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We apply the asymptotic method and a semiclassical coupled-channel approach to study the one- and
two-electronic processes occurring in the course of slow collisions between multiply charged atomic ion and
diatomic molecules with two active electrons. The matrix elements responsible for different processes of single
and double electron transfer are calculated asymptotically correctly �for large distances R between interacting
particles� in the framework of the nonperturbative Landau-Herring approach. The methods are applied for
study of single and double electron transfer in H2+He2+ collisions at impact energies 0.1–30 keV/amu. Our
calculations are in fairly good agreement with available experimental data and theoretical calculations of other
authors.
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I. INTRODUCTION

The collision processes of multiply charged ions �MCI�
with molecules have recently attracted considerable interest
in view of their observed role in generation of the x-ray and
euv radiation in the cometary atmospheres interacting with
the solar wind �1–3� and in certain astrophysical environ-
ments �4�, and in the cooling of divertor plasmas of magnetic
fusion devices �5�. The understanding of the collision dy-
namics of a MCI–molecule collision system is at the same
time an intrinsically challenging problem involving, gener-
ally, more than one electron and many mutually coupled re-
action channels from both the discrete and continuum elec-
tronic and vibrational spectra. An ab initio numerical
approach to determining the adiabatic eigenstates of such a
system, as well as the corresponding nonadiabatic couplings
between them, both needed for description of its low-energy
collision dynamics, is obviously a formidable computational
task. Development of special analytic methods for solving
the electronic eigenvalue problem and for calculating the
coupling matrix elements in the asymptotic region �i.e., for
large internuclear separations R�, which could provide accu-
rate boundary conditions for the numerical solutions at finite
R, would therefore be highly desirable. Since at low collision
energies the large internuclear separations play a dominant
role in the collision dynamics, one can construct an
asymptotic approach to atomic collision processes based on
the accurate knowledge of the asymptotic behavior of adia-
batic states of the collision system and the corresponding
coupling interactions �see, e.g., �6,7��.

The exact asymptotic determination of one-electron ex-
change coupling interactions between adiabatic states in the

asymptotic region of internuclear separations has been pio-
neered by Landau �8� and Herring �9,10� �see also �11��. Its
generalization to two-electron exchange interactions in the
two Coulomb center systems has been done in �12–14�. The
Landau-Herring method has been widely applied in the last
four decades for calculation of one- and two-electron ex-
change coupling interactions in ion-atom and atom-atom sys-
tems which are responsible for many inelastic processes in
these collision systems. The results of these studies have
been reviewed in �15�.

The electron-exchange interactions and corresponding
processes in ion-molecule collision systems have so far been
much less investigated by the asymptotic method. The only
existing study is that for the one-electron exchange in the
Z1+ �eZZ� system �16�, where Z and Z1 are either bare nuclei
or some effective ion core charges. The obtained general
results for the one-electron exchange interaction in this sys-
tem were used in �16� to calculate the electron capture cross
section in the slow He2++H2

+ collisions.
In the present paper we shall employ the asymptotic

method to study the electron-exchange interactions and the
dynamics of corresponding inelastic low-energy collision
processes in the A2

�Za−2�++BZb+ collision system, where Za
and Zb are the effective charges of the molecular core A2

Za+

and of the ion BZb+. The most important one- and two-
electron exchange processes in this system are the following.

�i� nondissociative single electron captures �NDSEC�:

A2
�Za−2�+�e1,e2� + BZb+ → A2

�Za−1�+�e2� + B�Zb−1�+�e1� , �1�

�ii� two-electron capture �TEC�:

A2
�Za−2�+�e1,e2� + BZb+ → A2

Za+ + B�Zb−2�+�e1,e2� , �2�

�iii� single electron capture with simultaneous target excita-
tion:
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A2
�Za−2�+�e1,e2� + BZb+ → A2

�Za−1�+�

�e2� + B�Zb−1�+�e1� . �3�

If process �3� leads to electron transition to a dissociative

state of the molecular ion A2
�Za−1�+�

then process �3� is re-
ferred to as dissociative single electron capture �DSEC�. In
the case when the capture in reaction �1� leads to creation of
an excited ionic state B�Zb−1�+�

then one should take into ac-
count also the following processes:

A2
�Za−1�+�e2� + B�Zb−1�+�

�e1� → A2
Za+ + B�Zb−2�+�e1,e2� , �4�

A2
�Za−1�+�e2� + B�Zb−1�+�

�e1� → A2
�Za−1�+�

�e2� + B�Zb−1�+�e1� .

�5�

Processes �1� and �4� and Eqs. �1� and �5� are two-step pro-
cesses, in which the first step, Eq. �1�, is governed by a
one-electron exchange interaction, while the second step, Eq.
�4� or Eq. �5�, is governed by a two-electron exchange inter-
action.

The right-hand side of reaction �3� may not necessarily
appear as a final reaction state but rather an intermediary
state formed in the first half of the collision. In that case, a
second one-electron capture transition from the target

A2
�Za−1�+�

to the ion B�Zb−1�+ may take place in the second half
of the collision �two-step or sequential TEC�,

A2
�Za−1�+�

�e2� + B�Zb−1�+�e1� → A2
Za+ + B�Zb−2�+�e1,e2� . �6�

While processes �1� and �6� involve only one one-electron
exchange interaction, studied in our recent work �16�, pro-
cesses �2�–�5� involve two-electron exchange interactions of
different types, the calculation of which within the
asymptotic Landau-Herring method will be the subject of the
present study.

It should be noted that provided the collision energy is
sufficiently large, all processes �1�–�6� may be involved in
the collision dynamics. Therefore, a coupled-channel ap-
proach has to be employed when studying the dynamics of
A2

�Za−2�+�e1 ,e2�+BZb+ collision system. In the present paper
we shall employ such an approach to calculate the cross sec-
tions for one- and two-electron capture processes in He2+

+H2 collision system by making use of the two-electron cou-
pling interactions calculated in the present paper and the one-
electron couplings obtained in �16�.

The paper is organized as follows. In the next section we
study the general structure and R dependence of the two-
electron exchange interaction in the asymptotic region of
large distances R between colliding particles. In Sec. III we
describe the method of deriving the asymptotic form of one-
electron three-center wave function of the quasimolecule
A2

Za++B�Zb−2�+ in different regions of configuration space and
present its results. The same method is used in Sec. IV to
derive the asymptotic expression of one-electron wave func-
tion of the quasimolecule A2

�Za−2�++BZb+. The results of these
two sections are used in Sec. V to calculate the asymptoti-
cally exact two-electron exchange interactions �two-electron
nonadiabatic couplings� responsible for the two-electron pro-
cesses �2�–�5�. The obtained analytical results on electronic
couplings are used in Sec. VI for close-coupling calculations

of the total and partial cross sections of one- and two-
electron capture processes in the He2++H2 collision system
in energy range 0.1–30 keV/amu. Our concluding remarks
are given in Sec. VII. Atomic units ��=me=e2=1� will be
used throughout this paper, unless explicitly stated otherwise.

II. TWO-ELECTRON EXCHANGE INTERACTION
OF MULTIPLE CHARGED IONS
WITH DIATOMIC MOLECULES

Let �a and �b be the perturbed two-electron wave func-
tions describing the motion of the two electrons when they
are dominantly localized around the molecular A2

Za+ and
atomic BZb+ core, respectively. The two-electron exchange
interaction H�if� is defined then by �15�

H�if� = ��b�Hel��a� − ��b��a���a�Hel��a� , �7�

where Hel is the electronic Hamiltonian of the system
�A2B��Za+Zb−2�+ that parametrically depends on the distance R
between A2

Za+ and BZb+, internuclear separation d of the di-
atomic A2

Za+, and the angle � between vectors R and d �see
Fig. 1�. We shall use the symbol Q to designate the set of
these three parameters: �R ,d ,�	
Q. We assume that the
molecular particle A2 has the H2-type structure, i.e., consist
from two identical nuclei with charge Z and two electrons
�i.e., Za=2Z�. �This assumption can be removed by introduc-
ing the “two active electrons” approximation and an effective
ionic core charge Za

eff�. Therefore, electronic Hamiltonian Hel
can be represented in the form

Hel = −
�r1

2
−
�r2

2
+ Va�r1a� + Va�r2a� + Vb�r1b� + Vb�r2b�

+
1

r12
, �8�

where indices 1, 2 stand for the electrons, a ,b for heavy
particles, ria �rib� is the radius vector from center of mass of
A2

Za+ �BZb+� particle to ith electron �i=1,2�, r12 is the distance

FIG. 1. Geometry of the colliding system and used notation.
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between the two electrons, R1 and R2 are the distances from
nuclei BZb+ to each of the centers of the fragment Z+Z. The
interaction potentials Va and Vb of ith electron with the cores
A2

Za+ and BZb+, respectively, have the following asymptotic
behavior:

Va,b�r� �
r→�

− Za,b/r . �9�

Let us consider now the exchange interaction H�20� that is
responsible for the direct two-electron capture reaction �2�.
The properly symmetrized two-electron wave function �a of
the initial configuration A2

�Za−2�++BZb+ can be written in the
form

�a =
1
�2

��1a�r1,r2� + �− 1���2a�r1,r2��	�M�

�1,2� , �10�

where � and M� are the total spin of the electron pair and its
projection on the R axis, 	�M�

�1,2� is the two-electron spin wave
function, and �1a�r1 ,r2� and �2a�r1 ,r2�
�1a�r1�r2� are
the two-electron coordinate wave functions. The wave func-
tion �b of the final configuration A2

Za++B�Zb−2�+ has the fol-
lowing representation:

�b =
1
�2


m1m2

C�1m1�2m2

LML ��1b�r1,r2� + �− 1�S�2b�r1,r2��	SMS

�1,2�,

�11�

where L and S are, respectively, the total orbital and spin
momenta �centered on BZb+ particle� of the two electrons,
and ML and MS are their projections on the R axis, �i and mi
�i=1,2� are the electron orbital momentum and its projection
on the R axis, the symbol C�1m1�2m2

LML designates the Clebsch-
Gordan coefficients in the convenience of Ref. �17�, and
�2b�r1 ,r2�
�1b�r1�r2�. Substituting Eqs. �10� and �11�
into expression �7� one obtains

H�20� =
1

2 
m1m2

C�1m1�2m2

LML ��− 1�SH1
�20� + H2

�20�� , �12�

where

H1
�20� = ��2b�Hel��1a� + ��1b�Hel��2a�

− ��a�Hel��a��S1b,2a + S2b,1a� , �13�

H2
�20� = ��1b�Hel��1a� + ��2b�Hel��2a�

− ��a�Hel��a��S1b,1a + S2b,2a� , �14�

Sk
,k�
� = ��k
��k�
��, k,k� = 1,2; 
,
� = a,b . �15�

The calculation of the leading asymptotic term of exchange
interaction H�20� requires determination of the correct
asymptotic �at R→�� behavior of the two-electron wave
functions �k
 �k=1,2, 
=a ,b�. However, even a qualitative
analysis of their asymptotic behavior allows to determine
some important properties of the matrix elements H1

�20� and
H2

�20�.
We introduce the coordinate system �x ,y ,z	 with its origin

placed in the center of the ion BZb+ and z axis oriented along

the vector R, and the coordinate system �x� ,y� ,z�	 rigidly
bound to the vector d, with its origin placed in the midpoint
of the distance d and axis z� oriented along the molecular
bond d �see Fig. 1�.

