
Multiphoton single ionization of two-electron systems in intense laser fields

S. Bhattacharyya,1,* Mahua Mukherjee,1 Mina Mazumder,1 J. Chakrabarti,1 and F. H. M. Faisal2
1Indian Association for Cultivation of Science, Jadavpur, Kolkata 700032, India

2Fakultät für Physik, Universität Bielefeld, Postfach 100131, Germany
�Received 18 May 2009; published 28 July 2009�

Multiphoton single-ionization of a two-electron system �He and He-like ions� in intense circularly polarized
laser field is reported in a relativistic field theoretic method. Coulomb-correction factor is introduced to
estimate the effect of the Coulomb field of the residual ion on the rate. Antisymmetric wave function is
considered both in the initial and in the final state. The spin-specific currents are calculated. Angular asym-
metry in current generation is noted with the change in the spin direction of the ionized electron. Coulomb-
corrected relativistic-result for total rate is compared with the Coulomb-corrected nonrelativistic KFR rate. At
the high-intensity regime nonrelativistic rate overestimates the relativistic rate. Formation of orthopositronium
and parapositronium from positronium negative ion by multiphoton ionization is discussed.
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I. INTRODUCTION

Multiphoton ionization of a two-electron system mainly
He is looked into in this work for single-ionization in the
intense laser field in a relativistic field theoretic method, with
special emphasis on spin-current production which has many
applications in spintronics and magnetoresistances. Field
theory and Feynman diagrams are used to calculate single
and double ionization of He in a perturbative-approach �1�.
In the case of ionization in intense laser field nonperturbative
approach is sufficient. In strong laser field the magnetic com-
ponent of the field plays important role in the spin of the
electron �free or bound�. A characteristic aspect of the strong
laser field is the coupling of the magnetic field with the spin
degrees of freedom. Spin-dependent ionization current is ob-
tained earlier using circularly polarized light shining multi-
photon on hydrogen atom in paper �2� and single photon on
helium atoms in paper �3�. In this paper, while we restrict
ourselves to the straight forward relativistic generalization of
strong field S-matrix approach �SFA� with regard to radiation
field to obtain the rate, we multiply the rate by Coulomb-
correction factor �4� of the residual ion analogous to the non-
relativistic Coulomb-corrected Keldysh-Faisal-Reiss �KFR�
rate �5�. In principle the photo-electron is dressed by laser
field �6� �Volkov wave function� and the Coulomb field of
the residual ion. To estimate the effect of this additional Cou-
lomb field, we multiply the relativistic-rate by the square of
the Coulomb-correction factor. In the time reversed S matrix,
the system is initially prepared in a state free of transition
carrying field. The SFA method allows for the rigorous in-
troduction of arbitrary temporal as well as spatial shape of
the laser pulse. The pulse is relatively long but goes to zero
at asymptotic time is automatically satisfied �7�. The energy
of the photo-electron should be much larger than the binding
energy.

A frequency-dependent asymmetry between the spin-up
�u� and spin-down �d� currents that varies according to the
direction of electron emission is found. Hopefully the rates

of spin-flips in the ionization process and possibly also the
spin-asymmetry from target atoms could be measured in
“second generation experiments.” Analysis of such multi-
photon ionization experiments would require knowledge of
the spin-dependence of the ionization rates. No such spin
specific ionization rate of He in intense field appeared to
have been obtained so far. In this paper, we consider anti-
symmetric wave functions in the initial state as well as in the
final state. Initially the two bound-electrons are in the ground
spin-singlet �Si=0� state. It is difficult to solve ground-state
helium wave function in a relativistic way. For simplicity, we
have made an effective “Active-single-electron” �ASE� hy-
pothesis. At high-laser intensity He in the ground state is
taken as the antisymmetric product of two hydrogen-type
Dirac-electrons in the spin-singlet state with �3� effective
charge Zef f =27 /16. In this paper, unlike Ref. �3�, we have
considered the two electrons in the final state �one bound and
one free� to be either in the spin-singlet �Sf =0� or in the
spin-triplet �Sf =1� state. Inclusion of antisymmetry in the
initial and in the final state gives rise to the two types of
multiphoton ionization processes. (a) Direct process: photon
interacting with one of the bound electrons ionizes it �with
spin direction unchanged or flipped�, the other electron re-
mains bound in the same spin state. (b) shake-off process:
where one of the bound electrons interacting with photon,
remains bound with its spin flipped, while the other electron
due to the change in the internal potential is kicked off
without change of spin. Transition to the singlet state �Sf
=0, Mf =0� involves only direct process while that to the
triplet-state involves both the spin-flip direct process and the
shake-off process.

