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"In the language of chemical kinetics, the reaction Mu+X D
is described by the second-order equation
—d [Mu]/dt =—d IX]/dt =k ~ [Mu] IJ), where [Mu] should be
interpreted as the probability of a Mu atom still being
uncombined at some t . Since [Mu] & 1, [X] is constant, and
the problem reduces to the first-order equation
—d [Mu]/dt =A dfMu], where A d=k~„d [X].
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A complete discussion is given of our precision measurement of the hyperfine-structure interval hv of
the ground state of muonium at a weak magnetic field ( c 3 G) using the resolved transitions

{I',MF) = (1, + 1)-(0, 0), and at a very weak magnetic field ( c 10 mG) using unresolved transitions

AF = + 1. The method of magnetic resonance studies of muonium is used, where a single oscillatory

field is employed and the resonance line is swept by varying the applied frequency. This research

yielded values for the coefficients of the linear hfs density shifts for muonium in argon and krypton at
a temperature of approximately 20'C: aM-Ar = —5.00{22)X 10 ~/torr,
a M.„,———10.57(39) X 10 '/torr, and also for the quadratic hfs pressure-shift coefficients:

b M „,——8.1(2.5) X 10 "/(torr)~, b M ~„——8.6(5.9) X 10 "/{torr)~. The value obtained for hv is

hv = 4463.308(11}MHz (2.5 ppm), where the 1-standard-deviation error is principally a statistical

counting error. Our result for hv is in good agreement with other measurements of b,v and also with

the current theoretical value.

I. INTRODUCTION

This paper is the fourth paper in the series
of complete reports of research on muonium by
the Yale group. It gives a detailed discussion of
our precision measurement of the hyperfine-struc-
ture interval 4v of muonium through the observa-
tion of a magnetic resonance transition between
hyperfine states at low magnetic field. A natural
and common method' 6 of determining the hyper-

fine-structure interval of an atom by radio-fre-
quency or microwave spectroscopy is to measure
directly the transition frequency be@veen the hfs
levels at a low magnetic field, where the transi-
tion frequency is closely equal to the hfs interval
4v. The motivation for a precise determination
of 4v, and the general theory and experimental
method of magnetic resonance studies of muonium,
have been discussed in the earlier papers of this
series.
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In the course of our precision measurement of
4v at low magnetic field it was necessary to study
carefully the dependence of 4v on the gas pressure
of argon and krypton. We determined both the lin-
ear and the quadratic coefficients of the dependence
of b, v on pressure.

The Chicago group has recently also measured
hv at low magnetic field using the method of sepa-
rated oscillating fields, 7 and has also reported val-
ues for the linear and quadratic coefficients of the
hfs pressure shift.

Section II of the present paper presents the the-
ory of the experiment, including the energy levels
and the resonance line shapes. Section III de-
scribes the experimental method and apparatus.
Section IV presents the data analysis, and Sec. V
gives our results and conclusions. Brief reports
of this research have been published.

II. THEOR& QF EXPERIMENT

A. Energy Levels and Transition Frequencies

General expressions for the energy levels,
eigenfunctions, and transition frequencies for
muonium in a static magnetic field have been given
in Muonium II.~ We review these results here and
specialize them to the case of low magnetic field.
The general expression for the energy levels is

1 y I
Wg„],/2~ g/p y~

——~& W+ I &Z„MzH

vg4 = 4v+ (gg mls +g~ ps)H/2'

vs= +v
y

=& -(g &'+g. ~")H/2&.

(2. 3)

Clearly at sufficiently low magnetic field these
transition frequencies are approximately equal to
the hfs interval 4v.

B. Theory of Resonance Line Shape

As for the case of our experiments at strong
magnetic field, transitions are induced between the
hfs magnetic substates of muonium by application
of a microwave magnetic field. The associated
time-dependent Hamiltonian term is given by

X (f) (gg pQ J +g„gal „)~ Hg cos(df

=Xp cos(df i (2.4)

in which H& is the vector amplitude of the applied
microwave field, &o is its angular frequency, S is
the electronic an~mlar momentum operator, and

I„ is the muon-spin operator.
Two types of transitions have been utilized. In

the first only two levels are involved in the reso-
nance transition, and the other levels are off
resonance. This type of transition, designated a
weak-field transition, is obtained at a magnetic

+ —,'n, W(1+ 2M~x+ x')'i', (2. 1) 4470

in which F is the total-angular-momentum quan-
tum number; M~ is the associated magnetic quan-
tum number; 4 W is the hfs interval between the
F = 1 and F=0 states (n W= Mv); ps = ek/2m„c;
m„ is the muon mass; g„ is the muon gyromagnetic
ratio in muonium; 5 is the external static magnetic
field; x=(gyps- g„pg)H/nW; g~ is the electron
gyromangetic ratio in muonium; p~s= ek/2m, c; m,
is the electron mass.

At low field (x«1) where only the terms linear
in H need be retained, the energy levels W~ „„re-
duce to

Wq q
= + —,'& W+ (gz ps +g„p~s)H/2,

~ 4465
X

OP
UJ

4460

Wg p=+4&W,1

Wl, I-+«nW-(gzp' g3~+gs)H/2 &

Wp p= —g&W.3

(2.2)
4455—

Figure 1 gives a plot of these energy levels; for
convenience the energy levels are numbered as
indicated.

The corresponding transition frequencies at low
magnetic field, which are of interest in the pres-
ent paper, are

(0,0)

0
H (G)

FIG. 1. Energy-level diagram for muonium in its
ground state at low magnetic field as given by Eq. (2.2).
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field which is weak (e.g. , -3 G) but still large
enough so that the three transition frequencies v&4,

v24, and vs differ by frequencies large compared
to the resonance linewidths. The second type of
transition, designated a very-weak-field transi-
tion, involves three or four levels in the resonance
transition. It is obtained at very weak magnetic
field (e.g. , 10 mG) at which the three transition
frequencies v&&, v24, and v&4 are not resolved.

dS(8) = acos8 LK,

in which

(2. 5)

[(yf 12I„z I vg) —(yzz12I„z I gz)] [I az(0) I
—

I ag(0) I ]
(e "'~ —e ~z) [1+acos8P,.q Ia, (0}I (X,*I2I„zIg, )]

(2. 5a)

2lbl' yL= ~ e & I -g(tx) zr I'+l ]

(—e-"' ll -g(t, )
I, r+y~ '

where

g(t) = cosI't- (I'/y) sinI't

(2. 5b)

and X& (i =1, 2, 3, 4) is the spin eigenfunction for
muonium~ in state i; a, (t) (i = 1, 2, 3, 4) is the a.m-
plitude of muonium state i at time t; I„, is the
operator for the z component of muon spin; y is
the muon decay rate; a is the asymmetry factor
associated with muon decay [Eq. (2.7b) of Muoni-
um III]; (t~, tz) is the time interval after muonium
formation, taken as time t=O, during which decay
positrons are observed; b = b~z = (gg 1~1 ')/25;
I' =co +41 bl; (o =cog4 —ar, in which ~q4=2nvq4.2 ~2 2.

