses and suppress a possibility of perturbing
the quantum state by the probing laser, we assume that the
probing light is sufficiently weak and far detuned. We show
that the mean number of photons detected at some special
angles carries enough information not only to distinguish
between different thermodynamic phases of the gas but also
to directly measure the effects of the on-site atom statistics
driven by quantum and thermal fluctuations. Hence, it allows
to verify the validity of some well-grounded literature ap-
proaches, such as the Bogoliubov method, to describe
higher-order correlation functions in an interacting Bose gas.

Our paper is organized as follows. In Sec. II we develop a
model for scattering of light from ultracold atoms showing
that the number of scattered photons is directly related to the
second-order correlation function. In Sec. III we tailor our
model to the external potential created by an optical lattice.
The scattering from atoms in one-dimensional �1D� lattice is
considered in Sec. IV, where for simplicity we focus only on
the zero-temperature statistics discussing the effects of dif-
ferent approximations. The finite temperature statistics of a
Bose gas in a lattice is analyzed in Sec. V. Section VI inves-
tigates scattering from atoms in three-dimensional �3D� op-
tical lattice at finite temperatures. We conclude in Sec. VII,
and finally two appendixes present technical details related
to the influence of nonlocal Franck-Condon coefficients �Ap-
pendix A� and optimal configuration of a probing laser and a
photon detector in the 3D lattice case �Appendix B�.

II. INTERACTION OF LIGHT WITH MANY ATOMS

In this section we consider a general problem of light
scattering from a gas of bosons in an arbitrary external po-
tential. We assume that the trapped atoms are illuminated
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with a weak and far-detuned laser light. The angularly re-
solved scattered light is measured by detectors in the far-field
region. The full Hamiltonian of the system consists of the
following parts:

H = Ha + H f + Hal + Haf , �1�

where Ha is the atomic Hamiltonian, H f represents vacuum
modes of the electromagnetic field �EM�, Hal describes in-
teraction of atoms with the laser light, and Haf interaction of
atoms with vacuum modes.

The atomic Hamiltonian can be split into two parts

Ha = H0 + Hint, �2�

where H0 describes the system of two-level atoms in the
second-quantization formalism �23�

H0 = �
n

��n
ggn

†gn + �
m

���m
e + �0�em

† em, �3�

and the part including the atom-atom interactions reads

Hint =
1

2 �
n,m,p,q

Unmpqgn
†gm

† gpgq. �4�

Here, gn�gn
†� is the annihilation �creation� operator of an

atom in the ground electronic state and state n of the center-
of-mass �c.m.� motion, and em �em

† � is the annihilation �cre-
ation� operator of an atom in an electronic excited state and
state m of c.m. motion. The operators obey the standard
bosonic commutation relations: �gn ,gm

† �=�n,m and �en ,em
† �

=�n,m. The corresponding eigenenergies of atom c.m. motion
are denoted by ��n

g and ��m
e for atoms in the ground and

excited electronic states, respectively. The matrix elements
Unmpq of the interaction Hamiltonian read

Unmpq �
4�as�

2

m
� d3r�n

��r��m
� �r��p�r��q�r� , �5�

where we model short-range interactions through a contact
potential with s-wave scattering length as and a mass of the
atom m. We neglect ground-excited and excited-excited atom
interactions assuming that for a weak and far-detuned prob-
ing light excited atoms constitute only a small fraction of the
whole sample.

The Hamiltonian of the EM field takes a standard form:

H f = �
�
� d3k��kak�

† ak� �6�

with ak��ak�
† � being an annihilation �creation� operator of a

photon with a wave vector k and a polarization �.
The interaction of atoms with a laser beam is described as

follows:

Hal =
��

2 �
n,m

�n,g	ukL
�r�	m,e
eı�Ltgn

†em + h.c., �7�

where we treat the macroscopically occupied laser mode
classically. Here, ukL

�r� characterizes a laser mode with a
wave vector kL, �L is the laser frequency, � is a Rabi fre-
quency of the atomic transition, and the Franck-Condon co-

efficients �n ,g	ukL
�r�	m ,e
 describe a transition amplitude

between c.m. motion states n and m of the atoms in the
ground and excited electronic states, respectively. Typically,
for a single probing laser, we have ukL

�r�=eıkL·r �running
wave�, and for the two counterpropagating probing beams
ukL

�r�=cos�kL ·r� �standing wave�. In general ukL
�r� can also

represent the modes of an optical cavity �16�.
The part of the Hamiltonian that describes coupling of

atoms with quantized EM field is given by

Haf = ı�
�
� d3k�ck�ak�

† �
n,m

�n,g	uk�r�	m,e
gn
†em + h.c.

�8�

in which ck�=��k / �16�3�0���d ·�k��, d is a dipole moment
of the atomic transition, uk�r� is a mode function of the EM
field with a wave vector k and frequency �k, and �k� is a
unit vector perpendicular to k describing the mode of light
with a polarization �.

We solve the quantum equations of motion in the Heisen-
berg picture under the following approximation: �i� we as-
sume that the atomic operators are driven only by the domi-
nating laser mode of the EM field neglecting the back action
of atoms on the laser mode; �ii� the quantum dynamics of the
vacuum modes is determined by the evolution of atomic op-
erators, ignoring the back action of the vacuum modes,
which is equivalent to neglecting the process of spontaneous
emission; �iii� for the weak and far-detuned laser field we
perform adiabatic elimination of the weakly populated ex-
cited state. Our approximations are analogous to those used
in �21�, with the only difference that here we perform the
adiabatic elimination of the excited state instead of assuming
short probing pulses. We carry out our derivation neglecting
the interactions between atoms and we comment on the gen-
eralization to the interacting gas case at the end of this sec-
tion.

