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Measurements of K splittings in high-L Rydberg states of barium are used to deduce electric-dipole and
electric-quadrupole matrix elements in Ba+. The model used to interpret these splittings is extended here to
include the contributions of third- and fourth-order perturbation terms, altering the conclusions of a previous
report that omitted those contributions. The analysis leads to improved experimental determinations of dipole
�6s-6p� and quadrupole �6s-5d� transition strengths in Ba+ that are in good agreement with recent a priori
calculations.
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I. INTRODUCTION

Knowledge of atomic and ionic transition strengths is nec-
essary in a very wide range of applications. Some applica-
tions, such as ultraprecise atomic clocks �1� and tests of fun-
damental interaction strengths �2�, require the highest
possible precision. In contrast to atomic binding energies,
which are often tabulated precisely from spectroscopic stud-
ies �3�, transition strengths must be calculated. The accuracy
of these calculations is difficult to assess without experimen-
tal tests. Atomic and ionic lifetime measurements, of course,
provide one of the best tests of these calculations. Depending
on the magnitude of the lifetime and ionization state, many
different experimental techniques have been used to measure
both allowed and forbidden lifetimes in a variety of atoms
and ions �4�. Another common source of sensitive tests, but
only for positive ions, is the study of fine structure in high-L
Rydberg states �5�. The binding energies of nonpenetrating
high-L Rydberg electrons are sensitive to the dipole and
quadrupole polarizabilities of the positive ion binding them
in their orbit, and these in turn depend on many of the same
matrix elements that determine excited-state lifetimes.

The Ba+ ion presents an additional unique opportunity to
obtain precise experimental tests of calculated transition
probabilities. The high-L Rydberg states of barium display
prominent splittings between the two states differing in the
relative orientation of the 2S1/2 Ba+ ion and the nL Rydberg
electron �6�. These two levels are characterized by the value
of the intermediate quantum number K,

K� � J�C + L� , �1�

where JC is the angular momentum of the ion core and L is
the angular momentum of the Rydberg electron. The energy
difference between these two levels, the so-called K split-
tings, has been shown to be due to the indirect effect of
spin-orbit splittings in the excited states of Ba+ �7�. Measure-
ments of the K splittings across a range of high-L Rydberg
levels may be used to deduce electric-dipole and -quadrupole
transition strengths connecting the Ba+ ground state to the
first-excited P and D levels �8�. To date, this technique has
not been applied to any other positive ion, but future studies

should be possible in other cases. Since lifetime, polarizabil-
ity, and K-splitting measurements all exist for Ba+, compar-
ing the results obtained from these different experimental
methods to a priori calculations should provide a valuable
test of experimental and theoretical methods.

Figure 1 illustrates the lowest five levels of the Ba+ ion,
the 6s ground state, and the 5d and 6p excited levels. The
electric-dipole and electric-quadrupole transitions between
these levels are indicated. Since the energies of these levels
are all precisely known, calculations of transition strengths
are reduced to evaluation of matrix elements of electric-
dipole and -quadrupole operators between calculated wave
functions for the various levels. Table I shows one example
of such calculated matrix elements, obtained using relativis-
tic many-body perturbation-theory methods �9�. Measure-
ments of the lifetime of all four excited states exist with
precision between 1% and 10% �10–12�. Table II illustrates
the good agreement between the most recent of these mea-
surements and the predictions implied by the matrix ele-
ments of Table I �9�. Measurements of Rydberg fine structure
in barium, i.e., of the �n=0, �L=1 energy splittings, have
also been reported, from which values of the dipole and
quadrupole polarizabilities of the 6s ground state can be de-
termined �13�. Again, the most recent of these determina-
tions, shown in Table II, are in good agreement with the
predictions obtained from the matrix elements of Table I. Of
course, these predictions must also take account of other fac-
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FIG. 1. Level diagram showing the lowest five levels of Ba+.
Solid arrows show the dipole transitions while the dotted arrows
show the quadrupole transitions.
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tors, including the contributions from coupling to higher-
excited states and the polarizability of the closed-shell Ba2+

core �9�.
In contrast to the close correspondence between experi-

ment and theory represented by Table II, the transition
strengths derived from K splittings �8� show mixed agree-
ment with these same calculations, as illustrated in Table III.
The dipole matrix element agrees well with calculations, but
the reported quadrupole matrix element differs by 30%, well
outside of the uncertainty. This apparent discrepancy is con-
firmed by expansion of the data set to include additional
measurements of K splittings in higher L levels reported re-
cently �13�. We show below, however, that this conclusion is
based on an incomplete model of the origin of the K split-
tings that includes only second-order perturbation terms.
When the model is extended to include third- and fourth-
order terms, close agreement with calculated dipole and
quadrupole transition strengths is found.

Section II of this report describes the theoretical model of
the K splittings, including calculations of third- and fourth-
order contributions and compares the model’s prediction to
existing measurements. Section III considers the slight ad-
justments in the calculated matrix elements that are required
to achieve full agreement with the measurements. The con-
straints on transition strengths derived from Rydberg
K-splitting measurements are found to complement the con-
straints derived from polarizability measurements. Together,
these two types of barium Rydberg data lead to improved

determinations of both dipole �6s-6p� and quadrupole
�6s-5d� transition strengths.

