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A phase relaxation process of interacting two qubits is studied by means of the quantum master equation,
where each qubit is influenced by an independent thermal reservoir. The damping operator of the quantum
master equation consists of two parts; one includes the effects of the interaction between the qubits and the
other does not. It is shown that the interaction significantly affects the phase relaxation process. The decoher-
ence of entanglement is investigated for the two qubits initially prepared in the X state.
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I. INTRODUCTION

A physical system is not closed in the real world and it is
always influenced by a thermal reservoir which is a huge
environmental system. The quantum-mechanical properties
such as coherence and entanglement �1,2� are destructed by
an interaction between a system and thermal reservoir. Hence
the decoherence inevitably takes place in the real world and
a physical system undergoes an irreversible time evolution or
a relaxation process. Such an irreversible time evolution of a
system can be formulated by various methods such as the
projection operator method �3,4�, the path-integral method
�5,6�, and the stochastic method �7�. The quantum master
equations derived by means of the projection operator
method �4� and the path-integral method �8� are very useful
for investigating many physical systems influenced by ther-
mal reservoirs in quantum optics and quantum information
�4,9,10�. It is, however, difficult to derive the quantum mas-
ter equations for physical systems, which consist of interact-
ing subsystems under the influence of thermal reservoirs. As
pointed out in Ref. �11�, the effects of the interaction be-
tween subsystems on the relaxation process are essential for
deriving the correct irreversible time evolutions of the sys-
tems �12,13�. Decoherence of interacting two-qubit system
has recently been investigated by the quantum master equa-
tions with the damping operators, which include the effects
of the interaction between the qubits �14–17�. In these stud-
ies, however, the interaction effects on the relaxation of the
system are not so clear. Therefore in this paper, we would
like to investigate the effects of the interaction between qu-
bits on the phase relaxation process in detail

This paper is organized as follows. In Sec. II, we derive
the quantum master equation for an interacting two-qubit
system under the influence of independent thermal reser-
voirs, where the dephasing couplings between the qubits and
thermal reservoirs are assumed. The damping operator of the
quantum master equation is obtained in the form that makes
clear the effects of the interaction between the qubits on the
phase relaxation process of the system. In Sec. III, we obtain
the nonequilibrium dynamics of two-qubit entanglement in
the Markovian approximation, where the two qubits are ini-
tially prepared in the X state, which includes the Bell state,
the Werner state, and the maximally entangled mixed state.
In Sec. IV, we investigate the decay of entanglement for
several two-qubit states. We will show that the interaction

between the qubits significantly affects the decay of the en-
tanglement. The results are compared with those obtained
when the interaction effects on the phase relaxation process
are ignored. In Sec. V, we provide concluding remarks.

II. QUANTUM MASTER EQUATION FOR
DEPHASING

We consider a time evolution of interacting two qubits,
referred to as qubit A and qubit B, where each qubit is influ-
enced by an independent reservoir in the thermal equilibrium

state. We suppose that the Hamiltonian ĤQ of the two-qubit
system is given by �18,19�

ĤQ = ���ŜA
z + ŜB

z � + �g�ŜA
+ŜB

− + ŜA
−ŜB

+� , �1�

where ŜA and ŜA
�= ŜA

x � iŜA
y �ŜB and ŜB

�= ŜB
x � iŜB

y � are spin-
1/2 operators of the qubit A �the qubit B�. The eigenstates of

the two-qubit Hamiltonian ĤQ are ��0�= �00�, ��1�= �11�, and
����= ��01�� �10�� /�2, and the corresponding eigenvalues
are given by ��, −��, and ��g, where �0� and �1� are the
eigenstate of the z component of the spin-1/2 operator, such

that Ŝz�0�= 1
2 �0� and Ŝz�1�=− 1

2 �1�. Then the spin operators ŜA
z

and ŜB
z are evolved by the Hamiltonian ĤQ as follows:

ŜA
z �t� = e�it/��ĤQŜA

z e−�it/��ĤQ = ŜA
z −

1

2
�1 − e2igt���+���−� −

1

2
�1

− e−2igt���−���+� , �2�

ŜB
z �t� = e�it/��ĤQŜB

z e−�it/��ĤQ = ŜB
z +

1

2
�1 − e2igt���+���−� +

1

2
�1

− e−2igt���−���+� , �3�

which are derived in Appendix A. These equations are used
to derive the quantum master equation of the interacting two-

qubit system. The equality ŜA
z �t�+ ŜB

z �t�= ŜA
z + ŜA

z holds due to

the commutation relation �ĤQ , ŜA
z + ŜB

z �=0.
We suppose that each qubit undergoes a phase relaxation

process or dephasing, which is caused by an independent
thermal reservoir. In this case, the interaction Hamiltonian
between the two qubits and thermal reservoirs is assumed to
be
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ĤQR = ��AŜA
z R̂A + ��AŜB

z R̂B, �4�

where R̂A and R̂B are some Hermitian operators of the ther-
mal reservoirs. The system that we consider is depicted in
Fig. 1. We denote the density operator of the total system as

Ŵ�t�, the time-evolution of which is determined by the
Liouville-von Neumann equation,

�

�t
Ŵ�t� = −

i

�
�ĤQ + ĤR + ĤQR,Ŵ�t�� , �5�

where ĤR represents the Hamiltonian of the two independent
thermal reservoirs. In the interaction picture, we have

�

�t
Ŵint�t� = −

i

�
�ĤQR

int �t�,Ŵint�t�� . �6�

In this equation, we set the operators Ŵint�t�
=e�it/���ĤQ+ĤR�Ŵ�t�e−�it/���ĤQ+ĤR� and ĤQR

int �t�
=e�it/���ĤQ+ĤR�ĤQRe−�it/���ĤQ+ĤR�. Furthermore we assume that
the system and thermal reservoir are uncoupled at the initial
time and the strength of the system reservoir interaction is
sufficiently weak. Then, applying the projection operator
method, we can derive the time-convolutionless quantum

master equation for the reduced density operator ŴQ
int�t�

=TrR Ŵint�t� of the two-qubit system, up to the second order
with respect to the system-reservoir interaction �3,4�,

�

�t
ŴQ

int�t� = −
1

�2	
0

t

dt� TrR†ĤQR
int �t�,�ĤQR

int �t��,ŴQ
int�t� � �̂R�‡

= L̂A
int�t�ŴQ

int�t� + L̂B
int�t�ŴQ

int�t� , �7�

where �̂R is the equilibrium state of the thermal reservoirs
and TrR stands for the trace operation over the reservoir Hil-

bert spaces. In this equation, the damping operators L̂A
int�t�

and L̂B
int�t� are given by

L̂A
int�t�ŴQ

int�t� = − �A
2	

0

t

dt��R̂A�t�R̂A�t���ŜA
z �t�ŜA

z �t��ŴQ
int�t�

+ �A
2	

0

t

dt��R̂A�t��R̂A�t��ŜA
z �t�ŴQ

int�t�ŜA
z �t��

+ �A
2	

0

t

dt��R̂A�t�R̂A�t���ŜA
z �t��ŴQ

int�t�ŜA
z �t�

− �A
2	

0

t

dt��R̂A�t��R̂A�t��ŴQ
int�t�ŜA

z �t��ŜA
z �t� ,

�8�

L̂B
int�t�ŴQ

int�t� = − �B
2	

0

t

dt��R̂B�t�R̂B�t���ŜB
z �t�ŜB

z �t��ŴQ
int�t�

+ �B
2	

0

t

dt��R̂B�t��R̂B�t��ŜB
z �t�ŴQ

int�t�ŜB
z �t��

+ �B
2	

0

t

dt��R̂B�t�R̂B�t���ŜB
z �t��ŴQ

int�t�ŜB
z �t�

− �B
2	

0

t

dt��R̂B�t��R̂B�t��ŴQ
int�t�ŜB

z �t��ŜB
z �t� ,

�9�

where ŜA
z �t� and ŜB

z �t� are given by Eqs. �2� and �3�, and
�¯ �=Tr�¯�̂R�. Furthermore, in deriving Eq. �7�, we have

