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Direct measurement of transverse-mode entanglement in two-photon states
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We introduce and experimentally demonstrate a method to measure the Schmidt number of pure two-photon
states entangled in transverse-mode structure. Our method is based on the connection between the Schmidt
decomposition in quantum theory and the coherent-mode decomposition in classical coherence theory. We
apply the method to two-photon states generated by spontaneous parametric down conversion and show that
our results are in excellent agreement with numerical calculations based on the Schmidt decomposition.
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Entanglement is an old concept in quantum mechanics
that has only recently been recognized as a key resource in
quantum information science. In order to take full advantage
of the capabilities of a given quantum system for quantum
information processing, it is crucial to thoroughly character-
ize its entanglement and to measure the amount of this re-
source that is available, a measurement that goes beyond the
detection of entanglement signatures.

In the last years, there has been a significant effort to
design and implement strategies to measure entanglement
without prior state reconstruction [1]. With the increasing
dimension of the system, techniques such as quantum state
tomography become more and more involved and should,
therefore, be avoided. Most of the progress so far has been
achieved for simple two-qubit systems. For instance, in Ref.
[2]. Walborn et al. reported the first experimental measure-
ment of concurrence for pure two-qubit states. An estimation
of the concurrence for mixed states was also realized [3].
Furthermore, many proposals to experimentally quantify the
entanglement in low-dimensional bipartite systems are being
introduced [4-8].

Though the majority of the analyses focuses on realiza-
tions with two qubits, there is a growing interest in the high-
dimensional entanglement of continuous-variable systems. In
fact, many existing quantum processing protocols could be
boosted by employing larger alphabets [9]. For these intrin-
sically more complex spaces, the question of whether the
amount of entanglement can be obtained without a full state
tomography becomes particularly appealing.

The most convenient parameter to quantify the amount of
entanglement in a continuous-variable pure bipartite state
W) is the Schmidt number K, defined as the “average” or
“effective” number of nonzero coefficients in the Schmidt
decomposition [10]

W)= V) ® |- (1)
n=0

Equivalently, the Schmidt number K is the inverse of the
purity of the reduced density operator ¢, (or ©,)
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Thus,
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Other appropriate quantifiers, such as the I concurrence [11],
can be written in terms of the Schmidt number. For global
pure states, each part carries all the information about the
amount of entanglement present, as one can conclude by
comparing Egs. (1) and (2). The more entangled are the
parts, the more mixed are the reduced states. The above defi-
nition, though mathematically simple, does not provide a
clear way for the experimental measurement of the Schmidt
number [12]. Due to the high number of terms involved in
Eq. (1), even a numerical calculation of K may be difficult
and time demanding. In view of these difficulties, “experi-
mentally friendly” parameters were introduced, such as the
ratio of widths of single-particle and coincidence distribu-
tions [13], in an attempt to directly quantify entanglement.

In this work we show that it is possible to give an opera-
tional meaning to the Schmidt number in the framework of
coherence theory and present a method to evaluate and mea-
sure, with the least experimental effort, the amount of en-
tanglement associated with the spatial degrees of freedom of
an entangled photon pair. For this method to work, we only
need to assume that the global state is pure and the reduced
states have a sufficiently homogeneous statistics.

In photonic states, the notion of “mixedness” is related to
coherence. In fact, the transverse coordinate (X) representa-
tion of the reduced density operator in Eq. (2) is proportional
to the cross-spectral density function of the source
W,(x,x") = (x|@|x"), introduced and analyzed by Wolf [14].
The fields are assumed to be monochromatic. A more appeal-
ing, operationally defined function, is the cross-spectral de-
gree of coherence, obtained by normalizing W, by the inten-
sities, i.e., wu(x,x")=W(x,x")/VI(x)I|(x"), where I(x)
=W, (x,x). If the considered two-photon state is entangled,
the reduced one-photon state can never be fully coherent.
The more entangled the two-photon state is, the more inco-
herent is each one of its one-photon components. The aver-
age transverse spectral degree of coherence of the one-
photon states can be quantified by the overall degree of
coherence [15], defined by
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J f [W,(x,x")|?dxadx’
= :

2
{ | |Ws<x,x>|dx}

It can also be seen as an average of the cross-spectral degree
of coherence as u*=J[P(x,x")|u,(x,x")|’dxdx’, where
P(x,x")=L,()(x")/[J1(x)dx].