Explicit analytical formulae for the relativistic rate are
derived for multiphoton ionization of a two-electron atom/
ion by circularly polarized light, and results of numerical
calculations for multiphoton ionization rate after Coulomb-
correction are presented. Atomic units are considered �= �e�
=m=a0=1, c=�−1.

II. THEORY

Using SFA analogous to the nonrelativistic KFR approach
�5� the leading term of S matrix is*sreebrata@yahoo.com
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�Ss1s2→s1�s2�
�Sf,Mf

= − i�
−�

�

��̄ f
�s1�,s2���r1,r2�����1�A��r1�

+ ���2�A��r2���1s2
�s1,s2��r1,r2��d3r1d3r2dr0

�1�

s1�s2=u, d are the electron-spins in the initial ground state
of He atom. s1�, s2� are the corresponding spins in the final
state.

Transition rate per unit time

�s1,s2→s1�,s2�
=� ��Ss1,s2→s1�,s2�

�Sf,Mf
�2

d3p

�2	�3 . �1a�

The angular differential rate for transition from the ground-
singlet state to the final states Sf, Mf on ionization is given
by

	d���Sf,Mf

d


 = ��Ss1,S2→s1�,s2�

�Sf,Mf
�2

cp0�p� �
�2	�2 . �1b�

The parenthesis in ���i� in �1� indicates photon interacts with
electron at ri= �r0 ,r�i� and. p= �p0 , p�� is the four-momentum
of the ionized electron, d
=sin �d�d�.

The vector potential is given by

A�r1� =
eA0

2c
��̂eik·r1 + ̂�e−ik·r1�� . �2�

The polarization vectors for circularly polarized photons are,
respectively,

̂ =
1
2

�1,i,0� and ̂� =
1
2

�1,− i,0� ,

k= �k0 ,k�� is the four-momentum of photon, k0=� /c,

where ̂ · k̂=0, k� = �0,0 ,kz�. Let us denote the spin-up elec-
tron as “u” and spin down-spin electron as “d.” The initial
ground state of He atom is considered as an antisymmetric
combination of the two Dirac-hydrogen wave functions with
�3� effective charge Zef f =27 /16.

�1s2
�s1,s2��r1,r2� = ��1s�r1��1s�r2��

1
2

��u�1�d�2�� − u�2�d�1�� .

�3�

The two electrons in the final state � f
�s1�,s2���r1 ,r2� may be

either in the singlet state
Sf =s1�+s2�=0, Mf =0 or in the triplet state Sf =s1�+s2�=1,

Mf =1,0 ,−1.
The final singlet state is

� f
�s1�,s2���r1,r2� =

1
2

��p�r1��1s
He+

�r2� + �p�r2��1s
He+

�r1��

�
1
2

��u�1�d�2�� − u�2�d�1�� . �4�

The final triplet-states corresponding to the three magnetic-
quantum states are as below

�i� Sf = 1, Mf = 0,

� f
�s1�,s2���r1,r2� =

1
2

��p�r1��1s
He+

�r2� − �p�r2��1s
He+

�r1��

�
1
2

��u�1�d�2�� + u�2�d�1�� �5�

�ii� Sf = 1, Mf = 1,

� f
�s1�,s2���r1,r2� =

1
2

��p�r1��1s
He+

�r2� − �p�r2��1s
He+

�r1��

���u�1�u�2��� �6�

�iii� Sf = 1, Mf = − 1,

� f
�s1�,s2���r1,r2� =

1
2

��p�r1��1s
He+

�r2� − �p�r2��1s
He+

�r1��

���d�1�d�2��� . �7�

Dirac-Volkov solution �6� for photo-electron in intense
laser field �p�r�us for ionized electron is given by

�p�r1�us = �
n�n0

�

Np0
exp�i�p · r1 + �pk · r1��

�exp�− ink · r1��n
s�p� , �8�

where n0 is the minimum photon number required for ion-
ization.

�n
s�p� = 	Jn�ap,bp,�� +

eA0/2
2k · p

�k””Jn−1�ap,bp,��

+ k””�Jn+1�ap,bp,���
us�p�

= fnus�p� �8a�

us�p� is the Dirac-spinor for free electron having four-
momentum p and spin s. The photon four-momentum is k

and Np0
= c

p0
, �s is the Pauli spinor.

us�p� = � m1�s

m2� · p̂�s
�

m1 =p0 + c

2c
, m2 = −p0 − c

2c

k · p = k0p0 − k� · p� , p0 = �c2 + p�2�

Jn�ap,bp,�� = �
m=−�

�

Jn+2m�ap�Jm�bp�e�2im+in�� �8b�

are the generalized Bessel function �2� of three arguments
with
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ap =
eA0�� · p� �

c� · p
, bp =

e2A0
2

8c2� · p
cos �,

� = tan−1�tan � tan��/2��

�p =
e2A0

2

4c2� · p
.