The formula for the matrix element b is given in
Table I of Muonium H. Formulas for the forma-
tion probabilities of the muonium states are given

1. Weak-Field Transition

The theory of the resonance line shape for the
two-level case has been treated in detail in Muoni-
um 11z and Muonium III,z and the results are essen-
tially applicable to a weak-field transition. Equa-
tions (2. 10) and (2. 12) of Muonium III give the
state probabilities for the two-level case, which
can be applied to the weak-field transitions v&4 or
vs. Hence for the transition v&4, with the inclu-
sion of the off-resonant states 2 and 3, we obtain,
as in Eq. (2. 16) of Muonium III, the differential
time-integrated signal dS(8). This is the nor-
malized difference between the numbers of detected
decay positrons emitted in the direction 8, with
respect to the direction of the weak field, 5 = Hk,
with the microwave power on and off:

in Eq. (3.11) of Muonium I. Equation (2. 5) ne-
glects the off-resonance frequency componente'"' (or e '"') in the microwave magnetic field.
Furthermore, it is a differential signal since it re-
fers to a small volume in the microwave cavity
over which the microwave field H& is constant and
to an infinitesimal size detector. The same ex-
pression holds for the transition v34 with the sub-
stitution of 3 for 1 throughout. A general expres-
sion for the total signal S involves integration over
the target volume and detector area. Furthermore,
the expression for S which is fitted to the observa-
tional data has a normalization constant. [See
Eq. (2.19) and associated discussion in Muonium
III z]

For the time interval (tq, tz) = (0, ~), Eq. (2. 5b)
for L gives the Lorentzian line shape:

2lbl
I +y (2. 6)

for completely polarized incident muons with M„
=+-,'. Hence for the transition v&4 (vz&), the factor

I ai(0) I
—

I aq(0) I [I a4(0) I
—

I az(0) I ], which ap-
pears in K[Eq. (2.5a)] and is proportional to the
signal intensity, equals ——,

' (+ —,'), whereas the cor-
responding factor for the strong-field case is ——,'.
(Note that for Eq. (2. 16) for Muonium III the nor-
malization of the state probabilities is different
[Eq. (2.9) of Muonium III].) In addition, the factor
[(yf 12I„z I gq) —(g12I„z I y4)], which appears in K
and is also proportional to the signal intensity, has
the value + —,

' (- —,') for the v&& (vzz) transition,
whereas the corresponding factor for the strong-
field case is 1. Hence owing to these two factors
the signal intensity for the weak-field transition is
4 that of the strong-field transition.

Another outstanding difference between the
strong-field and weak-field transitions is the much
larger magnitude of the quantity I b I/H, for the
weak-field transition as compared to the strong-
field transition. This difference occurs because
the weak-field transitions are allowed transitions
caused primarily by the time-dependent interac-
tion term in X (t) of Eq. (2.4}which involves g~,
whereas the strong-field transition is a "fnrbidden"

It is useful to note several differences between
the transition v» at strong field discussed in Mu-
onium II and III and the weak-field transitions vq&

and v34 of interest in the present paper. At weak
field the hfs interaction in muonium plays an im-
portant role in determining the initial-state popu-
lations, and indeed for x«1, which is the case of
interest here, these probabilities are

lax«) I'=-.*,
I az«) I'=-',

(2.7)
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I b~ I

(&id)«= (id' —~«)
( )z(QPs4 —QP «)

For the conditions of our experiment, (bid)«
-0.2 ppm.

(2.8)

transition which is also caused primarily by this
g~ interaction term.

For the weak-field transition v«, the presence
of the nonresonant state 3 and of the matrix ele-
ment b34 (see Table I of Muonium II) leads to a
shift in the resonance frequency

2. Very-Weak-Field Transition

For the very-weak-field case" '" all four states
must in general be considered. The z axis is
chosen parallel to H and we assume that H& is per-
pendicular to H; hence there are no nonzero ma-
trix elements with &M~ = 0. We neglect matrix
elements which oscillate rapidly compared to the
muon decay rate y. The time-dependent coupled
equations for the state amplitudes can be written
in matrix form:

(:;l
l

0
~yg - j (cog4- ~)t—z x4e

0

—z s4e
~ yg e- j (tdS4- ized)t

«e'( «- &t a,

(2.9)

Clearly the coupled equations involve the three
states 1, 3, and 4 only.

a. Transition at zero field. For the special
case of H=0, the relations id«= ids4=2irhv(=—~0) and
b«= —bf4= b hold. In this case the three coupled
equations can be reduced to an equivalent two-lev-

A, = —,
' ~2(ai+ az), A = -,' ~2(a~ —~),

satisfy the matrix equations

(2 ~ 10)

el problem. If we choose the g axis parallel to
H„ then the state amplitudes A, and A, defined by
the linear combinations

A,

A

- i &+0- &a)i

) (")
bei("& u&t

(2 ~ 11)

Only the state amplitudes A and a4 are coupled,
so we have a two-level problem. Solution for the
state amplitudes in terms of the initial (complex)
values a&(0), a~(0), and a4(0) gives

A (,) ai(0)+~(0), ,ilzA, t

aq(0) —as(0) I'~t i&a . I'Ot
cos

2
—

Z, sin

(0)
~2 2 ~ ~ I o~ -tt /~+ j 't /2

0

(2 ' 12)

The state amplitudes a, (t) and a~(t) are then given
by

a, (t)= —,'&2[A,(t)+A (t)],
a&(t) = —'&2[A, (t) —A (t)] . (2. ia)

P,(t) = P,o(t)e " = (%*I 21„,
1
4)

= ~ ai*al&x*l »..I
xl)""'" (2. 14)

In the observation of a resonance line the rele-
vant quantiQ is the z component of muon polariza-
tion in the muonium state 0:

a~(0) —a~(0) —i 2@ 2b . &ot
a4(t) = ~ sin

+ (0) cos + — sin e rtlz-i" tl&-I' t icy

r,

in which

~(-)g e-I'iili
(2. 14a)

in which

~' = id, —ru and r, = (&'+ 8
I
b

I

'}"' (2 12a)

as in Eq. (2.2a) of Muonium III' and the X, are the
usual zero-field spin eigenfunctions as given in
Muonium I.' At zero field we obtain
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Hence calculation of the combined muon and elec-
tron, or muonium, density matrix p yields

1+P 0

1 0 1po =4
0 0

0 +P 0

(a. ao)

