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We present a theoretical study on the energy loss of protons in wolframium by calculating target fully
relativistic wave functions and binding energies. The HULLAC code is employed to obtain numerical solutions
of the Dirac equation. We use the shellwise local plasma approximation �SLPA� to evaluate the different
moments of the energy loss. The partial contribution of each subshell of target electrons is calculated sepa-
rately, including the screening among the electrons of the same binding energy. We pay special attention to the
role of the outer 4f shell and the screening between electrons of near subshells �i.e., the 5p and 4f electrons�.
Results for stopping and straggling cross sections are compared to the experimental data available. Our
calculations describe rather well the stopping measurements around the maximum and for very high energies,
but overestimate the data for impact energies around 1MeV. We find that the SLPA results tend clearly to Bethe
limit, but show a systematic overestimation in the energy region of 1–2 MeV. This overestimation may indicate
the presence of other mechanisms included neither in the SLPA nor in Bethe formulations. We also present
results for the stopping number of W, Au, Pb, and Bi which follow quite well the Lindhard scaling. A
theoretical mean excitation energy I�W�=710 eV is obtained, in good agreement with the suggested value of
727�30 eV. Theoretical mean excitation energies for Au, Pb, and Bi are also presented, which are in good
agreement with the experimental ones.
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I. INTRODUCTION

The study of the energy loss by ions in solids is a power-
ful tool on many areas of basic science and material technol-
ogy �1–3�. Semiempirical tables and codes are extensively
tested and used and they are freely available in the web �4,5�
for a large combination of ions and targets.

On the other hand, multielectronic atoms are a heavy task
for first-principles theories. There are detailed models to de-
scribe the response of outer electrons as a free-electron gas
�FEG� �6–8�. In the low- or even intermediate-energy region,
this contribution is the main one. But for targets with full d
or f shells, the bound-electron contribution plays an impor-
tant role even at energies around 10–20 keV. The theoretical
description of inner �or bound� electrons of these targets is
not so abundant �see, for example, the binary collisional for-
malism in Refs. �9,10� or the dielectric formalism in Refs.
�11,12��.

The aim of this work is to present ab initio calculations of
the energy loss of protons in wolframium �W, atomic number
Z=74 and gas form �Xe� 4f145d46s2�. This metal is also
known as tungsten, though for historical reasons related to its
discovery, wolframium is the correct name �13�.

It fulfills a double interest in basic and applied physics. In
W, the 5d and 6s electrons respond to the FEG description,
so the 4f subshell, with its 14 electrons, is the outer shell of
bound electrons. This fact makes wolframium an interesting
test for the atomic description and the study of possible col-
lective effects. On the other hand, new interest has arisen due

to the construction of the international thermonuclear experi-
mental reactor �ITER� in Caradache, France �14�. ITER is
expected to demonstrate the scientific and technological fea-
sibility of fusion energy for peaceful purposes by nominal
operation of 500 MW fusion power for 400 s �15�. Still an
issue for the fusion reactor is the choice of materials for
plasma-facing components. Originally a mix of beryllium,
graphite, and wolframium has been planned for ITER inner
wall. But reactor studies foresee a full wolframium inner
wall to ensure a sufficient lifetime of first wall components
�16,17�. Atoms from that wall reach the plasma and atomic
data are needed for plasma diagnostic purposes as well as for
modeling.

The theoretical model employed is the shellwise local
plasma approximation �SLPA�. This is based on the local
plasma approximation �LPA� �18–20� to deal with bound
electrons as an inhomogeneous free-electron gas. We apply
the LPA in its formulation within the dielectric formalism
�21–23� but assuming independent shell approximation
�12,24,25�. The binding energies �or ionization gaps� are also
included explicitly by employing the Levine and Louie di-
electric function �26�.

SLPA allows us to calculate the different moments of the
energy loss by the ion when at least one of the bound elec-
trons is ionized. This is an ab initio calculation—no param-
eter is included, as far as bound electrons are considered—
whose only inputs are the atomic densities of the different
subshells and the corresponding binding energies. This
many-electron model is especially suitable for the descrip-
tion of shells precisely like the 4f , for which the shielding
effects are expected to be important.