assumed that the equality �R̂A�t��= �R̂B�t��=0 holds.
In the Schrödinger picture, the time-convolutionless quan-

tum master equation of the interacting two-qubit system be-
comes

�

�t
ŴQ�t� = −

i

�
�ĤQ,ŴQ�t�� + L̂A�t�ŴQ�t� + L̂B�t�ŴQ�t� ,

�10�

with

L̂A�t�ŴQ�t� = − �A
2	

0

t

dt��R̂A�t��R̂A�0��ŜA
z ŜA

z �− t��ŴQ�t�

+ �A
2	

0

t

dt��R̂A�0�R̂A�t���ŜA
z ŴQ�t�ŜA

z �− t��

+ �A
2	

0

t

dt��R̂A�t��R̂A�0��ŜA
z �− t��ŴQ�t�ŜA

z

− �A
2	

0

t

dt��R̂A�0�R̂A�t���ŴQ�t�ŜA
z �− t��ŜA

z ,

�11�

L̂B�t�ŴQ�t� = − �B
2	

0

t

dt��R̂B�t��R̂B�0��ŜB
z ŜB

z �− t��ŴQ�t�

+ �B
2	

0

t

dt��R̂B�0�R̂B�t���ŜB
z ŴQ�t�ŜB

z �− t��

+ �B
2	

0

t

dt��R̂B�t��R̂B�0��ŜB
z �− t��ŴQ�t�ŜB

z

− �B
2	

0

t

dt��R̂B�0�R̂B�t���ŴQ�t�ŜB
z �− t��ŜB

z ,

�12�

Reservoir A Qubit A Reservoir BQubit B

FIG. 1. The schematic representation of the interacting qubits

under the influence of the individual thermal reservoirs, where ŜA,B
z

and ŜA,B
� are spin-1/2 operators and R̂A,B is a Hermitian operator of

the thermal reservoir. The interaction between the qubits affects the
relaxation process.
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where the derivation is provided in Appendix B. Substituting
Eqs. �2� and �3� into these equations and using the relations

ŜA
z ����= 1

2 ���� and ŜB
z ����=− 1

2 ����, we can derive the ex-

plicit forms of the damping operators L̂A�t� and L̂B�t�. After
a straightforward calculation, we finally obtain the time-
convolutionless quantum master equation of the interacting
two-qubit system,

�

�t
ŴQ�t� = −

i

�
�ĤQ,ŴQ�t�� + L̂Q

�0��t�ŴQ�t� + L̂Q
�1��t�ŴQ�t� ,

�13�

where the damping operators L̂Q
�0��t� and L̂Q

�1��t� are given by

L̂Q
�0��t�ŴQ�t� = 	�t��ŜA

z ŴQ�t�, ŜA
z � + 	��t��ŜA

z ,ŴQ�t�ŜA
z � + 	�t�


�ŜB
z ŴQ�t�, ŜB

z � + 	��t��ŜB
z ,ŴQ�t�ŜB

z � , �14�

and

L̂Q
�1��t�ŴQ�t� = − �−�t��ŜA

z ��−���−�ŴQ�t�, ŜA
z � − �−

��t�


�ŜA
z ,ŴQ�t���−���−�ŜA

z � − �+�t��ŜA
z ��+�


��+�ŴQ�t�, ŜA
z � − �+

��t��ŜA
z ,ŴQ�t���+�


��+�ŜA
z � − �−�t��ŜB

z ��−���−�ŴQ�t�, ŜB
z �

− �−
��t��ŜB

z ,ŴQ�t���−���−�ŜB
z � − �+�t��ŜB

z ��+�


��+�ŴQ�t�, ŜB
z � − �+

��t��ŜB
z ,ŴQ�t���+�


��+�ŜB
z � . �15�

In these equations, the functions 	�t� and ���t� are given by

	�t� = �2	
0

t

dt��R̂�t��R̂�0�� , �16�

���t� = �2	
0

t

dt��R̂�t��R̂�0���1 − e�2igt�� . �17�

Here we have assumed that the two independent thermal res-
ervoirs interacting with the qubits have the same properties
and thus we have dropped the subscripts A and B. The damp-