As well known, the transition from �x ,y ,z	 to �x� ,y� ,z�	
is determined by three Euler’s angles � ,� ,� �17�. As far as
the relative orientation of the axes �x ,x�� and �y ,y�� are not
fixed beforehand, it is customary to orient them so that the
corresponding Euler’s angles are equal to zero, �=�=0. We
denote by �1a

�0� the two-electron wave function of the di-
atomic A2

�Za−2�+ and consider its asymptotic form when one
electron is far away from the core A2

Za+ and other electron is
kept close to it:

�1a
�0��r1a,r2a� �

r1ar2a1
�a�r1a��a

�0��r2a� , �16�

where the one-electron orbitals �a and �a
�0� are defined by

their asymptotic behavior

�a�r1a� �
r1a1

A1��1a�r1a
�Za−1�/�1−1 exp�− �1r1a�

ei�1�1a

�2�
,

�17�

�a
�0��r2a� �

r2a1
A2��2a�r2a

Za/�2−1 exp�− �2r2a�
ei�2�2a

�2�
. �18�

Here �1
2 /2 and �2

2 /2 are, respectively, the first and second
ionization potentials of diatomic A2

�Za−2�+, �i �i=1,2� is the
projection of ith electron orbital momentum on the molecular
axis d, and �ria ,�ia ,�ia	 are the spherical coordinates of ith
electron in the coordinate system �x� ,y� ,z�	. The asymptotic
coefficients A1��1a� and A2��2a� are quite easy to calculate or,
alternatively, their values can be taken from literature �see,
for example, Refs. �18,19��. A similar asymptotic expression
can be written for the two-electron wave function �1b

�0� of the
atomic particle B�Zb−2�+:

�1b
�0��r1b,r2b� �

r1br2b1
�b�r1b��b

�0��r2b� , �19�

where the one-electron wave functions �b�r� and �b
�0��r�

have the following asymptotic forms:

�b�r1b� �
r1b1

B1r1b
�Zb−1�/�1−1 exp�− �1r1b�Y�1

m1��1b,�1b� ,

�20�

�b
�0��r2b� �

r2b1
B2r2b

Zb/�2−1 exp�− �2r2b�Y�2

m2��2b,�2b� . �21�

Here �1
2 /2 and �2

2 /2 are, respectively, the first and second
ionization potentials of the ion B�Zb−2�+, Y�

m�� ,�� are the nor-
malized spherical harmonics, �rib ,�ib ,�ib	 are the spherical
coordinates of ith electron in the coordinate system �x ,y ,z	.
The coefficients B1 and B2 are determined by linking the
asymptotic expressions �19� and �21� with the corresponding
Hartree-Fock wave functions �18,20�. Since �2b

�0��r1 ,r2�
=�1b

�0��r1�r2� and �2a
�0��r1 ,r2�=�1a

�0��r1�r2� the same
asymptotic properties must be true also for the wave func-
tions �2b

�0��r1 ,r2� and �2a
�0��r1 ,r2� for r2r11. Using ex-
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pressions �13�–�21� one can estimate the asymptotic behavior
of the exchange interactions H1

�20� and H2
�20�:

H1
�20� �

R→�
exp�− ��1 + �1�R� , �22�

H2
�20� �

R→�
exp�− ��1 + �2 + �1 + �2�R/2� , �23�

which are responsible for different mechanisms of the two-
electron capture referred to as “crossing transitions”
���1�1�→ ��2�2m2� , ��2�2�→ ��1�1m1�	 �Eq. �22��, and “par-
allel transitions” ���1�1�→ ��1�1m1� , ��2�2�→ ��2�2m2�	
�Eq. �23��, respectively �14,15�.

In the present paper we shall consider the case when the
first ionization potentials of any of colliding partners A2

�Za−2�+,
B�Zb−2�+ is smaller then any of the second ionization poten-
tials of these particles �i.e., �2 ,�2��1 ,�1�. This inequality
implies that Za and Zb are not considerably different from
each other. Under this condition, the matrix element H1

�20�

dominates in the asymptotic region R→� and one can ne-
glect the term H2

�20� in Eq. �12�.
From the structure of the matrix element �13� it can be

seen that the integrals ��2b�Hel��1a� and ��1b�Hel��2a� are
determined by the configuration when the electrons are well
separated, i.e., when the “outer” weakly bound electron is
localized near the distant perturbing ion-core center, while
the “inner” strongly bound electron is localized near its own
ion-core center. This circumstance allows to represent the
two-electron coordinate wave functions �1a, �2b as product
of corresponding one-electron orbitals:

�1a�r1,r2� = �a
�0��r2��ab�r1� , �24�

�2b�r1,r2� = �b
�0��r1��ba�r2� , �25�

where �ab�r1� is the wave function of the outer electron of
molecule A2

�Za−2�+ near the atomic core BZb+, �a
�0��r2� is the

electron wave function of the ground state of ion A2
�Za−1�+;

�ba�r2� is the wave function of the outer electron of atom
B�Zb−2�+ in the vicinity of molecular core A2

Za+, and �b
�0��r1� is

the ground-state wave function of atomic ion B�Zb−1�+. The
wave functions �1b�r1 ,r2� and �2a�r1 ,r2� can be written in
a similar way.

The exchange interactions H�if� that govern the two-
electron transitions in processes �3�–�5� have similar proper-
ties: their leading R-dependent term has form �22� and is
determined by the configuration when the transient electrons
are well separated. In this configuration, wave functions �24�
and �25� provide an asymptotically accurate representation of
electronic motion.

Obviously, for large values of R, the functions �ka and
�kb �k=1,2� only slightly differ from the unperturbed mo-
lecular �ka

�0� and atomic �kb
�0� wave functions. However, this

small difference is very important because it essentially de-
termines the correct asymptotic form of the exchange inter-
action. Hence, the correct determination of the wave func-
tions �ka and �kb �k=1,2� is crucial for calculation of the
exchange matrix element. In the next two sections we shall
determine these functions asymptotically exactly in the con-
figuration regions giving the main contribution to the ex-

change interactions for the �Z+Z�+B�Zb−2�+ and A2
�Za−2�+

+BZb+ asymptotic arrangements �hereinafter the symbol �Z
+Z� designates the system of two identical Coulomb centers
with charges Z placed at a certain fixed distance from each
other�. The calculation of two-electron exchange interactions
will be postponed to Sec. V.

III. ONE-ELECTRON THREE-CENTER WAVE FUNCTION
OF THE SYSTEM (Z+Z)+B(Zb−2)+

To calculate the one-electron wave function �ba of the
system �Z+Z�+B�Zb−2�+ we apply Landau-Herring method,
which originally was proposed for calculation of the one-
electron exchange energy �E between electronic states of the
quasimolecular system �A2B��ZA+ZB−1�+. The exchange inter-
action �E can be expressed �see �8–11�� in terms of a surface
integral over the midplane S that divides the electron local-
ization in the initial and final states of reactions similar to
Eq. �1� or Eq. �6� �in this case ZB=Zb, ZA=Za−1�. If �a and
�b are, respectively, the electronic wave functions of the
quasimolecules A2

�ZA−1�++BZB+ and A2
ZA++B�ZB−1�+, then

�E = �
S

dS��a
� � �b − �b

� � �a� . �26�

In the Landau-Herring method for calculation of surface
integral �26� the wave function �a ��b� is taken in the form
�a

�0�	a ��b
�0�	b�, where �a

�0� ��b
�0�� is the wave function of the

isolated A2
�ZA−1�+ �B�ZB−1�+� particle and 	a �	b� is a function

that takes into account the electron interactions with the per-
turbing center BZB+ �A2

ZA+� and is calculated asymptotically
exactly in the region of configurational space where the elec-
tron interactions with the two centers have the same order of
magnitude �15,21�. Hence, the general idea of the Landau-
Herring method is to identify the asymptotic �large inter-
center distances� regions of configuration space where cer-
tain interactions are strong �with respect to others, treated as
perturbations�, to solve the Schrodinger equation for elec-
tronic motion asymptotically exactly in those regions, and by
smoothly connecting corresponding the solutions to obtain
an asymptotically exact solution of the problem. We shall
apply these ideas to determine the correct asymptotic form of
one-electron three-center wave function �ba of atomic ion
B�Zb−2�+ in the vicinity of distant Coulomb centers �Z+Z�. We
assume that the condition Rd is satisfied, with R consid-
ered as being large with respect to characteristic distances of
bound electronic states.

Let us designate by symbols �ra ,�a ,�a	 and �rb ,�b ,�b	
the spherical coordinates of the electron in the �x� ,y� ,z�	 and
�x ,y ,z	 coordinate systems, respectively. In the “one active
electron” approximation, the wave function �ba of the three-
center quasimolecular system �Z+Z�+B�Zb−2�+ satisfies the
following Schrodinger equation:

�−
1

2
� + Vb��rb� −

Z

�rb − R1�
−

Z

�rb − R2���ba�rb� = Eb�ba�rb� .

�27�

Here Vb��rb� is the interaction potential of the electron with
the atomic core B�Zb−1�+, which at large distances rb has a
pure Coulomb form
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Vb��rb� �
rb→�

− �Zb − 1�/rb. �28�

At R→�, the electronic energy Eb of the quasimolecular
system �Z+Z�+B�Zb−2�+ goes over into the electron binding
energy Eb

�0� of isolated atomic ion B�Zb−2�+:

Eb �
R→�

Eb
�0� 
 − �1

2/2. �29�

It is convenient to introduce three regions of electronic mo-
tion, I, II, and III �near each of the two asymptotic nuclear
arrangements and in between�, where �ba is dominantly de-
termined by different parts of electronic Hamiltonian. By
solving the Schrodinger Eq. �27� in these three configuration
regions separately �under the conditions R1,2→�� and link-
ing smoothly the obtained solutions, one obtains an asymp-
totically correct expression for the wave function �ba at large
distances �R1,21, 0�R���.

Under the condition R1,21, the wave function �ba in the
region I �rb�min�R1 ,R2�	 must go over into the unperturbed
atomic wave function �b:

�ba�rb� �
rb�min�R1,R2�

�b�rb� , �30�

which satisfies the Schrodinger equation

�−
1

2
� + Vb��rb� − Eb

�0���b�rb� = 0. �31�

The asymptotic solution of Eq. �31� for rb�11 is given by
expression �20�. Assuming that the atomic parameters B1 and
�1 are known, we can proceed to the derivation of electron
wave function of the quasimolecule �Z+Z�+B�Zb−2�+ in the
region II �ra�rb�R /2�, far from each of the cores A2

Za+ and
BZb+. Using the zeroth approximation �29� for the electronic
energy, we can write the three-center Schrodinger Eq. �27� in
the form

�−
1

2
� + Vb��rb� − Eb

�0� + Wb��ba�rb� = 0, �32�

where the perturbation Wb is given by

Wb = Wb1 + Wb2, Wbj�rb;R j� =
Z

Rj
−

Z

�rb − R j�
, j = 1,2.

�33�

Since in the region II for R1,2→� the interaction potential
of the electron with any of the centers is small �i.e., Wb
�Eb

�0��, we can represent the zeroth approximation of the
correct asymptotic expression for �ba as

�ba�rb� = �b�rb�	b�rb� , �34�

where the corrective function 	b takes into account the long-
range interaction with distant Coulomb pair �Z+Z�. Substi-
tuting expression �34� into Eq. �32�, and keeping in mind that
wave function �b�rb� satisfies Eq. �31�, we obtain the follow-
ing equation for 	b:

�−
�

2
−

��b

�b
� + Wb�	b�rb� = 0, �35�

with the boundary condition 	b�rb� →
rb→0

1. Let us expand Eq.

�35� and its solution 	b in inverse powers of R1,2. The lead-
ing term of this expansion can be obtained by neglecting in
Eq. �35� the terms containing second derivatives �i.e., the
Laplacian �� and keeping the dominant term of the product
only,

��b

�b
� � − �1�1 + O�R1,2

−1 ��
�

�rb
. �36�

Equation �36� results from differentiating the exponential
factor exp�−�1rb� in �b only. Equation �35� then reduces to

�1
�	b

�rb
+ 	bWb = 0. �37�

After elementary integrations of Eq. �37�, with taking into
account the boundary condition for 	b at rb→0, one obtains

	b�rb� = 	b1�rb;R1�	b2�rb;R2� , �38�

	bj�rb;R j� = exp�−
Zrb

�1Rj
�

�� rb − Rj cos �bj + �rb − R j�
Rj�1 − cos �bj�

�Z/�1

, j = 1,2,

�39�

where �bj is the angle between the vectors rb and R j. Under
the condition d→0, expression �39� reduces to the well
known expression for corrective function 	b

�0� �7,15�

	b�rb� �
d→0

	b
�0��rb� = exp�−

2Zrb

�1R
�

�� rb − R cos �b + �rb − R�
R�1 − cos �b� �2Z/�1

, �40�

which describes the effects of distortion of the atomic wave
function �b�rb� by the Coulomb center with charge 2Z. Let
us now perform a continuation of the electron wave function
�ba from region II into the region III, close to the perturbing
centers �Z+Z�. First we note that the derived corrective func-
tions 	b1�rb ;R1� and 	b2�rb ;R2� are not valid near the cen-
ters �Z+Z�, since they diverge for rb=R1 and rb=R2, corre-
spondingly. The reason for this is that Eq. �37� is also not
valid in the region near the perturbing centers, where the
second derivatives of the wave function cannot be neglected.
We solve this problem by using the asymptotically exact rep-
resentation of the Green’s function of three-center Schro-
dinger Eq. �32�.

