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We present an analysis of complete positivity constraints on qutrit-qubit and qutrit-qutrit quantum channels
that have a form of affine transformations of a generalized Bloch vector. We show that, in general, the complete
positivity constraints for qutrit channels’ parameters reveal nonlinearities and cannot be reduced to piecewise
linear conditions defining a convex simplex. We discuss qutrit-qubit entanglement breaking channels and show

Kraus representation for qutrit-qutrit damping channels.
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I. INTRODUCTION

The characterization of quantum channels aka trace pre-
serving completely positive maps (CPMs) is one of the cen-
tral questions of the quantum information theory. The con-
cept of quantum channels appears naturally in quantum
communications theory and is a direct generalization of the
channels known in classical information theory [1]. The typi-
cal question concerning quantum channels concerns various
types of capacities (cf. [2]), as well as entanglement trans-
mission and/or breaking properties [3-5]. The very same
concept of trace preserving CPMs is more frequently used to
describe processes that physically may take place and lead to
evolution of quantum states [6—8].

Before even starting to investigate the properties of quan-
tum channels, it is already of great importance to be able to
parametrize them in an efficient and useful way. So far, this
has been achieved for the case of maps carrying states of one
qubit into states of one qubit. The full analysis of quantum
qubit-qubit channels has been presented in Ref. [9]. This
paper gives a connection between the dynamics of a two-
level system, represented in terms of Bloch equations, and
the quantum channel formalism [9]. One derives here strict
mathematical conditions and bounds that the parameters that
appear in Bloch formalism must obey. These mathematical
conditions and bounds are the direct consequence of the fact
that each physical process corresponds to a completely posi-
tive map.

These results are of great importance and have various
nontrivial applications. For example, in Ref. [10] the authors
have used the results of [9] to completely characterize renor-
malization group transformations of a certain class of quan-
tum states (the simplest instance of the so-called matrix
product states). Such analysis is very much desired for other
classes of states, but it requires a better understanding of the
properties of CPMs acting in higher dimensional spaces.
Similarly, determination whether a given map is entangle-
ment breaking (EB), or not, is equivalent to checking
whether a certain bipartite state is separable or not. Knowing
that the channel is EB allows to realize the channel experi-
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mentally via the set of local measurements [positive-
operator-valued measure (POVM)] [3,5]. The property of
partial EB implies that the channel (when acting on bipartite
states) can produce entangled states with limited Schmidt
number (for definitions see [11]).

In this paper, we aim at the analysis of the simplest CPMs
for qutrit channels. Qutrit states are the states belonging to
three-dimensional Hilbert space and, in analogy to qubit
case, one can use a generalized Bloch formalism to describe
their evolution [12,13]. We consider here two cases as fol-
lows.

(i) Qutrit-qubit CPMs: these maps may be considered as
quantum communication channels with ancillas or with as-
sistance. Alternatively, one can look at them as describing
the reduced evolution of a system plus ancilla (resumed by
performing a measurement POVM).

(ii) Qutrit-qutrit maps: these maps have standard interpre-
tations as quantum channels or dynamical transformations.

In our approach we tend to use the dynamical interpreta-
tion; i.e., we investigate the evolution of a generalized qutrit
Bloch vector that evolves within a Bloch ball. As a natural
choice, we investigate qutrit channels of the general form of
linear transformations of the qutrit Bloch vector. In particular
we focus on affine transformations acting on qutrit Bloch
vectors.

Our main results can be summarized as follows:

(i) We derive the complete positivity constraints for qutrit-
qubit channels (Secs. V A and V B).

(ii) We characterize qutrit-qubit entanglement breaking
channels (Sec. V C).

(iii) We derive the complete positivity (CP) constraints for
damping qutrit-qutrit channels previously obtained by Dixit
and Sudarshan [14] using a different method (Sec. VI C).

(iv) We derive the CP constraints for qutrit-qutrit channels
with damping and shifting (Secs. VI D and VI E) and present
also the Kraus representation for qutrit damping channels
(Sec. VIC2).

(v) We present an interesting class of “false” qutrit-qubit
channels (Sec. VI F).

(vi) We discuss the PPT qutrit-qutrit channels (Sec. VI H)
and two-qutrit states defined by the qutrit-qutrit channels
(Sec. VIG).

Our results show that contrary to the qubit-qubit case and
quite generally, CP constraints on channel parameters lead in
the qutrit-qubit or qutrit-qutrit cases to nonlinear structures
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in the parameter space, that do not correspond to simple
simplexes. We point out that there exist qutrit-qubit channels
that are entanglement breaking and discuss their properties.
We find the class of qutrit channels that corresponds to two
qutrit states that cannot be described only by the magic sim-
plex states [15]. Interestingly, the qubit tetrahedronlike sim-
plex structures reappear in a specific class of qutrit channels
(Sec. VIF).

The paper is organized according to the obtained results.
It does contain, however, other sections, where we introduce
the necessary quantum state description (Sec. II), complete
positivity issues (Sec. III), and Choi-Jamiolkowski-
Sudarshan isomorphism (Sec. III). We also recall the physi-
cal background of the Bloch vector qubit and qutrit formal-
ism.