II. THEORY OF K SPLITTINGS

A. Second-order model

A theoretical model of the K-splitting intervals emerges
from the same formulation used to model the fine-structure
pattern in nonpenetrating high-L Rydberg states. This formu-
lation is based on a perturbation expansion of the interactions
between a hydrogenic Rydberg electron and an isolated
positive-ion core. These interactions are expressed in a mul-
tipole expansion

V = �
�=1

�

�
i=1

N−1
ri

�

rN
�+1C����r̂i�C����r̂N� . �2�

The zeroth-order wave functions are products of the N−1
electron core eigenfunctions �nc , Lc , Jc� and the one-
electron Rydberg functions �n ,L�, coupled to form the angu-
lar momentum K. The spin of the Rydberg electron is ig-
nored.

The first nonzero contributions to the perturbation energy
come from second-order perturbation expressions. Including
the first two multipole terms, the difference in energy be-
tween the K=L�

1
2 levels is calculated to be

�E�n,L� � E�n,L,K = L + 1
2� − E�n,L,K = L − 1

2� = �EDD

+ �EQQ, �3�

where

�EDD = − �
nc

�6S1/2�D� �ncP1/2	2

6
�fnL„L + 1,E�ncP1/2�,2,2…

− fnL„L − 1,E�ncP1/2�,2,2…�

+ �
nc

�6S1/2�D� �ncP3/2	2

12
�fnL„L + 1,E�ncP3/2�,2,2…

− fnL„L − 1,E�ncP3/2�,2,2…� , �4�

with

D� = �
i

N−1

riC
�1��r̂i� �5�

and

TABLE III. Comparison of dipole and quadrupole matrix ele-
ments obtained in Ref. �8� from barium Rydberg K splittings to the
calculated values shown in Table I. Since pure LS coupling was
assumed in Ref. �9�, a comparable value has been extracted from
the matrix elements in Table I. All values are in atomic units.

Quantity Expt.a Theor.b �Expt.�/�Theor.�

�6s�D�6p	 4.03�10� 4.08 0.99�3�
�6s�Q�5d	 9.76�29� 14.26�8� 0.68�2�

aReference �8�.
bReference �9�.

TABLE I. Calculated electric-dipole and -quadrupole matrix el-
ements between the lowest five levels of the Ba+ ion from Ref. �9�.
All values are in atomic units.

Quantity Value

�6S1/2�D�6P1/2	 3.3357

�6S1/2�D�6P3/2	 4.7065

�6S1/2�Q�5D3/2	 12.63�9�
�6S1/2�Q�5D5/2	 15.8�1�
�6P1/2�D�5D3/2	 3.034

�6P3/2�D�5D3/2	 1.325

�6P3/2�D�5D5/2	 4.080

TABLE II. Comparison of measured Ba+ lifetimes and polariz-
abilities to values calculated using the matrix elements of Table I.

Quantity Expt. Theor.a �Expt.�/�Theor.�

��6 2P1/2� 7.90�10� nsb 7.83 1.009�13�
��6 2P3/2� 6.32�10� nsb 6.27 1.008�16�
��5 2D3/2� 79.8�4.6� sc 81.5�1.2� 0.98�6�
��5 2D5/2� 32.0�4.6� sd 30.3�4� 1.06�15�
�D�6 2S1/2� 123.88�5� a.u.e 124.15 0.9978�4�
�Q�6 2S1/2� 4420�250� a.u.e 4182�34� 1.06�6�

aReference �9�.
bReference �12�.
cReference �10�.

dReference �11�.
eReference �13�.

WOODS, LUNDEEN, AND SNOW PHYSICAL REVIEW A 80, 042516 �2009�

042516-2



�EQQ =
3

2�
nc

�6S1/2�QJ�ncD3/2	2

10
�g+�L�fnL„L

+ 2,E�ncD3/2�,3,3… + g0�L�fnL„L,E�ncD3/2�,3,3…

+ g−�L�fnL„L − 2,E�ncD3/2�,3,3…�

− �
nc

�6S1/2�QJ�ncD5/2	2

10
�g+�L�fnL„L

+ 2,E�ncD5/2�,3,3… + g0�L�fnL„L,E�ncD5/2�,3,3…

+ g−�L�fnL„L − 2,E�ncD5/2�,3,3…� , �6�

with

QJ = �
i

N−1

ri
2C�2��r̂i�, g+�L� = −

�L + 2�
�2L + 3�

,

g0�L� =
�2L + 1�

�2L − 1��2L + 3�
, and g−�L� = +

�L − 1�
�2L − 1�

. �7�

In both expressions,

fnL�L�,EC,s,q� � �
n�

�n,L
r−s
n�,L�	�n�,L�
r−q
n,L	
EC + E�n�� − E�n�

, �8�

where E�n� and E�n�� are the hydrogenic energies of the
Rydberg electron. In Eq. �8�, the sum over n� implicitly in-
cludes continuum levels.

One important characteristic of the K splittings is easily
seen from these expressions. If the core excitation energies
are sufficiently large that the core responds adiabatically, i.e.,
if

1

EC + E�n�� − E�n�
�

1

EC
, �9�

then completeness of the radial functions implies that

fnL�L�,EC,s,q� =
�r−�s+q�	nL

EC
�10�

and both dipole and quadrupole contributions to the K split-
tings vanish identically. Thus, a key feature of the K split-
tings is that they are a signature of nonadiabatic response of
the core to perturbation by the Rydberg electron.