Pg(t) —
) clg) ( clgj + Qgs48 24 + cl/828 RP

~

(a. is)
Since the muon decay rate y is very small com-
pared to the resonance frequency ~~, the cross-
product terms can be neglected. Hence we obtain

~.(t) =
~
a, (t)~ '-

[ a,(t)~ '= alte[A;(t)A (t)], (2. IS)

and, using Eq. (a.l.a),

(t) 2a.e ja="(o)a "*'""'

x A (0) cos — sin
I'0t i(O . 1 0t

0

+g,(0) sin
~

. (2. 1V)
—i 2&b . I'()t')

0 2

If the above analysis leading to Eq. (2. 17) is re-
done using for the time dependence of the micro-
wave magnetic field in Eq. (2.4) the factor cos(&ot
+ (t)) rather than cosa&t, the only change in Eq.
(2. 17) is the replacement of b by be'~. To obtain
the resonance line shape corresponding to an en-
semble of muons, we must average over Q and,
hence, the term linear in 5 will not contribute to the
line shape. Hence equation (2. 1V) can be taken to
be

(t)) Re2IA~(0)=e ""
I'0t in' . I'0thx A (0) cos — sin

Io 2 i

(a. is)
In order to proceed further we need to have ex-
pressions for the initial-state amplitudes a, (0) and

s3(0).
The proper treatment of the line-shape theory

requires the use of the density matrix for muoni-
um since we are dealing with an ensemble of muoni-
um atoms. It is convenient to introduce this densi-
ty matrix at this point in the discussion. Ne as-
sume that the incident muons have a polarization P
in the g direction and that the atomic electrons are
unpolarized. The density matrices for the muons
and for the electrons are

The symbol p(0) is the density matrix p at time t
= 0. The matrix element is p,~(0) = (a,*(Q)a&(0)),
where the ensemble average is indicated and a, (0)
and a~(0) are the amplitudes of the zero-magnetic-
field eigenstates [Eq. (2.4) of Muonium I] in the
wave function for an atom in the ensemble.

Evaluation of the muonium ensemble average of
P, for Eq. (2. 18) yields

r0 —' &r0+ ~'

—21 bl (y +21 bl )
~

(2 22)
. (P+al bl ) + &a' 1 &

'

in which y0 is the minimum positron momentum de-
tected in units of m„c/2 and 8 is the polar angle
with respect to the z axis. The function Az(yo) is
given by

A2(yo) - s —(yo- 3 yo} ~

The differential signal dS(8) is

dS(8} ~yo) 8) t1 0) ta
t() (yp, 8, tg=o, tm= ~)

(a. a4)

(a. as)

in which N (yo, 8, t&=0, tq= ~) is the number of de-
cay positrons observed with the microwave power
off:

X'(y„e, t, = O, t, = ) = (aft/4v)A, (y,}[1+pspcose],
(a. as)

Ai(yo) =1—(ayo- yo} ~ (a. asa)

Hence using Eqs. (2.23)-(2.2S), the quantity dS(8)
takes the form

We remark that the step from Eq. (2. 1V) to Eq.
(2. 18) can also be validated from the density ma-
trix p(0) for the ensemble since the density matrix
elements p&4 and p34 equal zero. The calculation
of the signal requires the evaluation of I, 3(P,(t)) dt
over the observation time interval (tq, tm). If we
choose the interval (t, , tl) = (0, ~), we obtain

I y (y + &o' +al bl )
2 (g aiba')'

"0 (2.22}

We follow the approach in Sec. II of Muonium III
and calculate the difference ~between the num-
ber of positrons emitted with the microwave mag-
netic field on and with the microwave magnetic
field off, normalized for a single muon:

„) socosew, (y,))) (p))$0» i y 2
4m & 2&
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dS{e)= acose L E',
in which

a{yo)=&o{yo)&&~{yo»

g
—2l bi (y +2l bl }
(P+2l bl'}'+(o"P '

1
2
—P

1+papcose

(2. 2V)

(2. 2Va)

(2. 2Vb)

(2. 2Vc)

1
~r 2I'

f„p[fo(l+ ~aP cose)dQ]dr
(2. 28a)

where V is the active volume of the microwave
cavity in which muonium is formed, D is the posi-
tron-detector area, dA is the differential solid

To obtain a general expression for the total sig-
nal 8 we must integrate Eq. (2. 2V) over the volume
in which muons are stopped and over the finite size
of the detector, taking into account the distribution
and polarization of stopped muons in the gas and
in the walls, the fraction of muons forming muoni-
um, and the microwave magnetic field in the reso-
nant cavity used. The expression given for 8 in
Eq. (2. 28) takes into account only muons stopping
in the gas within the microwave cavity and is
based on the assumption that all these muons form
muonium:

S=X' j„paL'{j,cosedn)dv, (2. ae)

in which L' is given in Eq. (2.2Vb). X is given by

angle subtended by an element of the detectox area
at a point in the volume, and p is the density dis-
tribution of stopped muons. Equation (2. 28) is
used for the amlysis of our resonance curves
and the quantity 3." is treated as a parameter to be
determined in the data analysis. This analysis
procedure should be valid for our objectives (see
Sec. 17) and is necessitated because of our lack
of detailed knowledge of the muon density distribu-
tion, background counts, muon polarization, and
muonium formation.

Several features of the resonance line shape for
the three-level zero-field case can be ascertained
by consideration of the expression for I-' of Eq.
(2. 2Vb). At resonance I, becomes

p
—2l bl

2l bl
(2. 2e)

(2.20)ry
The natural width, obtained in the limit of zero

For comparison the corresponding quantity for the
two-level weak-field signal is

2l sl'
L(ill 0) p 4( ~

o

[Eq. (2.6)]. Hence for the three-level case the
signal saturates at a higher value of )bP. From
Eq. (2.2Vb) we find that the full width at half-maxi-
mum intensity is given by

20—
l5—
!0—

Power *5.0 watts

H & 0.000 6

Power ~ l.5 watts

For Cornparfson
Resonance at 2.850 G

Power=0. 5 watts

~ I5

a IO

Q

o 20

th
IQ

5
0

20
l5
IO

5
0

H=0.020 G

H=0.050 G

H=0. IOO G

-0.5 u 0~ +0.5 -0.5 u Oa +0.5 -0,5 u 0 w +0.5
v - h v (NIHIL)

FIG. 2. Calculated line shapes
for transitions at very weak mag-
netic field for several values of
magnetic field H and input micro
wave power P to a cavity with

='14 000 and operating in the TM22o
mode. The pexcent signal ls
plotted vs the difference between
the applied microwave frequency
v and the hfs interval Av. The
quantities v and v equal vf4 kv
and v34