It is well known from the classical theory of coherence
that the cross-spectral density function admits a coherent-
mode representation [14],

(4)

W,(x.x") = 2 ¢, (x)$,(x"), &)
n=0

where the functions ¢, form an orthonormal set and the co-
efficients ¢, are all positive. Although derived in different
contexts, Egs. (2) and (5) refer to the same physical property
of the source. Therefore, using Egs. (2), (4), and (5) one can
see that the Schmidt number K is

1

=—. 6
o (6)
This is our first key result. We present another physical
meaning to the Schmidt number of two-photon entangled
states: it is the inverse of the overall degree of coherence of
the reduced state. Although Eq. (6) is always valid and pro-
vides a path to the direct measurement of K, the experimental
determination of > may require an enormous experimental
effort. However, in some important practical situations this

effort is considerably reduced, as we will now show.
Depending on the characteristics of the two-photon
source, especially if it is highly entangled, its reduced (one-
photon) state may describe a quasihomogeneous source. For
this class of sources [14], the cross-spectral degree of coher-
ence u,(x,x’) depends locally only on the difference x—x’
and decays to zero if |[x—x'| is greater than the transverse
coherence length of the source, within which the positional
intensity profile I,(x) is smoothly varying, that is, I(x)I(x")
zﬂ[%(xﬂ(’)]. In this case, the cross-spectral density func-
tion may be approximated by W (x,x’) xl[%(x+x’)]gx(x
—x'). This factorization is exact for Gaussian sources. Defin-
ing g ,(q) as the Fourier transform of g (x), it can be shown
[14] that g,(q) is proportional to the far-field intensity 77(6),
where @=q/k, k being the wave number. Using the facts just
mentioned, and Egs. (4) and (6), the Schmidt number can be

written as
2 2
| {fls(x)dx} {fIFF(ﬂ)d0]

K= P X R (7)
f]?(x)dx fI%F(O)dO

where I, and I are the intensities measured on the source
(near field) and on the far field, respectively, and \ is the
wavelength. We see that, with two intensity profile measure-
ments (in near and far fields), it is possible to obtain the
Schmidt number K directly, without the need of a full state

PHYSICAL REVIEW A 80, 022307 (2009)

tomography. This is our second key result, which forms the
basis of our experimental analysis.

We now illustrate the use of the proposed method to esti-
mate the Schmidt number associated with the transverse-
mode entanglement in the two-photon field generated by
spontaneous parametric down-conversion (SPDC) in a peri-
odically poled crystal. The two-photon state generated by
quasimonochromatic type I SPDC is pure and its wave func-
tion in momentum representation assumes the form [16]

D(q,.92) =NE,(q; + qy)sinc(b’lq, —qa* +¢),  (8)

where N is a normalization constant, £,(q) is the plane-wave
spectrum of the pump beam, assumed to have the Gaussian
profile exp(—|q|?/0?). The sinc function arises from phase
matching, bZ:L/4nkl,, L is the crystal thickness, kp is the
wave number of the pump beam, 7 is the refractive index for
the down-converted field, and ¢ is the collinear phase mis-
match parameter. The adequacy of Eq. (8) to represent the
two-photon state generated by type I SPDC has been con-
firmed in a number of published works. In particular, the
assumption about its purity in the quasimonochromatic re-
gime (when narrow band frequency filters are used) is sup-
ported by the high visibilities exhibited in fourth-order inter-
ference experiments in a wide range of conditions [17-19].
In order to compare with the results published in Ref. [10],
we use the notation of Law and Eberly, where wp:2/ o is the
width of the Gaussian pump beam. It is not difficult to show
that if bo<1 the SPDC reduced density matrix {(q’|@;|q)
=[d*(q',q,)P(q,q,)dq, leads to the factorized expression
for i1*> characteristic of a quasihomogeneous source, so that
Eq. (7) holds.

The predictions of Eq. (7) are confirmed by a numerical
calculation of the Schmidt number for SPDC based on the
Schmidt decomposition of the two-photon state described by
Eq. (8), that is, ®(q;,q,)==,V\,,u,,(q;)v,(q,). One can show
that K depends only on two parameters: the product bo and
the phase mismatch ¢. We follow [10] and obtain K for
different values of bo. In addition, we investigate for the first
time how the entanglement depends on the phase mismatch
parameter ¢. This calculation is lengthy and requires some
computational power. Alternatively, we use Eq. (7) and im-
mediately obtain a good approximation for the Schmidt num-
ber.

In Fig. 1 we compare the exact and approximated results.
In Fig. 1(a) we keep ¢=0 and vary bo from 0.05 to 0.5. The
smaller the value of bo, the more the two-photon field ap-
proximates the maximally entangled state &(x;—x,) and the
higher is the Schmidt number. It is known that changes in the
phase mismatch parameter ¢ lead to dramatic effects in the
far-field intensities without any change in the near field. The
Schmidt number predicted by Eq. (7) should change accord-
ingly. In Fig. 1(b) we compare the exact and approximated
results for K calculated at a fixed bo=0.1 and for a wide
range of the phase mismatch parameter ¢. We conclude that
Eq. (7) indeed provides a very good approximation to K,
especially in the regime bo<<1.