Consider the one-electron three-center Green’s function
Ga�ra ;ra� �Q�,
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�−
�

2
+ Vb���ra − R�� −

Z

�ra + d/2�
−

Z

�ra − d/2�
− Eb�

�Ga�ra;ra��Q� = ��ra − ra�� . �41�

Using a procedure similar to the one used for obtaining the
wave function �ba�rb� one can obtain a corrective function
	̄a�ra� which allows one to represent Ga�ra ;ra� �Q� in the
form

Ga�ra;ra��Q� = Ga
�0��ra;ra��d�	̄a�ra�	̄a�ra�� , �42�

where Ga
�0��ra ;ra� �d� is the Green’s function for the potential

of two Coulomb centers, �Z+Z�,

�−
�

2
−

Z

�ra + d/2�
−

Z

�ra − d/2�
− Eb

�0��Ga
�0��ra;ra��d�

= ��ra − ra�� . �43�

The two Coulomb center Green’s function Ga
�0��ra ;ra� �d� was

the subject of our recent study �22�, the results of which will
be used here. We outline briefly only those results from �22�
which are needed in our further derivations.

To take into account the specific of noncentral field of the
fragment �Z+Z� it is convenient to introduce the spheroidal
coordinate system �� ,� ,�a	 with the foci placed in the
charge centers of the system �Z+Z�:

� = ��ra + d/2� + �ra − d/2��/d, 1 � �� � ,

� = ��ra + d/2� − �ra − d/2��/d, − 1 � �� 1. �44�

The Green’s function Ga
�0��ra ;ra� �d�
Ga

�0��� ,� ,�a ;�� ,�� ,
�a �d� can be represented in form of an expansion over the
complete orthonormalized system of oblate angular spheroi-

dal functions S̄m��pb ,�� �22,23�:

Ga
�0���,�,�a;��,��,�a��d�

= 
�=0

�


m=−�

�

Gm���,��;Eb
�0��S̄m��pb,��S̄m�

� �pb,���
eim��a−�a��

2�
,

�45�

where pb=�1d /2. The angular spheroidal function S̄m��p ,��
is the solution of the differential equation

� d

d�
��1 − �2�

d

d�
� + �
m� − p2�1 − �2� −

m2

1 − �2��S̄m��p,��

= 0, �46�

and can be represented as expansion over the associated Leg-
endre polynomials, Pm+s

m ��� �23�,

S̄m��p,�� = Nm��p� 
s=0,1

�

�cs
m��p�Pm+s

m ��� , �47�

with the normalization factor

Nm��p� = � 
s=0,1

�

��cs
m��p��2 2�2m + s�!

s ! �2m + 2s + 1��−1/2

. �48�

The prime indicates that the sum is to be taken over the
integer values of s having the same parity as the number �
− �m�. The separation constant 
m�, as well as coefficients
cs

m�, are calculated numerically. The radial Green’s function
Gm��� ,�� ;Eb

�0�� can be expressed by two linearly independent
solutions, �m�

�1��pb ,�� and �m�
�2��pb ,��, of the equation

� d

d�
���2 − 1�

d

d�
� + �− 
m� − pb

2��2 − 1� + 2pb��

−
m2

�2 − 1
���m��pb,�� = 0, �49�

with the following asymptotic behavior

�m�
�1��pb,�� �

�→�
�2pb��−�−1 exp�pb�� , �50�

�m�
�2��pb,�� �

�→�
�2pb���−1 exp�− pb�� , �51�

where �=2Z /�1. The radial Green’s function Gm��� ,�� ;Eb
�0��

is then given by

Gm���,��;Eb
�0�� =

8Z

�
�m�

�1��pb,����m�
�2��pb,��� , �52�

where ��=min�� ,��� and ��=max�� ,���. Using the conflu-
ent hypergeometric functions of the first ��a ,c ;x� and sec-
ond ��a ,c ;x� kind �24� we introduce the basis functions
R��

�1,2��x�,

R��
�1��x� = x�e−x��− � + � + 1,2� + 2;2x� , �53�

R��
�2��x� = x�e−x��− � + � + 1,2� + 2;2x� . �54�

The two linearly independent solutions �m�
�1��pb ,�� and

�m�
�2��pb ,�� can be represented in terms of R��

�1��x� and R��
�2��x�

as the following expansions:

�m�
�1,2��pb,�� = � � − 1

� + 1
�m/2


s=−�

�

hsm�
�1,2��pb�R�,s+�m�

�1,2� �pb�� + 1�� .

�55�

The parameter �m� is to be determined from the requirement
of convergence of expansions �55� for 1����. The proce-
dure of calculation of �m� is described in detail in �22,25�.
The coefficients hsm�

�1� �pb� and hsm�
�2� �pb� �26� satisfy the fol-

lowing recurrence relations �for the sake of brevity we have
dropped indices m� in designations for hsm�

�1,2��pb��:

pb�shs−1
�1� + � s − 
m��hs

�1� − pb!shs+1
�1� = 0, �56�

− pb�̃shs−1
�2� + � ̃s − 
m��hs

�2� + pb!̃shs+1
�2� = 0, �57�

where
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�s =
2��s + �m��2 − �2��s + �m� + m�

�s + �m���2s + 2�m� − 1��2s + 2�m� + 1�
,

 s =  ̃s = �s + �m���s + �m� + 1� ,

!s = 2�s + �m� + 1��s + �m� + 1 − m� , �58�

�̃s =
4�s + �m� − ���s + �m� + m�

2s + 2�m� − 1
, �59�

!̃s =
�s + �m� + � + 1��s + �m� − m + 1�

2s + 2�m� + 3
.

From the known asymptotic behavior of �m�
�1��pb ,�� and

�m�
�2��pb ,�� �see Eqs. �50� and �51�� one can derive the fol-

lowing normalization conditions for the coefficients hs
�1��pb�

and hs
�2��pb�:


s=−�

�

hs
�1� "�2s + 2�m� + 2�

2s+�m�"�s + �m� + 1 − ��
= 1, 

s=−�

�

2−s−�m�hs
�2� = 1.

�60�

For the purposes of obtaining �ba in the vicinity of the
centers �Z+Z�, we need the asymptotic form of the function
Ga

�0��ra ;ra� �d� when one of its arguments is large �for in-
stance, for ra�ra�1�. Using the leading term of the
asymptotic expansion for spheroidal coordinates �� and ��,

�� =
2ra�

d
+ O� 1

ra�
�, �� = cos �a��1 + O� 1

ra�
�� , �61�

and inserting in Eq. �45� the asymptotic form �51� for
�m�

�2��pb ,��, we obtain the following expression of
Ga

�0��ra ;ra� �d� at ra�ra�1:

Ga
�0���,�,�a;��,��,�a��d� �

ra�ra

4�1�2�1ra��
2Z/�1−1 exp�− �1ra��

�
�=0

�


m=−�

�

�m�
�1��pb,��S̄m��pb,��

�
eim�a

�2�
�m�

� �pb;�a�,�a�� . �62�

Here we use the following notation:

�m��pb;�a�,�a�� 
 S̄m��pb,cos �a��
eim�a�

�2�
. �63�

In the transition from �x� ,y� ,z�	 to �x ,y ,z	 coordinate sys-
tem, the angular functions �m��pb ;�a� ,�a�� are transformed as
�17�:

�m��pb;�a�,�a�� = Nm��pb� 
s=0,1

�

�cs
m��pb� 

m�=−�m+s�

m+s

Dm�m
s+�m��0,�,0�

�Pm+s
m� �cos �b��

eim��b�

�2�
, �64�

where Dm�m
s+�m� are the Wigner’s D functions �17�. Obviously,

the asymptotic expression �62�, as well as the function
Ga

�0��ra ;ra� �d� itself, does not take into account the effects of
the long-range Coulomb part of the potential Vb��rb� of
atomic core B�Zb−1�+. These effects can be accounted for by
the same method used for the determination of the long-
range effects of the potential of two centers �Z+Z� on the
wave function �ba�rb� in the region II. Therefore, we define a
three-center Green’s function Ga�ra ;ra� �Q� as the product

Ga�ra;ra��Q� = Ga
�0��ra;ra��d�	̄a�ra�� . �65�

Substituting expression �65� into Eq. �41� �using the
asymptotic behavior �62� for Ga

�0� in the variable ra� and ne-
glecting the second derivatives�, we obtain the following
equation for 	̄a�ra� ;Q�:

�1
�	̄a

�ra�
+ � Z

R1
+

Z

R2
−

Zb − 1

�ra� − R��	̄a = 0, �66�

with the boundary condition 	̄a�ra�� →
ra�→0

1. The solution 	̄a�ra��

can be obtained in the same way as 	b�rb� �see Eq. �38��.
Under the condition R1,2�Rd /2 expression for 	̄a�ra�� is
simplified to

	̄a�ra�� � 	̄a
�0��ra�� = exp�−

2Zra�

�1R
�

�� �ra� − R� + ra� + R cos �b�

R�1 + cos �b��
��Zb−1�/�1

, �67�

where �b� is the angle between the vectors ra� and R. The
function Ga�ra ;ra� �Q� should be symmetric with respect to
the permutation of its arguments, i.e., for ra�ra�,
Ga�r ;ra� �Q�=Ga

��ra� ;ra �Q�. Hence, we should also “correct”
the zeroth order expression �65� in the region II by the long-
range factor 	̄a�ra�: Ga�ra ;ra� �Q�=Ga

�0��r ;ra� �d�	̄a�ra�	̄a�ra��.
However, since we are determining the wave function
�ba�ra� in the region III, where ra�1, due to the boundary
condition for 	̄a we have 	̄a�ra��1, and the asymptotic rep-
resentation �65� is correct.

To find �ba in the region III, we multiply Eq. �27� by Ga
and Eq. �41� by �ba, subtract the results from one another,
and integrate over the half-space # containing centers �Z
+Z�. Using the Gauss theorem, we transform the obtained
volume integral into a surface integral and come to the fol-
lowing representation:

�ba�ra� = −
1

2
�

S

dS��ba�ra�� � Ga�ra;ra��Q�

− Ga�ra;ra��Q� � �ba�ra��� , �68�

where S is the plane enclosing the volume #. For the surface
S one can use a plane perpendicular to the internuclear axis
R placed somewhere in asymptotic region II �ra�R /2�.

Using the asymptotic expressions for the functions
�ba�ra� �see Eqs. �34� and �39�� and Ga�ra ;ra� �Q� �see Eqs.
�62�, �65�, and �67�� obtained earlier, we calculate surface
integral �68� for large distances R by the method described in
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�15�. The final asymptotic expression for the three-center
wave function �ba�ra� in the region III close to centers �Z
+Z� is obtained in the form

�ba�ra� = Da��1,R�
�=0

�


m=−�

+�

Tmm1

� �pb,���m�
�1��pb,��

�S̄m��pb,��
eim�a

�2�
, �69�

Da��1,R� = 2B1�m1� ! � 2

�1
��m1�

�2�1�2Z/�1B�1

m1

�e−2Z/�1−�1RR��Zb−1�+2Z/�1�−�m1�−1, �70�

where the following notation is used:

Tmm1

� �pb,�� = Nm��pb� 
s=0,1

�

��− 1�s+�m1�+�m�

�cs
m��pb�Bs+�m�

m1 Cs
mDm1m

s+�m��0,�,0� , �71�

B�
m =

1

2�m��m�!
�2� + 1

2

�� + �m��!
�� − �m��!

,

Cs
m =� 2�s + 2�m��!