—dv, respectively. The
comparison resonance signal at
2. 850 G is plotted versus v —v~4.
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20—

g
l5

07
X
C$
C

)0
CO

0.0 0.2 0.4 0.6
H, (6)

0.8 I.Q

FIG. 3. Calculated maximum signal height vs micro-
wave magnetic field strength Hq at several low magnetic
fields H. Equation (A16) is used to determine the height
with the constant parameters chosen as g =3, cosa =-1,
and I'=1,

micmwave power, is @is, as it is for the two-lev-
el case [Eq. (2.6)]. However, the broadening of
the line in the three-level zero-field case is pro-
portional to the microwave power or Ib I at high

pounder, whereas in the two-level case the broaden-
ing is proportional to the square root of the micro-
wave power [Eq. (2.29), Muonium II).

b. Transition atnonzevo field In a. very weak
but nonzero magnetic field H, the resonance line
shaye must be obtained from a solution of Eq.
(2. 9). One method of solution is given in the Ap-

pendix. Solutions to Eq. (2. 9) were also obtained
via computer techniques to eliminate some of the
tedious algebra, and this approach is also dis-
cussed in the Appendix. Information available from
our solutions of Eq. (2. 9) is given in Figs. 2-4 and

in Tables I and II.
The principal conclusions from the results of the

nonzero-field solution for II& 20 mo are the follovr-

ing: (i) The line shape is approximately Lorentz-
ian and reduces smoothly to the zero-field line
shape as if is reduced to zero (see Fig. 2 and Ta-
ble I). (ii) The maximum signal intensity is close
to that at zero field (see Figs. 2 and 3 and Table I).
(iii) The linewidth is slightly less than the zero-
field value and has approximately the same depen-
dence on microwave field strength (see Figs. 2 and

I 000

E

E
~~
C$

X

FIG. 4. Calculated linewidth
(full width at half-maximum) vs
microwave magnetic field strength
H& at several low magnetic fields
H. The line shapes are considered
resolved if the signal height for
any microwave frequency between
v34 and v~4 is less than half the
signal height at vf4 ox v34 As Hf
is increased, the linewidth is con-
sidered to double when the line
shape changes from a resolved
transition to an unresolved transi-
tion.

O, l

0,0 Oe2 0,4
Hi (G)

0,6 0.8
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TABLE I. Results of the analytic solution [Kq. (A16)] for percent signal as a function of microwave frequency v at
very weak magnetic field H. The microwave magnetic field is chosen to be Hj =0.161 G (see Sec. IIID). The other
parameters in Eq. (A16) were given the values: a=), coss= —1, and P=1.

(v —4v)
(KHz)

0
50

100
150
200
250
300
350
400
450

14.232
13.688
12.280
10.483
8.701
7.140
5. 856
4. 830
4. 017
3.374

14.230
13.686
12.277
10.480
8.697
7. 136
5. 852
4. 826
4.014
3.371

14.226
13.680
12.267
10.468
8.684
7.123
5. 840
4. 815
4. 004
3.363

14.218
13.670
12.254
10.450
8.664
7.103
5. 821
4. 798
3.989
3.349

H (mG)

14.194
13.639
12.208
10.391
8.599
7.039
5.761
4.743
3.940
3.306

10

14.081
13.497
12.002
10.132
8.318
6.762
5.503
4.511
3.734
3.124

20

13.646
12.974
11.304
9.306
7.460
5. 944
4.761
3.854
3.160
2. 624

50

11.223
10.575

8. 976
7.115
5.476
4. 204
3.265
2.579
2. 074
1.696

100

6. 867
6.881
6.732
6.111
5.079
3.985
3.066
2.370
1.861
1.488

200

2. 690
2. 803
3.146
3.700
4.339
4.738
4.561
3.876
3.053
2.343

TABLE II. Comparison of two-level solution [Eq.
(2.5)] and three-level solution [Eq. (A16)] for percent
signal for the transition v~4, (+, M~) = (1, 1) (0, 0),
at weak magnetic field. The microwave magnetic field
is chosen to be H~ =0.228 G (see Sec. IIID). The other
parameters in the equations were given the values:
a=~, cos8=-1, and P=1.

H=1. 0 G
3-level 2-level

H=3. 0 G
3-level 2-level

H=5. 0 G
3-level 2-level

500
450
400
350
300
250
200
150
100
50

0
-50

--100
—150
-200
-250
-300
-350
-400
-450
-500

0.856
%. 008
1.200
1.445
1.768
2.156
2. 652
3.235
3.847
4.355
4.580
4.425
3.959
3.356
2.763
2.253
1.840
1.515
1.262
1.063
0.907

0. 841
0.995
1.190
1.439
1.757
2.161
2.663
3, 250
3.857
4.344
4.535
4.344
3.857
3.250
2. 663
2.161
1.757
1.439
1.190
0.995
0. 841

0.839
0.992
1.185
1.432
1.747
2.148
2.646
3.229
3.836
4.327
4.529
4.349
3.871
3.267
2.679
2. 176
1.769
1.449
1.199
1.003
0.848

0.840
0.993
1.188
1.436
1.754
2.157
2. 658
3.243
3.848
4.333
4.524
4.333
3.848
3.243
2. 658
2. 157
l. 754
1.436
1.188
0.993
0. 840

0. 837
0.990
1.184
1.430
1.746
2.147
2. 644
3.227
3.831
4.318
4.513
4.332
3.852
3.249
2. 664
2.163
1.759
l.441
1.192
0.997
0. 843

0. 838
0.992
1.186
1.434
1.751
2.153
2. 653
3.236
3.840
4.323
4. 513
4.323
3.840
3.236
2.653
2.153
1.751
1.434
1.186
0.992
0. 838

4 and Table 1). (iv) The line center equals the hfs
interval hv to within the accuracy of the calcula-
tion. This result is to be expected because the
quadratic Zeeman effect is negligibly small for all
the energy levels and the linear Zeeman effect for
the levels (F,Mr) = (1,1) and (1, —1) at 20 mG has
a magnitude of 28 kHz and is of opposite sign for
the two levels.

The slight deviations of the signal height and
width from the zero-field case of Eq. (2. 27b) can
be taken into account for the very-weak-field case
with H & 20 mG by fitting analytic expressions to
computer-generated solutions of Eq. (2.9) for the
signal intensity and the linewidth as a function of
magnetic field H and microwave field strength H&.

An adequate fft is given by the Lorentzian expression

L"(H) =
y'+ 2 t b I'+ C,H 42(v —vo)s+ ws

(2. 31)

w(H) = [&+2 I& I'(1- C,H)p, , (2.31a)

where Cy 5 MHz'G ', C, =6.5 G ', v is the ap-
plied frequency, and vp is the frequency of the line
center. These expressions are valid for H &0.020
G and H, ~0.5 G, and are accurate to +1% at H
=0.020 G.