II. STATE DESCRIPTION

Let us first recall the idea behind the Bloch formalism.
This, in qubit case, corresponds to the choice of representa-
tion of the qubit state density operator: the basis of Pauli
matrices o; [6,16],

1 .
pq,,=5(1[+b-&), (1)

where b is a three-dimensional, real Bloch vector, describing
the qubit state and satisfying P=1 (equality for pure states).
Qubit states occupy entirely the Bloch ball. In a similar way
we can represent a qutrit state, a state belonging to three-
dimensional Hilbert space. In qutrit case the choice of repre-
sentation is set to be the basis of Gell-Mann matrices \;, the
generators of SU(3) group [17]

1 . -
pur= 31+ V3 X). )

Here 7 is a generalized Bloch vector, real, and eight dimen-
sional. Qutrit states can be characterized by condition 7’
= 1. However, qutrit case is more sophisticated: pure states

are states for which two conditions are satisfied [12,17]:
A%i=A, (3)

where * product is defined as (X*é),-:d,-jkAjBk, with d;j
being a totally symmetric tensor [12]. Qutrit states belong to
a generalized Bloch ball; qutrit pure states belong to the unit
sphere S’={ii € R®:7i?=1}. However, physical qutrit states
do not occupy entirely the generalized Bloch ball. The pure
qutrit states [states satisfying conditions (3)] form a subset of
the unit sphere. They can be parametrized with four param-
eters [17] as follows:

|W) = e'Xisin 6 cos ¢|0) + e'X2 sin 6 sin B|1) + cos 6]2),
(4)
where 0=6,¢<7,0=x;,x,<27 and overall phase was

omitted. Hence, the set of pure qutrit states is a four-
dimensional subset of a seven-dimensional sphere [13].
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III. COMPLETELY POSITIVE TRACE PRESERVING
MAPS

It was shown in [18,19] that physical transformations
must not only be positivity preserving but there exist more
subtle conditions to satisfy; these are called CP conditions
[7,18]. The classification of qubit channels according to com-
plete positivity is well known [9]. We want to present a simi-
lar analysis for qutrit channels.

We represent a physical system with Hilbert space H.
B(H) is the algebra of all bounded operators on ; a linear
map ®P:B(H)—B(H) is completely positive if for every
positive integer m the map,

O =® @ I":B(H) © M™ > B(H) @ M™,  (5)

is positive (where 1 is the identity operator on the algebra
MU of mXm complex matrices) [18]. This can be inter-
preted by saying that ® acts on a subsystem A of a larger
Hilbert space and there is a reservoir (or subsystem B) on
which we act with unit operator 1t Here, we do not know
the dimension of the reservoir and therefore ® must be
positive for any m. It was shown that every CPM has an
operator-sum or Kraus representation [20],

P (p) = 2 Kipkc], (©)

with K; being a set of Kraus operators satisfying E,-IC;"ICI:JL

To evaluate whether a given transformation @ (a linear
map) is completely positive we need to construct the so-
called dynamical (or Choi-Sudarshan) matrix of the order
N?XN? (N is the dimension of the system of interest). We
will denote the dynamical matrix with Dg [7,18]. Dynamical
matrix represents uniquely channel action. We denote with
Ej NXN matrix with 1 at position (j,k) and zeros else-
where. The map @ is CPM if and only if:

N
Dg= 2, O(E;) ® Eyj, (7)

ij=1

is positive semidefinite (Dg=0).

Channel ® must preserve hermiticity of density matrix
and therefore its dynamical matrix must be Hermitian: Dg
:be. Trace preserving of the density operators means that
the partial trace of Dy with respect to the first subsystem (A)
gives the unit operator for the second subsystem: Tr, Dg=1.
To evaluate the entries of dynamical matrix, we need to com-
pute the action of the channel ® on Ej;. The non-negativity
of the dynamical matrix is directly given by the non-
negativity of its eigenvalues. However, if finding the eigen-
values is not successful one can analyze the characteristic
polynomial of Dg. If we denote the latter with Pg(x) then, by
the Descartes’ theorem [21], the number of negative roots of
Pg(x) is equal to the number of sign changes in the list of
coefficients of Pg(—x) [dynamical matrix Dg, is Hermitian,
therefore all its eigenvalues are real and the characteristic
polynomial Pg(x) has real coefficients].

On the other hand, N*> X N2, positive and Hermitian dy-
namical matrix Dg must correspond to a density operator
acting on an N*-dimensional Hilbert space. This relation is
up to normalization factor, since Tr Dg=N. Hence pg

032322-2



COMPLETE POSITIVITY CONDITIONS FOR QUANTUM...

:ﬁDq) is a proper density matrix that we can write as

1 1
po=—1D

N 1 1 N
SPo=3 2 (i © () = Do = 3 B(E,)

ij=1 N ij=1
® Ej;. (8)

The set of density operators defined by dynamical matrices is
only a subset of density matrices in N*>-dimensional Hilbert
space since dynamical matrices must satisfy Try Dg=1I. The
fact that completely positive maps ®CP¥, which are repre-
sented uniquely by the dynamical matrices, correspond to
states is known as the Choi-Jamiotkowski-Sudarshan isomor-
phism [22].

Therefore, when analyzing quantum channels we can re-
interpret it as an analysis of bipartite quantum states. In case
of qutrit-qubit channels the density operator of the bipartite
state is six dimensional, and for qutrit channels—nine di-
mensional.

IV. QUANTUM QUBIT CHANNELS
A. Bloch equations

To recall the qubit case analysis, we can start with a two-
level quantum system and its evolution. The latter can be
written by means of Bloch equations that are equations for
components of Bloch vector b=(u,v,w). If we take, for in-
stance, decoherence of a two-level atom, these equations
read

1
w=——u-Av,
u

1
v=——v+Au+Qw,
v

W:—Ti(w—weq)—ﬂw, 9)

w

and represent the evolution of the system. Here () and A are
Rabi frequency and detuning, respectively. % stands for de-
cay rates for the atomic dipole (i=u,v) and decay rate of the
atomic inversion (i=w). These equations, when put together,
give rise to an affine transformation of the qubit Bloch vector
that is governed by the parameters listed above. Any physical
process amounts to a transformation of the qubit state that is
already a completely positive map. However, not every af-
fine transformation of the (qubit) Bloch vector will be a com-
pletely positive map.

B. Affine transformations on qubit Bloch vectors

The analysis of completely positive trace preserving maps
on M, (complex two-dimensional matrices) has been stud-
ied extensively [9,16] and gives the answer to the problem.
Without loss of generality one can analyze qubit channels
that transform qubit Bloch vector according to
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DP:b > b' = Ah + 7, (10)

where matrix A% :diag{A‘fb,Agb,A%b} consists of damping
eigenvalues A% and #°=(11",14",1{") is a translation. The
image of Bloch sphere of pure states (b®=1) under such
transformation is the ellipsoid

u — tqb 2 o' _tqb 2 w' — tqb 2
( qbl)+( qbz " qu =1, (D
Al A2 A3

with its center defined by ##* and its axes by A9”. The set of
conditions on both A% and #¢” can be found in [9,16]. When
we limit ourselves just to damping (or diagonal) qubit chan-
nels (meaning 77°=0), then the set of allowed A?b form a
tetrahedron structure [7,9]. This structure reappears also in
the space of two qubit states.

