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Tunneling times in metamaterials with saturable nonlinearity
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Tunneling times of electromagnetic planar wave propagating through a barrier made of split-ring resonators
and long metallic wires embedded into a dielectric with saturable nonlinearity are analyzed. For such structure,
analytical expressions for the tunneling times and relation between the group delay and the dwell time are
obtained. The electric-field distribution inside the barrier is numerically evaluated and a detailed study of the
influence of nonlinearity on the spectral structures of the tunneling times is performed. It is demonstrated that
intensity variation in the incident field may change the wave propagation direction, the sign of the barrier’s

refractive index, and group delay.
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I. INTRODUCTION

Although a typically quantum-mechanical phenomenon
[1-3], tunneling can be represented as a problem of classical
electromagnetics owing to the deep analogy between the
Schrodinger equation and the Helmholtz equation. Expres-
sions that describe the tunneling times, i.e., the dwell time
and the group delay, that occur while electromagnetic (EM)
wave travels through a barrier placed inside the waveguide
with different index of refraction were first derived by Win-
ful [4]. This model included a linear nondispersive obstacle
and waveguide with positive refraction indices. Recently,
tunneling times have been calculated for linear dispersive
media [5] and nondispersive media with Kerr nonlinearity
[6].

The refractive index of a material n is the key parameter
which describes interactions between the material and the
EM wave. Recent studies have verified the existence of arti-
ficial complex media, namely, left-handed metamaterials
(LHMs) that exhibit negative values of both the dielectric
permittivity € and the magnetic permeability p within a cer-
tain range of frequencies. This property of negative refrac-
tion was predicted by Veselago [7] in 1968 and it has led to
a number of peculiar properties: inverse Snell’s law, inverse
Doppler shift effect, backward Cerenkov radiation, etc. The
first experimental realization of LHMs was performed by
Smith [8], who combined a periodic array of metallic wires
with a regular array of split-ring resonators (SRRs), which
had negative index of refraction in the microwave range of
frequencies. Subsequent papers [9,10] have shown the exis-
tence of left-handed characteristics for the THz range, too.

Nonlinear behavior of the LHMs was analyzed by observ-
ing the example of a lattice of SRRs and wires embedded in
a Kerr-type nonlinear dielectric [11,12] or inserting certain
nonlinear elements in each SRR slit [13]. Both propositions
lead to effectively field-dependent values of € and u and the
same phenomenon has been demonstrated for the case of
saturable nonlinearity by using nonlinear photorefractive
crystals such as GaAs and LiNbO; [14,15]. Numerous papers
and experiments show that nonlinear effects in metamaterials
enable second harmonic generation in SRR-based magnetic
metamaterials on glass substrate [16] as well as formation of
solitons and discrete breathers [17-19].
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In this work we present theoretical and numerical results
obtained for the tunneling times described above, i.e., the
group delay and the dwell time, in case of the wave packet
tunneling through a metamaterial barrier designed using cir-
cular SRRs and long metallic wires, embedded in a dielectric
with saturable nonlinearity. We presume propagation of TE
modes only. In contrast to previously presented expressions
for the tunneling times, obtained only for linear dispersive
and nondispersive media [4,5] and for nondispersive media
with Kerr-type nonlinearity [6], we offer a more generalized
approach. This model encompasses both the linear media and
all the media with third-order nonlinearities of the electric
susceptibility, the Kerr-type nonlinearity being just a specific
case of the latter (and described here by a more accurate
expression for the EM energy density). In addition, we pro-
vide a comparative analysis of the considered effects in
terms of varying the structural parameters and the light in-
tensity.

The paper is structured as follows: the model and the
theoretical considerations are formulated in Sec. II; a nu-
merical method used for calculating quantities of interest is
described in Sec. III; numerical results and discussion of
tunneling times are presented in Sec. IV. The paper is con-
cluded by Sec. V.

II. THEORETICAL CONSIDERATIONS

The model, i.e., a planar dielectric waveguide and an ab-
sorptive barrier made of circular SRRs and long metallic
wires embedded into a material with saturable nonlinearity,
placed inside the waveguide, is shown in Fig. 1. The thick-
ness of the barrier is L. The waveguide is made of a linear
material whose permittivity and permeability are purely real
and denoted by €, and w,, respectively. The effective permit-
tivity and permeability of the barrier are given by [20]

€= €yt L= €| | ——5—"——| + €np
s = €LHM T ENL ol — wf +ilw NL
F w%

IU’S=1_ B 2 . B
o —wy+il",w

2)

respectively. Here, €., is the background dielectric constant,
w, is the plasma frequency, measure of the strength of inter-
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FIG. 1. (Color online) The model: SRRs and long metallic wires
embedded into a barrier made of dielectric with saturable nonlin-
earity. x is the propagation axis.