The equations of motion for the atomic operators in the

interaction picture with respect to H0: g̃m�t�=gm�t�e−ı�m
g t and

ẽn�t�=en�t�e−ı��n
e+�0�t, read

dg̃m

d	
= − ı

�

2

�
n

�nm
� �kL�exp�ı

�m
g − �n

e + 




	
ẽn�	� , �9�

dẽn

d	
= − ı

�

2

�
m

�nm�kL�exp�ı
�n

e − �m
g − 




	
g̃m�	� ,

�10�

where �nm�k�= �n ,e	uk�r�	m ,g
, 
=�L−�0 and we have in-
troduced rescaled time variable 	=
t. We solve Eqs. �9� and
�10� by applying the Laplace transformation FL�s�
=�0

�d	e−s	F�	�. The Laplace transformed equations take the
form

sg̃m
L �s� − g̃m�0�

= − ı
�

2

�
n

�nm
� �kL�ẽn

L�s��s − ı
�m

g − �n
e + 





 ,

�11�
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sẽn
L�s� − ẽn�0� = − ı

�

2

�
m

�nm�kL�g̃m
L �s��s − ı

�n
e − �m

g + 





 .

�12�

For a far-detuned light the prefactor on the right-hand side of
the equations is small: � /

1, and, in principle, the equa-
tions can be solved by iterations in a perturbative manner.
Here, however, we proceed with solving Eq. �12� for ẽn

L�s�
and then substituting the result into Eq. �11�. For a far-
detuned light we apply 
��n

e ,�m
g and we use the identity

�
n

�nm
� �kL��nm��kL�=�mm�, which results in

g̃m
L �s� �

1

s + ı
�2


2

�g̃m�0� − ı
�

2

�
n

�nm
� �kL�

ẽn�0�
s − ı 
 .

�13�

By substituting back this result into Eq. �12� and performing
the inverse Laplace transformation we obtain the following
time dependence of the atomic operators:

g̃m�t� = g̃m�0�e−ı�act + O��



� , �14�

ẽn�t� = ẽn�0� +
�

2

�
m

�nm�kL�g̃m�0��eı��n
e−�m

g −
−�ac�t − 1�

+ O��2


2 � . �15�

Here, �ac=�2 /4
 denotes ac Stark shift of atomic levels in
the field of the probing laser. In Eq. �14� we have not in-
cluded terms of the order of � /
, which are proportional to
ẽn�0�, since they do not give any contribution to the mean
number of photons, assuming that there are no excited atoms
at the beginning.

We substitute Eqs. �14� and �15� into equation of motion
of the EM field operators ãk��t�=ak��t�e−ı�kt in the interac-
tion picture. In the lowest order in � /
 this yields

ãk��t� − ãk��0�

= ck�

�



�

nn�m

�mn��k��mn
� �kL�g̃n

†�0�g̃n��0�

�
eı��k−�nn�

L �t/2

�k − �nn�
L sin��k − �nn�

L

2
t� , �16�

where �nn�
L ��L+�n�

g −�n
g. At t→� the sine term will pro-

duce a term proportional to the delta function describing the
energy conservation in the process of a single photon scat-
tering: �k=�kL

+�n�
g −�n

g. However, in our case we are inter-
ested in the total number of photons scattered into a given
solid angle and not in the spectrum of the scattered light.
Hence, we use the approximation �nn�

L ��L. This condition
is also applicable in the physical systems where the natural
linewidth � associated with the atomic transition is broader
than frequencies of atom c.m. motion: ���n

g.

Now, by using Eq. �16� and approximation �nn�
L ��L we

calculate the mean number of photons with a wave vector k
and a polarization �,

�ak�
† �t�ak��t�
 =

�2ck�
2


2

sin2���k − �L�t/2�
��k − �L�2 F�k,kL� , �17�

where the function F�k ,kL� is defined as follows:

F�k,kL� � �
n,n�

m,m�

�n	uk
��r�ukL

�r�	n�
�m	uk�r�ukL

� �r�	m�


��gn
†�0�gn��0�gm

† �0�gm��0�
 . �18�

Notice that in Eq. �18� all the matrix elements are calculated
between c.m. states of ground-state atoms 	n ,g
 and to
shorten the notation 	n
�	n ,g
. In the particular case when
the mode functions uk�r� and ukL

�r� are the plane waves,
F�k ,kL� reduces to the Fourier transform of the second-order

correlation function in atomic field operators �̂g�x� of the
atoms in the electronic ground state

F�q� =� d3x� d3yeıq·�x−y���̂g
†�x��̂g�x��̂g

†�y��̂g�y�
 ,

�19�

where q=k−kL is the wave vector of the momentum trans-
fer. In the rest of the paper we will use the F�q� function
only.

An analogous result is obtained when considering the
scattering of neutrons from liquid helium �24�. In that case
the number of scattered particles associated with the momen-
tum transfer q and the energy transfer to the system �� is
described by the dynamic structure factor

S�q,�� �
1

N
� d3x� d3yeıq·�x−y�

���E	�̂�x���H − E − ����̂�x�	�E
 , �20�

where �̂�x�=�̂†�x��̂�x�, H is the Hamiltonian of the system,
and 	�E
 is an eigenstate with energy E. By integrating over
energies of the scattered particles one obtains the static struc-
ture factor

S�q� = ��
−�

�

d�S�q,�� , �21�

which is equivalent to our function F�q� describing an am-
plitude of scattered photons integrated over photon frequen-
cies �25�. We will refer to F�q� as the structure function in
the rest of the paper.

For evolution time t much longer than the time scale de-
termined by the optical frequencies �L, we can apply the
following identity:
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lim
t→�

sin2���k − �L�t/2�
t��k − �L�2 =

�

2
���k − �L� , �22�

to show that for the weak and far-detuned laser the scattered
light described by Eq. �17� has spectrum centered around
elastic component.

The total number of photons scattered into a solid angle
d� is equal to

dNph

d�
�k̂� = �

�
� dk k2�ak�

† �t�ak��t�
 , �23�

where k̂=k / 	k	 represents the direction of measurement.
Since, according to Eq. �22�, the number of photons is pro-
portional to pulse length as expected, it is more convenient to
calculate the number of photons scattered into d� per unit of
time,

d2Nph

d�dt
�k,kL� =

�2�L
3d2

32�2
2�0�c3W�k̂�F�k − kL�

= �d2Nph

d�dt
�k,kL�


one atom
F�q� , �24�

where W�k̂�= �1− ��d ·�k�2� is the dipole pattern of the emit-
ted light and �d is a unit vector in the direction of the dipole
moment d that is determined by a polarization of the probing
laser. Equation �24� shows that the angular distribution of the
scattered light, apart from the contribution from the dipole
pattern, is determined only by F�q�. In addition, for a single
atom F�q�=1 and thus all the information about scattering
from the system of N atoms is contained in F�q�. Therefore,
in the subsequent sections, we can focus solely on the prop-
erties of F�q�, keeping in mind that the remaining contribu-
tion is the same as for the scattering from a single atom.