As we deal with atoms of large atomic number �Z�54�,
we resort to solve numerically the Dirac equation. For this*mclaudia@iafe.uba.ar
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purpose, the HULLAC computer package �27,28� was em-
ployed. This combination of the fully relativistic calculation
of binding energies and densities and the SLPA has been
recently applied to collisions of protons with Au, Pb, and Bi
�12�. The present work continues �12� and intends to get a
deeper understanding of the asymptotic behavior of the
SLPA.

In what follows, we present our theoretical formalism and
results for the first �stopping� and second �straggling� mo-
ments of the energy loss. We also study the high-energy be-
havior of the SLPA and compare it to Bethe asymptotic stop-
ping and with the recommended values of mean excitation
energy �29�. This comparison is applied not only to W but
also to Au, Pb, and Bi in a single plot using the scaling by
Lindhard and Scharff �30�.

We have organized this work in three steps. First, we de-
scribe the fully relativistic calculation and present results for
atomic binding energies of W in comparison to experimental
values and semirelativistic approaches. Second, the SLPA is
described taking into account new considerations that apply
to multielectronic targets. Finally, we present stopping and
straggling cross sections together with mean excitation ener-
gies and compare our ab initio theoretical values to the ex-
perimental data available �5,29� and with the semiempirical

SRIM08 results �4�. Atomic units are used unless otherwise
stated.

II. BINDING ENERGIES AND DENSITIES

We employed the HULLAC code �27,28� to solve numeri-
cally the Dirac equation, including the Breit interaction en-
ergies and quantum electrodynamic corrections in first-order
perturbation theory. The detailed level energies are calcu-
lated using the fully relativistic multiconfigurational RELAC

code �31�. A more detailed explanation of the procedure can
be found in Ref. �12�.

The HULLAC results for the binding energies of W are
displayed in Table I together with the experimental values
compiled by Williams �32�. The relativistic binding energies
show the spin-orbit split En,l,l�1/2 �hereafter nl��. The agree-
ment between theoretical �isolated atom� and experimental
�in solid� energies is good, with the difference being less than
5%, except for the 5p� energies that is 10%. We also in-
clude in Table I the mean radius �r�nl� of each subshell ob-
tained by the integration of the fully relativistic radial func-
tions.

In Fig. 1, we show a rather complete study of wolframium
binding energies by comparing the HULLAC results to other
semirelativistic and fully relativistic calculations. We also in-
cluded in Fig. 1 the experimental results �32� for solid wol-
framium and the value of the Fermi energy for the FEG
�basically the 5d4 and 6s2 electrons�.

The semirelativistic binding energies were obtained using
the AUTOSTRUCTURE code �33,34� with the radial wave func-
tions evaluated with Slater-type orbitals. As these results
have no spin-orbit split in energy, in Fig. 1, we plot each
value twice just to make the comparison easier.

An alternative fully relativistic calculation was also per-
formed by using the GRASP code �35,36�. As can be observed
in Fig. 1, the GRASP results failed by little to describe the

TABLE I. Fully relativistic binding energies, Eth, and mean ra-
dius, �r�, of neutral wolframium. Theoretical values are calculated
with the HULLAC code �27,28�. Also included are the experimental
values, Eexpt, compiled by Williams �32�. The binding energies are
in Rydbergs and the radius in atomic units. Note that the theoretical
results correspond to an isolated atom while the experimental val-
ues are measured in the solid phase.