For circularly polarized light �=	 /2, eventually �=� and
bp=0

Since Jm�0�=0 for m�0 and J0�0�=1, Jn�ap ,0 ,��
=Jn�ap�ein�

fn = 	Jn�ap� +
eA0/2
2k · p

�k””Jn−1�ap� + k””�Jn+1�ap��
ein�. �9�

In the final state the Dirac hydrogen-type wave function of
He1s

+ is

�1s
He+�s2���r���s2�

and the same as in �3� with z=2. We cal-
culate below the transition matrix elements from the singlet
ground state to the singlet and to the three triplet states. Let
us denote the spin-up electron as “ub or uf” �the subscripts
“b and f” indicate bound and free electron, respectively� and
the spin-down electron as “db or df.”

A. Singlet to singlet transition

Using �2�–�4� in �1� the transition matrix from singlet to
singlet state

�Ss1s2→s1�s2�
�0,0 = 	 1

2
�SDir

ub,db→uf,db� +
1
2

�SDir
db,ub→df,ub�
 . �10�

The general matrix element SDir
s1,s2→s1�,s2� to be mentioned as

direct term is given by

�SDir
s1,s2→s1�,s2�� =� �I1

s1→s1���I2
s2→s2��dr0, �10a�

where

�I1
s1→s1�� =� ūs1�

�p��p
+�r1���1�A�r1��1s�r1��s1

d3r1 �10b�

�I2
s2→s2�� =� d3r2�̄s2�

��1s
He+

�r2��+�1s�r2��s2
�10c�

�I1
s1→s1�� gives the bound-free transition of electron from spin

s1 to s1� by photon interaction. �I2
s2→s2�� gives the bound-

bound transition of electron from spin s2 to s2�. It is to note
that in singlet to singlet transition there is no spin-flip after
interaction, i.e., ub→uf and db→df. Substituting from �8�
and Dirac-type hydrogen wave function �2� for �1s�r� in Eq.
�10b� we get

I1
s1→s1� = L1 �

n�n0

Tn
s1→s1� exp i�− lB1 + p0 + ��p − n�k0�r0 �10d�

Tn
s1→s1� = �ūp

s1�B” n
�V” �q��s1

� , �10e�

where L1=Np0
N1SC0�q�

A0

2c .

The momentum transfer q� = p� + ��p−n�k� =qq̂ and from �2�

k · p = k0p0 − k� · p� , p0 = �c2 + p�2�

l1B=four-momentum of each of the bound electron in the
ground state of He.

and l2B is the four-momentum of the bound electron in the
ground state of He+

l1B = c2 − p1B
2 and l2B = c2 − p2B

2

V�q� = �1,�1�g�q�q̂�

C0�q� =
4	

q

���1� + 1�

�p1B
2 + q2�

�1�+1

2

sin	��1� + 1�tan−1� q

p1B
�


g�q� = � p1B

q
−

�1� + 1

�1�
	1 + � p1B

q
�2
1/2

�
sin��1� tan−1�q/p1B��

sin���1� + 1�tan−1�q/p1B���
N1s = �2p1B���1�+1/2�	 1 + �1�

8	��1 + 2�1��

1/2

,

N1s� = �2p2B���2�+1/2�	 1 + �2�

8	��1 + 2�2��

1/2

p1B = z1 = 27/16, p2B = z2 = 2

Bn0 =
eA0/2

2k� · p�
k0�2Jn + cos ��Jn−2 + Jn+2��

B� n = ��Jn+1̂� + Jn−1̂� + k̂Bn0�
Similarly we get for �10c� as in �3�

�I2
s2→s2�� = L2�s2�s2

exp i�lB2 − lB1�r0, �10f�

where

L2 = J�1 − �1��2��, J = N1s� N1s

4	���1� + �2� + 1�

��p1B� + �p2B���1�+�2�

�I2
s2→s2�� exists if s2�=s2 and we write

I2
ub→ub = I2

db→db = I2 = L2 exp i�lB2 − lB1�r0.