If the core excitation energies are not too small, it is pos-
sible to simplify the expressions above using the properties
of hydrogenic radial functions. Taking

1

EC + E�n�� − E�n�
=

1

EC
�1 −

E�n�� − E�n�
EC

+ ¯ �11�

and using

�
n�

�n,L
r−s
n�,L�	�n�,L�
r−q
n,L	�E�n�� − E�n��

=
1

2
�sq − L�L + 1� + L��L� + 1���n,L
r−�s+q+2�
n,L	 ,

�12�

the K-splitting expressions can be simplified to the form

�EDD =
�2L + 1�

12
�r−6	nL�

nc

�2�6S1/2�D� �ncP1/2	2

E�ncP1/2�2

−
�6S1/2�D� �ncP3/2	2

E�ncP3/2�2  �13�

and

�EQQ =
�2L + 1�

20
�r−8	nL�

nc

�3�6S1/2�QJ�ncD3/2	2

E�ncD3/2�2

−
2�6S1/2�QJ�ncD5/2	2

E�ncD5/2�2  , �14�

where only the first nonadiabatic terms have been included.
In this form, several features of the K splittings can be

seen. First, if the energies of the Jc=Lc�
1
2 core states are

equal and the matrix elements to these two states are in the
pure LS coupling ratio, then the K splittings vanish identi-
cally. This cancellation can be frustrated either by the fine-
structure splittings or by a variation in the matrix element
ratios, though the former is more significant in barium. For
example, in pure LS coupling, the matrix element ratios
would be

�6S1/2�D� �ncP1/2	

�6S1/2�D� �ncP3/2	
=�1

2

�6S1/2�QJ�ncD3/2	

�6S1/2�QJ�ncD5/2	
=�2

3
. �15�

The calculated matrix elements in Table I differ from these
ratios by 0.2% and 2.1% for D and Q, respectively. By com-
parison, the excitation energies of the two fine-structure lev-
els of 6p and 5d states differ by 8.3% and 16.4%.

If it is assumed that the matrix elements are in the LS ratio
and the expressions are expanded to first order in the ratio of
fine-structure splittings �E�nc ,Lc� to average excitation en-
ergies E�nc ,Lc�, the expressions can be further simplified to

�EDD =
2

9
�2L + 1��r−6	nL�

nc

�6s�D� �ncp	2�E�ncp�
E�ncp�3 �16�

and
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�EQQ =
6

25
�2L + 1��r−8	nL�

nc

�6s�QJ�ncd	2�E�ncd�
E�ncd�3 . �17�

These are the same equations reported by Snow et al. �7� and
by Shuman and Gallagher �8�. This form has the advantage
of displaying the rapidly decreasing influence of excited
states above the lowest excitation of each Lc. Since both the
matrix element and the fine-structure splitting decrease while
the excitation energy increases, only the lowest P state, 6p,
and the lowest D state, 5d, contribute significantly to the K
splitting. This is similar to the dominant influence of the
lowest states in calculations of polarizabilities, but much
stronger. This form also shows that the relative importance of
the QQ term decreases with L, as it is proportional to a
higher inverse power of r. This allows the two contributions
to be separately deduced from data that include a range of L.

Neither of the approximations used to derive Eqs. �16�
and �17� above, the adiabatic expansion, and the expansion
in �E /E are particularly good for the 5d level. The adiabatic
expansion is particularly ineffective because of the very low
excitation energy of the 5d levels. To illustrate this, Table IV
shows the full value of fnL �Eq. �8�� and the first two terms in
its adiabatic expansion for typical values of fnL. The specific
cases are the n=17 levels with L=6 and 8 for 6P3/2 and
5D5/2 intermediate core states. The adiabatic term is from Eq.
�10� while the first nonadiabatic term is calculated using Eqs.
�11� and �12�. The ratio of the sum of the adiabatic and first
nonadiabatic terms to the full value is also shown, indicating
good convergence for 6p levels, but nonconvergence for 5d
levels. These examples also illustrate that evaluation of fnl
using the adiabatic expansion improves as L increases. A
useful estimate of the utility of the adiabatic expansion is the
estimation of the average Rydberg energy difference, ob-
tained by using the appropriate squared radial matrix element
as a weighting function �8�

�E�n�� − E�n��AV �

�
n�

�nL
r−s
n�L�	2�E�n�� − E�n��

�
n�

�nL
r−s
n�L�	2

=
�s2 − L�L + 1� + L��L� + 1��

2

�r−2�s+1�	nL

�r−2s	nL
.

�18�

If the ratio of this average Rydberg energy difference to the
core excitation energy is small, then the adiabatic expansion
is likely to be useful. This ratio is also shown in Table IV for
the example cases, confirming its predictive value. Because
the 5d levels play a significant role in the barium K split-
tings, it is necessary to return to the full expressions of Eqs.
�4� and �6� to evaluate the predicted K splittings.

Table V collects the measured K splittings in states with
L�6 �13,14� and compares them to this second-order model,
evaluated using the theoretical matrix elements from Table I.
These calculations truncate the summation over nc to include
only the 6p and 5d levels and evaluate the necessary sums in
Eq. �8� using the Dalgarno-Lewis technique �15�. This ap-
proach has the advantage of naturally including the contribu-
tions of continuum Rydberg levels which are of particular
significance when L�	L. Table V also indicates the small
contributions of the “normal” magnetic spin splittings in the
predicted K splittings

�EN =
− �2

n3L�L + 1�
a.u. �19�

The excess of the measured values of K splittings over the
normal magnetic splittings is in very poor agreement with
the second-order model, as Table V illustrates. If one as-
sumes that the poor agreement is due to the use of an incor-
rect quadrupole matrix element and adjusts the matrix ele-