Table II gives the resonance line signal based
on the two-level solution [Eq. (2. 5)] and on the
three-level solution [Eq. (A16) of the Appendix]
for weak fields H. One point of importance ob-
tained from a comparison of these solutions is the
effect of state 3 on the line shape for the transition
v,4. The line shape from the three-level solution
is not Lorentzian and we can estimate from the sig-
nal heights at the half-maximum points for the two
solutions that an error of about 0. 3 ppm would be
made at H= 3 G by determining the line center with
the two-level Lorentzian line shape. This agrees
with the estimate of frequency pulling given in Eq.
(2. 8).

c. a%me-dePendent line shaPe. The time-depen-
dent resonance line shape for magnetic field H= 0
is based on (P,(t)) given by Eq. (2. 21). The time-
dependent differential signal dS(8, t) is

dS(8, t) =acos8L'(t)Ã',
where

(2.32)

)cos( )t (2. 32a)

and X' is given by Eq. (2. 27c). The total time-de-
pendent signal S(t) is obtained with the same as-
sumptions as for Eq. (2.28):
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S(t) = X' f„paL'(t) ( f cos8dA)dr, (2. 33)

where X ' is given by Eq. (2. 28a).
For the weak-field transitions v,4 the time-de-

pendent differential signal is based on an equation
analogous to Eq. (2. 32a) obtained for the two-level
case starting from Eq. (2. 5) of Muonium III:

dS(8, t) = acos8 L(t)K,
in which

( )
4~b~ . (I't'I

(2 )

(2. 34)

(2.34a)

III. EXPERIMENTAL METHOD AND APPARATUS

A. Introduction

The basic experimental method was very simi-
lar to that of the strong-field experiment discussed
in detail in Muonium II and Muonium IG.' Reso-
nance lines have been observed for the weak-field
transitions v,4 and v~ between the levels (F', M~)
= (1, + 1) and (0, 0) at H = 3 G, and for the very-
weak-field transition 4F=+1 at H=10 mG. Reso-
nance lines were obtained by varying the applied
microwave frequency with fixed magnetic field H
and observing the change in the number of decay
positrons emitted along the direction of the incom-
ing muon beam. A schematic diagram of the ex-
perimental arrangement for the weak-field transi-
tion is shown in Fig. 5, and for the very-weak-
field transition in Fig. 6.

and K is given by Eg. (2. 5a). A similar expression
applied for the weak-field transition vs4.

The measurements reported in this paper took
place in four separate runs over a period of about
four years, and changes were made in the equip-
ment for the different runs. Our discussion of
the apparatus will cover principally its latest ver-
sion, together with brief comments on earlier ver-
sions.

B. Magnetic Field

The low magnetic fields required for the weak-
and very-weak-magnetic-f ield measurements were
obtained with the magnetic shield and solenoid sys-
tem shown in Fig. 7. There were three moly perm-
alloy magnetic shells for shielding, and an inner
solenoid together with two movable correction
coils. Mu-metal end caps could be fastened over
the exterior of the outer two shells. The shells
were degaussed by passing 15-30 A at 60 Hz
through toroidal windings which linked all three
shells, and then reducing the current slowly to
zero. In the Gibbs Laboratory this degaussing pro-
cedure resulted in a field of less than 1 mG inside
the shells with the end caps on. During the experi-
ment the field exterior to the shield structure was
due primarily to the fringing field of the main
cyclotron magnet, and amounted to an approximate-
ly vertical field of 5 to 10 G with a field gradient
of up to 3 G/m.

For the weak-field measurement at 3 G the end
caps were not used and the solenoid and correction
coils provided a horizontal field homogeneous to
better than 1 part in 10~ over the region of the
microwave cavity (18-cm diameter, 20-cm length).

Pressure Vessel

Correction Coil

Microwave
Cavity

Magnetic
Shie lding

Solenoid

fl I
I
f II

Wavegu ide
WR I87

+ + Beam

pl
I

Pb»
2) F"% """%45

CHp~
Light Pipe

FIG. 5. Schematic dia-
gram of the experimental ap-
paratus used for weak-field
transition, showing the target
and scintillation counters
(numbered 0-5).

ss

Sc int i I l at ion
Counters —~

Rb Magnetometer85

0 0.5 I

Scale in meters
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Moderat or
CH2

Pressure Vessel Microwave Cavity

Magnetic Shielding

I /I

/ /i// / / / /+

Beam

5
/// '//r

r / / / / i rr / / / / r

0.5

Scale in meters

FIG. 6. Schematic diagram of the experimental apparatus used for very weak field transition, showing the target and
scintillation counters (numbered 0-7).

The current-regulated power supplies which ex-
cited the solenoid and correction coils were regu-
lated to 5 parts in 10 and determined the field sta-
bility of about 0. 5 mG. If the cyclotron magnet or
internal solenoid field were changed, the shells
were degaussed and then the magnetic field in the
region of the microwave cavity could be reproduced
to within 1 mG.

For the weak-field measurement at 3 G the mag-
netic field was mapped and monitored with a rubid-
ium optical-pumping magnetometer of standard
design as shown in Fig. S. An externally heated
rubidium rf discharge lamp served as the light
source. A field modulation of about 10 mG was
applied during the off period for the microwave
power and hence at a frequency of 7. 5 Hz (see

—INumetol End Cops
l.6mm thick

Field Correction Coils
50 Turns

s
Solenoid

462 Turns

II

INo)y Permolloy Shells
I.9mm thick
I.9mm thick
l.5mm thick

6I.O cm
85.7 cm

75.7 cm

94.0 cm

FIG. 7. Schematic diagram of
the magnetic shield and solenoid
system.

76.2 cm

I2I.9 cm

—I52.4cm

I06.7 crn

l52.0 cm
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Fig. 12). The optical-pumping resonance signal
was detected as a decrease in the light intensity
reaching the photodiode. The uncertainty in the
magnetic field measurement was due to 60-Hz field
modulation associated with ground loop currents
and amounted to about 2 mG. The position of the
monitor probe during data taking was 18 cm from
the axis of the solenoid in its midplane, where the
field differed by only 10 mG from that at the center
of the microwave cavity.

For the very-weak-field measurement the sole-
noid was turned off and the Mu-metal end caps
were fastened over the two outer moly permalloy
shells. The resulting field was from 7 to 13 mG
throughout the target volume and had an average
value of about 10 mG. Its direction was approxi-
mately antiparallel to the incident beam direction.
The radial and azimuthal components of H were
from 1 to 3 mG.