�2s + 2�m� + 1�s!
. �72�

Under the condition d→0 �pb→0� the coefficient cs
m� has

the following behavior cs
m�→�s,�−�m�. Using the asymptotic

�at pb→0� relations for oblate angular S̄m��pb ,�� and Cou-
lomb radial �m�

�1��pb ,�� spheroidal functions, one obtains di-
rectly that the three-center wave function �ba�ra� for d→0
reduces to the well known asymptotic expression for the
two-center electron wave function of the atom B�Zb−2�+ near
the bare nucleus with charge 2Z �15�:

�ba�ra� =
d→0

Da��1,R� 
�=m1

�
"�� + 1 − ��2�

"�2� + 2�

�R��
�1���1ra��− 1��+m1B�

m1Y�
m1��a,�a� . �73�

IV. ONE-ELECTRON THREE-CENTER WAVE FUNCTION
OF THE QUASIMOLECULE A2

(Za−2)++BZb+

In the present section we shall study the asymptotic be-
havior of the one-electron wave function �ab of the molecu-
lar ion �or molecule� A2

�Za−2�+ in the vicinity of the ionic
center BZb+. In the one active electron approximation, the
wave function �ab satisfies the following Schrodinger equa-
tion:

�−
�

2
+ Va��ra� + Vb�rb���ab�ra� = Ea�ab�ra� . �74�

Let Ea be the electron energy of the quasimolecule A2
�Za−2�+

+BZb+ which at R→� goes over into the electron binding
energy Ea

�0� of the isolated diatomic A2
�Za−2�:

Ea �
R→�

Ea
�0� 
 − �1

2/2. �75�

The effective potential Va��ra� has the following asymptotic
behavior:

Va��ra� �
ra→�

− �Za − 1�/ra. �76�

Under the condition R1,21, the wave function �ab must go
over into the unperturbed molecular wave function �a:

�ab�ra� �
ra�min�R1,R2�

�a�ra� , �77�

where the asymptotic behavior of the �a is determined
by Eq. �17�. It is convenient to represent the coefficient
A1��� �see Eq. �17�� as an expansion over the normalized
associated Legendre polynomials $�

m��� �$�
m���

=�2�Y�
m�� ,��e−im��:

A1��� = 
s=0,1

�

as
�1�1$s+��1�

�1 ��� . �78�

In order to calculate the electron wave function �ab in the
underbarrier region near atomic ion BZb+ we employ the one-
electron Green’s function for the one-center potential Vb�rb�
that satisfies the equation

�−
1

2
� + Vb�rb� − Ea

�0��Gb
�0��rb;rb��d� = ��rb − rb�� . �79�

We shall consider here the case when the energy Ea
�0� is not

equal to any of the energy levels of the ion B�Zb−1�+ at infinite
separation of A2

�Za−2�+ and B�Zb−1�+. �The case of accidental
resonance should be considered separately. One should use
standard perturbation theory to remove accident degeneracy
by accounting higher order corrections to the corresponding
energy therm �8��. We note also, that in the case of symmetri-
cal colliding systems the method applied here for calculation
of the exchange interaction should be slightly modified.
Resonant two-electron exchange interaction in the symmetric
system is expressed in terms of the energy splitting �E=Eg
−Eu of symmetrical �gerade� and antisymmetrical �ungerade�
electronic states, the symmetry being defined with respect to
reflection of all electronic coordinates in the plane perpen-
dicular to the internuclear axis. The resulting expression for
the matrix element is then expressed similar to Eq. �26� sur-
face integral �albeit in six-dimensional configurational space
of the electronic coordinates�. For a more detailed descrip-
tion of the resonance two-electron transfer we refer readers
to Refs. �15,27�.

For an arbitrary spherically symmetric potential Vb�rb�,
the Green’s function Gb

�0��rb ;rb� �d� can be expanded in
spherical harmonics Y�

m �15,23�:

Gb
�0��rb;rb��d� = −

2

rbrb�

�=0

�


m=−�

�

g��rb;rb��d�Y�
m��b,�b�

�Y�
m���b�,�b�� , �80�

where g��rb ;rb� �d� is the one-dimensional radial Green’s
function, which can be written as �15,23�
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g��rb;rb��d� = −
1

2�1
f1��r��f2��r�� , �81�

d2f i�

drb
2 + 2�Eb

�0� − Vb�rb� −
��� + 1�

2rb
2 � f i� = 0, i = 1,2.

�82�

Here r�=min�rb ,rb��, r�=max�rb ,rb��. The functions f1� and
f2� are the solutions of Eq. �82� and have the following
asymptotic forms:

f1� =
rb→�

rb
−Zb/�1 exp��1rb�, f2� =

rb→�
rb

Zb/�1 exp�− �1rb� .

�83�

For the purposes of obtaining �ab in the vicinity of atomic
ion B�Zb−2�+, we need the asymptotic form of the function
Gb

�0��rb ;rb� �d� when one of its arguments is large. For in-
stance, for rb�rb�1, Gb

�0��rb ;rb� �d� can be obtained by in-
serting in Eq. �80� the asymptotic form �83� for f2�,

Gb
�0��rb;rb��d� �

rb�rb

�1
−1rb�

Zb/�1−1e−�1rb�

�
�,m

f1��rb�
rb

Y�
m��b,�b�Y�

m���b�,�b�� .

�84�

As in the derivations in the previous section, we should
correct the wave function �a and the Green’s function
Gb

�0��rb ;rb� �d� in the region II by the corresponding corrective
functions to take into account their perturbations by the dis-
tant atomic ion BZb+ and molecular ion A2

�Za−1�+, respectively,
namely,

�ab�ra� = �a�ra�	a�ra� . �85�

Gb�rb;rb��Q� = Gb
�0��rb;rb��d�	̄b�rb� . �86�

The analytic expressions for 	̄b and 	a can be obtained in the
same way as those for 	̄a and 	b, Eqs. �39� and �67�, respec-
tively. Therefore, we present here only the final results:

	̄b�rb� = exp�−
Zbrb

�1R
�� rb + �R + rb� − R cos �b

R�1 − cos �b� ��Za−1�/�1

,

�87�

	a�ra� = exp�−
Zbra

�1R
�� ra + �R − ra� + R cos �a

R�1 + cos �a� �Zb/�2

.

�88�

The integral relation for the solutions of Eq. �74� can be
obtained in the same way as in the case for function �ba. We
will not repeat the derivation procedure but give only the
final result

�ab�rb� = Db��1,R�
�=0

�


m=−�

�

�− 1��+m+1

�T̃�
m�1��,R�

f1��rb�
rb

Y�
m��b,�b� , �89�

where

Db��1,R� = e−Zb/�1R��Za−1�+Zb/�1�−1e−�1R, �90�

T̃�
m�1��,R� =

2�m��m�!

R�m��1
�m�+1 

s=0,1

�

as
�1�1B�

mBs+��1�
m Dm�1

s+��1��0,�,0� .

�91�

The three-center one-electron wave function �ba, derived
in the previous section, satisfies the Schrödinger Eq. �27�
with an asymptotic accuracy, i.e., up to terms that decrease
strongly at R→� �R1,2�R�. Similarly, the three-center one-
electron wave function �ab satisfies the Schrödinger Eq. �74�
with the same asymptotic accuracy. With these two wave
functions we can construct the two-electron wave functions
�k
�r1 ,r2�, k=1,2; 
=a ,b �see Eqs. �24� and �25�� needed
for calculation of two-electron exchange interactions in pro-
cesses �2�–�5�.

V. ASYMPTOTIC EXPRESSIONS FOR TWO-ELECTRON
EXCHANGE INTERACTIONS

In the present section we calculate analytically the asymp-
totically exact expressions for two-electron exchange inter-
actions that govern processes �2�–�5�. An important property
of two-electron wave functions �k
�r1 ,r2� is their orthogo-
nality, ��kb ��k�a�=0, k��k, k ,k�=1,2 �see �15��. There-
fore, only the interelectronic interaction r12

−1 will give a non-
zero contribution to the two-electron exchange intearctions.
Since the leading contribution to the exchange interaction
comes from the configuration region when the two electrons
are well separated, one can employ a multipole expansion of
the interaction r12

−1.

A. Coupling interaction for direct two-electron exchange

We shall calculate the two-electron exchange interaction
H�20��Q� that is responsible for the direct two-electron cap-
ture process �2� by using the general representation for ex-
change interaction �7�. The wave function �a of the initial
configuration A2

�Za−2�++BZb+ is represented by Eqs. �10� and
�24�, with �ab given by Eqs. �89�–�91�. The wave function
�b of the final configuration A2

Za++B�Zb−2�+ is represented by
Eqs. �11� and �25� with �ba given by Eqs. �69�–�71�. There-
fore, the coupling interaction H�20��Q� can be written as

H�20��Q� = �− 1�S 
m1m2

C�1m1�2m2

LML ��b
�0��r1b��ba�r2a��

�Hel��ab�r1b��a
�0��r2a�� . �92�

In the dipole-dipole approximation, the interaction r12
−1 has

the form
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� 1

r12
�dd

= −
8�

3R3 
q=−1

+1
r2aY1

q��2a,�2a�r1bY1
−q��1b,�1b�

�1 + q� ! �1 − q�!
.

�93�

Representing the spherical harmonic Y1
q��2a ,�2a� in the co-

ordinate system �x� ,y� ,z�	 by

Y�
q��2a,�2a� = 

j=−�

+�

Dqj
���0,�,0�Y�

j ��2a� ,�2a� � , �94�

we obtain the leading �at R→�� asymptotic term of the ex-
change interaction H�20��Q�:

H�20��Q� =
8��− 1�S+1

3R3 
m1m2

C�1m1�2m2

LML

� 
q=−1

+1


k=−1

+1
Dqk

1 �0,�,0�
�1 − q� ! �1 + q�!

Hba
�k��Q�Hab

�q��Q� ,

�95�

where

Hba
�k��Q� = ��a

�0��r2a��r2aY1
k��2a� ,�2a� ���ba�r2a�� , �96�

Hab
�q��Q� = ��ab�r1b��r1bY1

−q��1b,�1b���b
�0��r1b�� . �97�

The technique of calculation of matrix elements Hba
�k� and Hab

�q�

is described in Appendix A.
Due to the presence of infinite sums over the angular

quantum numbers in expressions �69� and �89� it is obvious
that the leading asymptotic term of exchange interaction �92�
will be determined by dipole terms in expansion for r12

−1.
However, that is not always the case for the exchange inter-
actions that are responsible for processes �3�–�5�, where dif-
ferent bound-bound transitions may be involved. In the cases
when the corresponding dipole transition is either forbidden
or has negligibly small value, one has to use the quadrupole
terms in the multipole expansion for r12

−1.

B. Exchange interaction that corresponds to electron capture
with excitation (or dissociative excitation) of molecular

ion

We now calculate the two-electron exchange interaction
H�21��Q� that is responsible for process �3�: one-electron cap-
ture by the projectile BZb+ with simultaneous excitation �or
dissociative excitation� of the resulting diatomic A2

�Za−1�+.
Two-electron wave function �a of the initial configuration is
given by the same formulas as in the previous subsection.
The final two-electron wave function �b describes the qua-

simolecule A2
�Za−1�+�

+B�Zb−1�+. Taking into account that in this
configuration electrons are well separated, we represent �b
as

�b =
1
�2

��b
�0��r1b��a

�1��r2a� + �− 1�S�b
�0��r2b��a

�1��r1a�� ,

�98�

where �a
�1��r� is the wave function of excited �bound or dis-

sociative� state of molecular ion A�Za−1�+�
. Using the previ-

ously obtained results for �a and �b, dipole approximation
�93� for r12

−1 and Eq. �7� for the exchange interaction, we
represent the H�21��Q� as

H�21��Q� = −
8�

3R3 
q=−1

+1


k=−1

+1
Dqk

1 �0,�,0�
�1 − q� ! �1 + q�!

