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We report results of a systematic analysis of the stability of one-dimensional solitons in a model including
the self-repulsive or attractive cubic nonlinearity and a linear potential represented by a periodically shaking
lattice, which was recently implemented in experiments with Bose-Einstein condensates. In optics, the same
model applies to undulated waveguiding arrays, which are also available to the experiment. In the case of the
repulsive nonlinearity, stability regions are presented, in relevant parameter planes, for fundamental gap soli-
tons and their two-peak and three-peak bound complexes, in the first and second finite band gaps. In the model
with the attractive nonlinearity, stability regions are produced for fundamental solitons and their bound states
populating the semi-infinite gap. In the first finite and semi-infinite gaps, unstable solitons gradually decay into
radiation, while, in the second finite band gap, they are transformed into more complex states, which may
represent new species of solitons. For a large amplitude of the rocking-lattice drive, the model is tantamount to
that with a “flashing” lattice potential, which is controlled by periodic sequences of instantaneous kicks. Using
this correspondence, we explain generic features of the stability diagrams for the solitons. We also derive a
limit case of the latter system, in the form of coupled-mode equations with a “flashing” linear coupling.
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I. INTRODUCTION

Optical lattices �OLs� provide a highly efficient tool for
the control of dynamics of collective excitations in Bose-
Einstein condensates �BECs� �1�. In the experiment, OLs are
created as interference patterns by coherent laser beams illu-
minating the condensate from opposite directions or by a set
of parallel beams shone through an effectively one- or two-
dimensional �1D or 2D� condensate. In photonics, the trans-
mission of light beams may be controlled by counterparts of
OLs in the form of gratings representing a periodic modula-
tion of the refractive index in the direction transverse to the
propagation axis of the probe beam. In particular, in photo-
refractive crystals, gratings may be induced by the interfer-
ence of transverse beams with the ordinary polarization if the
probe beam is launched in the extraordinary polarization �2�.
In bulk silica, permanent material gratings can be written by
means of a different optical technique �3�. The transverse
structure of photonic-crystal fibers may also be considered,
in a crude approximation, as a pattern of the periodic
refractive-index modulation �4�.

In experimental and theoretical studies of BEC, OLs were
found to be especially efficient in supporting matter-wave
solitons. It has been predicted that 2D and three-dimensional
�3D� OLs can arrest the collapse and thus stabilize solitons,
in the space of the same dimension, in the case of attractive
interactions between atoms �5�. Low-dimensional 1D and 2D
lattices, created, respectively, in the 2D �6� or 3D �6,7� space,
may also stabilize multidimensional solitons, allowing them
to move in the unrestricted direction �6�. Similarly, a cylin-
drical OL may lend the stability to 2D �8,9� and 3D �10�
solitons. The stabilization of matter-wave solitons against the
collapse was also analyzed in the framework of the 1D equa-
tion which combines the OL potential and nonpolynomial
nonlinearity resulting from the tight confinement in the trans-
verse plane �11�.

In photonics, lattice structures have been used as a me-
dium for the creation of spatial solitons which would not be

possible otherwise. Notable results are �2+1�D fundamental
�12�, vortical �13�, and necklace �14� solitons in photorefrac-
tive crystals equipped with the square-shaped lattice, as well
as solitons supported by a photoinduced circular lattice �15�.
Dipole-mode lattice solitons in a photorefractive medium
featuring the self-defocusing nonlinearity were reported too
�16�. The creation of solitons was also reported in bundled
arrays of parallel waveguides inscribed in bulk silica �17�.
Theoretically, various types of spatial solitons were investi-
gated in models of 1D �18� and 2D �4� photonic crystals. The
stability of localized vortices in photoinduced lattices �19�,
and of �2+1�D solitons in low-dimensional 1D lattices of the
same type �20�, was studied too.

For the case of repulsive interactions between atoms in
BEC, it was predicted that stable gap solitons �GSs� could be
supported by OL potentials, in both 1D �21� and multidimen-
sional �22–26� geometries. Localized modes in the form of
radial gap solitons were predicted in the 2D condensate
trapped in an axisymmetric potential represented by a peri-
odic function of the radial coordinate �9�. In the experiment,
a GS was created in the condensate of 87Rb atoms trapped in
a quasi-1D configuration equipped with the longitudinal OL
�1,27�. Then, extended confined states were discovered in the
strong OL �28� and explained as segments of a nonlinear
Bloch wave trapped in the OL potential �29�.