TABLE IV. Comparison of evaluation of fnL by the full calculation or by use of the adiabatic expansion.
Columns 1–3 specify the particular fnL. Column 4 shows the full result, obtained with the use of the
Dalgarno-Lewis technique �15�. Columns 5 and 6 show the adiabatic and first nonadiabatic terms in the
adiabatic expansion of fnL. The ratio of the sum of f0 and f1 to the full result, shown in column 7, indicates
the degree of convergence of the adiabatic expansion method. Column 8 shows the ratio of the average
Rydberg energy difference to the core excitation energy, which should be a predictor of the degree of
convergence.

nL L� Core state fnL 10−8 a.u. f0 10−8 a.u. f1 10−8 a.u. �f0+ f1� / fnL
�E�n��−E�n��AV

EC

17,6 5 6P3/2 27.797 25.793 1.818 0.993 −0.07

17,6 7 6P3/2 22.643 25.793 −4.090 0.958 0.16

17,8 7 6P3/2 6.6216 6.4189 0.2036 1.000 −0.03

17,8 9 6P3/2 6.0728 6.4189 −0.3732 0.996 0.06

17,6 4 5D5/2 0.53869 0.17583 0.11377 0.538 −0.65

17,6 6 5D5/2 0.14603 0.17583 −0.07876 0.665 0.45

17,6 8 5D5/2 0.076193 0.17583 −0.341311 −2.172 1.94

17,8 6 5D5/2 0.018409 0.013128 0.003700 0.914 −0.28

17,8 8 5D5/2 0.012130 0.013128 −0.001586 0.952 0.12

17,8 10 5D5/2 0.0086361 0.013128 −0.008282 0.561 0.63

WOODS, LUNDEEN, AND SNOW PHYSICAL REVIEW A 80, 042516 �2009�

042516-4



ments to minimize the discrepancy, the result is similar to the
conclusion presented in Table III. However, since this con-
clusion conflicts with the evidence from lifetime and polar-
izability measurements, another possibility is that the theo-
retical model of K splittings is incomplete.

B. Extended model

In considering possible extensions to the theoretical
model of K splittings, several different approaches were ex-
plored:

�a� Inclusion of higher excited states of the Ba+ ion.
�b� Inclusion of octupole terms in V.
�c� Inclusion of higher-order perturbation terms, third and

fourth orders.
Item �a� was eliminated because it contributes less than

0.1% to the K splitting of L�6 states of barium. The pos-
sible contributions of these higher levels are accurately rep-
resented by Eqs. �16� and �17�, so it is not difficult to show

that their contributions are negligible. Item �b� is also easily
eliminated, since the lowest F level of Ba+ is much higher in
energy than either the 6p or 5d levels and has a much smaller
fine-structure splitting. This leaves item �c� as the most prob-
able source of additional contributions.

The third-order terms with the lowest multipole order are
DDQ, DQD, and QDD. As for the case of second-order
terms, it was verified that these terms do not contribute to the
K splittings in the adiabatic limit. Evaluating the contribution
of these expressions to the K splitting without approximation
is made difficult by the two independent sums over the in-
termediate states. Whenever at least one of these states is a
�6p ,n�L�� level, however, Table IV shows that treating it
adiabatically should be a good approximation. With the DDQ
and QDD terms, for example, the 6p energy is treated adia-
batically while the sum over the �5d ,n�L�� levels is ex-
pressed using the full fnL functions defined in Eq. �8�, giving
the result

�EQDD = �EDDQ =
�10

40

�6S1/2�QJ�5D3/2	�5D3/2�D� �6P1/2	�6P1/2�D� �6S1/2	
E�6P1/2�

�g+�L�fnL„L + 2,E�5D3/2�,3,4…

+ g0�L�fnL„L,E�5D3/2�,3,4… + g−�L�fnL„L − 2,E�5D3/2�,3,4…�

+
1

40

�6S1/2�QJ�5D3/2	�5D3/2�D� �6P3/2	�6P3/2�D� �6S1/2	
E�6P3/2�

�g+�L�fnL„L + 2,E�5D3/2�,3,4… + g0�L�fnL„L,E�5D3/2�,3,4…

+ g−�L�fnL„L − 2,E�5D3/2�,3,4…� +
�6

60

�6S1/2�QJ�5D5/2	�5D5/2�D� �6P3/2	�6P3/2�D� �6S1/2	
E�6P3/2�

�g+�L�fnL„L + 2,E�5D5/2�,3,4…

+ g0�L�fnL„L,E�5D5/2�,3,4… + g−�L�fnL„L − 2,E�5D5/2�,3,4…� . �20�

TABLE V. Comparison of measured barium K splittings to the predictions of the second-order model
using theoretical matrix elements from Table I and experimental term energies. Column 2 shows the mea-
sured values �13,14�. Column 3 shows the normal magnetic splitting. Columns 4 and 5 show the predicted
contributions from dipole and quadrupole second-order terms. The observed value minus the normal mag-
netic splitting is shown in column 6 and the ratio of this to the prediction of the second-order model is shown
in column 7. All values are in MHz.

nL �EObs �EN �EDD �EQQ �EObs−�EN
�EObs−�EN

�ETheor.