action between the oscillators and the electric field, w is the
frequency of incident EM wave, w, is the resonance fre-
quency of the electric dipole oscillators, wy is the resonance
frequency of the magnetic dipole oscillators, while I', and ',
stand for the damping frequencies of the electric and the
magnetic field, respectively. Finally, F is a measure of the
strength of interaction between the oscillators and the mag-
netic field and ey, =ey(|E,|*) represents the intensity-
dependent part of the permittivity given by [20]

|E\[*/E.

S 3
1+ «|EJ/E, ®)

€y =€py+ @
where € is the linear dielectric permittivity, E, is a charac-
teristic electric field, « is the sign of the nonlinearity, i.e.,
a=+1 for focusing and a=-1 for defocusing nonlinearity,
and « is the saturation strength. The second term of permit-
tivity is a nonlinear function of the electric-field intensity
which describes saturable type of nonlinearity and will be
noted as egy;. We presume that a# a(w), E,# E.(w), and
Kk # k(w). The dwell time is defined as the time spent by a
wave packet in a given region of space [2,4,21] defined by

w

Td=?’ (4)

m

where W stands for the stored EM energy inside the barrier
and P;, is the time-averaged incident power.

In order to calculate the stored EM energy inside the bar-
rier, it is first necessary to define its density w, which can be
represented as a sum of the linear w; ;v and the nonlinear part
wy. For a dispersive and absorptive linear medium the
stored EM energy density is given by [5]

(5)

€
WLIN= Z el + Meffu/v
where €, and u are the vacuum permittivity and permeabil-
ity, respectively, €,/ v=€potRe(e ) +20 Im(e p)/T,
and p,rv=Re(u,)+20 Im(u,)/T,,. In a nonlinear disper-
sive medium, the nonlinear part of the time-averaged stored

EM energy density is given by [22]

€ d(wegy;)

2_ 2
W=y |E]* = effNL|E| (6)

assuming the imaginary part of permittivity to have very
small value compared to its real part, as well as ey
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=ey(|E,[*) and E,=E,(w). Since only the TE modes propa-
gate through the barrier, the total stored EM energy in the
barrier may be derived, by using the Helmholtz equation, in

Skherr Y N
- #Im(RNEOF - mfzf_ 1

€S
+ Z lf eff|E [Pdx + |—Z|§ Re(eg,u,s)|E | dx]

()

where S is the cross-section surface,

electric-field amplitude, feorr=perriine  €ofr= Eopprint €oppnis
Yo= \rkz 2 , ko stands for the wave vector in vacuum,

B= \koeb,ub sinz(ﬁ) is the propagation constant, 6 is the angle
of incidence and

Sl=Re[(My Mb)( i))
|
L

. E,
+ Re{(ﬂb = i) (Ey )
m(x)/ | =

The time-averaged incident power, obtained from the com-
plex Poynting theorem, is P;,= y,€,c>S|Eo|*/ (2w). The equa-
tion describing the dwell time now obtains the following
form:

L
w
= E,Pd
Td ZYOC2|E0|2l(EM)€ffJ;) | y| X

L
d Mefr
+f <—(wESNL) zRe(Ms)ESNL)|E |dx
0 dw | |

2
- ie'gLIm(R) - T’LLEZLZSI. 9)
|l || 00| Eol

Here, c stands for the speed of light in vacuum and (),
= €,pprin+ MegrrivRel (€ mp+ €po) sl |l

In order to derive the relation between the dwell time and
the group delay 7, it is necessary to find the dependence of
JG|E,[*dx on 7,. Subtracting the conjugate of the Helmholtz
equation multiplied by dE,/dw from the derivative of the
Helmholtz equation with respect to w, multiplied by E;, and
integrating this expression along the barrier, leads to the fol-
lowing relation:

d 2
27, +2d Um(R) ||Eo|> - S, - S5

L
f|Ey|2dx=
0 2(1) + w deIN
b X ZELIN
2 THNT 2 g
20 Re(yy) jL wdegyy 2
e e— € E |“dx
2 . SNL T 2 do | y|
B 2(1) w dGL[N ’
=% 4 — —LIN
2 €L ¢ do
(10)
where
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dE: d E, =L
S, =R _L_)_ —_
2 e{(;“«s ) (%) do dw{( - ) (x)} }
(11)
2 " dE,
S3=2ky| Im(eu,)Im| E, dx, (12)
0 dw
€rn = Re[ (e u + €po) i) — €t sinz(ﬁ), (13)
and
=|T] |2 |R|2 (14)

which represents the group delay, with R=|R|exp(i¢,) and
T=|T|exp(i¢,) being the reflectance and the transmittance,
respectively, and ¢y=¢,+ L the phase of the incident wave.
In the case of lossless barrier, the terms d¢y/dw and d¢,/dw
become equal, hence, 7,=d¢,/dw=d¢,/do.