Finally integrating �10a� over r0

SDir
s1,s2→s1�,s2� =� �I1

s1→,s1���I2
s2→,s2��dr0

= L1L2 �
n�n0

Tn
s1→s1���lB + p0 + ��p − n�k0�

lB = l2B − 2l1B �10g�
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Defining binding energy of each of the electrons in the
initial and in the final states as 1 and 2, respectively, and
the kinetic energy as kin, where

1 = c�c − l1B�, 2 = c�c − l2B�, and kin = c�p0 − c� .

Since photon frequency �=ck0,
we can write

lB + p0 + ��p − n�k0 = �B + kin + ��p − n���/c .

Delta function in �10g� gives

�21 − 2 + kin + ��p − n��� = 0.

Hence, energy conservation relation

B + kin + �p� = n� , �10h�

where B=21−2 is the ionization potential.

The terms of Tn
s1→s1� �10e� for spin-symmetric transitions

are

Tn
ub→uf = B0n

� �m1 + m2S1p̂ · q̂� − Bn
� · �m1S1q̂ + m2p̂�

+ i�Bn
� � �− m1S1q̂ + m2p̂��z �10h1�

and

Tn
db→df = B0n

� �m1 + m2S1p̂ · q̂� − Bn
� · �m1S1q̂ + m2p̂�

− i�Bn
� � �− m1S1q̂ + m2p̂��z �10h2�

Tn
s1→s1� for spin-flip terms

Tn
ub→df = B0n

� m2S1�i�p̂ � q̂�x − �p̂ � q̂�y�

+ i�Bn
� � �− m1S1q̂ + m2p̂��x

− i�Bn
� � �− m1S1q̂ + m2p̂��y �10h3�

and

Tn
db→uf = B0n

� m2S1�i�p̂ � q̂�x + �p̂ � q̂�y�

+ i�Bn
� � �− m1S1q̂ + m2p̂��x

+ i�Bn
� � �− m1S1q̂ + m2p̂��y , �10h4�

where S1=�1�g�q�.

B. Singlet to triplet transition

Singlet to triplet �Sf =1� transition matrix �Ss1s2→s1�s2�
�Sf,Mf

consists of three matrices �Ss1s2→s1�s2�
�1,0, �Ss1s2→s1�s2�

�1,1, and
�Ss1s2→s1�s2�

�1,−1, corresponding
to the three magnetic quantum numbers Mf =0,1 ,−1.
Using �2�, �3�, and �5� in �1� it can be shown that

�Ss1s2→s1�s2�
�1,0 = 	 1

2
�SDir

ub,db→uf,db�-
1
2

�SDir
db,ub→df,ub�
 .

�11�

Using �2�, �3�, and �6� in �1� we get

�Ss1s2→s1�s2�
�1,1 = ��SDir

db,ub→uf,ub� − �Sshk
ub,db→uf,ub�� . �12�

Using the Eqs. �2�, �3�, and �7� in �1� we get

�Ss1s2→s1�s2�
�1,−1 = ��SDir

ub,db→df,db� − �Sshk
db,ub→df,db�� . �13�

SDir
db,ub→uf,ub and SDir

ub,db→df,db in �12�and �13� are the spin-flip
direct-terms �10g�. These are to be obtained using �10h3� and
�10h4�.

The general matrix element for shake-off term

�Sshk
s1,s2→s1�,s2�� is

�Sshk
s1,s2→s1�,s2�� =� dr0�I3

s1→s1��I4
s2→s2�, �14�

where

�I3
s1→s1�� =� d3r1��̄s1�

��1s
He+

�r1��†��1�A�r1��1s�r1��s1
�

�14a�

I4
s2→s2� =� d3r2�ūs2�

�p���p�r2��†�1s�r2��s2
� . �14b�

�I3
s1→s1�� gives the bound-bound transition of electron from

spin s1 to s1� by direct photon interaction. I4
s2→s2� gives the

bound-free shake-off transition of electron from spin s2 to s2�.

�I3
s1→s1�� = N1s� N1s

A0

2c
�C0��k�g��k���− 2��1� + �2���

�exp�i�lB2 − lB1�r0� , �14a1�

where C0�k�→C0��k� and g�k�→g��k�
as �1�→ ��1�+�2�−1� and p1B→ �p1B+ p2B� in equations be-

low �10e�.
We find �I3

s1→s1�� correspond to the spin–flip terms in
bound-bound transition by photon interaction. Hence, the
non-null terms are

I3
db→ub = I3

ub→db = I3 = L3 exp�i�lB2 − lB1�r0� �14a2�

L3 = N1s� N1s
A0

2c
�C0��k�g��k���− 2��1� + �2��� .