The generalization of our derivation to the case of inter-
acting atoms can be performed in an analogy to the problem
of neutron scattering from liquid helium �24,26�. If one ap-
plies the Born approximation, and eliminates adiabatically
the excited state, one ends up with the result identical to the
one presented here. A similar approach has been applied to
the study of Raman scattering in the super-radiant regime
�27�.

Finally, we note that our perturbative treatment neglects
the effects of the momentum transfer resulting from the pho-
ton recoil in the process of light scattering. We assume, how-
ever, that the scattered light is weak and far-detuned, there-
fore, we expect that the fraction of atoms which experience
the photon recoil is sufficiently small, such that the atom
statistics is not significantly affected. Moreover, in the pres-
ence of a tight trapping potential, such as a deep optical
lattice, one finds that the scattering is recoilless �28�, which
requires the trap size smaller than a wavelength of the scat-
tered light.

III. SCATTERING FROM ULTRACOLD GAS
OF BOSONS IN AN OPTICAL LATTICE

The setup we consider is schematically plotted in Fig. 1. It
consists of an ultracold gas of N bosons confined in an opti-

cal cubic lattice of M sites. We assume a homogeneous sys-
tem with an equal average number of atoms n=N /M in each
site of a lattice. The periodic potential of the lattice reads �3�

Vp�x,y,z� = V0�sin2 kpx + sin2 kpy + sin2 kpz� , �25�

where kp is a wave vector of laser beams that are used to
form the lattice and V0 is the potential depth. The exact con-
figuration of the probing beam and detectors will depend on
a dimensionality of the lattice and will be discussed later. In
order to use the results of the previous section, we need to
specify a single-particle basis. In the case of atoms confined
in an optical lattice it is convenient to choose the basis of
Wannier functions wm�r� that represent wave functions local-
ized at single lattice sites m and are linear combinations of
Bloch states. In our approach we consider only excitations
within the lowest Bloch band, so in a limit of deep optical
lattices the Wannier functions describe only the ground-state
wave functions in local potential wells.

Deep lattice regime

For a deep optical lattice, the Wannier states are well lo-
calized within the sites of the lattice and in Eq. �18� we can
restrict to optical transitions between the states localized at
the same lattice sites: n=n� and m=m�. In this case F�q�
simplifies to the following expression:

F�q� = �
n,m

�n	eıq·r	n
�m	e−ıq·r	m
�gn
†gngm

† gm


= 	f0,0�q�	2�
n,m

eıq·�rn−rm��nnnm
 , �26�

where nm�gm
† gm and

fn,m�q� � �n	eıq·r	m
 =� d3rwn
��r�eıq·rwm�r� . �27�

In analogy to the scattering of light into an optical cavity
�22�, we can define the classical part Fclas�q� and the quan-
tum part Fquant�q� of the function F�q�,

Fclas�q� � n2	f0,0�q�	2��
m

eıq·rm�2
, �28�

FIG. 1. �Color online� Setup. An ultracold gas of bosons con-
fined in an optical lattice is illuminated with a probing laser beam
�yellow arrow� characterized by the wave vector kL. The photons
scattered into a selected direction �green arrow� are collected by a
detector.
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Fquant�q� � F�q� − Fclas�q�

= 	f0,0�q�	2�
n,m

eıq·�rn−rm���nnnm
 − n2� . �29�

The former yields the classical amplitude of the scattered
light 	�ak�
	2, whereas the latter represents the remaining
quantum contribution that together with Fclas�q� sum up to
the total number of photons �ak�

† ak�
. We note that Fclas�q�
has a form characteristic for a Bragg scattering and it is not
affected by any statistical properties of the ultracold gas of
bosons. On the contrary, Fquant�q� is sensitive to the atom
number statistics and thus enables us to investigate statistical
properties of different quantum states.

IV. SCATTERING FROM A BOSE GAS
IN ONE-DIMENSIONAL OPTICAL

LATTICE AT ZERO TEMPERATURE

The geometry of the system we investigate in this section
is depicted in Fig. 2. We consider one-dimensional homoge-
neous optical lattice generated by two overlapping and coun-
terpropagating laser beams characterized by the wavelength
�p. Atoms confined to the periodic potential are illuminated
with a single laser beam with the wavelength �L. For the
single-particle basis that we have chosen the states

�m�r� = wm�z����x,y� �30�

are products of a Wannier function wm�z� localized at lattice
site m along z direction, and a Gaussian function ���x ,y� in
tightly confined, perpendicular direction. For simplicity we
assume the cylindrical symmetry ���x ,y�=�����. At zero
temperature a gas of bosons in a periodic potential appears in
two distinct quantum phases �29,30�. When the tunneling
process dominates over the on-site atom repulsion the system
is found in the superfluid �SF� phase that is characterized by
the presence of a global coherence and a nonzero order pa-
rameter. In contrast, for the on-site interactions stronger than
the tunneling rate, the system exhibits the MI phase. In the
latter case the global coherence is lost, while the on-site par-
ticle number is fixed and the on-site fluctuations are sup-
pressed.

For a Bose gas at zero temperature and deep in the MI
regime, the on-site fluctuations and correlations vanish:
�nmnm�
− �nm
�nm�
=0. Hence, the quantum part Fquant�q�
is zero identically and the scattering is described by the stan-
dard Bragg pattern with characteristic set of maxima and
minima corresponding to the directions of constructive and
destructive interference. In contrast, SF phase at T=0 exhib-
its nonzero fluctuations and correlations: �nmnm�

− �nm
�nm�
=n�mm�−n2 /N. Hence, apart from the similar be-
havior of the classical part Fclas�q� as for MI phase, the SF
phase also gives rise to nonzero quantum component
Fquant�q� which, within the deep lattice approximation �Eq.
�26��, is given by Fquant�q�=N	f0,0�q�	2. This offers a unique
possibility of a nondestructive measurement that allows one
to distinguish between SF and MI phases �16�.