ing operator L̂Q
�1��t� includes the effects of the interaction

between the two qubits while L̂Q
�0��t� does not. If we ignore

the interaction effects on the phase relaxation process of the

system, the damping operator L̂Q
�1��t� does not appear in the

quantum master equation. In fact, we have limg→0 L̂Q
�1��t�

=0.

III. NONEQUILIBRIUM DYNAMICS OF ENTANGLEMENT

Using the quantum master Eq. �13� with Eqs. �14� and
�15�, we can investigate the nonequilibrium dynamics of
two-qubit entanglement in the phase relaxation process. For
this purpose, we suppose that the two qubits are initially
prepared in the X state �20�,

ŴQ�0� =

a 0 0 x

0 b y 0

0 y� c 0

x� 0 0 d
� , �18�

where we have used the standard base ��00� , �01� , �10� , �11�
.
Since Tr ŴQ�t�=1 and ŴQ�0��0, the matrix elements
a , b , c , d are non-negative parameters satisfying the rela-
tions a+b+c+d=1, �ad
 �x�, and �bc
 �y� since the nor-

malization and positivity of ŴQ�0�. The X state ŴQ�0� can be
expressed in terms of the eigenstates ��0�, ��1�, and ���� of

the Hamiltonian ĤQ as

ŴQ�0� = a��0���0� + d��1���1� + x��0���1� + x���1���0�

+
1

2
�b + c + y + y����+���+� +

1

2
�b + c − y − y����−�


��−� +
1

2
�b − c − y + y����+���−� +

1

2
�b − c + y

− y����−���+� . �19�

It is easy to see that the form of the X state is invariant
during the time evolution generated by the quantum master

Eq. �13�. Thus we can express the two-qubit state ŴQ�t� at
time t as

ŴQ�t� = A�t���0���0� + D�t���1���1� + X�t���0���1� + X��t�


��1���0� + B�t���+���+� + C�t���−���−� + Y�t�


��+���−� + Y��t���−���+� , �20�

with A�0�=a, B�0�= �1 /2��b+c+y+y��, C�0�= �1 /2��b+c
−y−y��, D�0�=d, X�0�=x, and Y�0�= �1 /2��b−c−y+y��.
Substituting Eq. �20� into the quantum master Eq. �13�, we
can derive the differential equations for the parameters A�t�,
B�t�, C�t�, D�t�, X�t�, and Y�t�,

Ȧ�t� = 0, �21�

Ḃ�t� = −
1

2
�	+�t� + 	+

��t��B�t� +
1

2
�	−�t� + 	−

��t��C�t� ,

�22�

Ċ�t� = −
1

2
�	−�t� + 	−

��t��C�t� +
1

2
�	+�t� + 	+

��t��B�t� ,

�23�

Ḋ�t� = 0, �24�

Ẋ�t� = �− 2i� − 	�t� − 	��t��X�t� , �25�

Ẏ�t� = �− 2ig −
1

2
�	+ + 	−

��t���Y�t� +
1

2
�	−�t� + 	+

��t��Y��t� ,

�26�

where we set 	��t�=	�t�����t�, that is,
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	��t� = �2	
0

t

dt��R̂�t��R̂�0�� � e�2igt�. �27�

In the rest of this paper, we assume that the Markovian
approximation �4� can be applied. In this case, the time-
dependent functions 	�t� and 	��t� are replaced with 	���
and 	����. Furthermore, we assume that the correlation
function of the thermal reservoir decays exponentially with

time t, that is, �R̂�t�R̂�0��=�2e−t/�c, where we denote the re-
laxation time as �c. Then 	��� and 	���� are given by