For the very-weak-field measurement the mag-
netic field was mapped and monitored with a flux-
gate magnetometer. ' This instrument was conve-
nient to use and also allowed the detection of ac
magnetic fields which could be generated by ground
loop currents (~0. 1 mG). Using the degaussing
procedure for the shells described previously about
once a week, or whenever the magnetic field of
the cyclotron was changed, the field was main-
tained constant to within about 0. 5 mG.

C. Target and Gas-Handling System

The major features of the target and gas-handl-
ing system have been described in the earlier pa-

pers of this series. ' ~ The gas-purifying system
was entirely rebuilt and provided a cleaner, more
eff icient system. High-purity argon and krypton
were used. Because of its high cost the krypton
was reused for several target fillings by employing
a cryogenic pump; the argon was used for only one
target filling. For the later measurements re-
ported here, a diaphragm pump 3 replaced the
magnetically driven piston circulation pump allow-
ing for faster and smoother gas flow and elimina-
tion of ground current surges associated with ener-
gizing the solenoids of the magnetic pump. The
temperature of the target gas was monitored by
four ~opper-constantan thermocouple pairs. The
over-all absolute a,ccuracy of each thermocouple
pair was +0.2 'C, as determined by comparison
to a mercury thermometer calibrated by the Na-
tional Bureau of Standards. The target tempera-
ture was stabilized by circulating water through
the copper jacket surrounding the pressure vessel.
Temperature variations of 2 C during a 24-h peri-
od were typical. The pressure was measured by
an autotracking quartz Bourdon tube ' with an ab-
solute accuracy of about 4 torr or 0. 025/&, which
was determined by calibration against a dead-
weight gauge.

The data of this paper were obtained with three
separate target pressure vessels. The first was
shown in Fig. 4 of Muonium GI, with the addition
of ports for a tuning bar and thermocouples. The
second vessel was similar to the first but was 30
cm longer to permit the installation of scintillation
counters in the target gas by a scheme similar to
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FIG. 9. Pressure vessel and microwave cavity with internal scintillation counters.

Mode

TM22p

TM22p

TM22p

TMssp

Diameter Length
(cm) (cm)

17.808 19.766

17.648

17.447

27. 666

19.603

19.373

24. 260

Gas

Ar
Kr
Ar
Kr
Ar
Kr
Ar

Density range
(at
10-30
6-20

40-60
30MO
60-110

60
10-20

that shown in Fig. 9. The most recent pressure
vessel incorporated three internal scintillation
counters and allowed for a larger-diameter micro-
wave cavity (see Fig. 9). The thicknesses of the
aluminum end windows of the pressure vessels
ranged from 0.05 to 0. 5 cm, depending on the
pressure used.

D. Cavity and Microwave System

Four different microwave cavities were used,
three operating in the TM»Q mode and one in the
TMssQ mode. The TM mode was chosen to provide
a microwave field H& perpendicular to the direction
of the incident-muon spins and hence suitable to
induce the desired transitions with 41II~ =+1. It is
convenient that the fields in these microwave modes
are independent of the axial, or g, position, and
that the cavity resonant frequency is independent
of the length of the cavity. The cavity diameter
required to give a resonant frequency close to Av
for the TM»Q mode is about 18 cm, which is a con-
venient match to the dimension of the muon beam
from the Nevis synchrocyclotron. Three different

TABLE III. Data on microwave cavities used.

cavities in the TM»Q mode were required to accom-
modate the substantial range in resonant frequency
associated with the use of two different gases-ar-
gon and krypton-and a wide range of gas pres-
sures. The TMooo-mode cavity with a relatively
large diameter was used for the final run at our
lowest gas pressure of 9.3 atm of Ar in order to
minimize the number of muons stopping in the
walls of the cavity. Data on the microwave cavi-
ties used are given in Table III.

The basic construction of the microwave cavi-
ties (see Fig. 9) was similar to that used in Muoni-
um III. They were aluminum cylinders with side-
wall thicknesses of about 4 cm and with thin end
walls of 0.005 cm thickness. The cavities were
supported in the pressure vessel by six adjustable
rods between the outer walls of the cavity and the
inner wall of the pressure vessel. The small cop-
per input loop of about 1-cm area was attached
to a piece of UT250 semirigid microwave coaxial
cable on the input connector. Changing the orien-
tation and size of this coupling loop allowed good
coupling to be obtained with a voltage-standing-
wave ratio of less than 1.1.

For the TM»Q and TM3sQ modes the squares of
the microwave magnetic field intensities are given
by"

TM:H ( p)=
~~ ol'~'r. i(x~ )

x[J„q(x, r/R)+ J, q(x, r/R)

-2J„&(x, r/R)J, q( x~r /)Rcso(2lg)],
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FIG. 10. Block diagram of the microwave system.

in which p is the magnetic permeability of the gas
in the cavity; P is the power input to the cavity in
watts; Q,„is the unloaded Q of the cavity; ~, 0 is
the resonant angular frequency of the TN, 0 mode;
V is the volume of the cavity; J, is the I th-order
Bessel function; x»=8. 41V and x33=13.015; 8 is
the radius of cavity

The required amplitudes of the microwave mag-
netic field for weak-field and for very-weak-field
transitions can be determined approximately from
Eqs. (2. 6) and (2. 2Vb), respectively, together with
the matrix element 5 given in Table I of Nuonium
II. For the weak-field transition (E, M„) = (1, 1)

(0, 0) at H = 2 G, the muon polarization change
(proportional to l a, I

—
1 a41 ) will be maximum~

for f=l/y if H, =0.226 G; for the very-weak-field
transitions at H =10 mo, the muon polarization
change can be determined to a very good approxi-
mation from Eq. (2. 21) and is a maximum for t
= I/y if H, = 0.161 G. With the unloaded Q of
2V 000 for the TM~~ cavity, an input power of
about 1 Vf was required to produce an average H&

value of 0. 16 G over the cavity. For the TM3~0
cavity the unloaded Q was 46000 and the required
input power was also about 1 %. The microwave
input power raised the temperature of the cavity
by less than 2 C relative to the wall of the pres-
sure vessel.

The TM~~G cavity was tuned to the driving fre-
quency of the microwave source by means of a
movable quartz bar 18x2. 5X0.45 em. In this ex-
periment the resonance lines were obtained by
varying the microwave frequency; a movement of
the tuning bar of about 0.08 cm was sufficient to
sweep through a resonance line. There was no de-
tectable change in the cavity Q over the frequency
range of the resonance line.