Figures 3 and 4 compare the scattering patterns from the
SF and MI phases for the systems of M =55 sites with dif-
ferent configurations of the probing laser and different ratios
of �p to �L. At some characteristic angles corresponding to
the Bragg scattering minima due to the destructive interfer-
ence, the scattering from the MI state vanishes. In contrast,
the scattering pattern from the SF state is nonzero at all
angles, also in the directions where the classical component
vanishes. We observe that a change of a ratio �p /�L affects
the scattering pattern, in particular a number and positions of
the highest peaks resulting from the constructive interfer-
ence.

We note that for large M the scattering pattern quickly
oscillates and thus, in the realistic measurement, one would
detect photons scattered in some finite solid angle d� which

FIG. 2. �Color online� Setup. A quasi-one-dimensional optical
lattice is illuminated with a probing laser set at an angle
�� �−� ,� �. A detector is set at an angle �� �−� ,� �.
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FIG. 3. �Color online� Structure function F�q� for SF �blue top
curve� and MI �gray bottom curve� phases, in the deep lattice ap-
proximation, for a probing laser set at different angles �, and a
detector set at angle �. Here, V0=15Er, M =55, N=3M, and
�p /�L=1. The black line represents average distribution �32�. �a�
�=� /4. �b� �=� /2.
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is characteristic for the detector and that contains several
interference fringes. Hence, we find it more appropriate to
calculate the angular distribution of photons that is averaged
over few neighboring maxima. The averaging does not affect
the scattering pattern of SF phase, which is rather smooth,
but it is important for MI phase. In 1D optical lattice, the
angular distribution of photons scattered from MI state is
determined by

FMI�q� = 	f0,0�q�	2n2

sin2�M

2
q · d�

sin2�1

2
q · d� , �31�

where d denotes the translation vector of a 1D lattice. Aver-
aging over some finite solid angle around q containing sev-
eral maxima yields

FMI�q� = 	f0,0�q�	2
n2

2

1

sin2�1

2
q · d� . �32�

The above result is derived provided that the measurement is
done not too close to the main maxima determined by the
directions of the constructive interference. As can be ob-
served in Figs. 3 and 4, the averaged distribution of the light
scattered from MI phase still can be well distinguished from
the scattering from the SF phase and result �32� for the av-
eraged distribution remains approximately valid even close
to the points of the destructive interference.

While performing the deep lattice approximation in Eq.
�26� we have dropped all the Franck-Condon factors corre-
sponding to transitions between states localized in different
lattice sites. Obviously, with the decreasing lattice depth, the
Wannier states begin to overlap between neighboring sites
and we expect the nonlocal Franck-Condon factors to give
larger contribution. In order to investigate this issue in Fig. 5
we compare the deep lattice approximation �26� with the
result that includes summation over all pairs of the lattice
sites in Eq. �18�. For the clarity of presentation we show the
results for a relatively small system of M =11 sites and a
lattice depth V=1Er and V=5Er for SF and MI phases, re-
spectively, expressed in the units of the recoil energy Er
=�2kL

2 / �2m�. We observe that even for the shallow lattice
potential the nonlocal corrections give negligible contribu-
tion for the scattering from the SF state. Moreover, for the
MI state the nonlocal corrections are even smaller because of
the deeper lattice required to achieve this phase. In Appendix
A we show that corrections due to the nearest neighbors in
weak lattices are isotropic and scale as the total number of
atoms N. Therefore, nonlocal corrections give rise to a scat-
tering at the angles of destructive interference of the classical
part. However, for typical lattice depths, the corresponding
contribution is small and can be totally neglected for both
quantum phases.
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FIG. 4. �Color online� Structure function F�q� for SF �blue top
curve� and MI �gray bottom curve� phases, in the deep lattice ap-
proximation, for different ratios of �p /�L, and a detector set at angle
�. Here, V0=10Er, M =55, N=3M, and �=� /8. The black line
represents average distribution �32�. �a� �p /�L=2. �b� �p /�L=1 /3.
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FIG. 5. �Color online� Distribution of light scattered from SF
�top panel� and MI �bottom panel� phases at zero temperature ver-
sus the angle �. Here, M =11, N=3M, �=� /2, and �p /�L=1. The
red curves present F��� calculated in local approximation �26�,
whereas the blue curve �in the SF case� and the gray curve �in the
MI case� show results including also nonlocal Franck-Condon fac-
tors as in Eq. �18�. In the case of scattering from the SF state at
V0=1Er, one notices slight differences between the two curves in a
vicinity of �=0 and �= ��. In the case of scattering from the MI
state at V0=5Er the two curves are indistinguishable. �a� SF scat-
tering at V0=1Er. �b� MI scattering at V0=5Er.
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V. STATISTICAL PROPERTIES
AT FINITE TEMPERATURES

A. Bose-Hubbard model of an ultracold gas
in a periodic potential

As discussed in the previous section, the angular distribu-
tion of the scattered light is determined by the occupation
number statistics in lattice sites. We investigate the occupa-
tion number statistics within Bose-Hubbard �BH� model
�29,30�, considering only excitations within the lowest Bloch
band. The BH Hamiltonian reads

H = − J �
�m,m�


gm
† gm� +

1

2
U�

m
n̂m�n̂m − 1� , �33�

where the first sum on the right-hand side is restricted to
nearest neighbors only. The parameter

J � −� d3rwm
� �r��−

�2

2m
�2 + Vp�r�
wm��r� �34�

is the hopping matrix element between neighboring sites m
and m�, and parameter

U �
4�as�

2

m
� d3r	wm�r�	4 �35�

corresponds to the strength of the on-site repulsion of two
atoms in a lattice site m. As before, wm�r� is the single-
particle Wannier’s wave function of an atom occupying site
m in a lattice.