9,6 721�9� −11 491 452 733�9� 0.777�10�
9,7 137�9� −9 125 31 145�9� 0.94�6�
10,6 640�6� −8 402 475 648�6� 0.740�7�
10,7 131�9� −6 109 32 137�9� 0.97�6�
17,6 261.67�10� −1.70 107.37 312.22 263.37�10� 0.6277�2�
17,7 40.676�89� −1.274 33.297 15.817 41.950�89� 0.854�2�
17,8 12.04�11� −0.99 11.69 2.44 13.03�11� 0.922�8�
17,9 3.97�12� −0.79 4.52 0.53 4.76�12� 0.943�24�
17,10 1.24�15� −0.65 1.88 0.14 1.89�15� 0.94�7�
20,7 26.545�56� −0.782 21.479 10.971 27.327�56� 0.842�2�
20,8 7.839�53� −0.608 7.671 1.701 8.447�53� 0.901�6�
20,9 2.46�13� −0.49 3.03 0.38 2.95�13� 0.865�38�
20,10 0.70�14� −0.40 1.29 0.10 1.10�14� 0.79�10�
20,11 −0.06�15� −0.33 0.59 0.03 0.27�15� 0.44�24�
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In the case of the DQD term, both intermediate states yield
to the adiabatic expansion shown in Eq. �12�, giving the
approximate result for the K splitting

�EDQD =
�5

60
�2L + 1��6S1/2�D� �6P3/2	�6P3/2�QJ�6P3/2	


�6P3/2�D� �6S1/2	
1

E�6P3/2�3 �r−9	nL −
�10

60
�2L + 1�


�6S1/2�D� �6P1/2	�6P1/2�QJ�6P3/2	�6P3/2�D� �6S1/2	


�E�6P1/2� − 2E�6P3/2�
E�6P1/2�2E�6P3/2�2 �r−9	nL. �21�

The next nonzero multipole term in the third-order perturba-
tion energy is of order QQQ, two factors of r−1 smaller than

the previous terms. Calculation of this term is not attempted
here because it involves two intermediate levels of the
�5d , n�L�� type. Table IV shows that the adiabatic expan-
sion completely fails in this case and thus evaluation of the
nonadiabatic portion of this term is much more difficult. A
rough estimate of their contribution, using the inappropriate
adiabatic expansion, suggests that this term is probably in-
significant for levels with L	6.

The lowest multipole term in the fourth-order perturbation
energies is DDDD. Again, it was confirmed that these terms
give zero contribution to the K splittings in the adiabatic
limit. Since the 5d intermediate states give the most signifi-
cant nonadiabatic response, only terms with a 5d intermedi-
ate core level were included here. The two 6p intermediate
levels were treated adiabatically and the resulting approxi-
mate expression for the fourth-order contribution to the K
splittings is

�EDDDD = −
1

24

�6S1/2�D� �6P1/2	�6P1/2�D� �5D3/2	�5D3/2�D� �6P1/2	�6P1/2�D� �6S1/2	
E�6P1/2�E�6P1/2�

�g+�L�fnL„L + 2,E�5D3/2�,4,4…

+ g0�L�fnL„L,E�5D3/2�,4,4… + g−�L�fnL„L − 2,E�5D3/2�,4,4…�

−
�10

120

�6S1/2�D� �6P1/2	�6P1/2�D� �5D3/2	�5D3/2�D� �6P3/2	�6P3/2�D� �6S1/2	
E�6P1/2�E�6P3/2�

�g+�L�fnL„L + 2,E�5D3/2�,4,4…

+ g0�L�fnL„L,E�5D3/2�,4,4… + g−�L�fnL„L − 2,E�5D3/2�,4,4…�

−
1

240

�6S1/2�D� �6P3/2	�6P3/2�D� �5D3/2	�5D3/2�D� �6P3/2	�6P3/2�D� �6S1/2	
E�6P3/2�E�6P3/2�

�g+�L�fnL„L + 2,E�5D3/2�,4,4…

+ g0�L�fnL„L,E�5D3/2�,4,4… + g−�L�fnL„L − 2,E�5D3/2�,4,4…�

−
1

60

�6S1/2�D� �6P3/2	�6P3/2�D� �5D5/2	�5D5/2�D� �6P3/2	�6P3/2�D� �6S1/2	
E�6P3/2�E�6P3/2�

�g+�L�fnL„L + 2,E�5D5/2�,4,4…

+ g0�L�fnL„L,E�5D5/2�,4,4… + g−�L�fnL„L − 2,E�5D5/2�,4,4…� . �22�

The contributions of these third- and fourth-order terms are
found to be quite significant and together they account al-
most completely for the discrepancy seen in Table V between
measured K splittings and the predictions of the second-order
model. This is illustrated in Table VI, which shows the third-
and fourth-order contributions to the same intervals, again
calculated using theoretical matrix elements and experimen-
tal term energies. The extended theory, with no adjustable
elements, agrees to within a couple of percent for most of
these intervals. In particular, the severe disagreement for lev-
els with 6�L�8 is virtually eliminated by the addition of
these terms. The improved agreement is illustrated in Fig. 2,
which shows all the reported measurements with L�6
�13,14� and compares them to both the second-order model
�dashed line� and the extended model �solid line�. To illus-
trate all these measurements on the same plot, the scaling
suggested by Eqs. �13� and �14� has been used. The vertical
axis represents the ratio of the measured splitting less the

“normal” magnetic contribution to the expectation value of
�2L+1��r−6	nL in the appropriate Rydberg level. This scaling
removes most of the variation of the K splitting with n and L.
The horizontal axis in Fig. 2 is the ratio of the expectation
values of �r−8	nL and �r−6	nL in the level of interest. If Eqs.
�13� and �14� described the K splittings, they would lie on a
straight line in this scaled plot. Clearly, this is not the case.