The over-all microwave system is shown in Fig.
10. It consisted of the microwave-frequency gen-
erating system, the power amplification and stabil-
ization system, and the microwave cavity and its
associated tuning mechanism. The microwave-fre-
quency generating system consisted of a frequency
synthesizer ~ with 44. 6 MHz output, a x 10 fre-
quency multiplier using tuned circuits, a power
amplifier, a second stage of X 10 multiplication
using a step recovery diode, 39 and a bandpass fil-
ter. This system produced an output frequency
of about 4463 NHz at a power level of 0. 1 m%.
The frequency was stable to a few parts in 10~ by
comparison with %%V. The frequency syectrum
was symmetric and the spectral width of the signal
was less than 1 kHz, as measured with a spectrum
analyzer. 3~

Power amplification to an output of several watts
was provided by a traveling-wave tube amplifier.
The power feedback system with a response time
of 1 p,sec was used to stabilize the power level to
about I%%uo, as well as to supply a microwave on-off
signal for the slow logic and to provide a means
for the on-off modulation. The power levels were
measured with temperature-stabilized thermistor
power meters, ~ which had an absolute accuracy of
6%%uo and a relative accuracy of better than 1%. The
changes in reflected power from the cavity were
negligible over periods of hours.

E. Counters and Electronics

The sesntallatjon counter system ss indicated sn
Figs. 5 and 6. The principal differences as com-
pared to the system described in Muonium ID are
the use of much-larger-area positron counters and
the placement of several scintillation counters
which define the stopped muons inside of the pres-
sure vessel. The larger-area counters increased
significantly the efficiency of positron detection to
the value of about 20%%uo. The use of internal coun-
ters in the pressure vessel reduced the background
counts associated with particles which stop in the
pressure windows and in the gas bebveen these win-
dows and the microwave cavity. The inside sein-
tillators were viewed through quartz windows by
yhototubes~ fastened directly onto the pressure
vessel and had a counting efficiency of greater than
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96%. These inside scintillators did not contaminate
the target gas to the extent that there was any sig-
nificant reduction in the muonium resonance sig-
nal. The so-called forward (backward) resonance
signal was obtained with the events Ez (E,) shown
in Figs. 11 and 12.

The fast- and slow-electronic-logic systems used
were similar to those described in Muonium III
and are shown in Figs. 11 and 12. A PDP-8 com-
puter35 was used on line in our most recent mea-
surements to monitor and control the experiment in
the configuration shown in Fig. 13. Some signifi-
cant features of this system included (i) use of one
set of 24 scalers to collect both the microwave on
and off data, (ii) generation of a 10-psec dead time
following a particle stop in the moderator (Fig. 6),
(iii) automatic recording with the computer of 20
analog variables such as those mentioned in Sec.
III F, and (iv) data recorded on magnetic tape.

A 45-MHz digitron was used to obtain time-de-
pendent signal data (see Fig. 14) by a method simi-
lar to that used in Muonium ID. The digitron re-
corded the timing of events in the following man-
ner: For a real (accidental) event the digitron
sealer began counting 45-MHz pulses when a g
stop (positron) occurred and ceased counting when
a positron (p stop) occurred. For any other com-
bination of events in a 6- p.sec period the sealer
and the latches were cleared and the events ig-
nored. If an acceptable real or accidental event
occurred, the A and B inputs to the controller were
inhibited and a computer interrupt initiated. After
the computer read the digitron sealer and latches
and stored the results in a buffer, a reset command
was given to the digitron controller. Later the
computer would process the buffer by incrementing
the core word which corresponded to the time and
appropriate event type, after verifying that the
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event type was valid. The digitron had a maximum

counting rate of 75 kHz while the event rate was
about 20 Hz, so that dead time was negligible.

F. Procedure of Data Taking

The procedure of data taking was fundamentally
the same as for Muonium III. However, one im-
portant difference was that the resonance curves
were obtained by varying the microwave frequency
rather than the magnetic field. For the weak-
field transition variation of the microwave frequen-
cy was more convenient because of the necessity of
having a homogeneous magnetic field over the cav-
ity volume. From Eq. (2. 1) for the energy levels
and Fig. 2 for the resonance line shapes, it is
clear that for the very-weak-field transition no
simple resonance line shape would be obtained by
varying the magnetic field. As the microwave fre-
quency was varied, the cavity was retuned for
each microwave frequency so that the power in the
cavity was constant to better than 1% over the
resonance linewidth.

The positive-muon beam of the Columbia Univer-
sity Nevis synchrocyclotron was used for our ex-
periment. Its characteristics have been described

in our earlier papers. ' For the present experi-
ment the muon stopping rate was somewhat higher,
because of inproved cyclotron operation, and.
amounted to about 2000/sec in a target of 6 g/cm .
The muon beam had a duty factor about 30% with
the use of its vibrating target. 37

Data were taken with the two stopping gases, ar-
gon and krypton, over pressure ranges from 10 to
108 atm, and from 6 to 73 atm, respectively. The
counter-defined muon stopping rate in the target
varied from about 200/sec for 10 atm of argon to
about 2000/sec for 108 atm. With 10 atm of argon
about —,

' of the stopped muons, or 40/sec, stopped
in the active gas in the microwave cavity; with
108 atm of argon about —,

' of the stopped muons, or
700/sec, stopped in the active-gas region. For
the 10-atm-argon case internal counters were used
to define the stopping muons, whereas for the 108-
atm-argon case only external counters were used.
Similar stopping rates were obtained with krypton
at the same density as argon.

Typical values of the various sealer rates were
similar to those given in Muonium IO. In addi-
tion to the sealer readings the quantities recorded
during data taking included (i) microwave frequen-
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FIG. 13. Schematic diagram of data acquisition system, including the on-line PDP-8 computer.

cy, (ii) static magnetic field, (iii) gas pressure and
temperature, (iv) microwave input and output
powers for the cavity, (v) getter temperature, and

(vi) current in the dipole magnet used to select the
momentum of the muon beam. All of the data were
accumulated with the PDP-8 computer and written
on magnetic tape for later processing; in addition,
some of the data were logged manually as a check.

Several time-integrated resonance curves are

shown in Fig. 15. Note that for the weak-field
case, Fig. 15(a), the linewidth (full width at half-
maximum) is about 300 kHz and the signal inten-
sity is 0.45%; both of these values are consistent
with the discussion in Sec. DB1. For the reso-
nance lines observed in the very weak field, Figs.
15(b)-15(f), the linewidths are broader, between
500 and 800 kHz, and the signal intensity is between
1.6 and 2. 5%. These signal intensities and line-
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widths observed at very meak fields are consistent
with the discussion in Sec. II B2. A time dependent
resonance curve is shown in Fig. 16, mhich mas
obtained concurrently with the time integrated
resonance curve shown in Fig. 15(b). Lists of the
resonance curves obtained with argon and krypton
are given in Tables IV and V, respectively.