nlj Eexpt Eth �r�

1s 5110.3 5114.2 0.0183

2s 889.38 878.89 0.0770

2p− 848.51 839.68 0.0637

2p+ 750.24 739.86 0.0717

3s 207.30 202.90 0.201

3p− 189.30 185.80 0.190

3p+ 167.7 164.1 0.205

3d− 137.6 135.3 0.180

3d+ 133.0 130.6 0.184

4s 43.67 41.70 0.450

4p− 36.05 34.63 0.455

4p+ 31.13 29.60 0.489

4d− 18.81 17.97 0.507

4d+ 17.90 17.06 0.518

5s 5.56 5.89 1.06

5p− 3.33 3.75 1.16

5p+ 2.70 2.98 1.26

4f− 2.46 2.59 0.602

4f+ 2.31 2.42 0.612

6s 0.452 3.63

5d− 0.312 2.28

5d+ 0.263 2.55

1S 2S 2P- 2P 3S 3P- 3P 3D- 3D 4S 4P- 4P 4D- 4D 5S 5P- 5P 4F- 4F 6S 5D- 5D

1S 2S 2P- 2P 3S 3P- 3P 3D- 3D 4S 4P- 4P 4D- 4D 5S 5P- 5P 4F- 4F 6S 5D- 5D

10-1

100

101

102

103

B
in

di
ng

E
ne

rg
y

(a
.u

.)

expt. data [32]
relat. HULLAC

relat. GRASP

semi relat. AUTOSTRUCTURE

W

FEG

E
F
= 0.76

N

O

M

L

K

Subshells

FIG. 1. �Color online� Electronic binding energies of W. Sym-
bols: results of the relativistic HULLAC �down-hollow triangles�,
relativistic GRASP �up-filled triangles�, and semirelativistic AUTO-

STRUCTURE �stars� calculations; filled circles, experimental data in
solids �32�. The Fermi energy EF and the FEG subshells are indi-
cated with dashed lines.
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experimental data for the outer subshells of solid W �i.e., for
the 4f�, the GRASP values are 30% over the experimental
ones�. It should be noted that the binding energies are very
sensitive to the atomic description but the differences in the
radial wave functions were not so important.

Based on this study, we considered the HULLAC results the
most reliable ones for W and employ them in the stopping
and straggling calculations. The wave functions of wolfra-
mium are introduced in the SLPA in the form of multiple-
Slater functions. To that end, a fitting procedure was per-
formed.

III. ENERGY LOSS CALCULATION WITH THE SLPA

The SLPA is based on the original LPA by Lindhard and
Scharff �18� and later on developments �19–23�, but intro-
duces two important differences: the independent shell ap-
proximation and the inclusion of the ionization thresholds.
Physically, the independent shell approximation implies that
the electrons are screened only by those of the same binding
energy and not by the rest. Mathematically, it is a separate
dielectric function of each subshell of bound electrons. The
explicit inclusion of the binding energies is achieved by us-
ing the Levine-Louie dielectric response �26�. This dielectric
function maintains the characteristics of Lindhard one �37�
�linear response, electron-electron correlation� and satisfies
the f-sum rule �particle number conservation�.

In multielectronic targets such as W, we deal with sub-
shells that are very close in energy. As mentioned before, we
describe together those electrons with nearly equal binding
energy, allowing screening among them. We consider to-
gether shells differing in �Ei small compared to the inverse
of the passing time

�Ei �
1

�ti
=

v
�r�i

, �1�

with Ei and �r�i being the energies and mean radius displayed
in Table I.

Using this criterion, we have found that, for very heavy
targets, the spin-orbit split nl� is not resolved in most of the
subshells. Moreover, in W, the 5p and 4f subshells are very
close in energy and for impact velocity v�1 a.u., the quan-
tum uncertainty is bigger than the separation between them.
This implies that the 20 electrons of the subshells 4f and 5p
should be described as a whole including screening among
them.