Another theoretically studied versatile tool for steering
the dynamics of nonlinear excitations in BEC is based on the
periodic time modulation �management �30�� of various pa-
rameters affecting the condensate, such as the trap’s strength
in the cases of the self-repulsion �31� or attraction �32�, and
the periodic modulation of the nonlinearity strength, through
the Feshbach resonance, by a low-frequency ac magnetic
field �Feshbach-resonance management, FRM�. It was pre-
dicted that FRM may stabilize 2D solitons �33�, and also 3D
ones, if combined with the one-dimensional OL potential
�34�. In the 1D geometry proper, the FRM may support
stable second-order soliton states �35� and multistability
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�36�. Another species of robust localized modes, predicted to
originate from the interplay between the OL in two or one
dimensions and low-frequency FRM, represents alternate
solitons adiabatically oscillating between GSs and ordinary
solitons �37�. The action of the FRM on discrete solitons was
studied too �38�. It is relevant to mention a related mecha-
nism for the stabilization of 2D solitons against the collapse
based on electromagnetically induced Rabi oscillations be-
tween two atomic states which feature opposite signs of the
scattering length �39�.

A natural extension of the study of the management tech-
niques for BEC is to consider effects of periodic time modu-
lation of the OL strength on the stability of solitons sup-
ported by the respective spatially periodic potential. The
modulation can be easily realized by periodic attenuation of
the intensity of the laser beams illuminating the condensate.
For the attractive nonlinearity, a relevant problem is the iden-
tification of stability limits for 2D matter-wave solitons sup-
ported by the 1D �40� or full 2D �41� time-modulated OL
potential �a similar problem for vortex solitons has not been
considered yet�. The same model applies to �2+1�D spatial
solitons in bulk optical media, assuming that the transverse
lattice structure is subjected to a periodic modulation along
the propagation distance, similar to the setting proposed in
Ref. �42�. The model with the transverse 1D lattice modu-
lated in the longitudinal direction may also be realized in
terms of spatiotemporal solitons running in a planar wave-
guide with an appropriate layered structure, similar to that
considered in Ref. �43�.

On the other hand, GSs in self-repulsive media do not
exist at all without the lattice potential, therefore it is inter-
esting to explore their stability limits under periodic varia-
tions of the lattice’s amplitude. For the 1D setting, this analy-
sis was performed in Ref. �44�. Note that the temporal
modulation of the OL depth was used in the experiment
aimed at transferring atom populations between different
bands in the OL-induced spectrum embedded into a nearly
1D condensate �45�. Theoretical analysis, which predicts a
ratchet transport and nonlinear resonances in the condensate
loaded into the lattice, was performed too in models with the
temporal modulation of the OL amounting to a periodic se-
quence of instantaneous flashes �46�. It remains to extend the
theoretical investigation of the stability limits for GSs in the
temporally modulated lattice to the multidimensional geom-
etry.

Moving OLs are also available to the experiment �47�.
The motion of the underlying interference pattern can be
induced by the variation of the phase difference between the
counterpropagating laser beams. Modulating the phase dif-
ference periodically in time, one can implement rocking
�alias shaking� OLs, which move periodically back and forth.
Recently, rocking OLs were used to demonstrate, in direct
experiments, both a dynamical localization of matter-wave
packets, through effective suppression of tunneling between
local wells forming the OL potential, and �presumably� en-
hancement of the tunneling under specially selected condi-
tions �48�. Dynamical localization of matter-wave packets
due to the collapse of quasienergy bands �49� and transitions
between the Mott insulator and superfluid in the rocking lat-
tice were also studied experimentally �50�.

In photonics, counterparts of rocking lattices are arrays of
periodically curved waveguides. Remarkable effects have
been demonstrated experimentally and described theoreti-
cally in undulated arrays that were permanently written, by
means of the technique developed in Ref. �3�, into bulk
samples of silica �51�. These effects include all-optical beam
steering �52�, defect-free surface modes �53�, inhibition of
the light diffraction across the array �54�, diffraction manage-
ment �55�, suppression of the coupling of guided discrete
modes to the continuum �51�, and various manifestations of
the dynamical localization, self-collimation, and self-
imaging of mono- and polychromatic wave packets �56�. In a
different optical setting, using a photorefractive crystal, in-
terband Rabi oscillations were experimentally demonstrated
in a waveguiding array modulated along the propagation dis-
tance �57�. A model including a 2D rocking-lattice potential
may also describe periodically twisted photonic-crystal fi-
bers, such as those used in rocking optical filters �58�.

In this work, we aim to identify stability limits for GSs
and regular solitons in the framework of the 1D Gross-
Pitaevskii or nonlinear Schrödinger equation �GPE/NLSE�,
which includes the repulsive or attractive cubic nonlinearity
and the rocking-OL potential. This model directly applies to
the above-mentioned physical settings for BEC and nonlin-
ear optics alike. The model is introduced in Sec. II, where we
also perform a simple analytical investigation, to demon-
strate that, in the limit of a large rocking amplitude, the
present model is tantamount to a variety of another recently
studied one �46�, with the above-mentioned flashing OL po-
tential. We also derive its limit case in the form of coupled-
mode equations with a flashing linear coupling, which corre-
sponds to a narrow band gap �weak flashing potential�.

