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We calculate the relativistic corrections of relative order (Za)? to the two-photon decay rate of higher
excited S and D states in ionic atomic systems, and we also evaluate the leading radiative corrections of
relative order a(Za)?In[(Za)2]. We thus complete the theory of the two-photon decay rates up to relative order
o’ In(a). An approach inspired by nonrelativistic quantum electrodynamics is used. We find that the correc-
tions of relative order (Za)? to the two-photon decay are given by the Zitterbewegung, by the spin-orbit
coupling and by relativistic corrections to the electron mass, and by quadrupole interactions. We show that all
corrections are separately gauge invariant with respect to a “hybrid” transformation from velocity to length
gauge, where the gauge transformation of the wave function is neglected. The corrections are evaluated for the
two-photon decay from 28, 35, 3D, and 48§ states in one-electron (hydrogenlike) systems, with 15 and 2§ final

states.
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I. INTRODUCTION

Two-photon decay processes in hydrogenlike ions repre-
sent an intriguing physical phenomenon and are the subject
of intense research. The metastability of the 2§ level, which
is limited only by two-photon decay, makes it amenable to
high-precision measurements. Interestingly, though, the two-
photon decay has never been studied within the so-called Z«
expansion beyond the leading order, that is, beyond the order
of &?(Za)® for the decay width in units of the electron rest
mass (in this paper, we use natural units i=c=¢€,=1).

The first study of the two-photon decay rate I" of the 2
state was carried out by Goppert-Mayer in 1931 [1], and the
well-known nonrelativistic result was derived,

71=Ty=822935220s7'=1.309742 2 Hz. (1)

This result has been verified experimentally [2—4].

In the nonrecoil limit, the leading correction terms modi-
fying this result are given by a relativistic correction of rela-
tive order (Za)? and a radiative correction of relative order
a(Za)"In[(Za)~?]. We can write the following expansion:

T=To| 1+ 1(Za) + s (Za)[(Z) 2]+ ... |, (2)

with coefficients y, and 75 to be determined.

The next-higher-order term not included in Eq. (2) is a
nonlogarithmic radiative correction of order a(Za)?. Equa-
tion (2) is complete up to order o In(a).

The coefficient 73 is known for the 25-18§ transition [5,6],
but it remains unknown for any other two-photon transition
in a hydrogenlike ionic system. The coefficient 7y,, which
intuitively could be assumed to represent an easy computa-
tional task, has not yet been calculated for any two-photon
transition, to the best of our knowledge. We address both 7y,
and 73 in this paper.

The relativistic correction of relative order (Za)? actually
involves quite a large number of individual contributions: (i)
multipole (quadrupole radiation) correction, (ii) relativistic
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corrections to the electron’s transition current, and (iii) rela-
tivistic corrections to the Hamiltonian and to the bound-state
energies of initial and final states, due to Zitterbewegung
(zb), relativistic kinetic energy (ke), and spin-orbit coupling.
Each one of these contributions entails a computationally
demanding sum over virtual states and an integration over
the photon energy. We here calculate the corrections one af-
ter the other and check gauge invariance all along the way.
Finally, we obtain rigorous results for y, and ;.

Our approach is inspired by nonrelativistic quantum elec-
trodynamics (NRQED), albeit in a restricted way. In a two-
photon decay, the photon energies are bound by the energy
difference of the initial and final states and, therefore, the
problem of separating the energy scales of the high-energy
vertex terms does not arise. However, the interaction Hamil-
tonian still has to be expanded in the sense of NRQED, and
we have the choice between two gauges, which determine
the form of the interaction Hamiltonian. Either the “length”
(Yennie) or “velocity” (Coulomb) gauge can be chosen. The
final result should not depend on the gauge.

In the Appendix of Ref. 7], the gauge invariance of the
two-photon decay rate was shown to hold within the fully
relativistic formalism, within the class of fully relativistic
gauge transformations given by Eq. (A8) of Ref. [7]. The
Power-Zienau gauge transformation [8], as given in Egs. (18)
and (19) of Ref. [9], has a nontrivial dependence on the
coordinates and allows us to express the QED interaction
Hamiltonian exclusively in terms of observable field
strengths, which in turn correspond to derivatives of the vec-
tor potential. This transformation is most suitable for a non-
relativistic treatment; but due to the nontrivial dependence
on the coordinates and due to problems related to the physi-
cal interpretation of nongauge-invariant quantities [10-12], a
few subtleties arise.

After considerable discussion on this point within the
community [10-12], the conclusion has been reached that
gauge transformations have to be considered very carefully
in bound-state problems. E.g., for the radiative corrections to

©2009 The American Physical Society


http://dx.doi.org/10.1103/PhysRevA.80.022505

BENEDIKT J. WUNDT AND ULRICH D. JENTSCHURA

the two-photon decay rate [5], the results are invariant under
a hybrid gauge transformation [11], where the interaction
Hamiltonian is gauge transformed, but the gauge transforma-
tion of the wave function is neglected, i.e., although a gauge
transformation normally entails a local “pointwise” transfor-
mation of the wave function, this whole transformation is
flatly ignored, and the “usual” Schrodinger eigenstates [13]
are used for initial and final states of the process under in-
vestigation. We show here that the relativistic corrections to
the two-photon decay rate are invariant under such a trans-
formation (the gauge invariance of the leading logarithmic
QED corrections was shown in Ref. [5]). In general, proper-
ties of atomic states which can be formulated using the adia-
batic S-matrix theory are invariant under this kind of hybrid
gauge transformation; whereas in time-dependent problems,
the choice of gauge has to be taken into account even more
carefully [10-12]. In the latter case, the gauge transformation
of the wave function cannot be ignored.

When generalizing the results to higher-excited initial and
final states, one has to overcome a few subtle difficulties
because one has to separate the 35-1S double-dipole (E1E1)
two-photon decay from the cascade 35-2P-1S. The 2P state
appears both as a virtual state for the two-photon decay pro-
cess as well as an intermediate state for the cascade process.
In the two-photon decay rate, when regarded as differential
with respect to the photon energy, the presence of the 2P
state causes a (quadratic) singularity. Because we are inter-
ested in the total decay rate, we have to integrate over this
singularity, which is quadratic and thus a priori not inte-
grable. Removing the 2P state from the sum over virtual
intermediate states leads to gauge-dependent results [ 14—18].
In order to separate the cascade contribution from the two-
photon correction for the two-photon decay, one has to use a
special integration prescription detailed in Refs. [18-21]; the
prescription constitutes a generalization of the principal-
value integration to quadratic singularities. Here, we extend
the relativistic calculations for two-photon decays to highly
excited initial states using this formalism.