	��� = �2�c �
1

Tph
, �28�

	���� = �2�c
1 � 2ig�c

1 + �2g�c�2 =
1

Tph
�1 � 2i�

1 + 4�2 � , �29�

where we set �=g�c. The parameter Tph represents the
dephasing time of the qubit. Substituting Eqs. �28� and �29�
into Eqs. �21�–�26� and solving the equations, we finally ob-

tain the two-qubit state ŴQ�t� at time t,

ŴQ�t� =

a�t� 0 0 x�t�

0 b�t� y�t� 0

0 y��t� c�t� 0

x��t� 0 0 d�t�
� , �30�

where the matrix elements a�t�, b�t�, c�t�, x�t�, and y�t� are
given by

a�t� = a�0� , �31�

d�t� = d�0� , �32�

b�t� =
1

2
�b�0� + c�0�� +

1

2
�b�0� − c�0��e−ut�cosh dt

+
u

d
sinh dt� + �y�0� − y��0��� ig

d
�e−ut sinh dt ,

�33�

c�t� =
1

2
�b�0� + c�0�� −

1

2
�b�0� − c�0��e−ut�cosh dt

+
u

d
sinh dt� − �y�0� − y��0��� ig

d
�e−ut sinh dt ,

�34�

x�t� = x�0�e−2i�t−2t/Tph, �35�

y�t� =
1

2
�y�0� + y��0��e−2ut +

1

2
�y�0� − y��0��e−ut�cosh dt

−
u

d
sinh dt� + �b�0� − c�0��� i�g + v�

d
�e−ut sinh dt .

�36�

In these equation, we set d=�u2−4g�g+v� and

u =
1

Tph
� 1

1 + 4�2�, v =
1

Tph
� 2�

1 + 4�2� . �37�

When we ignore the effects of the interaction between the
qubits on the phase relaxation process, the matrix elements
b�t�, c�t�, and y�t� are replaced with

b�t� =
1

2
�b�0� + c�0�� +

1

2
�b�0� − c�0��e−u0t�cosh d0t

+
u0

d0
sinh d0t� + �y�0� − y��0��� ig

d0
�e−u0t sinh d0t ,

�38�

c�t� =
1

2
�b�0� + c�0�� −

1

2
�b�0� − c�0��e−u0t�cosh d0t

+
u0

d0
sinh d0t� − �y�0� − y��0��� ig

d0
�e−u0t sinh d0t ,

�39�

y�t� =
1

2
�y�0� + y��0��e−2u0t +

1

2
�y�0� − y��0��e−u0t�cosh d0t

−
u0

d0
sinh d0t� + �b�0� − c�0��� ig

d0
�e−u0t sinh d0t , �40�

and the others remain unchanged. Here we set u0=1 /Tph and
d0=�u0

2−4g2. The entanglement of two qubits can be mea-
sured by means of the concurrence �21�. For the X state

ŴQ�t�, we obtain the concurrence C�t� �20�,

C�t� = 2 max�0, �x�t�� − �b�t�c�t�, �y�t�� − �a�t�d�t�� .

�41�

Substituting Eqs. �31�–�36� into this equation, we find the
nonequilibrium dynamics of the two-qubit entanglement dur-
ing the time-evolution generated by the quantum master Eq.
�13�.

IV. DECAY OF ENTANGLEMENT

In this section, using the result obtained in the previous
section, we investigate the decay of entanglement for several
two-qubit states. We first consider the decay of the partially
entangled pure states ���=��00�+��11� and ���=��01�
+��10� with ���2+ ���2=1, which exhibit the quite different
behaviors in the relaxation process �22,23�. It is easy to see
that the effects of the interaction between the qubits do not
appear in the time-evolution of the entanglement when the
two qubits are initially prepared in the state ���. In fact, the
concurrence is given by C�t�=2����e−2t/Tph. The relaxation
time of the concurrence is half of the phase relaxation time.
On the other hand, when the two qubits are initially in the
state ���, the concurrence C�t� at time t is calculated from
Eqs. �31�–�36� and �41�,