The largest deviations from the extended theory occur for
the highest L intervals at the far left of Fig. 2. These lie
systematically below the theory, with the deviation from
theory approximately a factor of 3 larger for the n=20 inter-
vals than for the n=17 intervals. This strongly suggests that
the reported intervals have been affected by Stark shifts that
differ for the two K values. Reference �13� did not consider
this possibility, even though it was known that stray electric
fields were present causing significant Stark shifts to the
measured fine-structure intervals. The degree to which Stark
shifts are different for the two K levels of common L de-
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pends on factors that were not well known experimentally,
such as the polarization direction of the stray electric field
and the distribution of mK levels contributing to the micro-
wave signal. Simulations show that the differential shift rate
is larger for stray fields polarized perpendicular to the micro-
wave electric field and for large values of mK relative to the
stray field direction. In general, the shift rate is negative for
both K levels and larger for the upper K level, indicating that
the differential shifts would decrease the apparent K splitting
as the data suggests. Since the approximate scaling of the
Stark shifts is n7, the shifts would be expected to be about a
factor of 3 larger for n=20 than for n=17, also in agreement
with the data pattern. The simulations indicate that the mag-
nitude of the differential shift rates can be anywhere between
zero and 30% of the average shift rate of the two K levels of
common L, depending on the field polarization and the mK
distribution. The significance of these differential shifts is
increased by the method that was used to determine the K
splittings for high-L levels in Ref. �13�. For both n=17 and
n=20, a single �L=1, �K=0 transition was observed at the
lowest L studied, determining the K splitting directly in the
lowest L levels, �17,6� and �20,7�. The K splittings in higher
L levels were then inferred by addition of �L=1, �K=1
resonance positions. As a result, any differential shifts accu-
mulated toward the highest L. For example, in the n=20, L
=11 level, the inferred K splitting could be expected to be
smaller than the true splitting by between zero and 30% of
the cumulative Stark shift of the n=20, L=7, 8, 9, 10, and 11
levels. Table VII shows both the Stark shifts of each L level,

�ĒS, and the cumulative Stark shift moving upwards from

the lowest L level of each n, �ĒT. These calculations as-
sumed an average stray electric field squared of
0.0057�10� �V /cm�2, as reported in Ref. �13�. A rough esti-
mate of the magnitude of differential shifts can be obtained
by requiring consistency between the n=17 and n=20 mea-
surements. This indicates a differential shift rate of approxi-
mately 15�8�% of the average Stark shift. Correction for this
differential shift eliminates the disagreement between the
highest L measurements and the extended model, while leav-
ing the lower L measurements virtually unchanged.

III. EXTRACTION OF TRANSITION STRENGTHS

Although the extended model generally agrees with mea-
surements to a few percent after the differential Stark shift is
taken into account, this represents a difference of many stan-
dard deviations for the most precise measurements. Esti-
mates of terms not included here indicate that they are not
large enough to account for this discrepancy. Changing the
matrix elements themselves, however, is another way to alter
the calculated K splittings. Since the K splittings result from
a failure of cancellation between different terms in the
second-order energy, as illustrated by Eqs. �13� and �14�, the
predicted splittings can be altered either by a common
change in the magnitude of the two fine-structure matrix el-
ements or by a change in their ratio. Thus, in order to extract
the best estimates of transition strengths, the observations
were fit by adjusting the size of the dipole and quadrupole
contributions to the splittings by variable factors, while keep-
ing the contributions of the third- and fourth-order terms
constant. In addition, the fraction fS, which represents the
ratio between the differential Stark shift and the cumulative

Stark shift �ĒT, was included as a free parameter in the fit.
This led to the fitting function

�EObs = A
1
�EDD + A

2
�EQQ + f

S
�ĒT + �EHO + �EN,

�23�

where �EObs is the reported splitting �13,14� and �EHO and
�EN are fixed at the values indicated by Eqs. �19�–�22� using

TABLE VI. Comparison of measured barium K splittings to the
predictions of the extended theoretical model, including the contri-
butions of the most significant third- and fourth-order perturbation
terms. Contributions are calculated using theoretical matrix ele-
ments from Table I and experimental term energies. Columns 2 and
3 show the calculated third- and fourth-order contributions. The
total theory, including the second-order terms from Table V, is
shown in column 4 and the ratio of the observed value minus the
normal magnetic splitting to this total is shown in column 5. All
values are in MHz.

nL �E�3� �E�4� Total �ETheor.
�EObs−�EN

�ETheor.

9,6 −257.9 33.3 718.5 1.02�1�
9,7 −13.0 1.2 143.5 1.01�6�
10,6 −270.8 35.5 641.0 1.01�1�
10,7 −14.2 1.4 128.9 1.07�7�
17,6 −174.42 23.33 268.50 0.9809�4�
17,7 −7.381 0.779 42.512 0.987�2�
17,8 −0.90 0.07 13.30 0.980�8�
17,9 −0.16 0.01 4.91 0.971�24�
17,10 −0.03 0.00 1.98 0.95�8�
20,7 −5.14 0.55 27.86 0.981�2�
20,8 −0.638 0.053 8.788 0.961�6�
20,9 −0.114 0.008 3.302 0.892�39�
20,10 −0.02 0.00 1.37 0.80�10�
20,11 −0.01 0.00 0.61 0.44�24�

<r-8>nL/<r
-6>nL

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025

[ �
E O

bs
- �
E N
]/[
(2
L+
1)
<r
-6
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L]
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FIG. 2. Comparison of measured barium K splittings to second-
order and extended theoretical models. The theory using the
second-order model is shown with a dashed line, while the extended
theory including the most important third- and fourth-order terms is
shown with a solid line. Both theoretical calculations assume the
matrix elements from Table I. The n=9 data are shown with circles,
n=10 with squares, n=17 with triangles pointing up, and n=20
with triangles pointing down.
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the matrix elements from Table I and known term energies
�3�. The quantities �EDD and �EQQ are also calculated in this
way from Eqs. �4� and �6�, but their contributions to the
splittings are adjusted by the variable parameters A1 and A2.
Since the third- and fourth-order terms in �EHO represent
more than 30% of the total theory in L=6 levels, these states
were not included in the fit. Fitting only the L�7 states, the
following parameters were returned:

A1 = 0.968�10� ,

A2 = 1.025�21� ,

fS = 0.13�4� ,

and an excellent fit of all the data was obtained, as detailed in
Table VII. Apparently, to correctly predict the K splittings,
both contributions to the second-order energy, DD and QQ,
should be slightly modified. It should be noted that an alter-
nate fit including the L=6 states changes the resulting param-
eters by less than two standard deviations, giving confidence
that the most significant terms in the extended theory have
been included.