The BH Hamiltonian can be equivalently expressed in the
momentum space, which is convenient for the analysis of the
SF phase at finite temperatures and application of the Bogo-
liubov method. To this end we introduce annihilation and
creation operators in momentum space,

ak =
1

�M
�
m

gmeık·rm, �36�

ak
† =

1
�M

�
m

gm
† e−ık·rm, �37�

respectively, in which index m runs over all sites in a lattice.
A period of the cubic lattice is d=�p /2 and a size of the
system is equal to L=M1/3d. The periodic boundary condi-
tions imply quantization of a wave vector: k= 2�

L �nx ,ny ,nz�,
where ni are integer numbers ranging from −�M /2� to �M /2�
�31�. By rewriting Eq. �33� in terms of ak and ak

†, we find

H = �
k

�kak
†ak +

U

2M
�

k,k�,k�

ak+k�
† ak�−k�

† ak�ak, �38�

where

�k � 6J − 2J�
i=1

3

cos�kid� . �39�

B. Statistical properties of the superfluid phase

The standard description of a weakly interacting Bose gas
is based on the Bogoliubov approximation �32� and can be
also applied for a superfluid phase in periodic potentials �33�.
We perform the Bogoliubov approximation to Hamiltonian
�38� replacing the annihilation and creation operators in the
zero quasimomentum modes �k=0� by C-numbers a0�a0

†

��N0. By introducing the quasiparticle annihilation and cre-
ation operators bk and bk

†, respectively, which fulfill the stan-
dard bosonic commutation rules �bk ,bk�

† �=�k,k�, and are re-
lated to ak and ak

† by the canonical transformation

� bk

b−k
† � = �uk vk

vk uk
�� ak

a−k
† � , �40�

we diagonalize Hamiltonian �38� obtaining

H = E0 + �
k

��kbk
†bk. �41�

Here, E0 represents constant, ground-state energy term, ��k
are the energies of the quasiparticle excitation spectrum

��k =��k
2 + 2U

N0

M
�k, �42�

and real-valued coefficients uk and vk of the Bogoliubov
transformation are given by

vk
2 = uk

2 − 1 =
1

2
� �k + U

N0

M

��k
− 1� . �43�

We note that the excitation spectrum ��k depends on the
condensate population N0, which is known in the literature as
the Bogoliubov-Popov spectrum and is well suited to de-
scribe the statistics of a BEC at finite temperatures �4,34�.

Below the critical temperature, when the condensate is
macroscopically occupied, the occupation statistics of the
quasiparticle modes is given by the Bose-Einstein distribu-
tion:

�bk
†bk
 =

1

e���k − 1
� fk, k � 0, �44�

�bk
†bkbk�

† bk�
 = fkfk� + �k,k��fk
2 + fk�, k,k� � 0, �45�

where the value of the chemical potential � is set to zero.
This follows from the fact the condensate acts as a reservoir
of particles and distributions of particles in excited modes
are not restricted by the particle number conservation, which
is consistent with the so-called Maxwell-Demon �MD� en-
semble approximation �35–37�. Applying Bogoliubov trans-
formation �40�, and Eqs. �44� and �45�, we can easily find the
mean occupation, fluctuations, and correlations of the num-
ber of atoms in the quantized quasimomentum modes:

�nk
 = �uk
2 + vk

2�fk + vk
2 , �46�

��2nk
 = �uk
2 + vk

2�2�fk
2 + fk� + uk

2vk
2 , �47�
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�nknk�
 = uk
2vk

2�1 + 4fk + 4fk
2��k,−k� + �nk
�nk�
 �48�

in which k�k��0 and nk�ak
†ak is a particle number op-

erator for a quasimomentum mode k. Calculations of statis-
tical quantities �46�–�48� within the Bogoliubov-Popov
method require self-consistent determination of the mean
condensate population N0. First, N0 enters the excitation
spectrum as a parameter. Second, it is determined by the
statistics itself,

N0 = N − �
k�0

�nk
 , �49�

which yields

N0 = N − �
k�0

� �k + U
N0

M

��k
fk +

�k + U
N0

M
− ��k

2��k
� . �50�

Finally, by transforming to the position space with the
help of Eqs. �36� and �37�, we evaluate single-site occupation
number statistics, i.e., single-site fluctuations, ��2nm
= �nm

2 

−n2, and correlations, �nmnm�
−n2, between each pair of
sites in the lattice. At the final stage they are substituted into
Eq. �26� determining the angular distribution of the scattered
light.

In Fig. 6 we present results for the statistics of the SF
state realized in an optical lattice. We have chosen four dif-
ferent values of the strength of interactions U that correspond
to quantum depletion ranging from 0 to approximately 0.1,
which should be proper in the regime of a weakly interacting
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FIG. 6. �Color online� Statistical properties of the SF phase in an optical lattice. Here, M =11�11�11 and N=3M. Different colors of
the curves refer to different values of the parameter U: blue �solid� for U=0, green �dashed� for U=1, yellow �dot-dashed� for U=4, and red
�dotted� for U=6. The selected values of U imply the following values of quantum depletion: 0%, 1.6%, 6.8%, and 9.7%, respectively. The
strength of interaction U and temperature T are expressed in units of J. �a� Number of condensate atoms in the lattice. �b� Atoms number
fluctuations in a single site of the lattice. �c� Correlations between close neighbors. Here m= �0,0,0� and m�= �1,0,0�. �d� Correlations
between distant neighbors. Here m= �0,0,0� and m�= �5,5,5�. �e� Momentum modes correlations. Here, k= �2,2,2�. �f� Momentum modes
correlations. Here k= �1,0,0� and k�= �1,1,1�.
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gas where the Bogoliubov method is applicable. An upper
limit of temperatures we consider is established by the con-
ditions of validity of the MD ensemble approximation that,
for sufficiently large systems, works well up to a temperature
close to the critical temperature TC. As expected, we observe
that the on-site fluctuations increase monotonically up to TC.
In contrast, the correlations between populations of different
sites exhibit nonmonotonic behavior that is strongly depen-
dent on a distance between the considered sites. The phe-
nomena can be understood by studying the behavior of these
statistical quantities at small and at large temperatures.
Readily, in the limit T→0 the on-site fluctuations and corre-
lations follow the behavior presented in Sec. IV: ��2nm
=n
−n2 /N and �nmnm�
−n2=−n2 /N. On the contrary, at large
temperatures the fluctuations and correlations can be de-
scribed consistently within a model of N indistinguishable
particles distributed over M degenerate levels: ��2nm
=n2

+n and �nmnm�
−n2=0. For both of the limits, the analytical
expressions are derived under the assumption U /J→0, how-
ever, the approximations work reasonably well also for finite
values of the ratio U /J. The last two panels of Fig. 6 present
correlations between different modes in the momentum
space. We note that the correlation between an excited and
the condensate mode �nkn0
 exhibits a maximum at some
moderate temperature. This follows simply from the compe-
tition between the process of thermal depletion of the con-
densate and a growth of the thermal fraction. Similarly, in
case of correlations between two excited modes, we observe
that at some temperature the initial growth of �nknk�
 is sup-
pressed by decrease in population of these modes in favor of
population of modes of some higher quasimomentum.