Ha�1�
�k� �d�Hab

�q��Q� ,

�99�

Ha�1�
�k� �d� = ��a

�0��r2a��r2aY1
k��2a� ,�2a� ���a

�1��r2a�� . �100�

In the case of dipole forbidden transitions in the molecu-
lar ion, we have to use the quadrupole term in the multipole
expansion of r12

−1 �keeping, however, the dipole term for the
transitions in the atomic ion�,

� 1

r12
�qd

= −
4�

�5R4 
q=−1

+1

�r2a
2 Y2

q��2a,�2a�r1bY1
−q��1b,�1b����1�q�

+ �3�0q� . �101�

Hereinafter, �nn� is the Kronecker’s delta symbol. Calculat-
ing exchange interaction �7� with previously obtained wave
functions �a, �b and electron-electron interaction in form
�101�, one obtains for H�21��Q�

H�21��Q� = −
4�

�5R4 
q=−1

+1


k=−2

+2

Dqk
2 �0,�,0�Ha�2�

�k� �d�Hab
�q��Q���1�q�

+ �3�0q� , �102�

Ha�2�
�k� �d� = ��a

�0��r2a��r2a
2 Y2

k��2a� ,�2a� ���a
�1��r2a�� . �103�

The matrix elements Ha�1�
�k� �d� and Ha�2�

�k� �d�, responsible, re-
spectively, for the dipole and quadrupole bound-bound
transitions in molecular ion A2

�Za−1�+, are calculated in Appen-
dix B.

C. Exchange interaction that corresponds to electron capture
with ion deexcitation

In this subsection we calculate the leading term of the
two-electron exchange interaction H�10��Q� between the ini-
tial A2

�Za−1�++B�Zb−1�+�
and final A2

Za++B�Zb−2�+ state of process
�4�. The two-electron wave function �a can be represented
in symmetrized form,

�a =
1
�2

��a
�0��r1a��b

�1��r2b� + �− 1�S�a
�0��r2a��b

�1��r1b�� ,

�104�

where �b
�1� is the electron wave function of the excited state

of atomic ion B�Zb−1�+�
. The final state two-electron wave

function �b is the same as in Sec. V A and is given by
expression �11�. Substituting expressions �104� and �11� for
�a and �b, respectively, into Eq. �7� and using dipole ap-
proximation �93� for the electron-electron interaction, we ob-
tain the leading �at R→�� asymptotic term for H�10��Q�,
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H�10��Q� = −
8�

3R3 
m1m2

C�1m1�2m2

LML 
q=−1

+1


k=−1

+1
Dqk

1 �0,�,0�
�1 − q� ! �1 + q�!

�Hba
�k��Q�Hb�1�

�q� , �105�

Hb�1�
�q� = ��b

�1��r1b��r1bY1
−q��1b,�1b���b

�0��r1b�� . �106�

In order to account bound-bound transitions that are forbid-
den in dipole approximation we use dipole-quadrupole term
in the expansion for r12

−1: �r12
−1�dq=−�r12

−1�qd�2a�1b ,q→−q�.
The matrix element H�10��Q� in this case takes the following
form:

H�10��Q� =
4�

�5R4 
m1m2

C�1m1�2m2

LML

� 
q=−1

+1


k=−1

+1

Dqk
1 �0,�,0���1�q� + �3�0q�Hba

�k��Q�Hb�2�
�q� ,

�107�

Hb�2�
�q� = ��b

�1��r1b��r1b
2 Y2

−q��1b,�1b���b
�0��r1b�� . �108�

The matrix elements Hb�1,2�
�q� are calculated in Appendix B.

D. Exchange interaction that corresponds to electron
bound-bound transitions on different particles (excitation

transfer)

We consider here the exchange interaction H�11��Q� that is
responsible for the two-electron excitation transfer process
�5�, i.e., when bound-bound transitions simultaneously take
place in the parent particles. The wave function �a of the
initial state A2

�Za−1�++B�Zb−1�+�
is given by Eq. �104�, while

the wave function �b of the final state A2
�Za−1�+�

+B�Zb−1�+ is
given by Eq. �98�. In the case of dipole-dipole transitions, we
obtain for H�11��Q� the following expression:

H�11��Q� = −
8�

3R3 
q=−1

+1


k=−1

+1
Dqk

1 �0,�,0�
�1 − q� ! �1 + q�!

Ha�1�
�k� �d�Hb�1�

�q� .

�109�

In the case of quadrupole-dipole �101� approximation for r12
−1,

we have for H�11��Q�,

H�11��Q� = −
4�

�5R4 
q=−1

+1


k=−2

+2

Dqk
2 �0,�,0���1�q�

+ �3�0q�Ha�2�
�k� �d�Hb�1�

�q� , �110�

while in the case of dipole-quadrupole �r12
−1�dq approximation

for r12
−1, we have

H�11��Q� =
4�

�5R4 
q=−1

+1


k=−2

+2

Dqk
2 �0,�,0���1�q�

+ �3�0q�Ha�1�
�k� �d�Hb�2�

�q� . �111�

VI. CROSS-SECTION CALCULATIONS

In the present section we shall apply the results obtained
in the previous sections to study the basic electron-transfer
processes in slow collisions of H2�1%g

2� with He2+. This col-
lision system has been subject to many experimental and
theoretical studies for several decades �see Refs. �28–40� and
references therein� in view of its relative structural simplicity
and the importance of its collision processes in magnetic
fusion and astrophysical plasmas �4,5�. However, the experi-
mental data as well as theoretical calculations of the cross
sections for these processes are often in disagreement with
each other �see �28,38� and reference therein� and further
investigations of the dynamics of H2+He2+ collision system
is, therefore, necessary.

The previous studies of collision processes in H2+He2+

collision system indicate that at low collision energies the
most important are the processes

NDSEC: H2�1%g
2� + He2+ → H2

+�1%g� + He+, �112�

DSEC: H2�1%g
2� + He2+ → H + H+ + He+, �113�

TEC: H2�1%g
2� + He2+ → 2H+ + He. �114�

In the present section we shall employ a close-coupling treat-
ment of the collision dynamics in H2+He2+ system which
accounts simultaneously for both the direct processes
�112�–�114� and the two-step processes of type �4�–�6�. We
shall use the semiclassical version of the close-coupling
method �41� whereby the position vector R of incident ion
with respect to the center of mass of diatomic target follows
a classical straight-line trajectory, R=b+vt, with an impact
parameter b and constant velocity v. The direction of v de-
fines the z1 axis of the laboratory reference frame �x1 ,y1 ,z1	.
The center of mass of diatomic molecule is placed at the
origin of the coordinate system �x1 ,y1 ,z1	 and the orientation
of the molecular bond vector d is specified by the set of two
angles ��� ,��	 �0����2�, 0������ �see Fig. 1�. The
internal degrees of freedom of triatomic collision system are
treated quantum mechanically and described by the wave
function ��r1 ,r2 ,d , t�, which is a solution of the equation

�Hel + Td − i � /�t�d,ri
���r1,r2,d,t� = 0, �115�

where ri �i=1,2� denotes the electronic coordinates,
Hel�r1 ,r2 ;d ,R� is the fixed-nuclei Born-Oppenheimer elec-
tronic Hamiltonian, and Td is the kinetic rotational-
vibrational operator of the molecule H2. The wave function
��r1 ,r2 ,d , t� is expanded, for each d, in terms of the eigen-
functions ��i	 of the operator Hel:

Hel�r1,r2;d,R��i�r1,r2;d,R� = &i�R,d��i�r1,r2;d,R� ,

�116�
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��r1,r2,d,t� = d−1YJM�d̂�	0�d�
j

aj�t;d�� j�r1,r2;d,R�

�exp�− i�
t0

t

& jdt�� , �117�

where d−1YJM�d̂�	0�d� is the initial rovibrational wave func-
tion of the molecule H2. In the present low-energy calcula-
tions we shall neglect the electron momentum transfer effects
during the collision.

Substitution of Eq. �117� into the Schrodinger Eq. �115�
and integration of the resulting system of differential equa-
tions for amplitudes ak�t ;d�,

i
dak

dt
= 

j=1

j�k

ajHjk exp�− i�
t0

t

�& j − &k�dt�� , �118�

yields, after summation over all final vibrational states �	 f	
and averaging over initial d̂ orientations, the cross section for
transition to a given electronic channel �� f	:

% f�v� =
1

4�
� db� dd�	0�d��2Pf�b,d� , �119�

where the probability Pf�b ,d� for electron capture into a
given final state is defined in the standard way as Pf�b ,d�
= �af�t→� ;d��2. In the present calculations we neglect the
vibrational motion of the H2 bond, hence the amplitudes
af�t→� ;d� �i.e the probability Pf�b ,d�� of Eq. �118� are
calculated at the equilibrium distance d=1.4 a.u. of H2 mol-
ecule,

% f�v� =
1

2
�

0

�

sin ��d���
0

2�

d���
0

�

bPf�b,��,��;d0�db ,

�120�

where the dependence on the initial �and fixed� molecular
bond orientation ���, ��; see Fig. 1� is explicitly indicated
�42�. The cross section % f�v ,��� as function of the angle ��
between the molecular bond and the direction of velocity
vector is defined as

% f�v,��� =
1

2�
�

0

2�

d���
0

�

2�bPf�b,��,��;d0�db .

�121�

In the coupled state calculations of the cross sections of
reactions �112�–�114� we shall use the diabatic three-center
basis consisting of the two-electron three-center wave func-
tions of types �10�, �11�, �98�, and �104�. We designate by a1
and �1�r1 ,r2 ;d ,R� the amplitude and the wave function of
initial state He2++H2�1%g

2�, respectively, and by aj and
� j�r1 ,r2 ;d ,R� �j=2, . . . ,N� the amplitudes and wave func-
tions of the final states of reactions �112�–�114�. In Table I
we give the list of asymptotic �R→�� electronic energies of
the quasimolecular states included in present calculations
�configuration He+�1s�+H2

+�1s%�, since its energy much
lower than energy of entrance channel, were not included in
calculation and given only for reference�. The exact values of

the energies of the states involved in the calculations have
been taken from the NIST database �43� for the He states,
from Ref. �44� for H2�1%g

2� state, and from calculations by
the method of chain fractions �23� for H2

+.
The system of differential equations �118� has been solved

with the initial conditions

�ak�t = t0�� = �1k, k = 1,2, . . . ,N , �122�

by using the backward differentiation formula algorithm
�45,46�, for a given set of fixed parameters: velocity v, im-
pact parameter b, and angles �� and �� of the molecular
bond orientation �see Fig. 1�. In order to obtain orientation-
averaged cross sections % f�v� �as well as % f�v ,���� we cal-
culated the cross sections % f�v ,d� for 140 basic orientations
of the molecular bond d �14 different values of the angle ��
at each of ten values of angle ��� for a given velocity v.
System of equations �118� was integrated in the interval cor-
responding to maximal projectile-target separation of R0
=50 a.u.; i.e., the projectile starts at the coordinate z1

i =
−�R0

2−b2 and the trajectory is followed until the projectile
reaches the coordinate z1

f =−z1
i . We have assumed that if the

electron remains �at z1=z1
f � in the initial H2

+ molecular or-

TABLE I. Electronic energies of the system �HeH2�2+ at d=d0

=1.4 a.u. and infinite separation R→�.

State
E

�a.u.�

He+�n=2�+H2
+�4s%� −0.6107

. . .

He+�n=2�+H2
+�1s%� −1.7840

He2++H2�1%g
2� −1.8479

. . . . . .

. . . He�1s3p�+H2
2+ −2.0551

. . . He�1s3d�+H2
2+ −2.0556

. . . He�1s3s�+H2
2+ −2.0613

He+�1s�+H2
+�4s%� −2.1107

He+�1s�+H2
+�4p�� −2.1195

. . . He�1s2p�+H2
2+ −2.1238

. . . . . .

He+�1s�+H2
+�4d�� −2.1260

He+�1s�+H2
+�4d%� −2.1276

He+�1s�+H2
+�4p%� −2.1353

He�1s2s�+H2
2+ −2.1460

He+�1s�+H2
+�3s%� −2.1893

He+�1s�+H2
+�3p�� −2.2093

He+�1s�+H2
+�3d�� −2.2247

He+�1s�+H2
+�3d%� −2.2283

He+�1s�+H2
+�3p%� −2.2487

He+�1s�+H2
+�2s%� −2.3949

He+�1s�+H2
+�2p�� −2.4563

He+�1s�+H2
+�2p%� −2.6121

He�1s2�+H2
2+ −2.9036

He+�1s�+H2
+�1s%� −3.2843
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bital 1%g, the H2
+ ion does not dissociate, leading to NDSEC

process �112�, and if the electron is found in any of the
excited states of H2

+ ion the time evolution of the collision
system leads to DSEC process �113�. In the framework of
adopted asymptotic approach, the diabatic potentials �& j

Hjj� of the initial H11 and the final �Hnn

SEC for NDSEC and
DSEC, and Hnn

TEC for TEC channels, respectively� configura-
tions to the lowest order of accuracy at large distances R can
be represented as

H11 = −
�1

2

2
−
�2

2

2
+ Zb� Za

2R1
+

Za

2R2
−

2

R
� + O�R−2� ,

�123�

Hnn
SEC = −

�2
2

2
−
�2

2

2
+ �Zb − 1�� Za

2R1
+

Za

2R2
−

1

R
� + O�R−2� ,

�124�

Hnn
TEC = −

�1
2

2
−
�2

2

2
+ �Zb − 2�� Za

2R1
+

Za

2R2
� + O�R−2� .