Next, we demonstrate that under the conditions assumed
(pure two-photon state and quasihomogeneous reduced one-
photon state) the Schmidt number can be measured in a
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FIG. 1. (Color online) Schmidt number K obtained from Eq. (7)
(solid line) and calculated via mode decomposition (circles). The
top graph (a) shows K as a function of ho for ¢=0. The X10
magnified curve shows that the approximation of Eq. (7) is correct
to within a few percent even for K as low as 10. The bottom graph
(b) shows K as a function of ¢ for bo=0.1.

simple experiment. For this purpose we use the setup de-
picted in Fig. 2. Spatially entangled photon pairs are pro-
duced by type I SPDC in a 5.06 mm-thick periodically poled
KTiOPO, crystal (PPKTP) pumped by a mildly focused
Krypton laser beam (A=413 nm, w,=162 wm). After the
crystal, the laser light is blocked by a filter (F,) and the
intensity profile of the down-converted light is measured
with an intensified charge coupled device (ICCD) camera. A
spectral filter (F,) is used to select the degenerate frequency
component. The detection bandwidth (5 nm at 826 nm) is
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FIG. 2. (Color online) Experimental setup comprising a pumped
crystal (PPKTP) and optics to create images of either the near field
or the far-field profile onto an ICCD.

small enough to limit spatial-spectral correlations to an un-
detectable level (mismatch parameter ¢ varies <0.1 over this
bandwidth [20]). Since our camera is not sensitive to photon
correlations, there is no need to split the photon pairs. To
measure the near field intensity, a 12X magnified image of
the transverse plane at the center of the crystal is created on
the detection area with a 59 mm focal-length lens (L;). For
the far-field intensity, a f-f configuration is set up with a 100
mm focal-length lens (L,). The phase mismatch parameter ¢
can be adjusted by changing the temperature of the crystal.
Based on the temperature dependence of the refractive indi-
ces at the pump and SPDC wavelengths, the derivative
de/dT~1.04 K~! around the collinear phase matching tem-
perature T,=60 °C was calculated and checked experimen-
tally [20]. To subtract the background noise, we record,
along with each measurement, a background image, taken
when the polarization of the pump is rotated by 90°, sup-
pressing down conversion. The intensities in the near field
and far field are measured for many different values of ¢.
After subtracting the background, we use Eq. (7) to estimate
the Schmidt number of the two-photon state.

The key experimental result of this work is depicted in
Fig. 3. The circles represent the Schmidt number K experi-
mentally obtained. The solid line is the theoretical prediction
based on Egs. (7) and (8) with bo=0.077. This value for bo
was obtained by curve fitting the near- and far-field intensity
profiles for ¢=0. We observe that there is a good qualitative
and quantitative agreement between theory and experiment.
Even the peculiar details of the curve are reproduced experi-
mentally. Some examples of how the angular emission pat-
tern changes with ¢ are also shown. For larger values of ¢,
as the effective width of the transverse structure of the down-
converted fields rapidly increases, the finite extent of the
detection area becomes important. This finite detection area
sets practical limits to the integration domains in Eq. (7),
leading to a reduction of the detected values of K. With this
correction taken into account, the theoretical prediction for
the detected Schmidt number is represented by the dashed
line. It should be noticed that while K may achieve very high
values for ¢ >0, the down-conversion efficiency drops sig-
nificantly, due to the lack of phase matching. More precisely,
the overall photon flux F(¢) relative to its ¢=0 value is
given by F(¢)/F(0)=1+(2/m)[¢ sinc® ¢-Si(2¢)], where
Si(x)=[psinc x'dx’ is the sine integral function. For ex-
ample, F(4)/F(0)=0.09 and F(8)/F(0)=0.04.

The results in Fig. 3 can be qualitatively explained as
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FIG. 3. (Color online) Experimental results (circles), theoretical
prediction for infinite detection area (solid line), and theoretical
prediction corrected for the finite size of the detection area (dashed
line). Some of the measured far-field intensity profiles are shown.

follows. For negative phase mismatch (¢ <<0) the amount of
entanglement does not depend strongly on ¢. This is because
the SPDC far field is concentrated in a “ring” whose area is
practically independent of the radius. Around ¢=0, the ring
collapses into a central spot of smaller area, reducing the
ratio in Eq. (7). At ¢ =1 the central peak resembles a Gauss-
ian and K reaches its minimum value. For ¢> 1, the main
ring completely disappears, and the weaker, secondary peaks
of the sinc function lead to a more spread intensity distribu-
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tion, rapidly increasing the value of K. As ¢ increases, the
effective width of the far-field intensity profile keeps increas-
ing, oscillating with ¢ due to rearrangements in the rings
structure, thus leading to oscillations in the value of K.

Finally, we interpret the product of the ratios in Eq. (7)
taken at the near and far field, as the product of an effective
“object” area A,/ (near field) and an effective emission angle
Q. (far field) via

1
K= 34 Ly ©)

The same formula is known in classical optics as the optical
étendue or the Shannon number of an image or imaging sys-
tem. The product A,/ \? defines the number of indepen-
dent classical communication channels available to the opti-
cal system. We provide, in this way, support to the recently
proposed relation between two-photon spatial entanglement
and the Shannon dimensionality of quantum channels [21].
Needless to say, this association is valid for the conditions
assumed here: pure two-photon states with quasihomoge-
neous reduced one-photon states.

In conclusion, we reported a measurement of entangle-
ment in an infinite-dimensional space. We proved that the
Schmidt number of the transverse-mode entanglement of a
two-photon field is identical to the inverse of the overall
degree of coherence of the source. The theoretical frame-
work based on the coherence theory indicates, contrary to
what is usually assumed, that the amount of spatial entangle-
ment can be experimentally estimated in a straightforward
way.
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