Using Eqs. �8�, �9�, and �14b� becomes

I4
s2→s2� = L4 �

n�n0

Tn�
s2→s2� exp i�− l1B + p0 + ��p − n�k0�r0.

�14c�

Integrating over r0 Eq. �14� becomes

�Sshk
s1,s2→s1�,s2�� = L3L4 �

n�n0

�Tn��
s2→s2���lB + p0 + ��p − n�k0� ,

�14d�

where

Tn�
s2→s2� = ūs2�

�p�f”n
+V” �q��s2

�14e�

and V= �1,�1�g�q�q̂�, L4=N1sNp0
C0�q�.
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The spin-specific matrices corresponding �14e� are

�Tn��
ub→uf = 	Jn

��a�� +
A0/2

2k� · p�
�Jn−1

� �a��2 + J
n+1
* �a��1�


�Tn��
db→df = 	Jn

��a�� +
A0/2

2k� · p�
�Jn−1

� �a��1 + J
n+1
* �a��2�
 ,

where

� = �m1 −
m2�1�g�q�

�q�
��p� + �� − n��k�cos ���e−in�

�1 = 2�1�g�q�k0	�m1 − m2 cos ��
�p� �
�q� �

sin �
 A0/2
2k · p

e−in�

�2 = 	− 2m2k0 sin �	1 −
�1�g�q�

�q� �
��p� �cos �

+ �� − n�k0�

 A0/2
2k · p

e−in�.

III. CALCULATION OF IONIZATION RATES

In this calculation photon propagation and electron spin
are taken along the z-direction �Fig. 1�. Using above equa-
tions we shall calculate below the matrix elements for tran-
sition from the singlet to singlet state and the singlet to
triplet state by +ve helicity beams. With change of helicity of
the beam the electric and the magnetic field vectors which
are in the plane of polarization �xy plane� change their direc-
tions

A. Singlet to singlet

The angular differential transition rate from singlet to sin-
glet state is obtained using �10� and �10g� in �1a�.

d���0,0

d

= ��Ss1s2→s1�s2�

�0,0�2
cp0�p� �
�2	�2 �15�

=�d���0,0

d

�

Dir

ub→uf

+ �d���0,0

d

�

Dir

db→df

. �16�

Since from Eqs. �10a�–�10f� and �10�

�Ss1s2→s1�s2�
�0,0 =

1
2

L1L2 �
n�n0

�Tn
ub→uf + Tn

db→df�

���lB + p0 + ��p − n�k0�

we have

�d���0,0

d

�

Dir

s→s�
= �

n�n0

� 1
2

L1L2�2

�Tn
s→s��2

cp0�p� �
�2	�2 .

�16a�

B. Singlet to triplet state

The transition rate from singlet state to triplet Sf =1, Mf
=0

is written as ���1,0.

d���1,0

d

= ��Ss1s2→s1�s2�

�1,0�2
cp0�p� �
�2	�2

= �d���1,0

d

�

Dirt

ub→uf

+ �d���1,0

d

�

Dir

db→df

. �17�

From the Eq. �11�

�Ss1s2→s1�s2�
�1,0 =

1
2

L1L2 �
n�n0

�Tn
ub→uf − Tn

db→df�

���lB + p0 + ��p − n�k0� . �17a�

There is only a phase difference of 	 between the 2nd term of
�Ss1s2→s1�s2�

�0,0 and �Ss1s2→s1�s2�
�1,0.

Hence from �16� and �17�

d���1,0

d

=

d���0,0

d

.

The transition rate ���1,1 from the singlet-state to the triplet-
state Sf=1, Mf=1 is written as

d���1,1

d

= ��Ss1s2→s1�s2�

�Sf=1,Mf=1�2
cp0�p� �
�2	�2

= �d���1,1

d

�

direct-flip

db→uf

+ �d���1,1

d

�

shake-off

ub→uf

. �18�

On using �10g� and �14d� in �12�

�Ss1s2→s1�s2�
�1,1 = 2

1
2

�SDir
db,ub→uf,ub� − 2

1
2

�Sshk
ub,db→uf,ub�

= 2
1
2	L1L2 �

n�n0

�Tn
db→uf� − L3L4 �

n�n0

�Tn��
ub→uf


���lB + p0 + ��p − n�k0� . �18a�

Hence in �18�

	d���1,1

d




direct-flip

db→uf

= �
n�n0

�2
1
2

L1L2�2

�Tn
db→uf�2

cp0�p� �
�2	�2

�18b�

and

FIG. 1. Representative diagram showing the geometry of inter-
action �see text�
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	d���1,1

d




shake-off

ub→uf

= �
n�n0

�2
1
2

L3L4�2

��Tn��
ub→uf�2

cp0�p� �
�2	�2 .