By using expressions (9) and (10), the relation between
the group delay and the dwell time is obtained:

Tg = Tdeff+ Tieff + T+ Tioss + Tinteijface’ (15)

where 7, is the effective dwell time and 7,4 is the effec-
tive self-interference time which represents the time that the
incident wave spends interfering with its reflected part on the
cross-section surface of the barrier. Further, 7y; originates
from the nonlinearity of the barrier, 7, is the consequence
of the losses in the barrier, while ;0,14 OcCuUrs due to per-
meability difference between the waveguide and the barrier.
The explicit expressions for all five defined times read

€LIN

().’ (16)

Tdeff = Td

- ={ €LV Hetr
T () opy @l e

w Re(ﬂ«v) f
TNL= ESNL
2ypc?

—]Im(R), (17)

B &y © f d(wesy) | Ey 2 I
(€Werr200¢*| Jg  do | Ey
L 2
Me E
+f T%Re(ﬂ.s)fsm EX dxi|, (18)
0 [Ms 0
S3
Tloss = A | 12° (19)
29| Eo|?
S € 2,
Tinterface= 2 2+ LN quffSI 2> (20)
2|Eol () ey | | ol Eol

where € y,sn.=2[ €. visvr+ (@/2)(dep sy ! dw)].
III. NUMERICAL METHOD

Once the electric field inside the barrier is determined, all
the other time-related quantities defined in Sec. II may be
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calculated. The distribution of this field depends on param-
eters that characterize the incident field, such as E, w, 6, and
on characteristics of the barrier itself. The starting equation
for the calculation of electric field inside the barrier is the
Helmholtz equation:

d’E, 1 dp,dE,
— 2 K *)E, =0. 21
de s dx d ( Oewu“v :8) ( )

Presuming that the permeability is homogenous inside the
barrier, the second term on the left-hand side of the previous
equation becomes equal to 0. By inserting the expressions
for permittivity and permeability in the Helmholtz equation,
we derive a second-order nonlinear differential equation:

E,[
d2E E?
A —" + kg (epo + eI s — B °1E, +kgua W@:O.
1+ K—“V2

c

(22)

In order to calculate the distribution of the electric field in-
side the barrier, it is necessary to solve the differential equa-
tion described above taking into consideration the appropri-
ate boundary conditions. This typical boundary value
problem can be solved by the shooting method. In this case,
the initial conditions are the values of the electric field and
its derivative at the left boundary of the barrier:

E,(x=0)=Eo+Eo(R,+iR), (23)

dE,

= =[ivoEo — ivoEo(R, +iR))], (24)
dx |,z M

where R, and R; are the variational parameters which repre-
sent the real and the imaginary part of reflectivity, respec-
tively. The shooting method starts with solving the Helm-
holtz equation by using the fifth-order Runge-Kutta method
for arbitrary initial values of R, and R; and calculating the
electric field at the right boundary of the barrier x=L. The
next step is the calculation of the expression F(R,,R;)
= (dE,/dx—iyyE,)|,-;, which should be minimized by varia-
tion in the parameters R, and R; in order to satisfy the Som-
merfeld radiation condition [23]:

dE
d -1 ?’()E

The minimization of the function F(R,,R;) is based on the
Broyden’s method [24]. This method was used to calculate
the distribution of the electric field and its derivative, as well
as the reflectivity, transmittivity, and the absorption inside
the barrier. Then, it was straightforward to calculate the
quantities that stem from these variables such as the dwell
time and the group delay.

=0. (25)

x=L

IV. NUMERICAL RESULTS AND DISCUSSION

We presume that the barrier is placed in vacuum, with the
effective  index of refraction defined by n.
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FIG. 2. Index of refraction n,g versus incident frequency w for
L=10"" m, for a barrier placed in vacuum. The increment of the
incident field amplitude shifts the peak of the refractive index to-
ward higher frequencies.