C�t� = 2�y�t�� , �42�

with
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y�t� =
1

2
e−2ut cos 	 sin � −

i

2
e−ut�cosh dt

−
u

d
sinh dt�sin 	 sin � +

i�g + v�
d

e−ut sinh dt cos � ,

�43�

where we set �=cos�� /2� and �=ei	 sin�� /2�. When the
interaction effects are ignored, the parameters u, v, and d in
Eq. �43� are replaced with u0, 0, and d0. The concurrence
C�t� given by Eq. �42� is plotted in Fig. 2. The figure shows
that the interaction effects on the phase relaxation process
not only reduce the decay of the concurrence but also make
short the period of the oscillatory behavior of the entangle-
ment.

We next consider the Werner state ŴF=F��+���+�+ 1
3 �1

−F��1̂− ��+���+�� as the initial two-qubit state �24�, where
��+�= ��01�+ �10�� /�2. We assume that the Werner state is
entangled at the initial time, that is, F�

1
2 . In this case, using

Eqs. �31�–�36� and �41�, we obtain the concurrence C�t�,

C�t� = 2 max�0,
4F − 1

6
e−2ut −

1 − F

3
� , �44�

which shows that the entanglement sudden death �25,26� oc-
curs at

TESD =
1

2
Tph�1 + 4�2�ln�4F − 1

2 − 2F
� . �45�

The survival time of the entanglement becomes �1+4�2�
times of that obtained in the case that we ignore the interac-
tion effects on the phase relaxation process. Therefore the
interaction between the qubits suppresses the decay of the
entanglement.

We suppose that the two qubits are initially prepared in
the following state �18,19�:

ŴQ�0� =
1

3

a 0 0 0

0 1 ei	 0

0 e−i	 1 0

0 0 0 1 − a
� , �46�

where 1
a
0. In this case, Eqs. �31�–�36� and �41� provide

the concurrence C�t� of the two-qubit state ŴQ�t�,

C�t� = max�0,C�t�� , �47�

with

C�t� =
2

3
e−ut�e−2ut cos2 	 + �cosh dt −

u

d
sinh dt�2

sin2 	

− �a�1 − a� . �48�

The concurrence C�t� given by Eq. �47� is plotted in Fig. 3.
The figure shows that the effects of the interaction between
the two qubits on the phase relaxation process significantly
reduce the decay of the entanglement. When we ignore the
interaction effects, the concurrence given by Eq. �47� be-
comes equal to that obtained in Refs. �18,19�.

We finally consider the maximally entangled mixed state
�MEMS� as the initial state of the two qubits �27,28�, which
has the maximum amount of entanglement with a given mix-
edness. One of the MEMSs is given by

ŴQ�0� = ��̂MEMS
�I� , �2

3
� r � 1�

�̂MEMS
�II� , �0 � r �

2

3
� ,� �49�

with
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FIG. 2. �Color online� The time evolution of the concurrence
C�t� of the two qubits initially prepared in ���, where we set �a-1�
�=0.5, 	=0.0, �b-1� �=0.5, 	=� /4, �c-1� �=0.0, 	=� /4, and
�d-1� �=� /2, 	=� /4. The figures �a-2�, �b-2�, �c-2�, and �d-2�
show the concurrence when the interaction effects on the relaxation
are ignored, where the values of the parameters are the same as
those for �a-1�, �b-1�, �c-1�, and �d-1�. In all the figures, we set
Tph /�c=2.0.
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�̂MEMS
�I� =


r

2
0 0

r

2

0 1 − r 0 0

0 0 0 0

r

2
0 0

r

2

� , �50�

�̂MEMS
�II� =


1

3
0 0

r

2

0
1

3
0 0

0 0 0 0

r

2
0 0

1

3

� . �51�

The concurrence of the state ŴQ�0� is given by C�0�=r. In
this case, the matrix elements a�t�, b�t�, c�t�, d�t�, x�t�, and