The rest of the paper is organized as follows. Results for
the GSs in the model with the repulsive nonlinearity are
reported in Sec. III. They are summarized by means of dia-
grams showing stability borders for fundamental GSs and
their bound complexes. Considered are families of GSs
which reside, in the absence of the rocking, in the first two
finite band gaps of the underlying linear spectrum. Some
findings suggest that complex localized states different from
the ordinary GSs may exist beyond the stability borders of
the ordinary solitons, but systematic consideration of this
issue is beyond the scope of the present work. In Sec. IV,
stability diagrams are produced for regular solitons and their
bound states populating the semi-infinite gap in the model
with the attractive nonlinearity. Finally, in Sec. V, we give
simple analytical estimates which explain certain features of
the stability diagrams.

II. MODEL

A. Formulation

In the scaled form, the one-dimensional GPE/NLSE for
the matter-wave wave function, �, or the amplitude of the
guided electromagnetic wave, in the model combining the
cubic nonlinearity �repulsive or attractive, for �=+1 and −1,
severally� and the rocking-lattice potential of amplitude V0, is

i
��

�t
= −

1

2

�2�

�x2 + ����2� − V0 cos�2�x − � sin��t���� . �1�
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Here, t is the scaled time or propagation distance in the case
of the atomic or photonic waves, respectively, x is the spatial
coordinate �the transverse one, in the photonic model�, which
is scaled so as to make the lattice period equal to �, and
�� ,�� are the amplitude and frequency of the rocking modu-
lation applied to the lattice. Being interested in solutions
whose size is essentially smaller than the total length of the
waveguide, we do not include a longitudinal trapping poten-
tial.

If Eq. �1� is derived from the underlying GPE for the 3D
condensate �59�, the scaled variables, t, x, and �, are related
to their counterparts measured in physical units, T, X, and �,
as follows: t�T��2� /md2�, x��X /d, and

��X,R,T� = 	�/�2�as�d2���x,t�exp�− i��T − ���m/2��R2� ,

�2�

where m is the atomic mass, d the OL period, and as the
s-wave scattering length, while �� and R are the transverse
trapping frequency and radial coordinate. If m is taken as the
mass of 87Rb atom and d=1.5 �m, then � /2�=1 corre-
sponds, in physical units, to modulation frequency 
3 kHz,
while evolution time t=104, for which most results are pre-
sented below, translates into 
3 s. Further, the scaled OL
strength in Eq. �1� is V0=E0 /Erec, where Erec= ����2 / �md2�
is the recoil energy and E0 the depth of the periodic potential.
In experiments with the 87Rb condensate �which has as
=5.77 nm�, d varies between 0.4 and 1.6 �m, the corre-
sponding scaled lattice depth being V0	20. The negative
sign in front of the potential term in Eq. �1� implies that the
center of the soliton will be set at x=0, i.e., at a local poten-
tial minimum, in the absence of the rocking. In the applica-
tion to optical waveguides, the relation of scaled NLSE �1� to

the propagation equation written in physical units is well
known too �56�.

The single dynamical invariant of Eq. �1� is the norm,
N=�−


+
���x , t��2dx. According to Eq. �2�, it is proportional
to the total number of trapped atoms in the BEC, Natom
= ��a�

2 /asd�N, where a��	� / ���m� is the transverse-
trapping radius. If, in particular, one takes a��d�1.5 �m
and as�1 nm, then N=1 corresponds to 
5000 atoms. In
terms of the optical-beam transmission, N is proportional to
the total power of the trapped light signal. Control param-
eters of the present model are V0, �, and �, together with N.

B. Asymptotic form of the model with the large-amplitude
rocking modulation

Using the Fourier decomposition, the rocking-OL poten-
tial in Eq. �1� can be transformed as follows:

U�x,t� � V0 cos�2�x − � sin��t���

= V0�cos�� sin��t��cos�2x� + sin�� sin��t��sin�2x��

= V0cos�2x��J0��� + 2�
p=1




J2p���cos�2p�t��
+ 2 sin�2x��

p=0




J1+2p���sin��1 + 2p��t�� , �3�

where Jn is the Bessel function. For large modulation ampli-
tude �, one can use the well-known approximation

Jn��� �	 2

��
cos�� −

�

4
�1 + 2n�� �4�

to replace potential �3� by the following asymptotic form:

U�x,t� � V0	 2

��
cos�� −

�

4
�cos�2x��1 + 2�

p=1




�− 1�pcos�2p�t�� + 2�sin � −
�

4
�sin�2x��

p=0




�− 1�psin��1 + 2p��t��
�

V0

�
	2�

�
2 cos�� −

�

4
�� �

n=−


+


��t −
�

�
�2n + 1���cos�2x�

+ sin�� −
�

4
� �

n=−


+
 ���t −
�

�
�2n +

1

2
�� − ��t −

�

�
�2n −

1

2
���sin�2x�� , �5�

where ��t� is the delta function. The validity of Eq. �5� can
be checked via the Fourier decomposition of its right-hand
side. Thus, in the limit of large �, the rocking potential is

effectively replaced by a superposition of two “flashing” OLs
�cosinusoidal and sinusoidal ones�, with the coefficients in
front of cos�2x� and sin�2x� represented by periodic se-
quences of temporal kicks. The approximation based on Eq.
�5� is used below to provide an explanation to some generic
findings concerning the soliton stability.

C. Coupled-mode equations with the flashing coupling

In the case when the effective potential given by Eq. �5� is
weak, i.e., the respective band gap is narrow, a natural ap-
proximation for the GS may be based on the linear combi-
nation of right- and left-traveling waves

��x,t� = u�x,t�eix−it/2 + v�x,t�e−ix−it/2, �6�

where u�x , t� and v�x , t� are slowly varying amplitudes. The
substitution of ansatz �6� and potential �5� into Eq. �1� leads
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to the coupled-mode equations �see, e.g., Ref. �25��. For in-
stance, in the case of �=� /4+2�N with large integer N,
these equations take the form of

i
�u

�t
+ i

�u

�x
+ ���u�2 + 2�v�2�u

=
V0

�
	2�

�
� �

n=−


+


��t −
�

�
�2n + 1���v ,

i
�v
�t

− i
�v
�x

+ ���v�2 + 2�u�2�v

=
V0

�
	2�

�
� �

n=−


+


��t −
�

�
�2n + 1���u . �7�

Unlike the standard form of the coupled-mode equations,
whose best known realization is presented by fiber Bragg
gratings �60�, Eqs. �7� feature the flashing coupling between
the two modes �rather than the constant coupling�. In this
work, we do not investigate the model based on Eqs. �7�, but
it may be interesting to study the existence and stability lim-
its for GSs in it.

III. GAP SOLITONS IN THE MODEL WITH THE SELF-
DEFOCUSING NONLINEARITY

A. Gap solitons in the static optical lattice

First we consider the case of the self-repulsive nonlinear-
ity, i.e., �=+1 in Eq. �1�, when the OL supports localized
modes in the form of GSs. Before proceeding to the presen-
tation of findings for the rocking OL, it is relevant to briefly
recapitulate known results for one-dimensional GSs in the
static OL, with �=0. We here consider solutions that, in the
limit of �=0, populate two lowest finite band gaps of the
spectrum generated by the linearized version of Eq. �1�. The
respective stationary solutions with chemical potential �
�alias propagation constant −�, in terms of optics� are looked
for as ��x , t�=exp�−i�t���x�, with real function � obeying
an ordinary differential equation

�� +
1

2

d2�

dx2 + V0 cos�2x�� + ��3 = 0. �8�

Once solutions to Eq. �8� have been found, their stability can
be examined by looking for a perturbed solution to Eq. �1�
with �=0 as ��t ,x�=exp�−i�t����x�+ueit+v�ei�t�, where
u�x� and v�x� are eigenmodes of the infinitesimal perturba-
tion pertaining to eigenvalue  �generally, it may be a com-
plex one�. The subsequent linearization of Eq. �1� gives rise
to a linear problem

� L̂ ��2

− ��2 − L̂
��u

v� = �u

v� , �9�

with L̂�−�1 /2�d2 /dx2−�+V0 cos�2x�+2��2�x�. The un-
derlying solution, �, is stable if all eigenvalues  are real.

As shown in a number of works �21–24,44,61�, Eq. �8�
gives rise to families of single-peak solutions �fundamental

GSs� and in-phase or out-of-phase multipeak complexes
�bound states of the fundamental solitons�. In addition to
these, in the second band gap, one can also find subfunda-
mental solitons �SFSs�, which feature a pair of antisymmetric
peaks squeezed into a single cell of the periodic potential
�24,44,61�. Following Ref. �44�, we call them subfundamen-
tal modes because their norm is lower than that of the fun-
damental GSs existing in the second band gap at the same
values of chemical potential �. The SFSs are unstable in
nearly the entire second band gap �44�, except for a narrow
interval of values of � adjacent to the left edge of the band
gap, where the SFS are stable, while the fundamental GSs do
not exist there �see Fig. 1 below� �61�. Being unstable almost
everywhere at �=0, the SFS do not have a chance to give
rise to generic families of stable modes in the rocking OL,
therefore we do not consider them below.