V. QUTRIT-QUBIT CHANNELS

In this section we will analyze channels that transform
quantum qutrit states to quantum qubit states. The action of
such a channel can be shown as

il N ¥
- pqubitz ’ (12)
V3 2

pqutrit=

NG [Zr 2 = =) =

where we used the notation: N'=(\515,\), ¢'=(I,0), 71
=(é,ﬁ), b'=(1,b), and 7i,b are the usual qutrit and qubit
Bloch vectors, respectively. Since the states are characterized

by their Bloch vectors (77 ,l;), one can rewrite the channel
action as

O3 27— b = A, (13)

where A32 is a 4 X9 matrix containing both damping and
translation parameters and has the following form:

s \E 0...0
A2=| D (14)
V213 Lizxs)

(the numbers in the brackets indicate object size). In general,
all the entries of L matrix can be nonzero—hence the infor-
mation encoded in eight-dimensional qutrit Bloch vector is
used, together with translation f, to construct a three-
dimensional qubit Bloch vector. The question is what are the
complete positivity limits imposed on this transformation.
For simplicity, we divide this problem into two steps: the
first one—investigate a transformation which does not in-
clude a translation (only damping), and the second one—add
translations to the damping.

A. Damping qutrit-qubit channels

To analyze complete positivity constraints on the qutrit-
qubit channels which act on qutrit Bloch vector only by
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means of dgmpmg matrix L=(.A,<j),<=1,2,3;j=1’“_’8, we construct
corresponding dynamical matrix D,

3

D, = 2 X)) ® [ix]. (15)

ij=1

In general, we keep all the parameters A;; nonzero and as-
sume that [A;|=1. This channel transforms the Bloch vec-
tors according to

8
(DL:ﬁ—> 5=2 (Aljnj,AzjnJ,A3jnj) (16)
j=1

The question is what the CP-allowed values of Ajjare. If we
apply Descartes’ theorem to the characteristic polynomial
P, (x) of dynamical matrix D, we get five inequalities which
must be satisfied to guarantee that D; does not have any
negative eigenvalues. These inequalities are, in principle,
nonlinear in A;; parameters since they correspond to coeffi-
cients p, of characteristic polynomial PL(x):ES=0prS with
0=k=4. The simplest CP condition in this case, given by

8

> Aj<I0, (17)
i=1,2,3:j=1

corresponds to a ball in the space of all parameters A;; (qua-
dratic condition). The rest of the CP conditions obtained in
this manner are inequalities of higher order in channel pa-
rameters (up to sixth order)—there is no linear condition
given by this method; a second inequality (third order in
channel parameters) is shown in Appendix A. For some
channels the list of nonlinear CP conditions might be equiva-
lent to some linear CP conditions (defining hyperplanes).

Below we show two examples of damping qutrit-qubit
channels—one of them reveals a polyhedronlike structure (a)
in the space of CP-allowed channel parameter values; the
other one shows nonlinear structure (b).

Example 1. As a first example we take a channel that
transforms qutrit Bloch vector according to

q)l:ﬁ—> ];1 :(0,0,A33n3+A38n8). (18)

The analysis of its dynamical matrix characteristic poly-
nomial gives the following (nontrivial) CP inequalities

5
37t (A3 +A3)* —4(A3; + A3g) >0,

1 4
37t (A3 +A%p)* - g(A.%s +A%) >0,

(4A5— D[1+(3A3; - A3)? —2(A5;+ A3)]1 <0, (19)

where the last one of these is in fact Det Dg, >(0. However,
it turns out that in this case the dynamical matrix describing
@, channel has a diagonal form. Therefore it is straightfor-
ward to write down CP conditions for its eigenvalues,
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1.0 1.0
0.5 H 0.5 H
Asg 0.0 ] Asg 0.0 ]
-0.5 -0.5H
-1.0 T T T -1.0 T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
(a) A3 (b) A3z

FIG. 1. The figures show CP-allowed region for damping qutrit-
qubit channels that have the form (a) given by Eq. (18) and (b)
given by Eq. (21). A3z, Asg are dimensionless channel parameters.

1+ \”§A33 + A38 = 0,
1+ \'/§A33 - A38 = 0,

1 +2A5=0. (20)

Both sets of CP inequalities (19) and (20) give the same
CP-allowed region of parameters As;,Asg shown on Fig.
1(a).

Example 2. On the other hand, we can change a channel
given in example 1, to have a channel that transforms the
Bloch vector according to

(Dz:ﬁ — 52 = (A33n1,A38n2,A33n3 + A38n8) . (21)

The channel is simple enough to find the eigenvalues of the
corresponding dynamical matrix explicitly what gives the
following CP constraints,

1+ Ay >0,

5 \«6/\33 + \’/3/\%3 —6A53A 5+ 4/\%8 >0,

2435 £ 3AL +6A5A 5 +4A% >0 (22)

The corresponding CP region of allowed channel parameters
is presented in Fig. 1(b).

B. General qutrit-qubit channels—damping and shifting

The next step is to investigate qutrit-qubit channels that
also include translations in A3~2 matrix. Therefore the trans-
formation on qutrit Bloch vector is the most general one
[producing a qubit state, Eq. (13)]. Since we do allow the
general form of A2, the analytical treatment of the corre-
sponding dynamical matrix Ds_,,

3
Ds o= 2 (i) ® |l (23)

ij=1

becomes sophisticated. Again we analyze the characteristic
polynomial of dynamical matrix D;_, and check when it has
no negative roots (eigenvalues). As before, there are five CP
inequalities which must be satisfied to have a physical trans-
formation. They are all nonlinear in parameters A;;,;. The
simplest one is given by

ij>
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1.0
05
Azg 0.0 H

~05 1

) —
10 -05 00 05 1.0

A3z

FIG. 2. The figure shows an example of a qutrit-qubit channel
[Eq. (25)] that involves damping and shifting of Bloch vector;
A33,Aszg are dimensionless channel parameters.