We organize the paper as follows. In Sec. II, we explain
the theoretical methods used in our approach. In Sec. III, we
consider all the corrections separated by their physical origin
for the 25-1S transition and show explicitly that each contri-
bution is gauge invariant. In Sec. IV, we present numerical
results for the 25-1S transition and also for transitions from
higher-excited states, and we discuss the separation of the
cascade contribution from the coherent two-photon correc-
tion to the decay rate. Results for the QED radiative correc-
tions of logarithmic order are presented in Sec. V. Conclu-
sions are drawn in Sec. VI. As already mentioned, natural
units i=€y=c=1 are used throughout this paper.

II. THEORETICAL BACKGROUND

The two-photon decay rate is given as the imaginary part
of the two-loop self-energy correction [22] which can be
derived using NRQED [23]. A detailed derivation of the non-
relativistic two-photon decay rate valid for all transitions,
including those involving highly excited states, is contained
in previous works [5,18,19,21] and there is no need to repro-
duce it here.
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We recall that in velocity (Coulomb) gauge, the interac-
tion Hamiltonian for the interaction of the electron with the
quantized radiation field is given as

€2A2

e S o

Hi=——{@-A+A-p)+——, (3)
2m 2m

where p is the electron momentum, A is the vector potential,

and m is the electron mass. This interaction leads to the

following expression for the nonrelativistic decay rate:

4o Erkr
. i '
I*= 4R€f dw1w1w2(<¢’_f|l7 PP

9mm 0 H-E;—w +i€

2
+ <q)f|Pi P |q)i>> . 4)

H- Ei + w;+ i€
Here, “Re” denotes the real part, and the limit e— 0 is taken
after all integrations have been performed. The summation
convention is used throughout this paper. The superscript &
denotes the velocity-gauge form of the expression.

For length (Yennie) gauge, the (leading) interaction
Hamiltonian takes the simple form,

H1=—€E‘F. (5)

If this Hamiltonian is used, we obtain for the nonrelativistic
expression,

40> (EEr . 1 ,
ré= —Ref dwlwﬁwg ((I)f|rl—_rf|d)i>
977 0 H- Ef_ (O] + 1€

2
+(Dr "j|q)i>) . (6)

H-E+w +ie

Using the relation [10,24]

<q)f|Pi 1Pi|¢'i> + <(I)f|Pi P|®)

H—Ef—(,() H—Ei+(1)1

:—m2w1w2<<<l>f|ri "j|‘bi>

H-Ef— o,

+(Dr r ICD)) , )

H—Ei+(1)]

the equivalence of these two expressions can be shown. Note
that this is only valid if a complete spectrum is used for the
representation of the propagator.

For a fully relativistic calculation of the effect, we would
have to use the Dirac Hamiltonian Hp in the propagators
instead of the Schrodinger Hamiltonian H and also the inter-
action Hamiltonian and the wave function would have to be
changed accordingly. However, as we want to work nonrela-
tivistically, we transform the fully relativistic Dirac Hamil-
tonian and its interaction Hamiltonian into effective nonrel-
ativistic operators. This can be achieved by using a Foldy-
Wouthuysen transformation [25], which identifies the
nonrelativistic Hamiltonian as the leading term, and thus
leads to a systematic way of expressing the relativistic cor-
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rections. Furthermore, it allows us to express the relativistic
corrections to the electron’s transition current within the Za
expansion.

Alternatively, one can resort to the literature [26], where
the corrections to the Schrodinger Hamiltonian have been
tabulated. For the noninteracting part, this procedure leads to
the well-known corrections to the Schrédinger Hamiltonian
H,

H— H+ 6H,
2
Z
Pz
2m r
L-& p
__3 i
OH = . 5(r)+4 23 " g (8)

The Darwin term proportional to the Dirac o originates from
the Zitterbewegung of the electron. The next term is the spin-
orbit coupling, and the last is the correction due to the rela-
tivistic kinetic energy. The relativistic corrections to the ref-
erence state wave function and to its energy thus read as
follows:

E — E+ SE=E +(®|5H|®D), 9)

l !
|¢>—>|¢>+|5¢>=|¢>+< ) SH|®).  (10)
E-H
The transition current of the electron can be derived by act-
ing with the Foldy-Wouthuysen transformation on a Dirac
Hamiltonian, which is coupled to an electromagnetic vector

potential. The velocity-gauge result for the interaction
Hamiltonian thus is (see Refs. [9,27])

eA-p e . > > e -
Hip = - - —(GXV)-A+-—(A-p)p’
m 2m 2m

e
4m?

dA e - - N
FXp)————=(FXVV)-A=—-eJ-A.
(G X p) P 4m2(0 ) e

(11)

We remember that the photon emission is characterized by
the creation part of the electromagnetic vector potential op-
erator, which carries a dependence of exp(—ik-7). The tran-
sition current J can thus be written as

. i . i - 1 .
Jl:‘i+5]’:’1{1—ik~r*——(k-r*)2]
m m 2

i=2 .
pp l Za o e e
2m3 ﬁ?(r X g)' - E(O’X k)'(1 —ik-F7).

(12)

As we are considering a two-photon effect, contributions
from seagull terms also have to be taken into account (here,
two photons emerge from the same vertex). Terms propor-
tional to A? are included in the seagull Hamiltonian which is
given by
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252 2 2
e“A e” - e -
Hyo=——-——(A-p)* - —SA%p~. 13
sea= 5 2m3( p) am3 4 (13)
Expanding in powers of (Za) and extracting the photon cre-
ation part, we obtain the seagull correction in relative order
(Za)?,
- ’p’ p2 g
5slf=_—k PP -5 - =Y, 14
k-9 2m’  4m? (14)

written in such a way that it multiplies the (creation part of
the) photon fields A'A/.