As stated before, the K splitting can be adjusted by vary-
ing either the common magnitude of the two fine-structure
matrix elements or their ratio. This sensitivity to the ratio of
matrix elements is a unique feature of the K splittings. In Fig.
3, the upward sloping solid lines show the range of quadru-
pole matrix elements that are consistent with the required
increase of the QQ contribution to the K splittings. For com-
parison, Fig. 3 also shows the single point corresponding to
the matrix elements of Table I and a dotted line representing

the matrix element values consistent with the LS coupling
ratio. The ranges of each matrix element allowed by the mea-
sured lifetimes of the 5D3/2 and 5D5/2 states are shown by
dashed lines, with the area enclosed by the dashed ellipse
representing the region where �21 for these measurements.
The downward sloping solid lines show an additional con-
straint corresponding to the measured quadrupole polariz-
ability of the 6S1/2 state, obtained by fitting Rydberg fine-
structure energies to the polarization model. Numerical

TABLE VII. Comparison of the measured barium K splittings to the results of the fit from Eq. �23�.
Column 2 gives the Stark shift of each level, �ĒS, assuming an average squared electric field of

0.0057 �V /cm�2 �13� while column 3 shows the cumulative Stark shift, �ĒT. The total theory, adjusted by
the fitted factors A1 and A2, is shown in column 4. Column 5 shows the excess of the observed splittings over
the normal magnetic splittings, corrected for the differential Stark shifts. The ratio of these observed values
to the adjusted theory is shown in column 6. The L=6 splittings, indicated by an asterisk, were not used in
the fit, but are included here for completeness. All values are in MHz.

nL �ĒS �ĒT Total �ETheor.� �EObs−�EN− fS�ĒT
�EObs−�EN−fS�ĒT

�ETheor.�

9,6* 0 0 714 733�9� 1.03�1�
9,7 0 0 140 145�9� 1.04�6�

10,6* 0 0 640 648�9� 1.014�9�
10,7 0 0 126 137�9� 1.09�7�

17,6* −0.03 −0.03 272.67 263.37�10� 0.9659�4�
17,7 −0.060 −0.091 41.821 41.961�89� 1.003�2�
17,8 −0.10 −0.20 12.98 13.06�11� 1.006�9�
17,9 −0.16 −0.36 4.77 4.81�12� 1.01�3�
17,10 −0.23 −0.59 1.93 1.97�15� 1.02�8�
20,7 −0.202 −0.202 27.428 27.353�56� 0.997�2�
20,8 −0.360 −0.562 8.581 8.520�53� 0.993�6�
20,9 −0.59 −1.15 3.21 3.10�13� 0.96�4�
20,10 −0.90 −2.05 1.33 1.37�14� 1.03�11�
20,11 −1.28 −3.34 0.59 0.71�15� 1.19�25�

<6S1/2||Q||5D3/2>
2
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FIG. 3. Square of the quadrupole matrix elements connecting
the Ba+ ground state to the excited 5D3/2 state �horizontal axis� and
the 5D5/2 state �vertical axis�. The point shows the theoretical ma-
trix elements from Table I while the dotted line represents the ma-
trix element values consistent with the LS coupling ratio �Eq. �15��.
Vertical dashed lines show the range allowed by the 5D3/2 lifetime
�11� while the horizontal dashed lines show the range allowed by
the 5D5/2 lifetime �12�. Downward sloping solid lines show the
range allowed by the quadrupole polarizability �14� while upward
sloping lines show the range allowed by the fitted QQ contribution
to the K splittings.
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details of the lifetime and polarization constraints are given
in the Appendix. Since the polarizability is sensitive to the
sum of the two matrix elements squared, it is relatively in-
sensitive to the ratio of matrix elements. This is complemen-
tary to the dependence shown by the K splittings and to-
gether they determine constraints on the possible values of
both matrix elements that are comparable in precision to
those posed by the best lifetime measurements. The ellipse
marked by the solid line represents the region where the sum
of the �2 of the polarizability and K-splitting measurements
is less than 1. Table VIII shows the corresponding limits
placed on the quadrupole matrix elements and their ratio by
the K splitting and polarizability measurements. The matrix
elements are determined in this way to a precision of 3%–4%
and are in full agreement with the theoretical values shown
in Table I. The ratio between matrix elements is determined
to a precision of about 1%, supporting the calculated 2%
deviation of the ratio from the LS coupling value.

A similar analysis of the dipole matrix elements is shown
in Fig. 4. The constraint posed by the required reduction of
the DD contribution to the K splittings is shown, along with

the calculated dipole matrix elements from Table I, the con-
straints posed by the measured lifetimes of the 6P1/2 and
6P3/2 levels, and the constraint posed by the precise mea-
surement of the 6S1/2 dipole polarizability. In this case, the
region of consistency with the two Rydberg measures is
much smaller than the region limited by the two lifetime
measurements. The Rydberg measurements determine the di-
pole matrix elements to a precision of about 0.2%, as shown
in Table VIII, in good agreement with the theoretical values
shown in Table I. The ratio between matrix elements is de-
termined with precision of 0.1% and is completely consistent
with the ratio expected for pure LS coupling, in contrast to
the calculated matrix elements from Table I whose ratio dif-
fers from this value by 0.2%.