Families of fundamental GSs and their two- and three-
peak bound states �both in-phase and out-of-phase ones� are
represented by respective N��� curves in Fig. 1, for OL
strength V0=5, which is fixed as it adequately represents the
generic case. In accordance with what was said above, fun-
damental GSs do not exist in a narrow interval of values of �
close to the left edge of the second finite band gap. As con-
cerns in-phase and out-of-phase two-peak bound states, the
diagram includes their families of different types, viz.,
“densely packed” ones, with no empty lattice site between
the two peaks and a variety featuring an empty cell between
the peaks.

−3 −2 −1 0 1 2 3 4
0

5
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20

25
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N

FIG. 1. �Color online� Basic families of gap solitons in the
model combining the self-repulsive nonlinearity and the static OL
��=0, V0=5� are shown here by means of respective N��� curves
in the first and second finite band gaps. Circles: fundamental gap
solitons �examples are shown in Fig. 2�a��. Solid curve without
symbols and the chain of stars represent, respectively, in-phase
�symmetric� two-peak “densely packed” bound states, without an
empty cell between the peaks, and their counterparts with the empty
cell �see examples in Figs. 2�b� and 2�c��. Dotted and dashed
curves: out-of-phase �antisymmetric� two-peak bound states, with-
out or with an empty cell between the two peaks, respectively �see
Figs. 2�d� and 2�e��. Dashed-dotted curve: in-phase three-peak
bound states, see examples in Fig. 2�f�; squares: out-of-phase three-
peak complexes �see Fig. 2�g��. In the first band gap, the N���
curves for all two-peak states are almost undistinguishable, as well
as the curves for the different three-peak states.

THAWATCHAI MAYTEEVARUNYOO AND BORIS A. MALOMED PHYSICAL REVIEW A 80, 013827 �2009�

013827-4



Generic examples of stable and unstable single- and mul-
tipeaked GSs in both the first and second finite band gaps are
displayed in Fig. 2, along with sets of eigenvalues which
determine their stability in the linear approximation. In the
first band gap, all the GS families presented in Fig. 1 are
stable. In fact, most important for the possibility of the ex-
perimental creation of solitons is not their stability against
infinitely small perturbations, which is illustrated by eigen-
values shown in Fig. 2, but the robustness against finite dis-
turbances, which should be tested in direct simulations. To
test the localized modes in this respect, we ran simulations of
their evolution, replacing, in the initial conditions, stationary
profiles u�x� by perturbed ones

�pert�x� = u�x��1 + ���x�� , �10�

where ��x� is a random functions with an amplitude �1 �it
was actually generated by means of the standard MATLAB’s
feature, “rand”� and � is a small amplitude of the perturba-
tion. The simulations were performed by means of the split-
step Fourier-transform method, with absorbers placed at
edges of the integration domain. The domain was covered by
a mesh consisting of N=512 grid points and the step size of
the time integration was �t=0.005. Results of such simula-
tions, shown in Fig. 3, demonstrate that most sensitive to the
addition of finite perturbations are the out-of-phase bound
states of the types shown in Figs. 2�d� and 2�g�—in the sense
that these states tend to trap the perturbation rather than
readily relaxing back into the unperturbed state. This feature
may be explained by the fact that the respective two- and
three-peak complexes include deep notches between repel-
ling density maxima, which may trap the perturbation. The
symmetric bound state with an empty cell between the peaks
is also somewhat more sensitive to the perturbation that its
“densely packed” counterpart �cf. Figs. 3�c� and 3�b��. Nev-
ertheless, Fig. 3 clearly suggests that these GS complexes are
stable in the first finite band gap.

In the second band gap, the fundamental solitons are also
stable, in the direct simulations, in the region where they
exist, viz., for 1.48���3.725 �see Fig. 1�. However, an
essential caveat is that, close to the right edge of the band
gap, the fundamental solitons become loosely bound, devel-
oping conspicuous weakly localized “tails,” as shown in Fig.
4�a� for �=3.7. If the evolution of such a perturbed soliton is
simulated, it remains stable �see Fig. 4�b��, provided that the
size of integration domain is sufficiently large. On the other
hand, if the integration domain is not wide enough, “chop-
ping off” parts of the soliton’s tails, the addition of the
�weak� perturbation may destabilize the soliton, initiating its
rearrangement into a “lighter” counterpart, through shedding
off a considerable part of its norm �see an example in Fig.
4�c��. The final stable soliton stays in the second band gap �in
the case displayed in Fig. 4�c�, it has ��2.00 and norm N
=8.23, which implies the loss of about 40% of the initial
norm�. In the real physical situation, both cases are possible,
as the experimental domain �for instance, the transverse size
of the optical sample in which the waveguiding array was
inscribed �3�� may be either broad or relatively narrow.