The interaction Hamiltonian in length gauge, including
relativistic and multipole corrections, can be obtained by em-
ploying two consecutive Power-Zienau transformations [8]
after the Foldy-Wouthuysen transformation. This has been
shown in Ref. [28]. The interaction Hamiltonian in length
gauge thus reads as

Hiy=—eF - E=~—(L+&)-B=SrrE, - ~—(Liy) + PL)B’
R J

- %a"r/B’ - gr iyl kEjk+ 4—0(E X 7). (15)
Here, the subscript separated by commas denotes the spatial
derivatives with respect to the indicated Cartesian coordi-
nates evaluated at the origin [28], which is defined to be the
location of the ionic nucleus. This corresponds to a length-
gauge transition current

[

I=r+ol=rl1-=F ——(k 2|+ (6 X Ry
2 4m

1 o - 1 - .
+— (X k)'(1-ik-7)+ —(L X k)
2mw 2mw

L XRE (16)
omw

where {A,B}=AB+BA is the anticommutator, and we exam-
ine the emission of a photon with four-vector (w,k). We are
now in the position to discuss how the corrections to the
decay rate can be determined from the transition currents in
the two different gauges. We start with the velocity gauge.

A. Velocity gauge

The nonrelativistic two-photon decay rate in velocity
gauge [see Eq. (4)] can be written as

40P (EoEw,

ré=— dw o0&, (17)
9w

where the superscript ¢ denotes the velocity-gauge expres-
sion. Here, due to energy conservation, w2=E¢,i—Eq,f—w1,

and '
=&+ 6, (18a)
b=t =), ()

VU mH-Eg + o
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P 1

—_— (18¢)
mH—Eq,f— W

i
& =(D] —|®,).
m
For the gauge invariance of this nonrelativistic expression,
see Eq. (7). We only remark that the statement of gauge

invariance can be brought into the compact from

£=—wwy{, (19)

where ( is defined in Eq. (25) below. Here and in the follow-
ing, we suppress the superscripts ij of the & and { tensors in
order to ensure the compactness of the notation, and we im-
ply that &= £/ (the indices i and j are summed over) and
that £56=£76¢7. We define 6 to denote the sum of the
corrections due to all the previously discussed perturbations
(Hamiltonian, energy, and current) and express the first-order
relativistic correction 8I' to the decay rate as (see Ref. [5])

40 E‘I’i_Ed’f
5F=29_f dwlw]w2§5§
m™Jo

4a2 E(I)i_E(I)j 5

+ 9—5wmax dww & . (20)
™ 0

The correction dw,,,,=O0E¢ — OEg, 1s necessary to ensure that

the perturbed energy conservation condition is fulfilled,

W+ W, = Eq;i - Eq)f‘l' SWpax» (21a)

so that the frequencies of the two quanta add up to the per-
turbed transition frequency. However, due to the presence of
the seagull terms, further corrections have to be taken into
account.

After some algebra, we see that o6& can be expressed as
the sum of fifteen terms that account for all the relativistic
and multipole perturbations,

15

5=, 8&,. (22)
k=1

The perturbations of the energies of the initial and final states
lead to the following terms:

i 2
6§ = <‘bf|%<$l+wl> ;|‘bi><‘bi| 5H|¢)i>,
(23a)
pi 1 2.
66 = <q)f| 5H|q)f><q)f|n_1<m> ;@i)-
(23b)
The perturbations to the initial and final-state wave functions
lead to the following four effects:
1 P (
H-Eg +w;m Eq,i—H

pi ’
6&3= <¢'f|2 ) SH|D;),

(23c¢)
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pi 1 p] 1 ’
8€, = (D)= - SH|®;),
mH—E(I,f—w]m Eq)i—H
(23d)
R W S
0&s = <(I’f| 5H( ) - - (I)i>’
Eq)f—H mH—E¢i+wlm
(23e)
L\ 1P
086 = <(I)f| oH - —|®;).
Eq)f—H mH—E(Df—wlm
(23f)

The perturbation incurred by the Hamiltonian leads to two
terms (observe the different denominators),

P 1 1P
&=~ <(I)f|_ _|q)i>a
mH—E¢i+a)1 H—E¢i+w]m
(23g)
P 1 1y
06y =— <(I)f|_ oH —|®)).
mH—E¢f_—w1 H—Eq)f—w]m
(23h)

The correction to the electron’s transition current can affect
both the initial and the final states, and this gives rise to a
total of four terms,

pi

6y =(D S| D), 23i

o <f|mH—E<Dl_+w1 | i) (23i)

6&1p= <<I>f|p—i SN |®)), (23j)
mH—Eq,f—wl !

8&), = (Do Kj@'), (23k)
M H-Ep+oym

1y
O =(DAO) ————|D)). 231
§12 < f| H— w1m| 1> ( )

Eq)f -

The seagull Hamiltonian acting on the unperturbed wave
functions leads to

8é13=— (D] 85Y|D)). (23m)

The minus sign originates because we have written all matrix
elements (second-order perturbations) in the “1/(H-E)”
form, which corresponds to a negative second-order energy
perturbation. In order to be consistent, we have to use the
negative higher-order seagull Hamiltonian, which is applied
in the first-order perturbation theory. Finally, we have the
seagull terms, which were already present in Ref. [5], which
account for the emission of two photons from the perturbed
initial state or to the perturbed final state. They are given as

1 ! .
0814=— ;@’A( ) SH|D;)&, (23n)

Ey-H
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1 1 ! g
6&5=— ;@A 5H(E ) |[®)d”, (230)

-H
>,
where we invoke second-order perturbation theory with the
leading seagull term e?A?/(2m). Using a complete basis set
of hydrogen eigenfunctions and their orthonormality rela-
tions, we can show that

6614+ 6&,5=0. (24)

The reason is that both 8¢, and 6¢,5 are proportional to the
nondiagonal matrix element (®{5H|®;) but with opposite
prefactors.

B. Length gauge

The nonrelativistic length-gauge expression in Eq. (6) can
be written as

Fg 4a2 E<p[_E(I)/

dowi 3, (25)
97 J,

where the superscript { denotes the length-gauge expression.
Here, w, is defined as in Eq. (17), and

(=0+0, (26a)
(= <<1>f|r’mr’ D), (26b)
L=()] r"mri ). (26¢)

Following the same procedure as for the velocity-gauge ex-
pression, we can write the first-order correction to the two-
photon decay rate in length gauge,

402 (Fo o,
o= 2; fo dw,w, 36

40[2 Eq,[—Eq,
+ 3_5wmaxf fdwlw?wggzv (27)
a

where again 6 denotes the sum of all the correction terms
incurred by the relativistic perturbations of the Hamiltonian,
and of the energies of the initial and final states, and of the
length-gauge current. Indeed, in the length gauge, the correc-
tion & contains only 12 as opposed to 15 terms,