More details about the SLPA and the expressions for the
stopping cross sections S and the square straggling �2 can be
found in previous works �12,25�. The stopping cross section
can be expressed in terms of the dimensionless stopping
number L as

S�v� =
4�ZP

2 ZT

v2 L�v� . �2�

In the high-but-nonrelativistic velocity regime, the stopping
number is described by the Bethe asymptotic formula �38�

lim
v→�

L�v� = LBethe�v� = ln�2v2

I
� , �3�

with I being the mean excitation energy, characteristic of the
target material. It can be obtained basically in three different
ways �39�: using the oscillator-strength data from measure-
ments of photoabsortion cross sections, from measurements
of stopping cross sections at high speeds, or in ab initio
theoretical calculations. In this work, we use our theoretical
stopping results at high energies to obtain the I values and
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FIG. 2. �Color online� Stopping cross sections of W for protons.
Curves: Solid lines present theoretical results for the contributions
by bound electrons �SLPA� and the FEG and total stopping as the
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we analyze the tendency of the SLPA to Bethe high-energy
limit.

IV. STOPPING AND STRAGGLING RESULTS

The ab initio calculations described in the previous sec-
tion correspond only to the bound-electron contribution to
the stopping or the straggling cross sections. In order to com-
pare to experimental measurements, we also calculate the
FEG contribution in perturbative approximation by employ-
ing the dielectric formalism with the Mermin-Lindhard di-
electric function �40�. Total values are obtained as the addi-
tion of the bound electron and the FEG contributions.

The FEG parameters for W were obtained from the opti-
cal data of energy-loss function �41� by considering only the
first important peak. Special care was taken of the number of
electrons described. These values are a plasmon frequency
�p=0.894 a.u., a width 	=0.450 a.u., and the number of
FEG electrons Ne=6.78. These values are in good agreement
with previous �p and Ne tabulated by Isaacson �42�. To keep
the total number of electrons in the atom, we considered W
in the form �Xe� 4f13.22 and the 6.78 electrons in the FEG.

In Fig. 2, we plot our total stopping cross section for
protons in W and compare it to the experimental data avail-
able �43–46� and with the SRIM08 values. The FEG and
bound-electron contributions are also displayed separately.

As mentioned in the previous section, 5p and 4f subshells
of W, which are very close in energy, are described together.
This means that intershell screening is included. In Fig. 2, we
plotted in solid lines our results with the 4f-5p subshells as a
whole �with 19.22 electrons�, while in the dotted lines the six
electrons 5p and 13.22 electrons 4f are considered indepen-
dently �no intershell screening� and the contributions are
added afterwards. The difference between solid and dotted
curves is associated with the collective response and cannot
be described by adding independent electron contributions.
This is an important result of this work because it shows the
importance of shielding among electrons, even from different
subshells. The 5p and 4f subshells play an important role
around the stopping maximum. But for energies above 1
MeV, both solid and dotted curves tend to the same limit. At
very high impact velocities, the dynamic screening turns to
be negligible and it is the same to consider the subshells
together or not �SLPA or LPA�.

Our total results describe rather well the experiments
around the maximum and for very high energies, but overes-
timate the data in the region of a few MeV �i.e., they are

10%–14% above SRIM08 for E=0.7–3 MeV�. The SLPA
predicts a maximum for the stopping cross section at E
=115 keV while SRIM08 does at E=120 keV. In Fig. 2 we
also include the Bethe high-energy limit for E�2 MeV us-
ing the value of mean excitation energy I�W�=727 eV sug-
gested by the ICRU 49 reports �29�. The SLPA results tend to
Bethe stopping for high energies, being both curves almost
indistinguishable for E�3 MeV.

To analyze with more detail the SLPA asymptotic behav-
ior, we calculate the stopping number defined by Eq. �2�.
Many years ago, Lindhard and Scharff, based on dimensional
reasons, proposed a scaling for L with v2 /ZT valid for all
elements of not too low atomic number �30�. In Fig. 3, we
display the SLPA values for the stopping numbers of W, Au,
Pb, and Bi �the latest three elements by employing the results
of Ref. �12��. As shown in Fig. 3, the SLPA satisfies the
scaling quite well.

We also display in this figure the Bethe stopping number
given by Eqs. �2� and �3�. The straight line in Fig. 3 is the
overlapping of three straight lines obtained using the sug-
gested mean excitation energies I for W, Au, and Pb in the
ICRU 49 reports �29� �for Bi, the suggested value is interpo-
lated from others and is equal to that of Pb �29��. As pre-
dicted by Bethe-Bloch theory I=KZT, where K is Bloch con-
stant �47�. For these heavy targets K=10�0.2 eV �29�, so
the three lines almost coincide.