�18c�

Here Eqs. �18b� and �18c� produce spin-up currents �uf�. The
first term of �18� gives spin-up current �uf� by spin-flip of the
bound electron of spin �db� by direct interaction, the other
electron remains in the same spin state �ub�. The 2nd term of
�18� gives shake-off current ub→uf while the bound electron
�db� suffers spin-flip to �ub� by direct interaction.

The angular differential transition rate to Sf=1, Mf=−1
is written as.

d���1,−1

d

= ��Ss1s2→s1�s2�

�1,−1�2
cp0�p� �
�2	�2

= 	d���1,−1

d




direct-flip

ub→df

+ 	d���1,−1

d




shake-off

db→df

.

�19�

On using �10g� and �14d� in �13�

�Ss1s2→s1�s2�
�1,−1 = 2

1
2

�SDir
ub,db→df,db� − 2

1
2

�Sshk
db,ub→df,db�

= 2
1
2	L1L2 �

n�n0

�Tn
ub→df�

− L3L4 �
n�n0

�Tn��
db→df


���lB + p0 + ��p − n�k0� . �19a�

Hence

	d���1,−1

d




direct-flip

ub→df

= �
n�n0

�2
1
2

L1L2�2

�Tn
ub→df�2

cp0�p� �
�2	�2

�19b�

and

	d���1,−1

d




shake-off

db→df

= �
n�n0

�2
1
2

L3L4�2

��Tn��
db→df�2

cp0�p� �
�2	�2 .

�19c�

Here both the terms of �19� produce spin-down currents �df�.
The 1st. term contributes spin-flip current by direct interac-
tion and the 2nd term contributes shake-off current �df� the
bound electron �ub� suffers spin-flip to �db� by direct inter-
action.

IV. RESULTS AND DISCUSSIONS

Total angular differential rate dW
d
 is obtained by taking

average over the initial spin states and sum over the final
spin states and multiplying the rate thus obtained by the
square of the Coulomb-correction factor �CC�.

dW

d

= C2�Z,B,F��1

4

d���0,0

d

+

3

4
	d���1,0

d


+
d���1,1

d

+

d���1,−1

d


� . �20�

The Coulomb-correction factor �4�

C�Z,B,F� = 	 �2B�3/2

F

Z/2B

,

where B=2−21 is the ionization potential �10h�, F
=A0� /c is the peak field strength

and Z=z1 �=27 /16� is the core charge of the atom.
The first term of �20� is the contribution from singlet to

singlet transition and the square bracket in �20� is the contri-
bution from singlet to triplet transition. The total transition
rate is obtained by integrating �20� over solid angle 
.

In Fig. 2 the present result for the total transition rate � is
shown for frequencies 2.02, 2.5, and 3 eV. At any intensity,
the rate increases with frequency. At each frequency present
rate attains peak value depending on intensity. The peaks
shift toward higher intensity as frequency increases. Drop of
the rate curve after attaining the peak shows start of the
stabilization with the increase in intensity �7�. Total Rate at
each intensity is obtained by summing the rates over photon
order n�n0. The minimum photon number n0 depends on
intensity and frequency. In the present case we take n=n0
+n�. Any increase in the value of n� above 50 does not
change the total rate any further. As intensity increases there
is a competition between kinetic energy of the electron and
the quiver energy leading to stabilization. The nonrelativistic
Coulomb-corrected KFR result �4� for frequency 2.02 eV

FIG. 2. Total ionization rate in atomic unit �a.u.� vs intensity at
different frequencies. Present theory: 2.02 eV �continuous line with
filled circles�, 2.5 eV �broken line with open circle�, 3 eV �line with
filled triangle�. Coulomb corrected KFR theory �4�: 2.02 eV �con-
tinuous line�.
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�614 nm� is also shown. Up to the intensity 1015 W cm−2

present Coulomb-corrected relativistic result at 2.02 eV com-
pares well with the nonrelativistic Coulomb-corrected KFR
result. As intensity increases the nonrelativistic result over-
estimates the relativistic result. Figure 3 gives the total ion-
ization rate at soft x-ray wavelength 61.4nm �20.2 eV� where
stabilization starts after 1016 W /cm2.