�125�

The detailed procedure for calculation of nondiagonal cou-
pling matrix element H�if� responsible for two-electron pro-
cesses �2�–�5� is given in Sec. V and Appendixes A and B.

The coupling matrix elements HAB responsible for one-
electron processes �1� and �6� in the colliding system
A2

�Za−2�++BZb+ are related to calculation of surface integral
�26� �2HAB��E�. Asymptotic representation of these types
of matrix elements has been studied in our recent work �16�.
We omit the details of calculations and present here only the
final results for HAB. We have considered two cases: �i� the
projectile BZb+ is the bare nucleus with charge Zb and �ii� the
projectile BZb+ is an atomic ion with closed shell electronic
configuration and an effective core charge Zb. For HAB in the
case �i� we have

HAB =
�2Zb�3/2

2n2 22�m2�+n1�Zb

n
�n2+�m2�

exp�−
R

2
�Zb

n
+ �1�

−
1

2
�nZa

Zb
+

Zb

�1
��Rn2+Za/�1

��Zb

n
+ �1�−�m2�� �n1 + �m2��!

�n2 + �m2�� ! n1 ! n2!

� 
s=�m2�

�

as
�1�1Dm2�1

s+��1��0,�,0�Bs+�1

m2 , �126�

where the set of parabolic quantum numbers �nn1n2m2� de-
scribes electronic wave function of the ion B�Zb−1�+ �16�. For
HAB in the case �ii� we have

HAB = B2B�2

m2
22�m2�!�m2�!
��1 + �2�m2

R�Za−1/�1�+�Zb/�2�−�m2�−1

�exp�−
R��1 + �2�

2
�exp�−

1

2
�Za − 1

�2
+

Zb

�1
��

� 
s=�m2�

�

as
�1�1D�m2��1

s+�1 �0,�,0�Bs+�1

m2 . �127�

In the present calculations of NDSEC process �112� we
shall use the matrix element given by Eq. �126�. The coeffi-
cients as

�1�1 �see Eq. �78�� of the asymptotic behavior of the
one-electron orbital in H2�1%g

2� molecule have been calcu-
lated by matching �in the region ra�'2 a.u.� asymptotic ex-
pression �17� with the Coulson ground-state orbital (1s%

H2 �47�.
The result is �see Ref. �48�� a0

�10=2.327, a2
�10=0.283, a4

�10

=0.017, as)6
�10 �0. For the asymptotic coefficient B2 of the

wave function of electron motion in the field of the bare
nucleus we use for this orbital its Coulomb asymptotic form
�see Eq. �2.13� of Ref. �15��.

The one-electron process �6� of the TEC and DSEC inter-
action is governed by the one-electron exchange interaction
similar to Eq. �127�:

HAB = B1B�1

m1
22�m1�!�m1�!

��2 + �1��m1�R
�Za/�2�+�Zb−1/�1�−�m1�−1

�exp�−
R��2 + �1�

2
�

�exp�−
1

2
�Za

�1
+

Zb − 1

�2
��

� 
s=�m1�

�

as
�2�2D�m1��2

s+�2 �0,�,0�Bs+�2

m1 . �128�

The required asymptotic factor A2��2a� �i.e., the coefficients
as
�2�2� �see Eq. �18�� of the wave function of H2

+ ion in this
case can be calculated in the same way as the coefficient
A1��1a� �see Eq. �78�� of the asymptotic wave function of
H2�1%g

2�. The values of coefficients as
�2�2 for the ground and

excited states of molecular ion H2
+ �at d=1.4 a.u.� included

in present calculations are given in Table II. The correspond-
ing wave functions of the H2

+ electronic states were calcu-
lated by the method of chain fractions described in �23�.
Finally, we give here the asymptotic normalization coeffi-
cients B1 �see Eq. �20�� for the valence electron wave func-
tion of He: B1�1s2�=2.87, B1�1s2s�=−0.35, B1�1s2p�=0.2,
B1�1s3s�=0.02, B1�1s3p�=−0.015, and B1�1s3d�=0.009.

It is well known �see Ref. �49�� that the postcollision in-
teraction �PCI� �i.e., the interaction of the intermediate reac-
tion products� may exert a significant influence on the colli-
sion dynamics. In the case of charge-transfer processes
studied in the present paper long-range Coulomb interaction
of H2

+ and He+ products of the NDSEC process �112� can
induce electronic excitation of the H2

+ ion and thereby con-
tribute to the DSEC process, namely,
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He+�n� + H2
+�1%g� → He+�n� + H2

+�n�
�� . �129�

This PCI excitation mediated contribution to the DSEC pro-
cess is negligible in the low-energy �adiabatic� region, but
with increasing the projectile velocity it becomes important.
In order to estimate the contribution of this PCI mechanism
to DSEC, we shall employ a simple “one-electron” model in
which the perturbing atomic ion He+ is treated as the point-
like Coulomb charge. In this case, the single electron excita-
tion process can be considered as being caused by the fol-
lowing effective potential �50�:

V�ra,R� = − �Zb − 1�/�R − ra� , �130�

where �as in previous sections� ra is the radius vector of the
molecular electron with respect to the center of the molecule
�note that, formally, the potential V�ra ,R� coincides with
Vb��rb� given by Eq. �28��. Assuming a strong coupling only
between the initial and final states in excitation process �129�
we can use the leading multipole �dipole or quadrupole� ap-
proximation for interaction �130�. Hence, the coupling ma-
trix element,

Hex�Q� = ��a
�0��ra��V�ra,R���a

�1��ra�� , �131�

responsible for electronic excitation �129� can easily be con-
structed from the matrix elements Ha�1�

�k� �d� and Ha�2�
�k� �d� �see

Eqs. �100� and �103��.

In the present close-coupling calculations for total cross
sections % f of reactions �112�–�114� we have included the
entrance channel He2++H2�1%g

2� and the most important exit
channels: two NDSEC channels He+�n=2,m=0�+H2

+�1s%�,
6 TEC channels He�1s2 ,1s2� ,1s3� ,m=0�+H2

2+, and 13
DSEC channels He+�1s�+H2

+�n=2,3 ,4�. All the processes
�1�–�6� are involved in the population of these configura-
tions. We have included also 13 DSEC channels He+�n=2�
+H2

+�n=2,3 ,4� which can only be populated through
mechanism �129� as the second step after NDSEC process.

Our results for the total cross section of NDSEC process
�112� �see Fig. 2� agree fairly well with the experimental data
of Refs. �29–32� in a rather wide range of collision energies.
In the same figure we have plotted the results of molecular
orbital close-coupling calculations of Ref. �28�. Since we
have neglected the effects of electron momentum transfer,
our results become less reliable when the collision energy is
larger than �20 keV /amu.

In Fig. 3�a� we show the calculated total cross section for
DSEC reaction �113�. For collision energies below 3 keV/
amu the results of present calculations are in very good ac-
cord with theoretical calculations of Ref. �28�. In the same
figure we show the experimental data of Refs. �29,30�. We
also compare our DSEC cross section with the total cross

FIG. 2. �Color online� Cross sections for NDSEC into He�2��
+H2

+�1%g�: �, Ref. �29�; dash-dotted line, theoretical result of Ref.
�28�. Cross sections for NDSEC into He�2p�+H2

+�1%g�: � Ref.
�31�; �, Ref. �32�. Total NDSEC cross section: �, Ref. �30�; dashed
line, theoretical result of Ref. �28�; solid line, present results.

TABLE II. Coefficients as
�2�2 = ās

�2�2�10n of expansion �78� calculated for the wave functions of hydro-
gen molecular ion H2

+ for the ground and some excited states.

State

Coeff.

ā�
�2�2 n ā�+2

�2�2 n ā�+4
�2�2 n ā�+6

�2�2 n

1s% 4.67 0 4.79 −1 2.46 −2 1.1 −3

2s% −9.29 −1 −2.56 −2 −3.7 −4 −1.1 −5

2p% 1.63 0 5.57 −2 1.36 −3 1.3 −5

2p� 9.74 −1 2.12 −2 7.7 −4

3s% 1.13 −1 1.29 −3 2.3 −6

FIG. 3. �Color online� �a� Total DSEC cross section. Experimen-
tal results: �, Ref. �29�; �, Ref. �30�; �, experimental data of Ref.
�33� for total cross section of the single electron capture. Theoreti-
cal results: solid line, ab initio calculation of Ref. �28�; —�—,
present calculations with account of PCI; —�—, present calcula-
tions with switched off PCI. �b� Present calculation for cross sec-
tions of the electronic excitation of the H2

+ ion �see explanation in
text�; —�—, total cross section; lines with open symbols, total
cross sections of the electronic excitation into the individual final
states of H2

+�n�.
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section for single electron capture of Ref. �33� since the ND-
SEC cross section is very small at low collision energies and
can be neglected. The present results support the conclusions
of experimental �29,30� and theoretical �28� findings that
DSEC is the dominant process at low energies in this colli-
sion system. However, with increasing the collision velocity
our total DSEC cross section underestimates the experimen-
tal results of Ref. �30� by a factor of 2. To study the relative
contribution of the different mechanisms �namely, the effect
of PCI� to the total DSEC cross section we have carried out
a model close-coupling calculations including the entrance
channel, two NDSEC channels He+�n=2,m=0�+H2

+�1s%�,
and 13 DSEC channels He+�n=2�+H2

+�n=2,3 ,4�. The re-
sult of this model calculation is presented in Fig. 3�b� and
demonstrates that total cross sections of the capture into the
DSEC states through mechanism �129� rapidly increase with
increasing of collision energy.

To estimate this effect in the entire picture of reactions
�112�–�114� we have “switched off” in the calculations the
matrix elements �131� responsible for the PCI �i.e., we have
excluded all He+�n=2�+H2

+�n=2,3 ,4� channels�. The re-
sulting total DSEC cross sections are presented in Fig. 3�a�
and demonstrate that neglecting of the postcollision interac-
tions leads to significant underestimation of the DSEC cross
section at energies above �10 keV /amu.

In Fig. 4 we show the resulting DSEC cross sections lead-
ing to population of individual excited states of molecular
ion H2

+. The main contribution to the DSEC cross section
comes from electron capture with excitation �of the second
electron� to the low-lying levels of H2

+. In the same figure
we show the experimental data of Ref. �51� on the relative
contributions of some dissociative channels into DSEC pro-
cess �113�. Our calculation for total cross section of the
DSEC into H2

+�n=2� states is in fairly good agreement with
experimental data.

In Fig. 5 we compare the probabilities of TEC, DSEC,
and NDSEC at two impact energies 0.5 and 9.0 keV/amu.

The main contribution to TEC and DSEC at both collision
energies gives almost the same impact parameter range, b
�1–4 a.u. In contrast to this, the high impact parameters
play no role in NDSEC state population at low collision
velocities, while at higher velocities �v'0.7 a.u.� the large
impact parameters give the dominant contribution to ND-
SEC. These results are also in accord with the theoretical
calculations of Ref. �28�.

In Fig. 6 we show the total cross sections for TEC reac-
tion �114�. The result of present calculations is in a satisfac-
tory overall agreement with the experimental data of Refs.
�33–39�. The present result does not reproduce adequately
well the minimum of experimental cross section near 4 keV/
amu. In the same figure we show also the results of theoret-
ical calculations of Refs. �28,34,40�. For collision energies
*2 keV /amu our calculations are in good agreement with
the theoretical results of �40�. In Fig. 7�a� we give the cross
sections for capture into specific TEC states. For low and
intermediate collision energies the capture into He�1s2�� and
He�1s3�� states gives the dominant contribution in the total
TEC cross section. Our calculations also show that the main
product of reaction �114� at high collision velocities is the
ground state of He�1s2�. In Fig. 7�b� we compare our TEC
cross section for capture into He�1s2p� final state with the
experimental data of Ref. �31� and theoretical data of
Ref. �28�.