The experimental data of stopping number for W, Au, Pb,
and Bi also satisfy Lindhard-Scharff scaling rather well. We
include in Fig. 3 the SRIM08 fitting �4� of the experimental
data only for W just for simplicity. We can see how the SLPA
is close to the SRIM08 curve at low and intermediate energies
and that the high-energy behavior of the SLPA is related to
tendency of this model to the Bethe limit.

The tendency of the stopping number to a straight line in
a semilogarithmic plot of v2 is fulfilled by the SLPA, but not
by the experimental values. The theoretical-experimental dif-
ference observed in Fig. 3 in the energy region of 2–20 MeV
may be related to complex physical mechanisms considered
neither in the SLPA nor in Bethe formalisms. We obtained
theoretical mean excitation energies ISLPA for W, Au, Pb, and
Bi. The results are displayed in Table II together with the
experimental values �29,48–50�. The agreement is more than
the expected one in the four elements, i.e., it is less than 3%
with respect to the recommended I by the ICRU Report �29�.

In Fig. 4, the SLPA results for the square of the energy-
loss straggling are displayed normalized to the Bohr high-
energy limit �B

2 /ZT=4�ZP
2 
at, with 
at being the target

atomic density. This way of plotting the theoretical results

TABLE II. Mean excitation energies �in eV� for W, Au, Pb, and Bi. ISLPA are present calculations using
the SLPA; IICRU are the suggested values by the ICRU Report 49 �29�. Values used in other tabulations are
IB �48�, IJ �49�, and IS �50�.

Z ISLPA IICRU IB IJ IS

W 74 710 727�30 779 753

Au 79 814 790�30 788 807 799 y 810

Pb 82 810 823�30 779 819 836 y 856

Bi 83 840 823�30 745 819

MONTANARI et al. PHYSICAL REVIEW A 80, 012901 �2009�

012901-4



stresses the high-energy tendency of the square straggling
proportional to the number of active electrons, valid not only
for the total value but for the separate contributions of the
FEG and bound electrons too. Similar behavior for the
energy-loss straggling was obtained in previous works
�12,51� with good agreement with the experimental data.

To our knowledge, only one set of measurements of strag-
gling of protons in W by Bauer et al. �52� has been pub-
lished. These data are 30% over the Bohr limit, even though
the impinging energies are rather high �4.9 and 6.8 MeV�.
These experimental energies are far from the energy region
around the stopping maximum where the Bethe-Livingston
shoulder �53� can explain this overshooting. These energies
are also out of the region where the contribution of inhomo-
geneity and roughness of the sample could be important �54�.
More measurements for this collisional system would be de-
sirable.

V. CONCLUDING REMARKS

We present a theoretical study of energy loss and strag-
gling of wolframium for protons. An ab initio many-electron
formalism, the SLPA, is applied together with fully relativ-
istic calculations of the atomic wave functions and binding
energies. The HULLAC code was employed to obtain numeri-
cal solutions of the Dirac equation after being contrasted to
other relativistic and semirelativistic methods. The role of
the 4f and 5p subshells of W was especially studied and the
electrons of these subshells are considered together, includ-
ing the screening among all of them. Results for total stop-
ping cross sections of protons in W are in rather good agree-
ment with the experimental data for impact energies around
the maximum and for high energies, but overestimate the
measurements for energies of a few MeV. We found that the
high-energy behavior of the SLPA is closely related to that of
the Bethe asymptotic stopping. The SLPA stopping number
for W, Au, Pb, and Bi follows the scaling with v2 /ZT and
tends to Bethe value for E�2 MeV. Theoretical values for
the mean excitation energies of the four elements have been
calculated with very good agreement with the experimental
values. Our straggling results are compared to the only set of
data available at just two proton energies. In this case, more
measurements are needed to have a clearer picture.
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