From �16� to �18� the Coulomb-corrected total up-current
and the total down-current are, respectively,

	d�W�
d



up

= C2�Z,B,F��1

4
	d���0,0

d




Dir

ub→uf

+
3

4
	d���1,0

d




Dir

ub→uf

+
3

4
	d���1,1

d


� �21�

and

	d�W�
d



down

= C2�Z,B,F��1

4
	d���0,0

d




Dir

db→df

+
3

4
	d���1,0

d




Dir

db→df

+
3

4
	d���1,−1

d


� .

�22�

Angular spin-asymmetry parameter �A� between spin-up cur-
rent and spin-down current is defined as the ratio

�A� =
�dW

d

�up

− �dW

d

�down

�dW

d

�up

+ �dW

d

�down . �23�

Spin-flip currents are obtained from the singlet to triplet tran-
sitions with Mf =1,−1 and are given respectively from Eqs.
�18� and �19� and are defined as

	d�W�
d



db→uf

= C2�Z,B,F�	d���1,−1

d




direct-flip

db→uf

�24�

and

	d�W�
d



ub→df

= C2�Z,B,F�	d���1,−1

d




direct-flip

ub→df

. �25�

We define spin-flip asymmetry parameter “A” as the ratio

A =
	d�W�

d


db→uf

− 	d�W�
d



ub→df

�dW

d

�up

+ �dW

d

�down �26�

Angular dependents of �A� and “A” are shown in the Figs.
4–7. The Fig. 4 gives the angular asymmetry parameter �A�
at 1013 and 1014 W /cm2. The absolute value of �A� at any
angle increases with intensity as in �2�. Similar increase in
the absolute value of spin-flip parameter A with intensity is
found in Fig. 5. At soft x-ray wavelength spin-asymmetry
parameter and spin-flip parameter are shown in Fig. 6 and
Fig. 7, respectively, for 1016, 1017, and 1018 W /cm2. It is to
note that asymmetry decreases as frequency increases. The
absolute value of asymmetry obtained at 20.2 eV frequency
�70–110 deg� are quite large of the order of 20% in magni-
tude and they are well within the current resolution of spin-
analyzers in the laboratory. The total angular differential rate
�20� from direct interaction and shake-off interaction is
shown in Fig. 8.

The spin-symmetric currents ub→uf and db→df from the
direct-interaction gives the total current ub→uf from �16a�
and �18b�

FIG. 3. Total ionization rate vs. intensity at 20.2 eV beam
frequency. FIG. 4. Asymmetry parameter �A� vs angle �deg� of electron

emission from the incident beam direction for photon frequency
2.02 eV. Outer curve is for laser intensity 1013 W /cm2 and the
inner curve is for laser intensity 1014 W /cm2.
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	d�W�
d



ub→uf

= C2�Z,B,F��1

4
	d���0,0

d




Dir

ub→uf

+
3

4
	d���1,0

d




Dir

ub→uf� �27�

and the total current db→df from �16� and �19b�

	d�W�
d



db→df

= C2�Z,B,F��1

4
	d���0,0

d




Dir

db→df

+
3

4
	d���1,0

d




Dir

db→df� . �28�

The currents from direct interaction and shake-off interaction
are shown �Fig. 8�.

The currents �27� and �28� from the direct interaction are
identical �Fig. 8� but less than the shake-off currents from
�18c� and �19c�, which are also of the same magnitude. The
flip-current db→uf from �18� is almost 10 order less than
the flip-current ub→df from �19�. This explains why the val-
ues of �A� and A are negative but of equal magnitude �see
Figs. 4, 5 and Figs. 6, 7�. However flip-currents have peaks
�Fig. 8� above and below the plane of polarization and
minima on the plane of polarization, while ub→uf and db
→df currents have maxima on the plane of polarization.

In the present case, there is no spin-orbit interaction aris-
ing from the derivative of the atomic potential, either in
the initial state �ground s state� or in the final state �Dirac
plane-wave Volkov state�. In intense laser the high-magnetic
field B� = k��E�

�k� in the laboratory interacts with the magnetic
moment �=− 1

4c2 � a.u.� of the bound electron and may cause

FIG. 5. Flip-parameter “A” vs angle �deg� of electron emission
from incident beam direction for photon frequency 2.02 eV. Outer
curve is for the intensity 1014 W /cm2 and the inner curve is for the
intensity 1015 W /cm2.

FIG. 6. Same as in Fig. 4 for photon frequency 20.2 eV. The
upper, middle and the lower curves are for intensities 1016, 1017,
and 1018 W /cm2, respectively.

FIG. 7. Same as in Fig. 5 for photon frequency 20.2 eV. The
upper, middle and the lower curves are at intensities 1016, 1017, and
1018 W /cm2, respectively.