C. Statistical properties of the Mott-insulator phase

We introduce grand canonical Bose-Hubbard Hamiltonian
K:

K = − J �
�m,m�


gm
† gm� +

1

2
U�

m
n̂m�n̂m − 1� − ��

m
n̂m.

�51�

In order to describe quantum statistics of the Mott-insulator
phase at finite temperatures we adopt a mean-field decou-
pling approximation �38,39�. In analogy to the Bogoliubov
approach, we introduce a complex mean-field parameter �
��gm
 that can be physically interpreted as an order param-
eter that is nonzero if the system is superfluid. Below the
phase transition point, the symmetry related to the gauge
invariance of the phase is spontaneously broken and without
losing generality we can assume that � is real. The new
parameter allows one to decouple the hopping term occur-
ring in Eq. �51�,

gm
† gm� = ��gm

† + gm�� − �2. �52�

By performing this substitution we can decompose Hamil-
tonian �51� into a sum of mean-field local Hamiltonians
Km

MF: K=�mKm
MF, where

Km
MF � − 2DJ��gm + gm

† � + 2DJ�2 − �n̂m +
1

2
Un̂m�n̂m − 1� .

�53�

At zero temperature, calculation of the ground-state energy
and its minimization as a function of the superfluid order
parameter � yields the phase diagram analytically �33�.
However, for nonzero temperatures the model has no analyti-
cal solution and one has to resort to numerical calculations.
Namely, by diagonalization of Eq. �53� we calculate grand
canonical partition function Z���,

Z��� = Tr�e−�Km
MF

� , �54�

and on its grounds we determine the grand thermodynamic
potential ���� ,

���� = −
1

�
ln Z��� . �55�

Subsequently, by minimizing ���� with respect to �, we
obtain the equilibrium value of the order parameter that we
use to calculate all the relevant thermodynamic quantities. In
particular:

�nm���
 =
1

Z
Tr�n̂me−�Km

MF
� , �56�

��2nm���
 =
1

Z
Tr�n̂m

2 e−�Km
MF

� − n2. �57�

In the homogeneous lattice �nm���
=n and this identity is
used to determine the value of the chemical potential for a
given single-site occupation n.

Our mean-field approach assumes decoupling of different
sites, �nmnm�
−n2=0 �m�m��, that agrees with the zero-
temperature statistics of the MI assumed in Sec. IV. This, in
general, is not valid at higher temperatures when the hopping
between adjacent sites in non-negligible. Nevertheless, it is
satisfied at smaller temperatures considered here.

In Fig. 7 we present the mean single-site occupation and
fluctuations as a function of the chemical potential and for
different system temperatures. The calculations have been
performed within the mean-field model for U /J=128. One
can see the existence of a characteristic temperature above
which the flat steps in �nm���
 disappear completely and the
curve becomes monotonically increasing. This crossover is
accompanied by an appearance of nonzero fluctuations for
all values of � presented in the plot. This corresponds to the
transition from the MI to the normal phase. In MI phase the
system is infinitely compressible: ��n
 /��=0, while in the
normal or SF phase the compressibility becomes finite:
��n
 /���0. Since the on-site fluctuations can be expressed
as ��2n
=��n
 /�����, therefore, they can be nonzero only in
the normal or SF phase. In order to distinguish between the
normal and SF phases one can resort to the value of the order
parameter �. Finally, we note that our mean-field treatment
neglects the effects of correlations between different sites
and the quantum fluctuations. In the more accurate models
that take these effects into account, the on-site fluctuations
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become nonzero already in the MI regime, close to the
boundaries with the SF or normal phases.

VI. FINITE TEMPERATURE SCATTERING
IN THREE DIMENSIONS

We consider three-dimensional cubic lattice and assume a
sufficiently large value of the trapping potential depth V0 to
neglect corrections from the nonlocal Franck-Condon fac-
tors. The setup is depicted in Fig. 8. The lasers creating an
optical lattice ��p, red arrows� are set along x, y, and z axes.
In general, the position of a probing laser ��L, yellow arrow,
characterized by angles �L, �L� and detector �green arrow,
characterized by angles �d, �d� can be optimized in order to
minimize the contribution from the classical component in
the vicinity of the direction of the measurement; cf. Appen-
dix B. This is of particular importance in case of large lat-
tices for which, due to a big number of interference fringes,
the detector would collect the photons from several interfer-
ence peaks. Here, though, we do not choose the optimal con-
figuration, we consider some example geometry which not
only sufficiently reduces an influence of the classical com-
ponent but also offers relatively simple experimental realiza-
tion. Namely, we choose the direction of the probing beam
along one of the diagonals of the lattice cube, kL= 	kL	� 1

�3
,

− 1
�3

, 1
�3

�, and a detector centered around k= 	kL	� 1
�2

,− 1
�2

,0�.
In analogy to the one-dimensional case, we expect that

sharp differences in the intensity of light scattered from the

SF and MI phases can be observed at angles for which the
classical component Fclas�� ,�� is negligible. In Fig. 9 we
present the zero-temperature structure function F�� ,�� for
MI phase that is equivalent to the Fclas�� ,��. Keeping in
mind that the quantum component Fquant�� ,�� for the SF
state is slowly varying and of order of N, we observe that
��d ,�d� is indeed a promising direction for a measurement
that can distinguish the two quantum phases. In Fig. 10 we
corroborate this observation by presenting scattering patterns
for the superfluid FSF�� ,�� and Mott-insulator FMI�� ,��
phases at T=0. The plots show cross sections of F�� ,��
along the planes of constant � and �, respectively. Evidently,
for the specific values of parameters we have chosen and for
the assumed directions of the probing laser and of the detec-
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FIG. 7. �Color online� Statistical properties of Mott-insulator
phase for U=128. Colors of the curves refer to different values of
temperature being considered: blue �dotted� for T=0, dark green
�dot-dashed� for T=4, green �dashed� for T=6, orange �long-
dashed� for T=8, and red �solid� for T=11. All the values of pa-
rameters are expressed in units of J. �a� Average atoms number in a
single site in the lattice. �b� Atoms number fluctuations in a single
site in the lattice.