All multipeak complexes are unstable in the second band
gap. Among them, in-phase and out-of-phase �symmetric and

antisymmetric� two-peak modes with an empty cell in the
middle appear as nearly stable solutions, as the computation
of the respective stability eigenvalues yields a quartet with
very small imaginary parts �roughly, 50 times smaller than
their counterparts responsible for the instability of the two-
peak antisymmetric state at the same �, but without the
empty cell, cf. Figs. 2�c�, 2�e�, 2�b�, and 2�d��. The weakness
of the instability in this case is explained by the fact that the
interaction between the far-separated peaks in the respective
bound states is weaker than in other complexes.

B. Stability of gap solitons in the rocking optical lattice

The stability of various species of GSs supported by the
OL subjected to the rocking modulation, with ��0 in Eq.
�1�, was analyzed by means of systematic simulations of the
evolution of these solitons using the split-step algorithm. Of
course, it makes sense to explore the effective stability under
the rocking modulation of those GS species that were stable
at �=0. The solitons were identified as stable against the
rocking if, in the course of very long simulations, they would
feature shuttle motion without tangible loss of the norm;
technically, the solitons were identified as definitely stable
ones if they lost less than 0.1% of the initial norm in the
course of the simulations lasting up to t=10 000 �in the case
of the low-frequency modulation, the simulations were ex-
tended to t=100 000 to make their stability certain, see Fig.
5 below�. On the contrary, unstable solitons which originate
in the first finite band gap clearly demonstrate gradual decay
into radiation �without a trend to rearrange themselves into
any other stable mode; the situation is different in the second
band gap, as explained below�.

To illustrate the definition of the effective stability of the
GSs driven by the rocking OL, typical examples of stable
and unstable two-soliton antisymmetric bound states, with
the empty cell at the center, which belong �at �=0� to the
first finite band gap, are displayed in Figs. 5 and 6. Actually,
these examples also illustrate the definition of the stability
and instability for fundamental GSs, as the corresponding
bound fundamental solitons are not conspicuously altered by
the interaction. As concerns the case shown in Fig. 5, it is
relevant to note that the total simulation time, t=100 000, is
equivalent to �8000 periods of the low-frequency rocking,
which is definitely sufficient to make conclusions about the
stability of the OL-driven soliton.

Note that the sampling frequency used in Fig. 5�a�, which
is �sampl=2� /1000 �see the caption to the figure�, features a
small mismatch with the rocking frequency, ���8�sampl
−��2.65�10−4, the respective beating period being
2� /���23 700. This estimate explains the fact that Fig.
5�a� displays, effectively, slightly more than four full cycles
of the oscillations in the time interval of 0� t�100 000.

In the second finite band gap, the instability exhibited
by the fundamental GSs under the action of the rocking
is completely different from what was observed in the
first band gap. Namely, while the GS, which is identified
as a stable one, performs the shuttle motion in the intact
state �see a typical example in Fig. 7�a��, its unstable
counterpart quickly splits into several components, rather
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FIG. 2. Examples of soliton
profiles, and complex planes of
the respective stability eigenval-
ues, in the first and second finite
band gaps �upper and lower plots
in each panel, respectively� at �
=0.8 and �=3.0.
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than featuring a slow decay, as shown in Fig. 7�b�. The
complex state resulting from the splitting is, by itself,
quite robust, although it cannot be identified as a fun-
damental soliton. It is plausible that the localized mode
displayed in Fig. 7�b� is an example of another type of
�quasi-�solitons that may be supported by the rocking lattice
beyond the border of the instability of ordinary GSs. How-
ever, detailed investigation of this issue is beyond the scope
of the present work.

We note that, with the sampling frequencies �sampl
=2� /100 in Figs. 7�a� and 7�b� �as per the caption to Fig. 7�,
the corresponding frequency mismatch is the same in both
cases, ���8�sampl−��0.002 65, which yields the beating
period, 2� /���2370. The latter number explains the fact
that one can see a bit more than four full oscillations of the
solitons in both panels of Fig. 7.