12

8=, 8L (28)
k=1

The energies of the initial and final states are perturbed and
this gives rise to the first two correction terms,

. 1 2
8L, =AD 1| ——— | F|OND|sH|DY, (2
1= f|r<H—E¢i+w1>r| NP | SH|D), (292)
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: 1 2
00, ={(D|H|P N DPAr| ——— | /|P,). (29b
0, =( D/ 6H| D) f|r<H—Eq)f—w1) P|®;). (29b)

In complete analogy to Egs. (23¢)—(23f), the perturbations to
the initial and final-state wave functions are accounted for by
the following four terms:

. 1 . 1 !
Ol ={(DAr J SH|®;), (29
¢3=( f|rH—Eq,i+w1r<Eq>i—H) |, (29c¢)

Sy = (D fri— i(—1 Y suiwy. (294)
4 = frH_Eq)f_wlr Eq)l—H il

8¢s=(D|oH 7@, (29)

/rl
E(Df—H H—Eq,l_+a)1

1 " 1 .
Ol ={(D|6H ! D). (29f
o= (D] (quf—H> rH—Eq>f—w1r| 2. (291)

Furthermore, the corrections from the perturbed Hamiltonian
give rise to two terms,

) 1 1 .
5§7Z—<(I)f|rl oH VJ|(I)I‘>,
H—E(I)i‘l‘(x)l H—E(I)i‘l‘(,()]

(29g)

Sy =— (D r

rj|(I),>

SH
H-Eq -0 H-Ep-o

(29h)

The length-gauge correction to the current o gives rise to
four more terms,

8Ly =P | ———6V|®)), 29i
§9 < f|rH_EQ)i+wl | l> ( 1)

819 ={D SN SV | ;) (29j)
10= frH—E¢f—w1 i ]

81 =D |51f; D) (29k)
11 =\ H—Eq>i+w1r il

St —<q>|51f; J| ;) (291)
R T

The seagull term is not present in the length gauge. In the
next section, we analyze these corrections in the light of
gauge invariance. We separate the corrections by their physi-
cal origin and show more than the gauge invariance of the
final result: namely, we are able to demonstrate that each
physically distinguished correction is gauge invariant in it-
self.

022505-5



BENEDIKT J. WUNDT AND ULRICH D. JENTSCHURA

III. GENERAL PROOF OF GAUGE INVARIANCE
A. Orientation

First of all, let us remember that in all bound-state calcu-
lations, we actually use a hybrid gauge transformation [11],
where we ignore the gauge transformation of the wave func-
tion. The noninteracting relativistic Hamiltonian given in Eq.
(8) by definition is gauge invariant. Thus, we only gauge
transform the electron’s transition current and the photon
field operator or, alternatively, we let the interaction Hamil-
tonian undergo a gauge transformation. We show here that
the full gauge invariance is obtained by carefully considering
the interplay of the relativistic corrections to the wave func-
tion, to the Hamiltonian, and to the energies of the bound
states (the initial and the final states).

The whole problem becomes simpler when it is divided
into three distinct parts: the first of which is a generalized
correction due to the relativistic Hamiltonian, the second of
which is a quadrupole correction, and the third is a remaining
correction (a further correction to the current), which can be
shown to vanish after the use of commutator relations.
Gauge invariance can be shown for each of these corrections
separately provided some parts of the velocity-gauge correc-
tion to the electron’s transition current (12) are identified as
being generated by the relativistic Hamiltonian (8) and
treated together with the correction to the Hamiltonian. Here,
the velocity-gauge expression appears to be more compli-
cated. The quadrupole correction by contrast looks a little
more involved in the length gauge. Gauge invariance with
respect to the velocity gauge can be shown provided we in-
clude a part of the seagull term (14) into the velocity-gauge
expression for the quadrupole term. It is then relatively easy
to show that all remaining terms vanish separately.

In the following, we discuss the general approach to the
proof of gauge invariance in some detail. Further aspects are
elucidated in Appendixes A and B.

B. Correction to the Hamiltonian

Let us discuss first the general paradigm and start with the
corrections induced by the relativistic Hamiltonian (8). The
gauge invariance for the leading-order term (the nonrelativ-
istic result) can be traced to the formula (19),

&=~ wwy!, (30)

where & represents the velocity-gauge form and { represents
the length-gauge form.

Both £ and ¢ actually carry superscripts ij, which we sup-
press here to leave the notation compact, as already dis-
cussed. Let us now suppose that the total velocity-gauge cor-
rection due to the relativistic Hamiltonian can be expressed
as o6&y, and the corresponding length-gauge expression is
6(y. The precise definition of &y and 6y will be discussed
later. We are able to show the following gauge-invariance
relation,

5§H: - wlebZH_ 6wmaxwl§s (31)

based on which we can prove the gauge invariance of the
entire correction oIy due to the relativistic Hamiltonian,
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4 a2 E(pi_Eq’
oré =22
9 0

dw w0608y

4 EoFa, ,
+ 9 5(1)max d W g
T 0

) 4 a2 E‘I’f_E‘I’/

dw 0wy (- 0w 0)[- 00,60y
om J,

4 2 Ep—-Egp,
P s " do 2l
- wmaxwlg]"' 9 Wmax w1w1‘02§
m 0
4(12 E(pl—Eq,f -
=2— dw,w0{ 6y
97 J,

4&2 E(pi—Eq)f
+ 39—7T5wmaxf dow}w3l* = 6T%,. (32)
0

Here, again, the superscript & denotes the velocity gauge,
whereas { denotes the length gauge. We are indeed able to
show such a relation for all three terms given in Egs. (8), but
only if we include in the definition of & specific correc-
tions to the electron’s transition current. Our gauge-
invariance relation can be illustrated as follows. The correc-
tion O&y contains the wave-function correction in the
velocity gauge, the Hamiltonian correction in velocity gauge,
the energy correction in velocity gauge, and the seagull term
in velocity gauge, as well as the current correction due to the
current operator /5, =—i[r, SH]. By contrast, 8, equals the
sum of the wave-function correction in length gauge, the
Hamiltonian correction in length gauge, and the energy cor-
rection in length gauge. Note that the term —dw,,,, @, in Eq.
(31) is related to the modified energy conservation condition
and that dw,,, here is the correction to the transition fre-
quency due to the relativistic Hamiltonian given in Eq. (21b).
Using this result, we are able to show that the total correction
to the decay rate due to all three terms given in Egs. (8) is
gauge invariant.
The current that we add in the velocity gauge is

=4 - i=2
i i A P Ao L-o pp
5JH=—I[V,5H]=—I|:V,—W‘|—l{rl,mlz—zmS
1 Za )
- MF(FX ). (33)

The seagull term that we add in velocity gauge is due to a
double commutator

4 i 2
ij i i i P i N
Sy =I1r,6H], "] = |:[r,— %],ﬂ] = [— 12—n13,rj:|

2 )

. p p'p
== —-—. 34
2md md (34)

This term is part of the seagull Hamiltonian (14). We are
now in the position to give the precise definition of 8¢ and

2978
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8 12
Oby=2 05+ 2 6% + 013l s5=05, (39
i=1 i=9 8J=61,
and
8
Sly= 2 L. (36)
i=1

For further details, see Appendix A.