FIG. 8. �Color online� Setup. A three-dimensional optical cubic
lattice generated by lasers �p �red arrows� is illuminated by a prob-
ing laser �L �yellow arrow� set at angles ��L ,�L�. A detector of
scattered photons �green arrow� is aligned in a direction ��d ,�d�.

FIG. 9. �Color online� Logarithm of the structure function F�q�
for MI phase at zero temperature, as a function of spherical angles
of detection, �� ,��. The probing laser is set at ��L ,�L�. Bright
regions correspond to directions in which a large number of photons
is scattered. The yellow circle �pointed by the yellow arrow� indi-
cates the direction of the probing laser �global maximum of number
of scattered photons�. The green circle �pointed by the green arrow�
refers to the direction of a detection k= 	kL	� 1

�2
,− 1

�2
,0� which

is discussed in details in the text. Here, M =55, N=3M, and
V0=20Er.
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tor, the difference of number of photons scattered from the
SF and MI phases is of order N�105 and thus should be
readily measurable in experiment.

We turn now to the thermal effects and their influence on
the angular distribution of scattered photons. Analyzing Figs.
11 and 12 we observe the isotropic and monotonic growth of
the intensity of scattered light with temperature for both SF
and MI phases. In the case of SF phase, this behavior can be
explained on the grounds of Eq. �26� rewritten in the mo-
mentum representation by means of transformation �Eqs.
�36� and �37��. In particular, if we disregard anomalous av-
erages while calculating expectation values of the form
�ak1

† ak2
ak3

† ak4

, i.e., if we perform the approximation

�ak1

† ak2
ak3

† ak4

 � �k1,k2

�k3,k4
�ak1

† ak1
ak2

† ak2



+ �k1,k4
�k2,k3

�ak1

† ak2
ak2

† ak1

 , �58�

Eq. �26� can be rewritten as

F�q� =
1

M2 	f0,0�q�	2�N�N − 1���
m

eıq·rm�2
+ �

k�k�

�nknk�


���
m

eı�−k+k�+q�·rm�2
 + N	f0,0�q�	2. �59�

When temperature increases, a number of particles occupy-
ing excited modes grow �see Fig. 6� causing an increase in
correlations terms �nknk�
. In consequence, the total intensity
of the scattered light FSF�T� increases monotonically with
temperature in any direction of measurement. We note that
some correlations terms �nknk�
 start to decrease above some
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FIG. 10. �Color online� Zero-temperature FSF�� ,�� �top blue
curves� and FMI�� ,�� �bottom gray curves� with domains restricted
to � �top figure� and � �bottom figure�. The position of the photons
detector ��d ,�d� is indicated with vertical dashed lines. Here, M
=55�55�55, N=3M, �p /�L=1, and V0=20Er. �a� F�� ,�=�d�.
�b� F��=�d ,��.
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FIG. 11. �Color online� Structure function F�� ,�� for SF phase
of bosons in a three-dimensional optical lattice. The preferred po-
sition of the detector ��d ,�d� is marked with vertical dashed lines.
The plots show the cross sections along the constant �, �a� and �c�,
and constant �, �b� and �d�. The calculations have been performed
for 87Rb atoms, �p=�L=850 nm, M =11�11�11, and N=3M. �a�
and �b� show results for constant V0=6.80Er�U=4� and increasing
value of temperature: T=0,3 ,5 ,7 ,9 ,11 �ordered from the bottom-
most to the topmost curve� with U and T being expressed in units
of J. �c� and �d� show results for constant temperature T=10 and
increasing value of trapping potential depth, V0=3.66Er�U=1�,
V0=5.15Er�U=2�, V0=6.80Er�U=4�, V0=7.82Er�U=6�, ordered
from the bottommost to the topmost curve. The insets show the
number of photons scattered in the direction of a detector ��d ,�d�
versus temperature �a� and versus interaction strength �c�.
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characteristic temperature �see Fig. 6�. However, this does
not influence the total structure function FSF�T� that grows
monotonically with T.

Similarly, an increase in the interaction strength �an in-
crease in the lattice potential depth, equivalently� results in
larger population of excited modes partially due to increase
in the quantum depletion. This behavior leads to a growth of
the correlation terms in Eq. �59� and again to the monotonic
increase in the full function FSF�U�.

In the case of MI phase, presented in Fig. 12, the increase
in the number of scattered photons FMI�T� is fully deter-
mined by a temperature-driven growth of single-site fluctua-
tions that have been presented in Fig. 7.

VII. SUMMARY AND CONCLUSIONS

We have investigated the scattering of a weak and far-
detuned laser light from a system of ultracold bosons in an
optical lattice. We have shown that the light scattering can be
used as a probe of the on-site quantum statistics, in particular
fluctuations and correlations. Calculating the statistics for the
superfluid and Mott-insulator phases at finite temperatures,
we have determined the angular distributions of the mean
number of the scattered photons. The profiles of the scattered
light are fully determined by the on-site particle number fluc-
tuations and correlations and thus allow for an experimental
verification of the present theoretical models describing the

statistics in ultracold gases. For the 3D optical lattice we
have determined the optimal geometry at which the contri-
bution from the Bragg scattering pattern is minimized. We
have shown that even at some nonoptimal configurations,
which can be more accessible from the experimental point of
view, this contribution is sufficiently small and allows one to
measure the effects of quantum statistics. Our main conclu-
sion is that by careful choice of the measurement geometry
one can distinguish between different phases, even at finite
temperatures, and observe the effects of the finite tempera-
ture statistics of a Bose gas.
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APPENDIX A: CORRECTIONS FOR WEAK LATTICE
POTENTIALS DUE TO THE NONLOCAL

FRANCK-CONDON COEFFICIENTS

By applying the local approximation in the derivation of
Eq. �26� we have neglected contributions from the nonlocal
Franck-Condon coefficients. Here, we calculate the leading
contribution from the neglected nearest-neighbor terms.