8 3
> A2+22 1> < 10, (24)
i=1,2,3;j=1

and in Appendix A we show explicitly one more (cubic in
Ay L)
For some channels the nonlinear CP conditions might
simplify to linear constraints on channel parameters.
Example. As an example we take the modified channel @,
given as an example of damping qutrit-qubit channel. Here,
we add a translation that introduces nonzero b, ,,

D517 — by = (As3, Ayg, Aygng + Asgng). (25)

The CP inequalities can be given directly by the eigenvalues
of the corresponding dynamical matrix, since the channel has
a fairly simple form,

N
1+ VA3 +A%=0

2 * \/7/\%3 - 2\/§A33A38 + SA%S = 0,

2+ \/7A%3 + 2\/§A33A38 + 5A38 = (26)

The CP region for this channel, shown on Fig. 2, is a modi-
fied region that we have seen on Fig. 1(a). Adding translation
caused some shrinking and smoothening—the structure is no
longer linear.

C. Qutrit-qubit entanglement breaking channels

By means of Choi-Jamiotkowski-Sudarshan isomorphism
we know that dynamical matrices of qutrit-qubit channels
correspond to qubit-qutrit states. Density operator given by

E P2(|ris)) @ PG| (27)

rvl

1
==Ds ,=

P3-2 3

represents a 2 X 3 qubit-qutrit system. However, states given
by Eq. (27) only form a subset in the space of all qubit-qutrit
states, since the condition Tr, D;_,=15 must be satisfied. One
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can ask about the entanglement of the state represented by
p3_». We know that for qubit-qutrit states there exist neces-
sary and sufficient condition for entanglement detection—
Peres-Horodeccy criterion [23,24]—PPT. To check whether
a state p;_, is separable, we need to find out if

3
1
£=7 2 E [@2(r)sD)T" @ [r)(s] (28)
is a proper density operator (positive semidefinite).

Here are two examples of states and channels—separable
and entangled one, both satisfying the channel partial trace
condition. The first one is given by a density matrix

1
Pex1 = 2

(29)

where P(|¥)) denotes a projector onto the subspace spanned
by |¥). The state p,,, is separable and corresponds to a chan-
nel given by

ny +l’l4+n6
(I)exl:ﬁ_’bexl ==\ nm—nstny |, (30)
V3 0

which is a damping type channel.
The second example is given by a state

1
Pex2 = g

(31)

which is entangled (according to PPT criterion) and corre-
sponds to a channel
ny+ny+ng
cI)exZ:ﬁ_)be)Q:Tg np,tns+nyg |, (32)
\l’ !’_
nj + \'3ng

Therefore ®,,, is not an entanglement breaking channel.
Furthermore, we can analyze a class of similar channels that
act on the Bloch vector in the following way:

Ay +ng+ng) + Ay A,
D, 51— l;ex3 =| Ay(mp+ns+ny) + A A, | (33)
A (ny+ng) + A A,
In Fig. 3 we show region of CP-allowed values of A, A,

together with a region for which the channel @, is en-
tanglement breaking.

VL. QUANTUM QUTRIT CHANNELS
A. Qutrit Bloch equations

As before, we can start the analysis of transformations on
qutrit quantum states with the analysis of a three-level atom
for which we can write down Bloch equations. The three-
level atom is not the only possible physical realization
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1.0 1.0
0.5 { 0.5 H
Axy 00§ Axy 0.0 1
-05 -05 f
-10 : : : -10 ‘ ‘ ‘
-1.0 =05 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
(@) A (b) A

FIG. 3. (a) CP-allowed region for channel ®,,3, (b) the region of
entanglement breaking channels of ®,,3 type; A,, and A are di-
mensionless channel parameters.

[25,26] but it is very illustrative. The analog of the Bloch
vector for the case of a three-level atom was in the beginning

introduced as a (eight-dimensional, real) coherent vector S
[27], in which components (denoted as u,v,w) were defined
as

Ujk = Pji t Prj>

Ujk= l(ij - ij),

2
Wi =— m(Pn‘FPzz"‘ o= Ipny ), (34)

with 1 =j<k=3 and 1=/=2. Now, as an example of the
physical system we can take a three-level atom for which
nonzero dipole moments are between levels 1 and 2, and 2
and 3. The atom interacts with the electric field (two electro-
magnetic waves incident on the atom) and we assume that
detunings are the same (A,=—A,3=A). The corresponding

Bloch equations for coherent vector S are

Uy =Av,+ Buys,
liy3=—Avy; — avys,
lij3= Bup — avys,
1}12: - AM]Z—,BM13 + ZCYWI,
. !/—
U3 = Aups + auy3 = Bwy + V3 Bw,,
V13 =~ Bujp + iy,
Wi =—2avy+ Buas,

Wz =- \‘JEBUZ% (35)

where a, B are related to two Rabi frequencies [27]. These
equations are a generalization of the equations we have seen
in the qubit case.

In this work we use a slightly different notation for the
qutrit vector—we already have introduced qutrit Bloch vec-
tor 77 related to the choice of Gell-Mann matrices basis (in
some works generalized Bloch vectors are also called coher-
ent vectors [12]). These two vectors (S and 7) are of course
equivalent.
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Parameters that appear in the qutrit Bloch equations have
physical background; therefore, the resulting affine transfor-
mation is a completely positive map. However, our question
is the opposite: given an arbitrary affine transformation on
qutrit Bloch vector what are the conditions on its parameters
which guarantee complete positivity?