C. Quadrupole (multipole) correction

The quadrupole correction is not associated with any cor-
rection to the bound-state energy or to the Schrodinger
Hamiltonian. It can be treated separately and identified with
a correction 6]’ to the current in velocity gauge and with a
correction 5]’ 1n length gauge. The velocity-gauge current is

1p .
5JQ——( ik ) - ——(k o (I SR E L)

We can ignore the first term because it vanishes after angular
algebra, for the first-order correction to the two-photon de-
cay. This is unlike the (Za)? correction to the Lamb shift,
where this term contributes as a simultaneous perturbation to
both currents because one and the same photon is being
emitted. Here, two photons are being emitted, and angular
averaging occurs for both of them separately.
The quadrupole current in the length gauge is

[

i i 1 - Ay
6IQ=F|:_E ——(k 7) :|+2m—w(L><k)

_ 6;'[([ X B 7) + (B AL X D]
maw

. ,»f(- S F)2> - (X DE D
+ (k- AL X k)T, (38)

where in the last step we have ignored the terms that vanish
after angular integration. We find that the quadrupole term is
gauge invariant provided we include, in the velocity-gauge
expression, the seagull contribution from the term

P
854 =5k, (39)

Now, the sum of 55” and 85% is the full higher-order seagull
term 6SY given in Eq (14).

We denote the correction to the quadrupole matrix ele-
ment in the velocity gauge by 8, (it includes the seagull
correction due to 555) and use 8, for the corresponding
correction to the matrix element in the length gauge. We are
able to show that

PHYSICAL REVIEW A 80, 022505 (2009)

4(12 Eq’i_E(D
= dwiw;w,EO
0=y - . 100,666
4a? E(bi_Ech
dw; 0wy (- 0w 0)[— w0,6,]

9
4042 E‘I’ _E(I)
= 29—77 dwlwlwzgégg = 8Ty, (40)
0

proving the gauge invariance of the quadrupole correction.
The precise definition of 6§, and &, reads as follows:

12

Sép= X 8

+ 5§I3|5S:6SQ (41)
=9

aJ=dl,

and
12

8p= 2 8

i=9

(42)

51=6IQ

Further details are provided in Appendix B.

D. Remaining corrections

We have by now treated the correction due to the entire
Hamiltonian (8), the entire seagull term (14), and the quad-
rupole interaction. The remaining terms are current correc-
tions. In the velocity gauge, these read as

8= 81 = 8lly— 8l = - ZL(& X R)i(1 - ik - 7)
m

1 Za

T —(Fx &) (43)

Using commutator relations, it is possible to show that

@ |p 7 X k)| D,
( f|pH w(" )| ;)

o 1 .
b (X kY ———p/|D;)=0. 44
G ol (44)

This relation is valid for both k= 121,2 if w is changed accord-
ing to Egs. (23i)—(231), and for arbitrary initial and final
states. Thus, the contribution of the first term on the right-
hand side of Eq. (43) vanishes. Furthermore, we can replace

| S o .
—E(UXk)’(kW)—Hm(UXP),

1 ZCY .(J) - S\ |
Ty —(FX &) — 4mz(a'Xp), (45)

when contracted with the photon propagator. This relation is
known from Lamb shift calculations (see Ref. [29]). There-
fore, the entire contribution from the remaining corrections
to the current vanishes in the velocity gauge.

In the length gauge, the remaining corrections to the cur-
rent are given as
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. 1 > . > ] i
Sl = ——(F X BY(1 = ik- )+ —(G X P, (46)
2mw 4m

The first term vanishes in view of Eq. (44). The remaining
terms also do not contribute to the corrections to the decay
rate. This follows from the relation

L GXDE-F) — Z(G % P (47)
2mw 4dm

for the last two terms of Eq. (46) when contracted with the
photon propagator. The precise definition of & and 6y
reads as follows:

12
Skp= 2 8 (48)
=9 SI=a7y
and
12
Slp= 2 8, (49)
i=9 1=l

IV. NUMERICAL CALCULATIONS
A. 25-1S decay

The phenomenologically most important two-photon de-
cay process is the 25-1§ decay. Our gauge-invariant result
for the correction to the decay rate due to the relativistic
Hamiltonian, as discussed in Sec. III B, reads as

O =T o[- 0.508 2(Za)?]. (50)

For the quadrupole correction, the gauge-invariant result is
(see Sec. I C)

oLy =T([-0.155 5(Za)?]. (51)

The remaining current corrections vanish, as discussed in
Sec. III D,

6FR=O. (52)

The total result for the relativistic correction to the two-
photon decay rate thus reads as

Ol =T+ 8l + ol x=T[-0.663 6(Za)*].  (53)

It is instructive to break down the corrections to the Hamil-
tonian further. Namely, according to Eq. (8), we have the
Zitterbewegung (zb) term,

Z
SHp= 2 8(7), (54)
2m
the kinetic energy (ke) term,
4
p
OHye=— Pt (55)

and the spin-orbit (LS) coupling

PHYSICAL REVIEW A 80, 022505 (2009)

TABLE 1. Results for the y, coefficient as defined in Eq. (2).
This coefficient gives the relativistic corrections to the two-photon
decay rate.

|‘I)f>=|151/2> |(Df>=|2Sl/2>
|q)i>= |251/2> —-0.6636
|®y=1[35,,) —2.6637 —-1.7038
|D;)y=]45,,,) —-4.5192 —7.8530
|D;)=[3D35) -2.2978 7.8533
|D,)=[3Ds5) ~1.0981 —22.2671

SH Za LG (56)
BS=qm? 3

The corresponding results read, for the 2S-1S decay, as

8, =T o[- 0.757 71(Za)?], (57a)
oy =T5[0.249 5(Za)?], (57b)
6FLS = O (570)

This concludes our discussion of the two-photon decay of the
28§ state, and we can now proceed to calculate decays from
higher-excited states.