=Re([ én(x)dx/ L). In each of the following cases, the barrier
parameters are chosen so to obtain 7, 7,, and n.; when the
effects of nonlinearity and the left-handed property are the
most pronounced, but also to describe realistic metamaterials
[9]. We present numerical results for 7,, 7,, and n, as func-
tions of w for different values of the amplitude of the inci-
dent wave E;, comparing two cases: SRRs and long metal
wires embedded into dielectric with Kerr and with saturable
nonlinearity. The mathematical model describing the propa-
gation of EM waves in surroundings with Kerr nonlinearity
is already included in the corresponding model for materials
with saturable nonlinearity when the saturation strength van-
ishes (k=0).

The refractive index is calculated from an expression n
=Veu if e(w—2)>0 and u(w—o)>0 as it has been de-
rived in [25]. Assuming the following dependences: ¢,
=|elexp(i®,), wo=|ulexp(i®,), where (PP, e[0,]),
since I',, I',, >0, index of refraction can be derived as n;
= €| ulexpli(P +P,)/2]. In our case, it is evident from
the Helmholtz equation that for w—oe, E,—0, therefore
ENL— ED0>O' AISO, it is obvious that 6LHM(a)—>OO)—>6w
>0 and p(w—0o0)—1>0, thus, for all frequencies the re-
fractive index can be represented by n,=veu,. Conse-
quently, it can be shown that the sign of the real part of
refractive index is directly proportional to the sign of the
expression Re(e,)Im(u,)+Im(e,)Re(u,) [25].

The parameters of the observed material are €,=3.1, w,
=2700 THz, w,=0, I',=35 THz, F=0.052, w,=2300 THz,
I',,=35 THz, E.=1 V/m, €py=2, and the angle of inci-
dence is 6=/6. A pure metamaterial (not embedded into a
nonlinear dielectric) with these parameters has negative in-
dex of refraction in the range of 2178 THz=w
=2445 THz (Fig. 2). However, taking into account €, the
refractive index becomes positive for all incident frequen-
cies. By embedding SRRs and metal wires into a material
with self-defocusing saturable nonlinearity (a=-1, k=1),
one can change its index of refraction by modifying the in-
cident electric field. For small values of E, the change in
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FIG. 3. Refractive index n,z versus incident field amplitude E
for two different barrier lengths: L=10 nm and L=100 nm.

refractive index is negligible, since the nonlinear part of di-
electric permittivity is significantly smaller than its linear
part. However, the increase in the incident field leads to a
rapid growth of nonlinear part of dielectric constant, which
leads to a decrease in the refractive index due to the self-
defocusing property of the nonlinear dielectric. At a certain
point, for sufficiently strong incident fields (around 3 V/m),
the index of refraction becomes negative within a range of
frequencies. Further increase in the incident field widens the
range of frequencies in which the refractive index has nega-
tive values, again up to a point (around 10 V/m) after which
the nonlinear contribution of dielectric constant saturates,
which leads to saturation of the refractive index. This ex-
ample shows that n,,{w) may be varied significantly by
changing the incident field amplitude: from positive, over
extremely small, up to saturation values. In case of self-
focusing type of nonlinearity, the opposite effect occurs. By
increasing E, n,s increases for all frequencies, up to some
value, after which it saturates. In this case (a=1), sy TE-
mains positive for all frequencies and intensities of the inci-
dent field, which is not of interest for this observation.

The previously described effect can also be seen in Fig. 3,
where the dependence of the refractive index on the incident
field is depicted for two different barrier lengths for w
=2300 THz. In the linear case, i.e., for small values of inci-
dent field amplitude, refractive index is not a function of the
barrier length L, since the dielectric permittivity and mag-
netic permeability are not functions of electric field E,(x),
thus of x coordinate in the barrier. On the other hand, if the
incident field amplitude is too large (E,=10 V/m), the con-
tribution of the dielectric permittivity that describes saturable
nonlinearity is independent of E\(x) (egy,~=-1), thus the
whole dielectric permittivity is independent of x. This im-
plies that the refractive index is not a function of the barrier
length for extremely small or high values of the incident
field. However, between these two cases, when 2 V/m
=Ey=10 V/m, saturable part of dielectric permittivity
strongly depends on E,(x), thus on L. This dependence of
€y on L clearly causes n.s to be a function of L for the
specified interval of incident field amplitudes. Therefore, it
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can be noted that the smaller the barrier length, the smaller
the incident field is required to achieve the negative index of
refraction. For the range of incident field amplitudes between
2 and 10 V/m, nonlinear contribution of the dielectric con-
stant depends significantly on E,, thus n, also has a strong
dependence on Ej: from 1.4, it reduces to —0.35.