y�t� of the X state ŴQ�t� are calculated from Eqs. �31�–�36�,

a�t� = d�t� =
r

2
, �52�

b�t� =
1 − r

2
�1 + e−ut�cosh dt +

u

d
sinh dt�� , �53�

c�t� =
1 − r

2
�1 − e−ut�cosh dt +

u

d
sinh dt�� , �54�

x�t� =
r

2
e−2i�t−2t/Tph, �55�

y�t� = �1 − r�� i�g + v�
d

�e−ut sinh dt , �56�

for 2
3 �r�1 and

a�t� = d�t� =
1

3
, �57�

b�t� =
1

6
�1 + e−ut�cosh dt +

u

d
sinh dt�� , �58�

c�t� =
1

6
�1 − e−ut�cosh dt +

u

d
sinh dt�� , �59�

x�t� =
r

2
e−2i�t−2t/Tph, �60�

y�t� =
1

3
� i�g + v�

d
�e−ut sinh dt , �61�

for 0�r�
2
3 . Substituting these equations into Eq. �41�, we

obtain the concurrence C�t�, which is plotted in Fig. 4. It is
found from the figure that ignoring the effects of the qubit
interaction on the phase relaxation process enhances the de-
cay of the entanglement.
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FIG. 3. �Color online� The time evolution of the concurrence
C�t�, where we set �a-1� Tph /�c=5.0, 	=� /4, a=0.2 and �b-1�
Tph /�c=5.0, �=0.8, a=0.2. The figures �a-2� and �b-2� show the
concurrence when the interaction effects on the relaxation are ig-
nored, where the values of the parameters are the same as those for
�a-1� and �b-1�.
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FIG. 4. �Color online� The time evolution of the concurrence
C�t�, where we set �a-1� Tph /�c=5.0, �=0.8, �b-1� Tph /�c=5.0, r
=0.8, and �c-1� Tph /�c=5.0, r=0.6. The figures �a-2�, �b-2�, and
�c-2� show the concurrence when the interaction effects on the re-
laxation are ignored, where the values of the parameters are the
same as those for �a-1�, �b-1�, and �c-1�.

MASASHI BAN PHYSICAL REVIEW A 80, 032114 �2009�

032114-6



V. CONCLUDING REMARKS

In this paper, using the quantum master equation derived
by the projection operator method, we have investigated the
dephasing of interacting two-qubit system under the influ-
ence of independent thermal reservoirs. In particular, we
have paid attention to the effects of the interaction between
the qubits on the phase relaxation process of the two-qubit
system. For this purpose, we have derived the quantum mas-
ter equation with the damping operator which consists of the
two parts; one includes the interaction effects and the other
does not. Then we have applied this result for investigating
the nonequilibrium dynamics of the two qubits initially pre-
pared in the X state, which includes the partially entangled
pure state, the Werner state, and the maximally entangled
mixed state. These states are important in the quantum infor-
mation processing. Calculating the concurrence, we have ex-
amined the decay of the two-qubit entanglement. The results
have been compared with those obtained when we have ig-
nored the effects of the two-qubit interaction on the damping
operator of the quantum master equation. We have found that
the interaction effects make short the period of the oscilla-
tory behavior of the two-qubit entanglement as well as re-
duce the decay of it. Therefore we have explicitly shown the
fact that the effects of the interaction between subsystems on
the relaxation process are essential for investigating the de-
coherence of quantum systems Ref. �11�. Here it is should be
noted that not only an interaction between subsystems but
also an interaction with an external field affects the relax-
ation process of the relevant system. For example, an exter-
nal field which is used to control qubits inevitably influences
the decoherence of them. Hence the investigation of the in-
teraction effects on the decoherence is very important in
quantum information theory as well as nonequilibrium quan-
tum statistical mechanics. In this paper, we have assumed
that each qubit interacts with the independent thermal reser-
voir. It may be important to consider the case that two inter-
acting qubits are influenced by a common thermal reservoir.
This will be done in a future publication.