B. Higher-excited states

In principle, one might assume that in order to calculate
the relativistic correction to the two-photon decay from
higher-excited states, only the initial and final-state wave
functions have to be changed accordingly. However, histori-
cally the generalization to higher-excited states has proven to
be problematic. For higher-excited states, the two-photon
transition can take place not only through virtual intermedi-
ate states with an equal or higher energy than the initial state
but also through cascades via intermediates states with a
lower energy. For the 3S initial state, a decay via the cascade
35-2P-1S is possible. The allowed cascade transitions cause
singularities in the propagators. As we are interested in the
total decay rate, we integrate over the propagators and
thereby also over the singularities. These singularities are
quadratic and thus a priori not integrable.

Finally, after some discussion [14-19,30], the conclusion
has been reached that the two-photon correction to the decay
width of the initial state can be obtained using an integration
prescription, where the double poles are treated in a manner
inspired by quantum electrodynamics, where the photon en-
ergy integration contour extends infinitesimally into the com-
plex plane [21,31]. Note that the two-photon correction thus
obtained is a further correction that has to be added to the
one-photon decay width that is otherwise responsible for the
cascade transition. Using this procedure, we were able to
determine the relativistic and multipole corrections to the
nonrelativistic decay rate for many higher-excited states,
which fulfill the same gauge relations as for the 25-1S tran-
sition. Final results are given in Table I.
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TABLE II. Results for y; as defined in Eq. (2).

|<I)f>=|1S1,2> |q)f>=|2S1/2>
|P)=(25,,5) -2.0203
|D;)=35 1) 9.6521 16.0424
|)=[45),,) 20.7364 61.7499
|®;)=[3D55) ~5.4681 144.3639
|®;)=[3Ds)5) ~5.4681 144.3639

V. LEADING LOGARITHMIC QED CORRECTIONS

The Zitterbewegung term in the relativistic Hamiltonian,
according to Eq. (54), is given as 6H,,=nZad (7)/(2m). The
effective potential that gives the leading QED radiative cor-
rections is

3 [ =)
Sty = 2 Zanl (2a) 2. (58)
3 m

This relation implies that the 5 coefficient can be obtained
as 8, ,,/3 where v, ,, is the contribution to 7, caused ex-
clusively by the Zitterbewegung term. As this contains no
spin dependence, the y; coefficient is spin independent. For
the 25-1S transition, e.g., we have according to Eq. (57a), the
relation y3=§(—0.757 7)=-2.020 5. Results for other transi-
tions are given in Table II. The y; coefficient becomes nu-
merically rather large for 3D-2S transitions. Note that the
correction is the same for the decay from 3D, and 3Ds),
because the potential (58) does not involve any spin-
dependent terms.

VI. CONCLUSIONS

The precise treatment of the two-photon decay width in
ionic hydrogenlike bound systems with low nuclear charge
numbers demands an evaluation of the relativistic and mul-
tipole correction of relative order (Za)?, which is the leading
correction to the classic result [1]. The leading logarithmic
QED correction of relative order «(Za)In[(Za)™?] also
needs to be determined. These corrections can be param-
etrized according to Eq. (2) in terms of two coefficients 7y,
and 3, which are given in Tables I and II.

Of particular interest is the result

5(25-15) = - 0.663 6 (59)

for the 2S-1S decay. This result [see Eq. (53)] is the sum of
a correction due to the relativistic Hamiltonian [Eq. (50)] and
a correction due to the quadrupole term [Eq. (51)]. We also
generalize our approach to the two-photon decay from
higher-excited states (Tables I and II). As usual in quantum
electrodynamic calculations, the magnitude of the correction
terms grows with the principal quantum number. The decay
from D states is also treated, and it is worthwhile noting that
the spin-independent logarithmic correction terms of relative
order Za? In(Za) turn out to be large in magnitude (see Table
II). Finally, as shown in Appendix C below, a comparison of
our results to those of a nonperturbative (in Za) calculation
for the 35-1S decay (Ref. [20]) reveals that the term of rela-
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tive order (Za)? can account for the bulk of the relativistic
correction up to some rather high nuclear charge numbers
(Z=40).

With our NRQED-inspired approach, we can uniquely
identify the physical origin of the (Za)?-correction terms to
the two-photon decay width, as discussed in Secs.
III B-III D, and give their values separately. It is sometimes
worthwhile to use the effective nonrelativistic treatment of
NRQED because it may yield information, which could not
be obtained by a fully relativistic treatment, regarding the
breakdown of the corrections. Furthermore, the calculation
of the full spectrum of the propagator can be greatly simpli-
fied using lattice methods [32], increasing the speed as well
as the numerical stability of the evaluation, which is espe-
cially important in the domain of low nuclear charge num-
bers.

Another aspect is that the proof of the gauge invariance,
as carried out in full detail in Appendixes A and B, turns out
to be a surprisingly lengthy calculation. We stress once more
that the gauge invariance is shown to hold even if we ignore
the gauge transformation of the wave function, in the sense
of the hybrid gauge transformation developed in Refs.
[11,12].
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APPENDIX A: GAUGE INVARIANCE OF THE
HAMILTONIAN CORRECTION

We give further details regarding the gauge invariance of
the seagull term. Useful general relations are p'=im[H-E
+w,r'] and w2=E¢i—E¢,f—w1. The term 6&, can be trans-
formed to '

pi 1 2.
6 =(P—| ———— | —|DP,{D,|6H|D,
gl < f|m(H_E¢)i+(1)1> m| z>< l| | 1>

, 1 2
=— DAr'| ———— | Y|P, }D,;|6H|D;
w1w2< f|r<H_ELDl.+w]) V| z>< 1| | 1>

+(wy - w1)<q)f|ri | XD,| 6H|D;)
1

H—Eq)i+(l)

+ <(bf|rirj|q)i><(bi|5H|q)i>- (A1)

An analogous relation also holds for 8¢,
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pi 1 2.
66 =AP|—| ——— | —|P,}P/SH|D
- f|m(H_Eq)f_wl) 2ot

: 1 2 ‘ 1 .
=~ w0 D)r (m) DX D SH|Pp) + (@) = 0,)(P|r mf’l‘bﬁ@ﬂ SH| D))