B. Affine transformations of qutrit Bloch vectors

Having in mind the question stated above, we will look at
transformations of qutrit Bloch vector that have a form

O:ii—i = A +1, (36)

where A=diag{A,,...,Ag} consists of eight damping coeffi-
cients and 7 is an eight-dimensional translation. The image of
the set of pure states under this transformation is

8 n—1.\?
21( A, ) =h 57

1

together with the condition for * product 7i* =1,

n —t n;—tn, —t
T e 38
Ai ijk Aj Ak ( )
On the other hand, parameters A;,#; must satisfy
2 Ap+1) =1, (39)

l

according to the requirement 7i’><1. However, complete
positivity is a much stronger condition than the condition
saying that we cannot exceed value 1 for the length of Bloch
vector. The latter, in qubit case, amounts only to the state-
ment that the density operator must be a positive definite
operator. In qutrit case, however, it is even less than that
since not every point within the S7 sphere corresponds to
density operator.

To construct dynamical matrix Dg, we apply the channel
action to E;—®(Ej), representing it in the basis of Gell-
Mann matrices: E; :%ng‘)\a (where @ €{0,...,8}, )\Oz\@l,
and n/f can be interpreted as an analog of Bloch vector).

We will first look at channels that consist only of a damp-
ing matrix and do not have a translation. These channels are
in fact unital since they leave the maximally mixed state
unchanged (they are called bistochastic maps [9]). Later on,
we will look at channels that include also translations of
Bloch vector.

C. CPM conditions for damping qutrit channels

In qubit case, the action of the damping channel can be
written as
b—b' =A%b, A% =diag{A?" AL, AL}, (40)
whereas for qutrits we have
A =diag{A,, ... ,Ag}. (41)

n— i =An,

In both cases, we assume that the nature of A; parameters is
quasidamping, hence |A,;|=1. This comes from the fact that
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=<1 at all times, therefore, the change in any initial Bloch
vector will lead to a vector within the (generalized) Bloch
ball. Dynamical matrix Dg, for a qutrit channel of form (36)
must be positive semidefinite in order to correspond to CPM.
There are nine eigenvalues d; that must be non-negative to
satisfy positivity of Dg. The first six eigenvalues give rise to
conditions that can be written as

3
1—A8+§(A4—A5) 20,
3
I—Ag—E(A4—A5) 20,
3
1_A8+E(A6_A7) ZO,
3
I_AS_E(A6_A7) 2O,

3 3
1-Ag+ E(A] -Ay)+ E(As—As) =0,

3 3
1 —Ag—E(A] —A2)+5(A8—A3) 20 (42)

These conditions alone lead to the set of allowed A; that
has a polyhedronlike structure. In qubit case we have a simi-
lar set of equations for A?” that define the tetrahedron struc-
ture. However, in qutrit case there are three remaining in-
equalities (given by eigenvalues d;,ds,dy=0) which reveal
coupling between all the parameters,

di(Ay, ..., Ag) =0,
dg(Ay, ..., Ag) =0,
do(Ay, ..., Ag) = 0. (43)

Because of their numerical complexity they are discussed in
Appendix B. Matrix Dg is Hermitian, therefore eigenvalues
d; g9 must be real. For some cases, three conditions [Eq.
(43)] reduce to just two (see Appendix B). All the inequali-
ties characterize the set of allowed {A“*™}, in other words,
channel parameters A; for which ® is a CPM. Similar analy-
sis was obtained in [14]—the set of six eigenvalues defining
hyperplanes. However, the remaining part of the non-
negativity problem was solved not by finding eigenvalues
(d739) directly but by analyzing coefficients of a polynomial
(characteristic polynomial of a submatrix). In that way it was
possible to obtain one more linear inequality defining a sev-
enth hyperplane.

In principle, parameters A; can be time dependent; still,
conditions (42) and (43) must be satisfied for any time ¢ to
have a CPM. If we assume, for example, that

dn(1)

- yinit), (44)

then time evolution of the Bloch vector 7i(f) is given by

ni(t) = e"n;(0). (45)
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We can then identify A;=¢”" and conditions on A; will im-
pose conditions on v;. For this type of evolution, one can
write the Lindblad equation for qutrit density operator p(z)
corresponding to the channel action. Some more details on
relation between complete positivity and master equation and
Lindblad operators can be found in [8,16,28].

1. Structure of the set {ACTM}

For qubit case, the allowed values of damping parameters
{AC,f 123 form a characteristic structure (tetrahedron,
[9](5 We are interested in the structure that appears in qutrit
case. The main obstacle here is the size of parameter space.
We have eight parameters on which we impose our CPM
constraints. We can investigate the {A "M} set projecting it
onto subspaces. On Fig. 4 we show projections of {A¢"M}
onto the various subspaces in eight-dimensional space of pa-
rameters A, ..., Aq. The dark regions in these figures corre-
spond to these values of A; which are satisfying CP condi-
tions. There are many projections that can be obtained from
the conditions that we have derived. In principle, the struc-
ture of the set of {A“"M} is not simply a generalization of a
tetrahedron. Since we have nonlinear conditions for A; that
couple all the parameters, the simple polyhedronlike struc-
ture [emerging from inequalities that are linear in A;, Eq.
(42)] is altered. In the figures, one can see combination of
these linear and nonlinear structures.

2. Kraus representation of damping qutrit channels

Diagonalization of the dynamical matrix Dg leads not
only to the answer about complete positivity of the channel,
but also is the way to obtain operator-sum or Kraus repre-
sentation of the channel action. Kraus operators are related to
the eigenvectors of dynamical matrix Dg, by reshaping op-
eration [7]. The operator-sum representation for the damping
qutrit channel is given by

cdamp _ \/2+ 3A4-3As-2As
damp
12

45

,C(ifamp = \/2 — 3‘/\4 +12A5 - 2A8)\5,

2+3A—-3A,-2A
/nglp:\/ 6 B z 8)\6,

2-3A¢+3A;-2A
’Czampz_l\/ 6 12 ! 8)\79

e \/2 +3A, - 3?22— 3A5+ Ag)\l’

2-3A,+3A,-3A;+ A
}Cgamp=_l\/ 1 2 3 8)\2’ (46)