FIG. 8. Differential spin rates �per sec� vs angle in degree of the
electron emission from the beam direction for beam frequency 2.02
eV at intensity 1.4�1015 W /cm2 for direct and shake-off interac-
tions �see text�. Direct interaction: ub→uf line with open circles;
db→df line with filled-squares; ub→df �spin-flip� line with open
square; db→uf �spin-flip� line with filled-circles. Shake-off interac-
tion: ub→uf line with open triangles; db→df line with open dia-
mond. Sum of spin rates �direct and shake-off� broken line with
cross.
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spin-flip of the bound electron �14a1�. On ionization the
electric field in the laboratory is Lorentz transformed �8�, in
the moving frame of the emitted electron, into a �motional�
magnetic field component B� ��E� � p� /c a.u. Coupling of B� �
with the magnetic moment may provide further torque to the
spinning electron causing spin-flip even if the retardation
effect on the electron is switched off �k� =0��, as is evident
from the expressions Tn

ub→df and Tn
db→uf of �10e�, further, the

weak components of the Dirac wave-functions in the free
and the bound states contain factors such as m2 and �1�g�q�,
respectively. These factors are largely responsible for spin
currents and necessary flip.

V. CONCLUSION

We have calculated spin-dependent multiphoton ioniza-
tion current from the ground state of He by intense circularly
polarized laser. Considering the effect of the Coulomb field
of the ion on the relativistic rate good agreement is obtained
with the KFR rate in low intensity regime. As intensity in-
creases nonrelativistic KFR rate overestimates the relativistic
rate. Spin-flip current ub→df is higher than the spin-
symmetric currents ub→uf or db→df except around the po-
larization plane. The spin-direction of in spin-specific current
can be altered from outside by changing the helicity of the

beam. Hence, asymmetry �A� will change its sign on chang-
ing the helicity of the beam from left circular polarization to
right circular polarization. At any frequency stabilization
against ionization starts with the increase in intensity causing
drop in the ionization curve. The peak value of the rate de-
creases with frequency while the position of the peak shifts
toward the higher intensity side.

An interesting application of this formalism is in calculat-
ing the probability of formation of orthopositronium �otho-
Ps� and parapositronium �para-Ps� from positronium nega-
tive ion �Ps−� �9�. Most stable �Ps−� forms in the singlet-
state. On multiphoton ionization the final state consists of a
continuum electron of spin u or d and positronium para-Ps or
otho-Ps. Para-Ps thus formed can be quenched into two pho-
tons in presence of a spectator electron. The formalism is
used in the case of ionization by high-energy single photon
�3� derived from circularly polarized laser taking only the
plane wave part of the Volkov solution. In the present case of
multiphoton ionization we have considered full-Volkov solu-
tion for the electron and the number of photons �n�1� in-
volved in the process depend on the intensity and the fre-
quency of the laser field. Hence importance of this field
theoretic formalism lies in calculating the probability of
spin-polarized current from the two-electron atom or ion by
the polarized laser.

�1� S. Bhattacharyya and S. Mitra, Phys. Rev. A 62, 032709
�2000�.

�2� F. H. M. Faisal and S. Bhattacharyya, Phys. Rev. Lett. 93,
053002 �2004�.

�3� S. Bhattacharyya, Mahua Mukherjee, J. Chakrabarti, and F. H.
M. Faisal, J. Phys.: Conf. Ser. 80, 012029 �2007�.

�4� A. Becker, L. Plaja, P. Moreno, M. Nurhuda, and F. H. M.
Faisal, Phys. Rev. A 64, 023408 �2001�.

�5� L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1945 �1964� �Sov.
Phys. JETP 20, 1307 �1965��; F. H. M. Faisal, J. Phys. B 6,

L312 �1973�; H. R. Reiss, Phys. Rev. A 22, 1786 �1980�.
�6� D. M. Wolkow, Z. Phys. 94, 250 �1935�.
�7� D. P. Crawford and H. R. Reiss, Phys. Rev. A 50, 1844 �1994�;

H. Reiss, J. Opt. Soc. Am. B 7, 574 �1990�; N. Milosevic, V. P.
Krainov, and T. Brabec, Phys. Rev. Lett. 89, 193001 �2002�.

�8� J. D. Jackson, Classical Electrodynamics, 2nd ed. �JohnWiley
and Sons, New York, 1975�.

�9� S. Bhattacharyya and T. Roy, Czech. J. Phys., B 26, 1347
�1976�.

MULTIPHOTON SINGLE IONIZATION OF TWO-ELECTRON… PHYSICAL REVIEW A 80, 013418 �2009�

013418-9