In the case of the MI phase the expression is proportional
to N:


FMI�q� = �	f1,0�q�	2 + 	f−1,0�q�	2��1 + n�N . �A1�

Although it scales the same as the difference between MI and
SF phase, the coefficients f1,0�q� and f−1,0�q� rapidly tend to
zero with the increasing lattice depth.

Similarly, the nearest-neighbor correction for superfluid
state reads


FSF�q� = �	f1,0�q�	2 + 	f−1,0�q�	2 + 2 Re�f1,0
� �q�f−1,0�q���

��N + n2�1 −
1

N
���

n

eıq·rn�2
 . �A2�

A brief estimate leads to


FSF�q� � �	f1,0�q�	2 + 	f−1,0�q�	2�N ,

that, again, contains small coefficients f1,0�q� and f−1,0�q�
rapidly decreasing with the lattice potential depth.

APPENDIX B: OPTIMIZATION OF POSITIONS OF A
PROBING LASER AND A DETECTOR IN THE 3D CASE

In this appendix we derive the condition for optimal con-
figuration of the probing light and of the photon detector,
which lead to the minimal contribution from the classical
amplitude of the scattered light. We start with the classical
part of the structure function F�q� defined in Eq. �28�,

Fclas�q� = n2	f0,0�q�	2��
m

eıq·rm�2
. �B1�

The label m enumerates lattice sites, rm=d�x̂mx+ ŷmy + ẑmz�,
with integer mx ,my ,mz. For a simple cubic lattice the sum-
mation can be easily performed:
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FIG. 12. �Color online� Structure function F�� ,�� for MI phase
of bosons in a three-dimensional optical lattice. The preferred po-
sition of the detector ��d ,�d� is marked with vertical dashed lines.
The plots show the cross sections along the constant � �a� and
constant � �b�. The calculations have been performed for 87Rb at-
oms, �p=�L=850 nm, M =55�55�55, N=3M, V0=18.3Er�U
=128�, �=320 and temperatures: T=0,6 ,8 ,10,11 �ordered from
the bottommost to the topmost curve�, with U, T, and � being
expressed in units of J. The inset shows the number of photons
scattered in the direction of a detector ��d ,�d� versus temperature.
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Fclas�q� = n2	f0,0�q�	2 �
i=x,y,z

sin2�M

2
qid�

sin2�1

2
qid� . �B2�

For the rest of the derivation we introduce a convenient
parametrization of the vectors kL=kL��x ,�y ,�z�, k
=kL��x ,�y ,�z�, and q=kL��x ,�y ,�z� describing the mo-
menta of the incoming and scattered photons, and the mo-
mentum transfer, respectively. The dimensionless numbers
�i, �i, and �i satisfy 	�i	�2, 	�i	�1, and 	�i	�1 for i
=x ,y ,z. Expressing the translation vector of the lattice and
the wave vector of the laser in terms of the wavelengths, d
=�p /2 and kL=2� /�L, we rewrite Eq. �B2� in the following
way:

Fclas�q� = n2	f0,0�q�	2 �
i=x,y,z

sin2�M
�

2
�i

�p

�L
�

sin2��

2
�i

�p

�L
� . �B3�

Typically, the angular dependence of the Franck-Condon fac-
tor 	f0,0�q�	2 is rather weak, which follows from the fact that
the characteristic size of a single lattice site, given by a har-
monic oscillator length associated with the potential well, is
much smaller than the wavelength of the probing laser. In
such conditions the scattering due to 	f0,0�q�	2 is almost iso-
tropic and most of the angular dependence is determined by
the interference term characteristic for the Bragg scattering.
The function sin2�Mx� /sin2�x� generating the interference
pattern takes the maxima at x=n� while the minimal ampli-
tude of oscillations occurs in the middle between two neigh-
boring maxima: x=��n+ 1

2 �. In fact, the latter determines the
desired condition for the measurement with the minimal con-
tribution from the classical component: �i�p /�L=1+2ni,
where ni are integers and i=x ,y ,z. For simplicity we further

consider only the simplest case �p=�L. Since 	�i	�2, the
only possibility is �i= �1, which leads to the following
three conditions:

� j − � j = � 1, for j = x,y,z . �B4�

The other two conditions are given by the conservation of
the momenta of the scattered photons: 	k	= 	kL	=kL, which
results in

	�x	2 + 	�y	2 + 	�z	2 = 	�x	2 + 	�y	2 + 	�z	2 = 1. �B5�

By combining Eqs. �B4� and �B5�, we obtain the following
two equations determining the coordinates of k and kL:

	�x	2 + 	�y	2 + 	�z	2 = 1, �B6�

	�x � 1	2 + 	�y � 1	2 + 	�z � 1	2 = 1. �B7�

Readily, there are infinitely many solutions of the two above
equations. All of them lie on a circle that is a common part
of two spheres in the three-dimensional space. One of
the possible solutions is given by the set of numbers
kL=kL�6−�6,6−�6,6+2�6� /12 and k=kL�−6−�6,−6
−�6,2�6−6� /12.

Finally, we note that for the optimal geometry determined
by Eqs. �B6� and �B7�, an average of the classical component
Fclas�q� over a finite solid angle containing several interfer-
ence peaks results in the three-dimensional analog of for-
mula �32�,

Fclas�q� = 	f0,0�q�	2
n2

8
. �B8�

Here, we have applied the condition sin� 1
2qid�=1 that fol-

lows the conditions for the optimal choice of the measure-
ment geometry. We stress that this result is derived for this
particular geometry, and only in this case the sine squared
factors average out to 1

2 independently in all three directions.
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