These relations are equal to those found in Ref. [5] for a radiative correction potential. The relations for the correction to the
wave functions are altered because we are considering a different Hamiltonian. Thus, &&; gives

A S ’
86 = (D= _( ) SH| D))
mH—E¢i+ wym\Ep —H
. . 1 !
Z—wl(,l)z<q)f’rl 7‘/< ) 5H‘q),>
H-Eg +w, \Egp -H
- wz(‘léflr"mr" |DXD| SH|D;) +(Plr'(H =~ Eq, + wy)r” ( Ey H) SH|D;)
' L ' J
VT
ETS
. . . 1 A
- <(Df|r’r]|¢),><cbl|5H|(I)l> 5 <(bf|rlr]6H|(Dl>+ w2<®f|r17"/5[1|®1>.
: 7 H-Egp + w;
: (A3)
For &¢,, this yields
pi 1 p] 1 ’
6&, = <q)f|_ - 5H|(Di>
mH—E(bf— W m E(I)I_—H
. : 1 !
=- ORYY 4 S6H|D;
Wy f|rH—Eq>[—wlr (Ecbi_H) |D;)
. 1 . . . !
- — M, ; i(H — - J ;
(l)]<(Df|r H_E(D = ﬂ'q),><q)l’5H|(D,> +<CDf|r(H Eq)f (l)z)r (E(I)._.H) 5H|(Dl>
b . : -
—
ET4
o - . 1 4
- (‘I)f|r‘rJ|(D,><(I),|5H|(I),> + <q)f|r’rj5H|q)[> + w1<(Df|r’ r"é‘H‘@,)
H - E(I) — W
f (A4)
For the correction 8¢5 to the final-state wave function, we get
L W S
8¢5 = (D] 5H(E H) - —|P;)
®, = mH—E¢i+w1m
1 " 1 ,
=— w]a)2<®f| 5H rl r]|<bi>
E(I)/_—H H—Eq)[_+w1
; : 1 b .
+ w1<¢f|r'mrf|q>i)(d>f| SH|D )+ (D 6H( Eq - H) r(H - Eq,f— w)r|®;)
¢ “ ! )
N
ETS
L . . 1 .
- <(I)f] §H|<I)f><CDf|r’r’|(I>,-> + <CI>f| SHr'r!|®;) - w1<CI>f| SHr' ———1/|®)),
H- ECD’. + wy (A5)

and for o6&,
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1 'p 1 /
5§6=<‘Df|5H( ) 4 Ii/|q)i>
E(I)f—H mH—Eq)f—wl m
1 " 1 .
=_wlw2<cbfy5ﬂ< ) r r|®;)
E(pf—H H—E(pf—(,()l
o 1 ; " .
+ a)2<q)f|5H|q)f><<Dflr'H_E . rllq)1>+<®fl6H<E _H> r'(H—E¢i+ (,()I)V‘]’(I))
B 4 . @y g y
=T¢

o . . 1 .
—<q)f|5H|CI)f><q)f|r’r]|(D,>+<(I)f|5Hr'r/|CI),>— a)2<CI)f|5Hr’H_E s I'JICI)I>
S (A6)

However, the corrections to the wave functions lead to some remainder terms, which have to be analyzed separately. They can
be transformed to give

1
Ep -H

i

T3+ Ty= n—1<@f|< ) SH| D) 87 + (D fr'r| D} D,| SH| D) — (D | r'r SH| D), (A7)

1 ! . - o
T5+T6= _<¢f|5H( ) |q)l>5”+(q)f|5H|q)f><<Df|rlr’|(I),>—<(I)f|5Hr’r’|(D,> (AS)
m J

E(Df—H

We observe the seagull terms 64 and 6&,5 emerge and cancel, explicitly. The other terms on the right-hand side will be treated
separately, later. The term &&; arising from the correction of the Hamiltonian can be brought into length-gauge form in the
following way:

P 1 1
mH—E¢i+w1 H—Eq,i+w1

pi ; 1 1 .
6=~ <q)f| ;|Cbi> = w1w2<q)f|r oH rj|(Di>»

. . . 1 . . .
- w2<CI)f|r m@l‘]ﬂ@[) + wl(q)f|r 5Hmrf|q)i> - <(I)f|r 5Hrj|q)l->. (A9)
Finally, for 6&; we have
i 1 1 /
558 == <q’f|li oH lil q)i>
' mH—Eq,f—wl H—E¢f—w1m
) 1 1 .
= w1w2(®f|r’ OH D)
H-Eq - H-Eq -
) 1 . . 1 . ) .
— 0D m&Hﬂ@i} + w2<q>f|rl5Hmf"|(bi> —{( D' 6HF | D). (A10)

Our intermediate result thus reads as follows:

8 8
. . , 1 ,
g 8 =— w1w2i:2] S8 — Swpy 1L + w2<®f|r’H_ £y + o [, 6H]|D,) + wﬁ@Ar'm[ﬂ, SH]|®;)
. 1 . . 1 . . .
+ (D[, 5H]mr’|¢;> + o (D[, 5H]mr’|®i) — (@[, H],/]|®,), (A11)

where Sw,,, is defined in Eq. (21b). Fortunately, we can rewrite the terms with the [/, H] commutators further,
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) 1 . . 1 .
D, 0H| ———/|D,) + o (P r,0H]| ——— V| P;
o f|[r ]H—Eq>i+w1r| )+ o f|[r ]H—E¢—w1r| )

: A . 1 .
+ (Dl m[r’, SH]| @) + wi(Dr m[r’, SH]|®;)
1 1 1
=—(D|oJy———|D,) - (D[] —CD CI)——&J (OB
< f| HH_E(I)i+w1m| l> < f| HH_E‘bf w, | > < f| mH — E H| l>
—<‘I’f|_H Eo, 6JH|(I)1'>+2<q)f|[[ri75H]a’J]|q)i>7
12
3 + 2D ([, 5H].r]|P)). (A12)
i=9 8J=8ly

The current J,=—i[r', 5H] is defined in Eq. (33). Combining Eqs. (A11) and (A12), we obtain the relation

12

8
> 66+ X 8
i=1

i=9

8

== 010, 8~ SO~ 13 ss=ss,,- (A13)
8I=aly, i=l

With the definitions (35) and (36), this leads directly to our gauge-invariance relation (31).