12

and the three remaining Kraus operators 9% are diagonal

and have the following structure (d; is the corresponding
eigenvalue):
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FIG. 4. The dark region in the figures shows

values of damping (dimensionless) channel pa-
rameters that satisfy CP conditions. The follow-
ing parametrization is assumed: (a) A;=A,

=Y, Aiz12=X, (b) A3=Ag=Y, Ajz35=X, (¢)
A3=X,A8=Y, Ai#3,8=XY’ and (d) A1=A2
=X, A3=Ag=XY Az 535=Y.

choose just two free parameters. Both of them reveal nonlin-
ear structures in the channel parameter space.
Example 1. First, let us look at the translation of the form

10 10
05 ] 0.5 ]
Y 00 [ Y 00
~0.5 [ —0.5 /]
S B —
10 05 00 0.5 10 10 05 00 05 10
(a) X (c) X
10 1.0
051 0.5 [
, , il
Y 00 /] Y 00 [ 4 !?
1 f OO
T X
RS
~05 1 ~05 1
B — B —
10 -05 00 05 10 10 -05 00 05 1.0
(b) X (d)
d.
damp  _ "%
Kisrko=\T 220 b 0 (47)
1 +aj+b;
0 0 1

D. CPM conditions for qutrit channels based only on
translations

In this section we will analyze shortly the constraints of
complete positivity on the possible translations. The change
in qutrit Bloch vector that we assume in this case will be of
the form

(48)

i =1,

where 7=(t,,...,13) is a translation introduced by a channel.
In other words, Bloch vector 7 is damped to zero and moved
to a specific vector given by 7. This type of a channel is
nonunital. The CP constraints on parameters #; of the intro-
duced vector 7 are

8
1
ok S -3\l -+ - 3t8<2t% +265 428
i=1

2

2
- tﬁ - tg - tﬁ - t% - gté) + 6\/§(t2t4t7 - t2t5t6 - t1t4t6

— ttsty) < 0. (49)

Below we show some examples of channels, for which we

T1=(t1’t19t3’0,0a03050)' (50)

It turns out that effectively, parameters #;,#; must satisfy

1-33\22+ 2 =0, (51)
what graphically is represented on Fig. 5(a)—the dark region
corresponding to CP-allowed parameter values has an ellip-
soid form.

Example 2. On the other hand, if we let the translation to
have also the eight component different from zero and equal
to the third component, therefore translation having a form

0.5 0.5

Y 00 Y 00
=05 T -0.5 T
-0.5 0.0 0.5 -0.5 0.0 0.5
(a) X (b) X

FIG. 5. The dark region in the figures shows these values of
(dimensionless) parameters 1,=X,73=Y that satisfy CP conditions,
when translation acting on qutrit Bloch vector has the form (a) T}
=(t1,t1,t3,0,0,0,0,0); (b) T2=(t1,tl,t3,0,0,0,0,t3).
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T, =(t,,1,,13,0,0,0,0,13), (52)

then the allowed set of parameters ¢,,#; is cut off with re-
spect to t;—this parameter must satisfy 13=1/6. Also both
parameters #;,#; must satisfy

1+365-33\22+2=0. (53)

This is shown on Fig. 5(b)—the ellipsoid shape from Fig.
5(a) is now cut off and shifted.

E. CPM conditions for qutrit channels—damping and shifting

We have seen what the CP conditions are for damping
channels and investigated some examples of channels built
only with translations. What occurs when these two effects
combine? Let us take the channel that changes the Bloch
vector according to

1 -
:p— p' =1+ V3(Aii+7) - N]. (54)

There are 16 parameters on which we impose CP constraints.
Again, we construct a dynamical matrix that corresponds to
@ and analyze its characteristic polynomial with the method
explained before. The eight CP constraints revealed in this
way are, in principle, nonlinear, but for some examples they
might show linear behavior. The simplest inequality that
must be obeyed by A,,t; is given by

s 4

D (AT+66)+—= X At;<8. (55)

i=1 V3j=146

The rest is more sophisticated and gives rise to the set of
allowed parameter values {A;,#,}“"™. We project the latter on
subspaces to present two examples of qutrit channels that
contain both damping and shifting. The two channels are

(D4:ﬁ—> ﬁ4 = (an + Y, . ,X”lg + Y), (56)

qJSZﬁHﬁ5=(Xn1+XY,Xn2+XY,Yn3+XY, ...,Y}’l8+XY),
(57)

where X, Y are channels’ parameters. On Figs. 6(a) and 6(b)
the dark regions correspond to the CP-allowed values of X, Y
for ®,, D5, respectively. We see that in case of ®,, when we
take X — 1, the second parameter ¥ — 0 and the identity op-
erator is reached (all A;=1). One cannot have a channel that
leaves all Bloch vectors unchanged (meaning A=I) and
shifts the entire Bloch ball (by 7# 0)—complete positivity
does not allow such a transformation. On the other hand, if
we take in @, X=0 we see what the width is of possible
uniform (Y1) translation. Figure 6(b) illustrates CP-allowed
region for @5 that has more elaborate parametrization. In
both cases, however, the structures are nonlinear.

F. False qutrit-qubit channels

Here we give an example of CP analysis of a class of
qutrit quantum channels that transform the qutrit density op-
erator according to

PHYSICAL REVIEW A 80, 032322 (2009)

1.0 1.0
0.5 H 0.5 H
Y 00H Y 00K
-0.5H -05H
-1.0 T T T -1.0 T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
(a) X (b) X

FIG. 6. The dark region in the figures shows the values of (di-
mensionless) channel parameters that satisfy CP conditions. The
following parametrization is assumed: (a) A;=X,7;=Y and (b)
A12=X,Ajs1 =Y, 1;=XY.

0
CI>:p—>p’:<p2X2 ) (58)
0 px

If p33=0 the p,x, part resembles a qubit state, since it must
be a positive and normalized 2 X2 complex matrix. How-
ever, it turns out that no physical transformation will bring
any qutrit state to state (58) with p;3=0. To see that let us
take a transformation on the Bloch vector that has a form

i Ai+1, (59)

where ?:(tl,tz,t3,0,0,0,0,t8) and A is a 8 X8 real matrix
with nonzero entries specified to be {Kij}§=l,2,3; j=1 (and the
rest equal to zero). Such a form of transformation guarantees
that the resulting density operator will have form (58).