APPENDIX A: DERIVATION OF EQS. (2) and (3)

When the spin operators ŜA
z and ŜB

z act on vectors belong-
ing to the tensor product Hilbert space of the two qubits A

and B, they read ŜA
z

� 1̂B and 1̂A � ŜB
z , where 1̂A and 1̂B are

identity operators of the qubits. Noting that Ŝz= 1
2 �0��0�

− 1
2 �1��1� and 1̂= �0��0�+ �1��1�, we can express the spin op-

erators ŜA
z and ŜB

z in terms of the eigenstates ��0�, ��1�, ��+�,
and ��−� of the two-qubit Hamiltonian ĤQ,

ŜA
z =

1

2
���0���0� − ��1���1� + ��+���−� + ��−���+�� ,

�A1�

ŜB
z =

1

2
���0���0� − ��1���1� − ��+���−� − ��−���+�� .

�A2�

Then we can derive Eqs. �2� and �3� as follows:

ŜA
z �t� = e�it/��ĤQŜA

z e−�it/��ĤQ =
1

2
���0���0� − ��1���1�

+ e2igt��+���−� + e−2igt��−���+�� = ŜA
z −

1

2
�1 − e2igt�


��+���−� −
1

2
�1 − e−2igt���−���+� , �A3�

ŜB
z �t� = e�it/��ĤQŜB

z e−�it/��ĤQ =
1

2
���0���0� − ��1���1�

− e2igt��+���−� − e−2igt��−���+�� = ŜB
z +

1

2
�1 − e2igt�


��+���−� +
1

2
�1 − e−2igt���−���+� . �A4�

APPENDIX B: DERIVATION OF EQS. (11) and (12)

In this appendix, we derive Eqs. �11� and �12� from Eqs.

�8� and �9�. The damping operators L̂A�t� and L̂B�t� in the

Schrödinger picture are related to L̂A
int�t� and L̂B

int�t� in the
interaction picture by

L̂A�t�ŴQ�t� = e−�it/��ĤQ�L̂A
int�t��e�it/��ĤQŴQ�t�e−�it/��ĤQ�
e�it/��ĤQ

= e−�it/��ĤQ�L̂A
int�t�ŴQ

int�t�
e�it/��ĤQ, �B1�

L̂B�t�ŴQ�t� = e−�it/��ĤQ�L̂B
int�t��e�it/��ĤQŴQ�t�e−�it/��ĤQ�
e�it/��ĤQ

= e−�it/��ĤQ�L̂B
int�t�ŴQ

int�t�
e�it/��ĤQ. �B2�

Substituting Eq. �8� into Eq. �B1�, we obtain

L̂A�t�ŴQ�t� = − �A
2	

0

t

dt��R̂A�t�R̂A�t���ŜA
z ŜA

z �t� − t�ŴQ�t�

+ �A
2	

0

t

dt��R̂A�t��R̂A�t��ŜA
z ŴQ�t�ŜA

z �t� − t�

+ �A
2	

0

t

dt��R̂A�t�R̂A�t���ŜA
z �t� − t�ŴQ�t�ŜA

z

− �A
2	

0

t

dt��R̂A�t��R̂A�t��ŴQ�t�ŜA
z �t� − t�ŜA

z =

− �A
2	

0

t

dt��R̂A�t − t��R̂A�0��ŜA
z ŜA

z �t� − t�ŴQ�t�

+ �A
2	

0

t

dt��R̂A�0�R̂A�t − t���ŜA
z ŴQ�t�ŜA

z �t� − t�

+ �A
2	

0

t

dt��R̂A�t − t��R̂A�0��ŜA
z �t� − t�ŴQ�t�ŜA

z

− �A
2	

0

t

dt��R̂A�0�R̂A�t − t���ŴQ�t�ŜA
z �t� − t�ŜA

z .

�B3�
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In the second equality, we have used fact that �R̂A�t�R̂A�t���
= �R̂A�t− t��R̂A�0�� and �R̂A�t��R̂A�t��= �R̂A�0�R̂A�t− t��� are
satisfied since the reservoir is in the thermal equilibrium

state. Thus changing the integration variable from t� to t
− t� in Eq. �B3�, we obtain Eq. �11�. In the same way, we can
derive Eq. �12� from Eq. �B2�.
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