Results of the systematic simulations are summarized in
Figs. 8 and 9, which show stability regions for fundamental
GSs and two- and three-peak bound complexes in the param-

eter planes of �N ,��, for fixed �, and in the plane of �� ,��,
for fixed N. Figure 8 includes the results for the fundamental
solitons in both the first and second finite band gaps, while
Fig. 9 appertains only to the first band gap. All multipeak
states whose stability areas are displayed in Fig. 8 belong
solely to the first gap too. Note that the stability area for the
fundamental GSs is much larger in the first finite band gap
than in the second band gap. The figures do not include the
family of “densely packed” antisymmetric bound states,
without the empty cell in the middle �from the first finite
band gap�, as this family is completely destabilized by the
rocking, even at very small values of �. In keeping with the
same trend, the stability areas for the densely packed sym-
metric bound states in Figs. 8 and 9 are much smaller than
for their counterparts featuring the empty site between the
peaks.

It is worthy to note that the shape of the stability
regions in Fig. 8 is generally similar to that reported
in Ref. �44� for fundamental GSs and their bound states

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

−10 −5 0 5 10 0

5000

10000

0

5

t

x

|Ψ|2

(b)(a)

(c) (d)

(f)(e)

(g)

FIG. 3. �Color online� The evolution of gap solitons from the first band gap, shown in Fig. 2, under the action of random initial
perturbation �10� with amplitude �=0.01.
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in the 1D model with the time-periodic modulation ap-
plied to the amplitude of the OL. An explanation to
some generic features of the stability diagrams is given be-
low in Sec. V.

IV. SELF-FOCUSING MODEL

A. Solitons in the static lattice

In the model with the self-attractive nonlinearity, i.e., �
=−1 in Eq. �1� and static OL potential ��=0�, usual solitons

of various types can be readily found in the semi-infinite gap,
following Ref. �62�. For the sake of comparison to the
rocking-OL model, a set of curves N��� for different families
of stable solitons in the static model is displayed in Fig. 10
and typical examples of such solitons are shown in Fig. 11.

B. Stability of solitons in the rocking lattice

Systematic simulations of Eq. �1� with �=−1 demonstrate
that the fundamental solitons which populate the semi-
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FIG. 4. �Color online� �a� The “loosely bound” profile of a fundamental soliton found at �=3.7, i.e., very close to the right edge of the
second band gap �cf. its “tightly bound “counterpart corresponding to �=3.0, i.e., located in the middle of the second band gap, which is
shown in bottom plot of Fig. 2�a��. In this panel, the dotted line depicts the underlying periodic potential. �b� The evolution of the perturbed
soliton from panel �a� in a broad integration window of width L=60, under the action of perturbation �10�, with �=0.01 �for stronger
perturbations, the results are quite similar�. �c� The same as in �b�, in the integration window twice as narrow, with L=30.
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infinite gap at �=0, as well as symmetric and antisymmetric
two-peak bound states may remain stable in the rocking lat-
tice. As concerns three-peak complexes, their in-phase vari-
ety survives in a considerable parameter region, while three-
peak bound states of the out-of-phase type are very quickly
destroyed by the rocking. The distinction between stable and
unstable solitons in the semi-infinite gap is similar to that in
the first finite band gap, in the case of the self-repulsive
nonlinearity �see above�: stable states perform the shuttle
motion under the action of the rocking drive without any
manifestation of the decay, while their unstable counterparts
demonstrate a persistent decay, losing nearly all the initial
norm by t�500. No trend to rearrangement of unstable soli-
tons into new robust modes has been found in this situation.

To summarize the findings made in the framework of the
self-focusing model, in Fig. 12 we display stability borders
for the solitons in the plane of �N ,��, with fixed V0=5 and
�=0.5 �cf. Fig. 8�. Stability borders in the plane of �� ,��
�cf. Fig. 9� are drawn in Fig. 13 for fixed N=3.5 and V0=5.
Comparison of these figures with Figs. 8 and 9 demonstrates
that the shapes of the borders of the stability regions for the
solitons in the self-focusing model are, roughly, similar to
those for the GSs in the self-defocusing model. Nevertheless,
a noteworthy difference is that, while in the model with the
self-repulsive nonlinearity, the fundamental GSs clearly fea-
ture the largest stability area �in any parameter plane�, the
largest stability regions in the self-attraction model appertain

to two-peak complexes, rather than fundamental solitons.

V. ANALYTICAL ESTIMATES

Some generic features of the numerical findings can be
explained using approximation �5� and Eq. �3�. In the case of
the self-defocusing model, the variational approximation pre-
dicts �37� that the stationary OL potential, taken as � cos�2x�,
may support tightly bound �strongly localized� GSs in the
first band gap provided that the OL strength exceeds a
threshold value

��� � �0 � e2/16. �11�

On the other hand, the time average of the rocking potential
in Eq. �3� is
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FIG. 6. �Color online� The same as in Fig. 5�b�, but for rocking-
modulation frequency �=1. In this case, the antisymmetric bound
state is clearly unstable due to systematic loss of the norm.
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�U�x�� = V0J0���cos�2x� . �12�

In this expression, the effective OL’s amplitude is identified
as �=V0J0���, hence threshold condition �11� takes the form
of J0����e2 / �16V0��0.092—for V0=5, which was used in
the numerical simulations. With the lowest root of equation
J0���=0.092 being �cr
2.25, the present consideration pre-
dicts that GSs originating from the first band gap cannot be
supported by the rapidly rocking OL at ���cr. This rough
estimate may explain the most salient feature observed in
Fig. 8, viz., the nonexistence of stable GSs at ���cr
1.8
�the moderate discrepancy in the value of �cr may be ac-
counted for by the fact that Fig. 6 pertains to �=0.5, which
does not exactly imply rapid rocking�.