IV. CONCLUSIONS

An improved analysis of previously reported measure-
ments of K splittings in barium Rydberg levels has resulted
in precise experimental determinations of dipole and quadru-
pole matrix elements connecting the Ba+ ground state to the
lowest P and D levels. The results are in good agreement
with matrix elements calculated using relativistic many-body
perturbation theory. The result confirms the suggestion that K
splittings could be a significant source of information about
ionic transition strengths �8�. A particularly interesting aspect
of the analysis is the emergence of complementarity between
K splitting and polarizability measurements. Together, these
two types of Rydberg spectroscopy appear to offer informa-
tion that is comparable or better than information derived
from precise lifetime measurements.
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APPENDIX

1. Energies

The excitation energies of the first four excited states of
Ba+ are �3�

5 2D3/2:4873.852 cm−1,

5 2D5/2:5674.807 cm−1,

6 2P1/2:20 261.561 cm−1,

6 2P3/2:21 952.404 cm−1.

2. Lifetimes

The measured radiative lifetimes of each of these states
are listed in Table II. These are compared to calculated life-
times in Ref. �9�, setting constraints on the matrix elements

TABLE VIII. Limits on the electric-dipole and -quadrupole ma-
trix elements and their ratios derived from the K splitting and po-
larizability measurements in barium Rydberg levels. All values are
in atomic units.

Quantity Expt. �Expt.�/�Theor.�

�6S1/2�D�6P1/2	 3.327�7� 0.9974�21�
�6S1/2�D�6P3/2	 4.705�11� 0.9997�23�
Ratio 0.7071�7� 0.9977�10�
�6S1/2�Q�5D3/2	 13.0�4� 1.029�32�
�6S1/2�Q�5D5/2	 16.4�6� 1.038�39�
Ratio 0.796�9� 0.996�15�
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2
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FIG. 4. Square of the dipole matrix elements connecting the Ba+

ground state to the excited 6P1/2 state �horizontal axis� and the
6P3/2 state �vertical axis�. The point shows the theoretical matrix
elements from Table I while the dotted line represents the matrix
element values consistent with the LS coupling ratio �Eq. �15��.
Vertical dashed lines show the range allowed by the 6P1/2 lifetime
while the horizontal dashed lines show the range allowed by the
6P3/2 lifetime �13�. Downward sloping solid lines show the range
allowed by the quadrupole polarizability �14� while upward sloping
lines show the range allowed by the fitted DD contribution to the K
splittings.
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considered here. For clarity, the following equations express
the constraints, as derived from Ref. �9�:

1

�6P1/2

�s−1� = 8.426 67 
 106�6S1/2�D� �6P1/2	2 + 3.397 74


 107 =
109

7.90�10�
, �A1�

1

�6P3/2

�s−1� = 5.358 63 
 106�6S1/2�D� �6P3/2	2 + 4.079 61


 107 =
109

6.32�10�
, �A2�

1

�5D3/2

�s−1� = 7.700 17 
 10−5�6S1/2�QJ�5D3/2	2 =
1

79.8�46�
,

�A3�

1

�5D5/2

�s−1� = 1.098 51 
 10−4�6S1/2�QJ�5D5/2	2 + 5.544 72


 10−3 =
1

32.0�6�
. �A4�

The constant terms on the left-hand side of these expressions
represent the portion of the decay rates due to transitions to
states other than the 6 2S1/2 ground state. Since these contrib-
ute less than about 30% to the total decay rate, their contri-
bution to the uncertainty in the derived matrix elements is
neglected. The resulting constraints are

�6S1/2�D� �6P1/2	 = 3.315�29� a.u., 0.9% ,

�6S1/2�D� �6P3/2	 = 4.68�5� a.u., 1.1% ,

�6S1/2�QJ�5D3/2	 = 12.8�4� a.u., 2.9% ,

�6S1/2�QJ�5D5/2	 = 15.3�1.3� a.u., 8.7% .

3. Polarizabilities

The measured dipole and quadrupole polarizabilities are
dominantly due to coupling to the 6p and 5d levels, respec-
tively. However, as described in Ref. �9�, there are also con-
tributions from higher-excited levels, the core, and a valence-
core counter term. Taking these additional contributions from
Ref. �9�, the resulting constraints on the matrix elements
studied here are

�D�6 2S1/2��a.u.� = 3.610 69�6S1/2�D� �6P1/2	2

+ 3.332 58�6S1/2�D� �6P3/2	2 + 10.15�53�

= 123.88�5� �A5�

and

�Q�6 2S1/2��a.u.� = 9.006 21�6S1/2�Q� �5D3/2	2

+ 7.735 05�6S1/2�Q� �5D5/2	2 + 814

= 4420�250� . �A6�

Again, the constant terms on the left-hand side of the equa-
tions represent the contributions from higher-excited states
and the Ba2+ core. For the dipole polarizability, the uncer-
tainty in the polarizability of the core is estimated �9� to be
5%, or a factor of 10 larger than the experimental uncer-
tainty, and this limits the precision with which the matrix
elements are constrained by the measurement. For the quad-
rupole polarizability, the uncertainty in the calculation of the
constant term is much smaller than the experimental uncer-
tainty, so it has negligible effect on the constraint.
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