APPENDIX B: GAUGE INVARIANCE OF THE QUADRUPOLE CORRECTION

For the proof of gauge invariance of the quadrupole correction, it is more convenient to start from the length-gauge
expression. As the quadrupole term is a correction to the transition current, only the terms 6y, are relevant. The length-
gauge transition current & is [see Eq. (38)]

R I 1 L . s
oly= r’{— —(k- 7)2] + —[(L X k)'(=ik-7)+ (= ik-7F)(L X k)']. (B1)
6 6bmw
It is helpful to rewrite the second part of the transition current as

(LXK)i(—ik- P+ (—ik- AL X k) = (k- Api(=ik-7) = rk-p)(—ik- P+ (= ik-P(k-Pp' = (-ik-A)rk-p). (B2)

Using this and the general relations from Appendix A, we can transform the first term 8fy to give

1 . - N - . L
— w069 = w28<CI>f|r’ {wl(kl P+ ;[(L X kyY(ky - 7) + (ky - (L X kl)j]}|q)i>

H—E(I)i+ (O]
' 1 1. _|p 1 o
|mm[_ E(kl : ”)} ;@i) - 6w1<®f|”l(k1 : ")2”]|‘Di>
1
. j I j I
+ i<q>f|’i(1€1 - AH|D,) - <ikllk'1">(<l)f|rirllir’" - rirjlir'” + r"r’"rlli - rirmrjli|<l>i>. (B3)
6 m 6 m m m m

For 6, we obtain in an analogous manner

1 ) 1 - R A . ..
— W09 = wlg<d>f|r’m{w2(k2 P+ ;[(L X ky)! (ky - 7) + (ky - F)(L X kz)"]}|‘bi>
~Egp,~
1 N P o
—<q)f|_ﬁ|:_ E(kz : r)];|(pi>_ gw2<q)f|r(k2 72| D))
!
+ <<I>f|—<k2 PPl D,) - ( kék’”)«bflrl L P ,m+,,m,,p’ (o). (B4)
m

For the correction 8{;; with the current acting on the left side, this yields
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1 N R A . . L.
- 060, = w18<<l>f|{w2(k2 A+ Z[(L X ky)'(ky - ) + (ky - 7)(L X kz)’]}

L)
H- E‘bi + (O]
Pl 1. 2 1 ey
= <‘Df|;[— Sk l’)] m;@i) + o PAr(ky - 7|0
i s 2 i P ph P pl
- —<CI>f|r’(k2 )| D) + —kk5' (CI)f|rl—r’"rf — P =" P - D)), (B5)
6 m 6 m m m m
and finally for 6¢,,
1 - P - . . .
— @080y = wy (P @, (ky - AP+ —[(L X ky)'(ky - 7) + (ky - AL X ky)'] r|®;)
6 m H-Eq -
12 B 1 i 1 e
= <q’f|;{— R r)} m;@& + gw1<¢f|r (ky - 77| ;)
P’ P
- —<(Df|r’(k1 r)2 |(I> )+ ( klkm)<q)f|r =" — f = 4 rmrl—r’ r’”r r’|<1> ). (B6)
m

Combining these results, we get

12

~ww, X 8

i=9

r’" + rr’”rlp]

_rrj

. j l i
- iklkm (D |r"rlli —riﬂ"rjp——lirlﬂ"rjml)
6 11 f i

m m m

— i=9 -
51_6IQ v 5J—§IQ

. j ! j ! i
- (—klzk?) (q)f|r’rl—rm - r’r/]iﬂ” + AP = r‘r’”rfli - lirlr”’r/|<bi)
6 m m m m

m
i i .pt .

+ (—kék’;) <(I>f|rllir’”r/ - r’lir’"rf + 77" —rf 'yt [ir/ r’rlr'"—|CI>i>
6 T m m m m
i i . ! . ol

+ (—kﬁk’f) (d>f|rl£ﬂ”rf - r’llrmr/ + rmrllirf r’”r’lirf r’rlrm—|CD[>. (B7)
6 m m m m

In order to simplify the resulting expression, we now commute the momentum operators in the remainder terms to the right
side of the position operators,

12

~ww, X8

i=9

12
> o5&

— i=9 —
51_6IQ v 5]—5JQ

+<<1>f|—5”(k1 r)2|<1)>+<<1>f| 5”(k2 7). (B8)

The last two terms can be identified as the negative of the quadrupole contribution to the higher-order seagull term as given
in Eq. (39) summed over the two-photon momenta k; and k,. Finally, this leads to the equality

12

— Ww; 2 4

i=9

+ 5513|5s=5sQ’ (B9)

— i=9 —
Sl= 51Q ! 8= 5JQ

which verifies the gauge-invariance relation given in Eq. (40).

APPENDIX C: COMPARISON OF ANALYTIC AND

1 +3.944 8(Zar)* - 2.040(Zer)*
NUMERICAL RESULTS r=r,

1 +4.601 9(Za)?

(C1)

We would like to compare our results for the analytic
coefficients listed in Tables I and II to numerical data ob-
tained for 2S-15 (see Ref. [7]) and 35-1S (see Ref. [20]). The

Upon re-expansion in Za, one may thus hope to obtain an
estimate for the correction of relative order (Za)z. Indeed,
the estimate thus obtained y,=~-0.657 1 is in fair agreement

authors of Ref. [7] obtained a fit to a convenient functional
form in Za, leading to an approximate formula valid across
the whole range of nuclear charge numbers Z [see Ref. [7]
and also Eq. (4.16) of Ref. [33]],

with the precise result (59), which reads as y,=-0.663 6.
For the 35-1S decay, we compare to a fully relativistic

calculation carried out in Ref. [20], where the relativistic

effects have been calculated for different values of Z. When
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using our results for y,, one can determine the corrected
decay rate for different values of Z. For Z=40, our analytic
results augmented by the relativistic correction of relative
order (Za)? lead to a result of I'=1.61(Z=40)° rad/s to be
compared with the result I'=1.60(Z=40)° rad/s from Ref.
[20] for the E1E1 two-photon decay rate.

In general, there is quite a subtle interplay of the fully
relativistic calculations with the Dirac-Coulomb propagator,

PHYSICAL REVIEW A 80, 022505 (2009)

which have meanwhile been done for a number of QED and
other problems and the Za-expansion approach. Numeri-
cally, more accurate results can be obtained with the former,
and these are relevant especially for highly charged ions, but
the physical origin of the relativistic corrections is much
more transparent within the Za expansion. Furthermore, the
analytic calculations allow for a systematic expansion in
powers of @ and Za, as demonstrated in Eq. (2).
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