FIG. 4. �Color online� Total cross sections for population of the
specific DSEC states. Present calculations: lines with open symbols,
cross sections for population of the individual DSEC states H2

+�n
=2�; solid line, total cross section for population of H2

+�n=2�
states; dashed line, total cross section for population of H2

+�n=3�
states; dash-dotted line, total cross section for population of
H2

+�n=4� states. Experiment: symbols, population of the specific
DSEC states H2

+�2s% ,2p% ,2p��, Ref. �51�; �, sum of the partial
cross sections from Ref. �51� for population into the
H2

+�2s% ,2p% ,2p�� states.

FIG. 5. �Color online� bP�b� as function of b for impact ener-
gies 0.5 and 9.0 keV/amu. Solid line, probability of DSEC; dashed
line, probability of NDSEC; dot-dashed line, probability of TEC.

FIG. 6. �Color online� Total TEC cross section. Experimental
results: �, Ref. �33�; �, Ref. �34�; �, Ref. �35�; �, Ref. �36�; �,
Ref. �37�; �, Ref. �38�; �, Ref. �39�. Theory: dashed line, Ref.
�28�; dash-dotted line, Ref. �40�; solid line, Ref. �34�; —�—,
present calculation.
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In Figs. 8–10 we show the ��-dependent cross section
% f�v ,���, calculated using Eq. �121�, for total DSEC, TEC,
and TEC into He�1s2p� processes, respectively. The orienta-
tion effects for capture into NDSEC channels are negligible
and are not shown here. For the collision energy range cov-
ered by the present study, the DSEC reaction �see Fig. 8� is
favored when H2 molecular bond is oriented at the angle � /4
with respect to the direction of the projectile velocity vector.
For the TEC �see Fig. 9�, the most favorable for the process
is the perpendicular orientation of molecular bond with re-
spect to the projectile velocity vector. However, the situation
for TEC into He�1s2p� is changed �see Fig. 10� and the
two-electron capture is most probable when ��=� /4.

VII. CONCLUSIONS

In the present work we have developed the asymptotic
theory of the three-center two-electron system �A2B��Za+Zb−2�+

in the discrete spectrum. Closed form asymptotic expressions
for different one- and two-electron exchange matrix elements
between an atomic ion and a homonuclear diatomic molecule
have been derived. The derived electron exchange interac-

tions are valid also in the case of atomic ions with closed
outer electronic shell and homonuclear diatomics with two
valence electrons. Within the “two-active-electron” approxi-
mation, the obtained results can easily be generalized to
many-electron outer shell diatomics by using the fractional
parentage scheme for constructing the many-electron wave
function and summing over the possible combinations of
transferred electrons. We have applied the developed
asymptotic theory to study the one- and two-electron ex-
change processes in slow collisions of hydrogen molecule
H2�X1�g

+� with He2+ ion. The cross sections of these pro-
cesses have been calculated by employing the semiclassical
close-coupling method with the analytic asymptotic expres-
sions for the one- and two–electron coupling matrix elements
obtained in the present and our previous work �16�. The re-
sults of our calculations for the total and state-selective cross
sections of reactions �112�–�114� are in good overall agree-
ment with the experimental data and with the ab initio mo-
lecular orbital close-coupling calculations of other authors.

The influence of the postcollision interaction on the
charge-transfer processes �112�–�114� has been studied. We
have found that PCI has a negligible effect on the total ND-
SEC and TEC cross sections. However, this interaction does
affect the DSEC. At the collision energies E�10 keV /amu
the DSEC almost entirely is governed by the direct two-
electron process of type �3�. With increasing the collision
energy, the main contribution to DSEC comes from elec-

FIG. 7. �a� Present calculations for total cross sections into spe-
cific TEC states. �b� TEC cross sections into He�1s2p�. �, experi-
mental results of Ref. �31�; solid line, theoretical result of Ref. �28�;
—�—, present calculation.

FIG. 8. �Color online� Present calculation of the total cross sec-
tion % f�v ,��� of DSEC reaction as a function of collision energy
and orientation angle ��.

FIG. 9. �Color online� Same as in Fig. 8 but for total TEC cross
section.

FIG. 10. �Color online� Same as in Fig. 8 but for TEC cross
section into He�1s2p� final state.
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tronic excitation process �129� due to long-range interaction
of the H2

+ and He+ ions.
We have performed a detailed study of the dependence of

calculated cross sections on the initial orientation of molecu-
lar bond. We found that while the probability of one-electron
processes is almost independent of this orientation, the prob-
ability of two-electron processes shows a significant depen-
dence on the molecular bond orientation.

APPENDIX A

We calculate here the two-electron matrix elements Hba
�k�

and Hab
�q� �see Eqs. �96� and �97��. The normalized ground-

state wave function �a
�0� of the isolated molecular ion eZZ

can be obtained as residue from the asymptotic expression of
the radial part of two-center Green’s function �45� at small
values of parameter pa=d�−&a

00�d� /2. The result is

�a
�0���,�� = 2�2Z�3/2exp�− pa��S̄00�pa,���2��−1/2, �A1�

where &a
00�d� is the ground-state electronic energy of the ion

eZZ and S̄m��pa ,�� is given by Eq. �47�. For electronic wave
function of molecular ion H2

+�1s%� at internuclear separation
d=1.4 a.u., the coefficients cs

00�pa� of expansion �47� have
the values c2

00=0.145 29c0, c4
00=0.003 192 5c0, and c6

00�pa�
�0; c0 is arbitrary constant �see Eq. �48��.

Writing the operators of dipole transitions in the spheroi-
dal coordinates,

r2aY1
0���,��� =

d

4
� 3

�
��, r2aY1

+1���,���

= ,
d

4
�3��2 − 1��1 − �2�

2�
e+i��, �A2�

and integrating in Eq. �96� with Eq. �A1� for �a
�0� and Eq.

�69� for �ba, we obtain the matrix element Hba
�k� in the form

Hba
�0� =

R4�2Z�3/2

8
Da��1,R�

�=0

�

-�
�0�����J�

�2�K�
�1� − J�

�1�K�
�2�� ,

�A3�

Hba
�1� = − Hba

�−1�

=
R4Z3/2

4
Da��1,R�

�=1

�

-�
�1�����I�

�1�M�
�2� − I�

�2�M�
�2�� ,

�A4�

where the following notation has been used:

-�
�0���� = 

s=0

�

�− 1�s+m1
cs

0��pb�
N0��pb�

Bs
m1� 2

2s + 1
Dm10

s �0,�,0� ,

-�
�1���� = 

s=0

�

�− 1�s+m1+1 cs
1��pb�

N1��pb�
Bs+1

m1

�� 2�s + 2�!
�2s + 3�s!

Dm11
s+1 �0,�,0� .

The radial and angular integrals I�
�i�, J�

�i�, K�
�i�, and M�

�i� �i
=1,2� are given by

J�
�i� = �

1

�

�0�
�1��pb,��e−pa��2i−1d�,

I�
�i� = �

1

�

�1�
�1��pb,��e−pa���2 − 1�2i−2d� , �A5�

K�
�i� = �

−1

+1

d�S̄00�pa,���2i−1S̄0��pb,��,

M�
�i� = �

−1

+1

d�S̄00�pa,���2i−2S̄1��pb,�� , �A6�

and obtained in closed analytical form by tedious but
straightforward calculations.

Let us calculate now the matrix elements Hab
�q� �Eq. �97��.

We shall consider the two cases: the one-electron wave func-
tion �b

�0� describe �i� the bound state in the field of bare
nuclei and given by Eq. �B1� �see Appendix B�; �ii� the
bound state of screened potential �B7� and given by expres-
sion �B8�. We shall give here only the final expression for
Hab

�q� �q=−1,0 ,1� omitting the details of calculations. For the
case �i� we have

Hab
�q� =

2Zb
3/2

�� � 2

�1
�1+�q�

��2�1�2+Zb/�1
"�2 − Zb/�1�

�Zb + �1�5 R��Za−1�+Zb/�1�−�q�−1

�e−�1R−Zb/�1
2F1�2 − Zb/�1,5;4;

2�1

�1 + Zb
�

�
s=0

�

as
�1�1Dq�1

s+��1��0,�,0�Bs+��1�
q B1

q. �A7�

For the case �ii� we have the following expression:

Hab
�q� =� 3

�

2�q�−2

�1
1+�q�e

−�1R−Zb/�1R��Za−1�+Zb/�1�−�q�−1

� 
�=�q�

�


s=0

�

�− 1��+1+qDq�1

s+��1��0,�,0�as
�1�1B�

qBs+��1�
q

�C�010
�20 C�q1−q

�2m2 ��2� + 1��2n − p − 1�!
�2�2 + 1�Zbp!

�
�2�1��1"�1 + S� − Zb/�1�
"�2S� + 2�"�2S�2

+ 2�
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k=0

p
�− p�k

�2S�2
+ 2�k

�2Zb

n
�2+S�2

+k"��2�
k!

� n

Zb − �1n
��2

2F1��2,�1;2

+ 2S�,
2n�1

n�1 − Zb
� , �A8�

where �1=1+S�+Zb /�1 and �2=4+k+S�+S�2
. The symbols

n and p designated the principal quantum number and the
number of nodes, respectively, of the radial wave function
�B8�, expression for S� is given in Appendix B. Following
the above described algorithm, the two-electron exchange
interactions H�20� for the direct two-electron capture from the
molecule H2 to He2+ ion resulting in formation of specific
He�1s ,n�� states have the form

H�20��2H+ + He�1s2�� = 62.32e−2.406RR0.05657

��1 + 0.334 cos 2�

+ 0.0185 cos 4�� ,

H�20��2H+ + He�1s2s�� = 0.00352e−1.602RR3.378

��1 + 0.322 cos 2�

+ 0.0284 cos 4�� .

APPENDIX B

We shall calculate the matrix elements Hb�1�
�q� , Hb�2�

�q� �see
Eqs. �106� and �108�� and Ha�1�

�k� �d�, Ha�2�
�k� �d� �see Eqs. �100�

and �103��. Consider transitions in the field of pure Coulomb
center Zb, atomic ion BZb+, and molecular ion A2

Za+. We shall
use the primes to indicate the excited states of the correspon-
dent ion.

1. Transitions in the Coulomb field of the bare nuclei Zb

It is convenient to use parabolic coordinate system
�� ,� ,�	 with axis z directed along the vector R. The
bounded state electron wave function �nn1m�rb� of the ion
eZb in this coordinates has the form

�nn1m�rb� = Nnn1m�
m/2�m/2e−Zb/2n��+��F�− n1,m + 1,Zb�/n�

�F�− n2,m + 1,Zb�/n�
eim�

�2�
, �B1�

where the normalization constant Nnn1m given by

Nnn1m =
�2Zb

3/2

��m� ! n�2�Zb

n
��m���n1 + �m�� ! �n2 + �m��!

n1 ! n2!
.

�B2�

Through the symbol �nn1n2m� we designate the set of para-
bolic quantum numbers. We assume that the wave function
of the final state �b

�0��rb� has zero orbital momentum projec-
tion, i.e., �b

�0��rb�=�nn10�rb�. We shall consider two cases for
initial state wave function �b

�1��rb� which are characterized
by zero and nonzero orbital momentum projection: �i� �b

�1�

=�n�n1�0 and �ii� �b
�1�= 1

�2
��n�n1�+1+�n�n1�−1�, respectively.