For nearly all frequencies of interest, the dwell time is
increased by embedding SRRs and metal wires into a satu-
rable nonlinearity dielectric (Fig. 4). However, around the
frequency where the metamaterial becomes double-negative,
i.e., where the dwell time reaches maximum, the nonlinearity
decreases 7;. Around the upper limit frequency of the
metamaterial’s double-negativity region, there is a local
maximum which is a consequence of the nonzero angle of
incidence and which increases by placing the metamaterial
into a material with saturable nonlinearity. The absorption
has a similar dependence on w as the dwell time; therefore, it
has the largest value around the frequencies at which the
refractive index changes its sign. Also, the behavior of these
quantities (the absorption and the dwell time) is in agreement
with the Hartman effect; i.e., they saturate with the increase
in the barrier length [26].
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FIG. 4. Dwell time as a function of the incident wave frequency
in case of a barrier made of SRRs and metal wires (dash-dotted
line) and SRRs and metal wires embedded into a material with
saturable nonlinearity (solid line). In both cases the barrier is placed
in vacuum and L=10"7 m.
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FIG. 5. Dependence of the group delay on incident wave frequency for a barrier made of SRRs and metal wires embedded into linear
dielectric with permittivity epy=2 (solid line); a barrier made of SRRs and metal wires embedded into dielectric with Kerr nonlinearity
(dash-dotted line) and a barrier made of SRRs and metal wires embedded into dielectric with saturable nonlinearity (dashed line) for three
different values of incident field amplitude: (a) Eq=0.1 V/m, (b) Ej=2 V/m, and (c) Ey=4 V/m.
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For low incident power, i.e., when Ey=0.1 V/m, T, is
equal for all three media, since the nonlinear term of permit-
tivity, in both the Kerr and the saturable media, becomes
negligible compared to the linear part (Fig. 5). With the in-
crease in amplitude of the incident field, the group delay in
nonlinear materials becomes smaller and even negative at its
first local minimum, which corresponds to the resonant fre-
quency of the magnetic dipole oscillators. This may seem to
contradict the classical causality principle, which states that
the particle cannot exit a region before entering it. In that
sense, the group delay must always have a positive value.
This counterintuitiveness and apparent ambiguity in interpre-
tation of the negative group delay stems from the intricacies
involved in extending the group delay concept to the quan-
tum domain [27]. Nevertheless, the negative group delay for
a particle traversing a quantum well, subject to specific re-
strictions imposed on the particle energy and the well thick-
ness, has been reported in recent works [28]. Because of the
apparent analogy between the Schrodinger and the Helm-
holtz equations, one expects to find evidence of this phenom-
enon in electromagnetic wave propagation as well and such
assumption has been verified by experimental data [29].

Also, the first local maximum of the group delay in non-
linear media is shifted toward lower frequencies and intensi-
fied. It is important to mention that the second local mini-
mum for the Kerr medium, which is a consequence of the
nonzero angle of incidence, becomes positive. This implies
that in this type of media, at some frequencies, it is possible
to manipulate the direction of wave propagation simply by
changing the incident field amplitude. For Ey=4 V/m, 7, is
significantly smaller and negative only at its first local mini-
mum, especially for the Kerr medium, while for the saturable
nonlinear material it reaches its saturable value. Furthermore,
the first peak for the Kerr medium reaches three times its
previous value and shifts significantly for about 100 THz.
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V. CONCLUSION

Analytic expressions for the tunneling times, in case of a
barrier made of SRRs and long metal wires embedded in a
material with saturable or Kerr nonlinearity, are derived. It is
shown that the group delay can be represented as a sum of
five contributions, among which are the dwell time and the
self-interference time. The electric-field distribution inside
the barrier is numerically calculated by the shooting method.
Based on these calculations, a detailed numerical study of
the influence of the nonlinearity on the spectral structure of
the tunneling times is presented. Due to the nonlinear re-
sponse of the metamaterial it is possible to change the sign of
the refractive index and the direction of wave propagation by
changing only the incident field amplitude, which strongly
affects the spectral profiles of the tunneling times. The dwell
time and the absorption have the highest values in frequency
regions in which the refractive index sign and the wave
propagation direction can be changed. The nonlinearity leads
to the creation of two frequency regions in which it is pos-
sible to obtain negative values of the group delay. The effects
of the negative group delay are more pronounced for the
metamaterial with Kerr nonlinearity than the one with satu-
rable nonlinearity. The negative group delay concept does
not violate the causality principle; moreover, in microelec-
tronics negative group delays can apparently be used to can-
cel out the positive group delays introduced by, e.g., transis-
tor latency [30].
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