The dynamical matrix of this channel happens to have a
block-diagonal form

D, 0
Dfalse= 0 D, > (60)

where D is a 6 X 6 and D, is a 3 X 3 matrix. It occurs as well
that D, only depends on 74 channel parameter; the rest of the
parameters are embedded in the structure of D;. What is
important is the spectrum of Dy,,. It happens that for 73
>1/6 dynamical matrix will have at least one negative ei-
genvalue, since we have Spec(D,)={1/3,1/3,1/3(1-6t)}.
The desired situation in which channel ®,;,, produces state
(58) with p33:%(1—2t8):0 is impossible, since the value fg
=1/2 is not CP allowed.

We can take the subclass of the false qutrit-qubit channels
to find out what is the geometry of the CP-allowed region in
the channel parameter space. Let us choose a value of fg
translation within the CP-allowed range, for example, fg
=1/9. Let us assume that the transformation is of the form

Dg:ii — (Ayny,Ayny, Asns,0,0,0,0,1/9), (61)

in other words, it is governed by three parameters:

A 1 ,/Kz,&;. The CP-allowed region for channels given by Eq.
(61) is characterized by the following polynomial, in which
roots must be non-negative:

032322-9



AGATA CHECINSKA AND KRZYSZTOF WODKIEWICZ

FIG. 7. The figures show (a) CP-allowed region for false qutrit-
qubit channels given by Eq. (61) and (b) region of parameters A, for
which false qutrit-qubit channels given by Eq. (61) satisfy PPT;

channel parameters A; are dimensionless.

P.(x)=—16+30(A; = A,)* F 447, - 307>
+[132 = 240A, + 81A% - 81(A, + A;)*]x
+ (=360 F 3247 )% + 324x° (62)

and is shown on Fig. 7(a). It resembles the well-known tet-
rahedron structure of CP-allowed region for damping param-
eters of qubit channel. Additionally to that, one can ask about
the separability problem attached to this issue. In case of
two-qubit states it is enough to check the partial transpose to
answer the question of state separability. In case of qutrit
states, it is not enough, however—one can analyze the region
for which PPT is satisfied. For the bipartite state correspond-
ing to Eq. (61) to satisfy PPT, one must have non-negative
roots of polynomials N.(x),

N.(x) =-16+30(A; F A,)? ¥ 44A, - 30A2
+[132 = 240A, + 81A% - 81(A, * A5)*]x
+ (=360 T 3247 )x% + 324x°. (63)

Figure 7(b) shows the region for which both CP and PPT
conditions are satisfied for channels (61).

G. Two-qutrit states and affine transformations of qutrit
Bloch vectors

As already said, the dynamical matrix Dg, corresponds to
a density matrix via pq>=]%,Dq,. The latter, in our case (N
=3) describes a class of two-quitrit states that can be param-
etrized by {A,,#;}°"M. The two qutrit state space is being
investigated, especially the so-called magic simplex which
can be considered an analog of the magic tetrahedron of
bipartite qubits [ 15]. The magic simplex of bipartite qutrits is
only embedded in the space of all bipartite qutrits. As an
example, it does not contain a state given by the density
operator

PHYSICAL REVIEW A 80, 032322 (2009)

1.0 1.0
0.5 H 0.5 H
Y 0.0 H Y 0.0
-05H -0.5H
_10 , : : 10 , , ,
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
(a) X (b) X

FIG. 8. (a) CP-allowed region for a damping qutrit channel pa-
rametrized with A;=X,Ag=Y,A;.;g=XY and (b) region of param-
eters X,Y for which the same channel satisfies PPT; X,Y are
dimensionless.

p=3 (00| +20)@

), (64)

where |¥)=[0,0) and |\I’)=é 1,1)+|2,2)). Interestingly,
this state can be obtained from p¢=]%,Dq,(N=3) with a
proper choice of parameters: Aj¢;g=1 and the rest equal to
0. A damping channel with such parameter values will trans-

form any qutrit Bloch vector according to

i— ﬁ, = {070’1/1390,0’”6’”7’”8}' (65)

Geometrically, the channel projects the Bloch vector on to
the 3—6—7-8 subspace and the other components of 77 are
lost. It is therefore a phase flip type channel [6].

H. Qutrit entanglement breaking channels

For bipartite qutrit states there is no sufficient and neces-
sary condition for entanglement detection. Therefore, one
cannot perform the same entanglement breaking channel
analysis as before, in case of qutrit-qubit channels. However,
one can still ask when the two qutrit states, or qutrit chan-
nels, satisfy PPT condition.

First, a qutrit channel that transforms qutrit Bloch vector
according to Eq. (36) satisfies PPT when the characteristic
polynomial of the corresponding dynamical matrix Dyg, is
symmetric with respect to the sign change of A, 57,57
PPT means evaluating non-negativity of partially transposed
dynamical matrix Dg. In the general case, the easiest way is
to analyze the characteristic polynomial. One obtains seven
nonlinear constraints on damping and translation channel pa-
rameters. In some specific cases these might simplify to lin-
ear inequalities defining hyperplanes. The simplest general
nonlinear constraint for PPT has the same form as Eq. (55),
since this inequality has the symmetric property mentioned
above. On Fig. 8 we show an example of a damping channel
with A;=X,Ag=Y,A,.3¢=XY for which we have evaluated
CP-allowed region [Fig. 8(a)] and on the top of that we show
parameter values for which this channel satisfies PPT [Fig.

8(b)].
VIL. SUMMARY

In the paper we have analyzed the complete positivity
(CP) constraints on channel parameters. We have investi-
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gated general qutrit-qubit channels and qutrit channels which
have a form of affine transformation on qutrit Bloch vectors.
We were working with the Choi-Sudarshan dynamical matrix
that allows to evaluate the complete positivity of any trans-
formation. Our method was to evaluate positivity of dynami-
cal matrix by direct calculation of eigenvalues or analysis of
the characteristic polynomial.