After elementary integration with hydrogenlike wave
functions �B1� in the parabolic coordinates we come to fol-
lowing expressions for matrix element of the bound-bound
transitions for the case �i�:

Hb�1�
�q� =

�0q

16
� 3

�
Nnn10Nn�n1�0

�
s=0

n1�


k=0

n2� �− n1��s�− n2��k

�s ! k!�2 �Zb

n�
�s+k

�Is+2
���Ik

��� − Is
���Ik+2

��� � ,

�B3�

and for the case �ii� we have

Hb�1�
�q� =

− q

16
� 3

�
Nnn10Nn�n1�q

�
s=0

n1�


k=0

n2� �− n1��s�− n2��k

�s + 1� ! s ! �k + 1� ! k!
�Zb

n�
�s+k

�Is+2
���Ik+1

���

+ Is+1
���Ik+2

��� � . �B4�

The matrix elements of the quadrupole transitions Hb�2�
�q�

are represented in the following form. Case �i�:

Hb�2�
�q� =

�0q

32
� 5

�
Nnn10Nn�n1�0

�
s=0

n1�


k=0

n2� �− n1��s�− n2��k

�s ! k!�2 �Zb

n�
�s+k

�Is
���Ik+3

���

− 3Is+1
���Ik+2

��� − 3Is+2
���Ik+1

��� + Is+3
���Ik

���� , �B5�

and for the case �ii� we have

Hb�2�
�q� =

− q

32
�15

�
Nnn10Nn�n1�q

�
s=0

n1�


k=0

n2� �− n1��s�− n2��k

�s + 1� ! s ! �k + 1� ! k!
�Zb

n�
�s+k

�Is+3
���Ik+1

���

− Is+1
���Ik+3

��� � . �B6�

In the above formulas we used the following designations:

Is
��� = s ! � 2nn�

Zb�n − n��
�s+1

2F1�n1 + 1,s + 1;1;
2n�

n� − n
�,

Ik
��� = Is→k

��� �n1 → n2� .

2. Transitions in the field of atomic ion BZb+

We shall calculate the matrix element of bound-bound
transitions in the field of closed electronic shell atomic core
BZb+ within conception of effective screened potential

Veff�r� = −
Zb

r
+

A�

r2 . �B7�

The normalized wave function �n�m
�eff��rb� in this potential

reads �8�
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�n�m
�eff��rb� =

2n−pn−2

"�2n − 2p�
�"�2n − p�

"�p + 1�
Rn,n−p−1

�1� �rb/n�Y�
m��b,�b� ,

�B8�

where p is the number of nodes of the radial part of �n�m
�eff��rb�.

Empirical parameter A� is determined by fitting the ground-
state energy in potential �B7� with corresponding experimen-
tal values. We assume that the final state wave function
�b

�0��rb� with p nodes is given by �b
�0��rb�=�nl0

�eff��rb�, where
n=Zb /�2 and l=�2. Similarly as in previous subsection we
shall consider the two cases for initial state p�-nodes wave
function �b

�1��rb�: �i� �b
�1��rb�=�n�l�0

�eff� �rb� and �ii� �b
�1��rb�

= 1
�2

��n�l�+1
�eff� �rb�+�n�l�−1

�eff� �rb��.
Using wave functions �B8� after elementary integrations,

we come to the following expression for matrix elements of
bound-bound transitions on atomic ion BZb+ in case �i�:

Hb�j�
�q� =��2j + 1��2l� + 1�

��2l + 1�
Cl0j0

l�0 Cl0jq
l�q Ir

�j�, �B9�

and in the case �ii�:

Hb�j�
�q� =��2j + 1��2l + 1�

2��2l� + 1�
Cl0j0

l�0 Cl0jq
l�q Ir

�j�. �B10�

The radial integral Ir
�j� �j=1,2� given by

Ir
�j� =��2Sl� + p� + 1� ! �2Sl + p + 1�!

p� ! p!

�
�2

�Sl�+2
�2

Sl+22Sl�+Sl+2

Zb�2Sl + 1� ! �2Sl� + 1�!k=0

p
�− p�k�2�2�k

�2S + 2�kk!

�%k − 1�!
��2 − �2��

%k

�2F1�2Sl� + 2 + p�,%k;2Sl� + 2,
− 2�2�

��2 − �2��
� , �B11�

where %k=3+Sl�+Sl+k+ j, S�= 1
2 ��1+8A�+4���+1�−1�,

and −�2�
2 /2 is the electronic energy of the initial state

�b
�1��rb�.

3. Electron transitions on the hydrogenlike molecular ion eZZ

We shall calculate the matrix elements Ha�i�
�k� �i=1,2� in

prolate spheroidal coordinate system �� ,� ,�a	 �see Eq.
�44��:

Ha�i�
�k� = �

0

2�

d�a�
−1

+1

d��
1

�

d��d

2
�3

��2 − �2��a
�0���,�,�a�

��V��a
�1���,�,�a� , �B12�

where �V� is the operator of dipole �i=1� or quadrupole �i
=2� transitions written in spheroidal coordinates �� ,� ,�a	.
We calculate the three-dimensional integrals in Eq. �B12�
using exact numerical one-electron wave functions
�a

�0,1��� ,� ,�a�. Combining the corresponding matrix ele-
ments that are responsible for transitions near atomic ion �see
Eq. �A7�� with the matrix elements of bound-bound transi-
tions in Eq. �B12� we come to the expression for matrix
elements of the two-electron processes of the electron trans-
fer with simultaneous dissociation �in our case� of the mo-
lecular ion H2

+:

H�21��He+ + H2
+�2s%�� = 0.1575

e−1.062R

R2.175 �1 + 2.481 cos 2�

+ 0.237 cos 4� + 0.013 cos 6�� ,

H�21��He+ + H2
+�2p%�� = − 4.6

e−1.062R

R1.175 cos ��1

+ 0.197 cos 2� + 0.0113 cos 4�� .

�1� T. E. Cravens, Geophys. Res. Lett. 24, 105 �1997�.
�2� M. Rigazio, V. Kharchenko, and A. Dalgarno, Phys. Rev. A

66, 064701 �2002�.
�3� S. Otranto, R. E. Olson, and P. Beiersdorfer, J. Phys.: Conf.

Ser. 58, 165 �2007�.
�4� R. Lallement, Astron. Astrophys. 422, 391 �2004�.
�5� R. K. Janev, Contemp. Phys. 46, 121 �2005�.
�6� O. B. Firsov, Zh. Eksp. Teor. Fiz. 21, 1001 �1951�.
�7� B. M. Smirnov, Asymptotic Methods in the Theory of Atomic

Collisions �Nauka, Moscow, 1973�; B. M. Smirnov, Physics of
Atoms and Ions �Springer, Berlin, 2003�.

�8� L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-
relativistic Theory �Pergamon Press, New York, 1977�.

�9� C. Herring, Rev. Mod. Phys. 34, 631 �1962�.
�10� C. Herring and M. Flicker, Phys. Rev. 134, A362 �1964�.
�11� T. Holstein, J. Phys. Chem. 56, 832 �1952�.
�12� I. V. Komarov and R. K. Janev, Sov. Phys. JETP 24, 1259

�1967�.
�13� M. I. Chibisov, Zh. Eksp. Teor. Fiz. 70, 1687 �1976�.
�14� T. P. Grozdanov and R. K. Janev, J. Phys. B 13, 3431 �1980�.

�15� M. I. Chibisov and R. K. Janev, Phys. Rep. 166, 1 �1988�.
�16� V. Yu. Lazur, M. V. Khoma, and R. K. Janev, Phys. Rev. A 73,

032723 �2006�.
�17� D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonskiy,

Quantum Theory of Angular Momentum �World Scientific,
Singapore, 1988�.

�18� A. A. Radzig and B. M. Smirnov, Reference Data on Atoms,
Molecules and Ions �Springer, Berlin, 1985�.

�19� A. V. Evseev, A. A. Radzig, and B. M. Smirnov, Zh. Eksp.
Teor. Fiz. 77, 560 �1979�.

�20� E. Clementi and C. Roetti, At. Data Nucl. Data Tables 14, 177
�1974�.

�21� M. I. Chibisov, Zh. Eksp. Teor. Fiz. 76, 1898 �1979�.
�22� V. Yu. Lazur, M. V. Khoma, and R. K. Janev, J. Phys. B 37,

1245 �2004�.
�23� I. V. Komarov, L. I. Ponomarev, and S. Yu. Slavyanov, Sphe-

roidal and Coulomb Spheroidal Functions �Nauka, Moscow,
1976�.

�24� H. Bateman and A. Erdelyi, Higher Transcendental Functions
�McGraw-Hill, New York, 1953�, Vol. 1.

ASYMPTOTIC THEORY OF THE ONE- AND TWO-… PHYSICAL REVIEW A 80, 032706 �2009�

032706-19



�25� E. W. Leaver, J. Math. Phys. 27, 1238 �1986�.
�26� D. I. Abramov and S. Yu. Slavyanov, J. Phys. B 11, 2229

�1978�.
�27� V. Yu. Lazur, T. P. Grozdanov, and R. K. Janev, Khim. Fiz. 5,

1471 �1986�.
�28� L. F. Errea, A. Macias, L. Mendez, B. Pons, and A. Riera, J.

Phys. B 36, L135 �2003�; J. Chem. Phys. 119, 325 �2003�.
�29� J. M. Hodgkinson, T. McLaughlin, R. W. McCullough, J. Ged-

des, and H. B. Gilbody, J. Phys. B 28, L393 �1995�.
�30� M. B. Shah, P. McCallion, and H. B. Gilbody, J. Phys. B 22,

3983 �1989�.
�31� Z. Juhasz, G. Lubinski, R. Morgenstern, and R. Hoekstra, At.

Plasma-Mater. Interact. Data Fusion 10, 25 �2002�.
�32� R. Hoekstra, H. O. Folkers, J. P. Beijers, R. Morgenstern, and

F. J. de Heer, J. Phys. B 27, 2021 �1994�.
�33� T. Kusakabe, H. Yoneda, Y. Mizumoto, and K. Katsurayama, J.

Phys. Soc. Jpn. 59, 1218 �1990�.
�34� T. Kusakabe, Y. Miyamoto, M. Kimura, and H. Tawara, Phys.

Rev. A 73, 022706 �2006�.
�35� K. Okuno, K. Soejima, and Y. Kaneko, J. Phys. B 25, L105

�1992�.
�36� M. B. Shah and H. B. Gilbody, J. Phys. B 11, 121 �1978�.
�37� V. V. Afrosimov, G. A. Leiko, and M. N. Panov, Sov. Phys.

Tech. Phys. 25, 313 �1980�; Pis’ma Zh. Tekh. Fiz. 50, 519
�1980�.

�38� S. Figueira da Silva, H.-P. Winter, and F. Aumayr, Phys. Rev.
A 75, 042706 �2007�.

�39� M. E. Rudd, R. D. DuBois, L. H. Toburen, C. A. Ratcliffe, and

T. V. Goffe, Phys. Rev. A 28, 3244 �1983�; M. E. Rudd, T. V.
Goffe, and A. Itoh, ibid. 32, 2128 �1985�.

�40� N. Shimakura, M. Kimura, and N. F. Lane, Phys. Rev. A 47,
709 �1993�.

�41� B. H. Bransden and M. R. C. McDowell, Charge Exchange
and the Theory of Ion-Atom Collisions �Clarendon Press, Ox-
ford, 1992�.

�42� L. F. Errea, J. D. Gorfinkiel, A. Macias, L. Mendez, and A.
Riera, J. Phys. B 30, 3855 �1997�.

�43� NIST Atomic Spectra Database, http://physics.nist.gov/
PhysRefData/ASD/

�44� L. Wolniewicz and K. Dreizler, J. Chem. Phys. 88, 3861
�1988�.

�45� A. C. Hindmarsh, Scientific Computing, edited by R. S. Steple-
man et al., IMACS Transaction on Scientific Computation,
�North-Holland, Amsterdam, 1983, Vol 1, pp. 55–64.

�46� Public Domain of the Center for Applied Scientific Comput-
ing, Lawrence Livermore National Laboratory: http://
www.llnl.gov/CASC/odepack/

�47� C. A. Coulson, Proc. Camb. Philos. Soc. 34, 204 �1938�; E.
Callen, J. Chem. Phys. 23, 360 �1955�.

�48� M. V. Khoma, O. M. Karbovanets, M. I. Karbovanets, and R.
J. Buenker, Phys. Scr. 78, 065201 �2008�.

�49� M. U. Kuchiev and S. A. Sheinerman, Sov. Phys. Usp. 32, 569
�1989�.

�50� R. K. Janev and L. P. Presnyakov, Phys. Rep. 70, 1 �1981�.
�51� S. Martínez, G. Bernardi, P. Focke, A. D. González, and S.

Suárez, J. Phys. B 36, 4813 �2003�.

KHOMA, LAZUR, AND JANEV PHYSICAL REVIEW A 80, 032706 �2009�

032706-20