This explanation does not apply to the self-focusing ver-
sion of the model, which admits the existence of solitons in
the semi-infinite gap for any strength � of the periodic po-

tential. In fact, the destabilization of NLSE solitons under the
action of time-periodic “management” has a more complex
character and it cannot be analyzed by means of such a rough
approximation �30,63�.

Nevertheless, the form of the stability border in Fig. 11 at
large � can be explained using approximation �5�. Indeed, in
the case of large � and small �, Eq. �5� reduces the rocking
potential to the superposition of three periodic sequences of
kicks, with large period 2� /�. Because each kick multiplies
the wave function by potential cos�2x� or sin�2x�, it instan-
taneously imprints the respective phase profile, ��x�, onto
the soliton, lending it the corresponding phase chirp, ���x�.
Thus, the stability of the soliton under the action of the low-
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FIG. 9. �Color online� Stability borders for fundamental gap
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modulation parameters, �� ,��, in the first finite band gap. The
norm and lattice strength are fixed here: N=3.46 and V0=5.
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frequency large-amplitude rocking modulation, in the self-
focusing model, amounts to the survival of the NLSE soliton
after the chirp was instantaneously imprinted onto it. The
latter problem can be solved by means of the variational
approximation �64� or, in an exact form, using the inverse
scattering transform for the integrable NLSE �ignoring, for
that purpose, the presence of the lattice� �65�. The result is
that the soliton survives if the value of the chirp imprinted at
its center does not exceed a certain critical value. On the
other hand, the strength of the kicks in Eq. �5� is
	2�V0 / �	���, hence the stability border should take the
form of �=const /	�, which qualitatively complies with the
shape observed in Fig. 13.

VI. CONCLUSION

In this work, we have developed the stability analysis for
1D solitons in the model including the self-defocusing or
focusing nonlinearity, in combination with the potential of
the rocking lattice. The model has straightforward implemen-
tations in the form of periodically shaking OLs, which have
recently attracted attention in experiments with BEC, and in
nonlinear optics, in terms of periodically curved waveguid-
ing arrays, which were recently made available to the experi-
ment.

The work was focused on the identification of rocking-
induced stability limits for solitons which are stable in the
absence of the rocking. In the case of the self-repulsive non-
linearity, the analysis was performed for GSs in the two low-
est finite band gaps. In the model with the attractive nonlin-
earity, the stability of regular solitons populating the semi-
infinite gap was studied. The results were summarized in the
form of stability diagrams, in relevant parameter planes, for
fundamental solitons and two- and three-peak bound com-
plexes of different parities �in-phase and out-of-phase types�.
Two distinct types of symmetric and antisymmetric two-peak
states were considered: “densely” and “loosely” packed ones,
i.e., without an empty cell between the peaks or with the
empty cell included. In the semi-infinite gap, as well as in
the first finite band gap, stable and unstable solitons are
distinguished, respectively, as persistent localized states,
which perform the shuttle motion under the action of the
rocking lattice, or gradually decaying localized modes. In
the second finite band gap, fundamental GSs which were
identified as unstable under the action of the rocking do not
decay into radiation, but rather feature splitting into new
complex states. Plausibly, the latter ones may represent novel
�quasi-�localized modes that may exist beyond the stability
borders of the ordinary GSs. In the limit of the large rocking
amplitude, the model is tantamount to a special case of the
system with a flashing lattice, driven by three periodic se-
quences of instantaneous kicks. Using this representation of
the rocking lattice, some generic features of the stability dia-
grams for solitons were explained.

This work can be extended in other directions, one natural
possibility being the consideration of the rocking lattice in
two dimensions, for both signs of the nonlinearity. Another
challenging issue is the search for persistently moving soli-
tons driven by the rocking lattice. Our preliminary analysis
of this issue demonstrates that the application of an initial
kick to the soliton easily results in its eventual destruction in
the present setting. As mentioned above, it may also be in-
teresting to identify effective stability limits for solitons in
the framework of the coupled-mode equations with the
“flashing” linear coupled, i.e., Eqs. �7�.
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