Our results show that for qutrit-qubit channels, the CP
constraints are no longer strictly linear—there are nonlineari-
ties appearing. For some types of these channels, however,
one might obtain linear inequalities on channels’ parameters
(defining hyperplanes), but in general—nonlinear. Not sur-
prisingly, when working with qutrit channels, we encounter
the same effect. In our work we have repeated the results for
damping qutrit channels that were obtained in [14] but with a
slightly different method. On top of that, we have presented
the Kraus representation for this type of channels. For damp-
ing qutrit channels there are seven linear inequalities for
channels’ parameters and two nonlinear. Furthermore, we
have analyzed complete positivity of channels that move any
qutrit Bloch vector to a specific vector (channels based only
on translation). For these channels we have shown the CP
constraints, which reveal again nonlinear structures in the
CP-parameter space. Followed by that, we have analyzed the
combined action of damping and shifting of qutrit Bloch
vectors with respect to complete positivity. As an interesting
example, we chose here a special class of qutrit channels,
false qutrit-qubit channels, which when analyzed reveal
similar CP properties to qubit channels.

Knowing the Choi-Jamiotkowski-Sudarshan isomorphism
between the channels and states, we have investigated the
entanglement issues related to the channels’ classes we have
worked with. Especially in case of qutrit-qubit channels,
when we know the sufficient and necessary condition for
entanglement detection (PPT Peres-Horodeccy criterion), we
have analyzed the entanglement breaking channels. Not ev-
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ery qutrit-qubit channel is entanglement breaking—we have
presented a class of channels that are not entanglement
breaking. In case of bipartite qutrit states, although PPT con-
dition is not enough, we have discussed the PPT qutrit chan-
nels. We also show that the class of qutrit channels we work
with corresponds to a class of bipartite qutrit states that can-
not be fully described by the magic simplex states. We are
working on establishing the relation between these two.
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APPENDIX A

In Sec. V we have presented CP conditions for qutrit-
qubit damping channels. The general case includes many
channel parameters A;—therefore it is arduous to present all
the inequalities. We have shown already one of them—
quadratic in channels parameters, here we present the in-
equality which has cubic terms in A,

1
32 AG+ ZF(AU) > 10, (A1)
ij

where

F(AU) =F(A11, ?AIS’AZI’ ,Azg,A31, 5A38)’

and

F(Aij) = 3V'§A31(2A13A22 + A A = NigAos + AysAye — A s yy) + 3\6/\32(— 2A 13001+ AjeAos+ A Ags — AjuAsg
—AisAy) +3 V’§A33(A15Az4 = AaAgs = AypAgs + AjeAay) +3 \61\34(— A7Agy = NyeAoy = AysAgz + A3Ass
+ \‘EAISAZS - \EAISAZS) + 3\6/\34(— Ay7Ag = NigAoy = AsAps + AzAgs + \EAlsAzs - \EAISAZS)
+3 VEA}S(AMAZI = Ay Agy+ ApgAgz = Ay - \"§A18Az4 + VEAMAZS) +3 V/SA%(— AisAgy+ Mgy + A Ay
—ApAyr+ V”§A18A27 - \‘EAHAZS) +3 \"§A37(A14A21 + AysAy = AygAoz + AzAgs - VgAlsAzs + \'EAmAzs)
+3 \EAI 1275303 = 2A0A 53+ AggAsy = ApsAss + ApsAzg — AguAyg) =3 \"§A12(2A23A31 = 2A51 A5 = AgsAzy

= Ay Ass + AggAsg + ApsAsg) + ON35(A sy — AsAos + Az Mg — AjeAyy).

In an analogous way, we have analyzed qutrit-qubit chan-
nels which apart from damping action allow shifting (Sec.
V B). We have shown before a quadratic inequality for chan-
nel parameters A;;,/; here we show the cubic inequality

3

1
3> A%+ ZF(AU) +6, 1> > 10. (A3)
ij i=1

ij

(A2)

I
APPENDIX B

In the discussion of the damping qutrit channels we pre-
sented a set of conditions [Egs. (42) and (43)] that come
from imposing positivity condition on dynamical matrix Dyg,.
They correspond to eigenvalues of the matrix and when cal-
culated explicitly, three of them have sophisticated form. In
qutrit case, the dynamical matrix Dg is nine dimensional. We
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already showed six eigenvalues in the form of inequalities.
The remaining three correspond to finding roots of polyno-
mial of the third order. The polynomial P(x)=Ax’+Bx’
+Cx+D which we analyze in order to obtain the rest of CP
conditions (eigenvalues d; g¢) has coefficients

A=8, B=—24(1+A3+A8),

C=18[(As+ A8)2 - (A + A2)2 - (Ay+ A5)2 - (Ag+ A7)2]
+24(1 +2A5+ 2Ag+ A3Ay),

D=-8-18[(A;+ As)z - (A + A2)2 —(Ag+ A5)2 —(Ag
+ AP+ 27A5[(Ay+ Ag)?> + (Ag + A7)?] = 54(A, + Ay)
X(Ag+As)(Ag+ A7) + IAG[4(A; + Ay + (A, + As)?

PHYSICAL REVIEW A 80, 032322 (2009)

+ (Ag+ A7) = 24(Ag + Ay + AjAg) — 4Ag(A5 + Ag)?
—32AgA5 - 20A3A;.

The roots can be of course found explicitly, but we do not
present them here. What is interesting, for some specific pa-
rameter values, number of real roots can be reduced (and
therefore number of CP inequalities). To deduce that one has
to analyze function

fla,b,c) =37°(3b — a?)* + 542(9ab - 27¢ - 2a>)?

and evaluate it at f(B/8,C/8,D/8) (where B,C,D are poly-
nomial coefficients given above). For the dynamical matrix
D¢ this function is always nonpositive (and indicates there-
fore real roots). When f(B/8,C/8,D/8)=0 the polynomial
has three real roots and at least two are equal—then the
number of CP conditions is reduced.
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