IV. DATA ANALYSIS

A. Initial Treatment of Data and Determination of Line
Centers

The treatment of the data mas very similar to
that described in Muonium IG. Initially the forma, rd
and backward signals and their statistical standard
deviations are calculated from the formulas~

Ey /N —Ay /N
Ef /N —AI /N

(E~ -A&)/X' E~(1 -E,/X)+a&(1 - A&/X)

„(EI—+)/N (Ey —A~)

Ey(1- Ey/N') +Ay'(1- A//N')
(E~ —A~)'

in which (N, N ) is the number of stopped muons,

(Ez, Ez) is the number of forward events, and (+,
Az) is the number of forward accidental events; the
unprimed quantities mere obtained with micromaves
off and the primed quantities with micromaves on
(see Figs. 11 and 12). The corresponding quanti-
ties for the backward signals are designated by the
subscript b.

These experimental quantities mere fitted by a
least-squares method to the theoretical line shape
given by Eiis. (2. 5) and (2. 8) for the weak-field case
andby Egs. (2.27), (2.28), and (2.31) for the very-weak-
field case. The parameters in the fit mere the
line-center frequency vo, the height of the signal at
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standard-deviation error bars are due to counting statis-
tics. The solid curve is a fit of Eq. (2.33) to the time-
dependent data with resonance frequency v0=4463. 162
+0.010 MHz.

the variation in microwave power over the cavity
was included and a uniform muon stopping distri-
bution was assumed. The parameters in the fit
were the resonance frequency +0, a signal ampli-
tude, and the microwave power. A typical fitted
time-dependent resonance line is shown in Fig. 16.
Because of the additional information contained in
the time-dependent data, a higher accuracy is
achieved in the determination of ~z than from the
data for time-integrated resonance curves such as
shown in Fig. 15. The improvement in statistical
accuracy is about 40% with the time-dependent
data. The results of the analysis with the time-
dependent data agreed well with the results based
on the time-integrated resonance curves in Fig.
15. In principle, fitting the time-dependent data
makes possible the determination of the microwave
power in the cavity at each frequency. There was
no observed variation of microwave power with
frequency within the 5% accuracy of the determina-
tion. For the present data this method is less
precise than the direct power measurements which
were made to about 2%.

resonance, and the linewidth. Values for vo and
the signal height were determined for a series of
values of linewidth consistent within a factor of 2
with the measured microwave input power and cav-
ity Q. The value of vo varied by less than —,

' stan-
dard deviation over the range of linewidths chosen.
Typical fitted resonance lines are shown in Fig.
15. The results of the analysis of all the reso-
nance lines are given in Tables IV and V for argon
and krypton, respectively. The errors in the line
centers are 1-standard-deviation errors due to
statistical counting.

Additional analyses of some of the lines observed
at very weak field were done using the line-shape
theory for H=O given in Eq. (2.28), in which a uni-
form muon stopping distribution over the micro-
wave cavity was assumed. Also an approximate
solution for the very-weak-field case given in Eq.
(2. 31) was used, the measured values of magnetic
field were employed, and a uniform muon stopping
distribution was again assumed. For the weak-
field case additional analyses were made based on
Eq. (2. 5), which took into account the measured
values of the magnetic field, the variation of mi-
crowave power over the cavity, and the detector
solid angles, and assumed a uniform muon stop-
ping distribution. The results of these analyses
were within —,

' standard deviation of the results
based on the simpler method discussed in the pre-
ceding paragraphs.

The time-dependent data obtained with the digi-
tron were fitted by a line shape based on Eq. (2.32);

B. Extrapolation to Zero Gas Density

The experimental data of Tables IV and V were
fitted to the function

&v(D) = 4v(1 + aD + bD ), (4.3)

nv=4463. 312+0.013 MHz, with argon (4. 4a)

b v= 4463. 293+ 0.023 MHz, with krypton. (4.4b)

in which D is the gas density, a is the coefficient
of the linear density shift, and b is the coefficient
of the quadratic density shift. Measurements at
slightly different densities were grouped after cor-
recting for the dependence of &v on D. The
grouped data were then fitted to Eq. (4.3). This pro-
cedure increased the sensitivity of the fit to the
parameters a and b. Figure 17 shows a plot of the
grouped values of 4v as a function of the target-gas
density for argon and krypton. The results of
least-squares fit are shown in Table VI for the two
cases: (i) a is a. free parameter, b 0, and =—(ii) both
a and b are free parameters. These results indi-
cate clearly that adequate fits for argon require a
nonzero value for the quadratic coefficient b, and
for krypton a nonzero value for b is favored.
Furthermore the fits with the quadratic term yield
satisfactory agreement between the values for 4v
from the argon and krypton data, as is necessary.
Figures 18 and 19 compare the fits with and with-
out the quadratic term for argon and krypton, re-
spectively. Hence we choose the fits with the
quadratic term and the results for 4v based on the
argon and krypton data are
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TABLE IV. Results of analysis of resonance curves with argon.

Gas density
(torr at 0 C)

7100
10392
24306
24487
24487
24528
24720
26685"
46104
49051
82640

Temperature
(C)

21.5
23.5
24
17
16
17
16
24
20
21
19

Number of
muons stopped

(10 )

2.0
1.7
2.5
5.1
4. 8
4.6
5.0

14.6
2.9
4.3
0. 8

Signal sizeb

2. 9
3.7
3.3
2.3
2. 5
2.3
2. 2
0. 8
3.2
4. 1
4.5

Linewidth'
(kHz)

520
590
800

1140
1130
1150
1170
300

1020
1140
1100

Line center
(kHz)

4 463 162 + 10 v

4463 089+11 '
4 462 754+ 32~
4462 783 +30
4 462 752+32~
4 462 803 +30c
4462 786' 38
4462 746 +31~
4 462 348 +33~
4462341+22~
4461718+12 '

The measured pressure and temperature have been corrected for the real gas pressure-volume relationship to give
density in units of 1 atm at O'C, and the result multiplied by 760 to give density in torr.

The signal size given is the sum of the absolute values of the forward and backward signal heights.
The linewidth is the full width at half-maximum.
The line center given is the result of a least-squares fit, and the associated error is 1 standard deviation, due only

to counting statistics.
T. Crane, D. Casperson, P. Crane, P. Egan, V. W. Hughes, R. Stambaugh, P. A. Thompson, and G. zu Putlitz,

Phys. Rev. Letters 27 474 (1971); P. A. Thompson, D. Casperson, P. Crane, T. Crane, P. Egan, V. W. Hughes,
G. zu Putlitz, and R. Stambaugh, in Proceedings of the International Conference on Precision Measurements and fun-
damental Constants, edited by D. ¹ Langenberg and B. N. Taylor, Natl. Bur. Stds. Publ. No. 343 (U. S. GPO,
Washington, D. C. , 1971), p. 339.

Result of fit to time-dependent data. The time-integrated signal was also recorded and fitted and is in agreement
with this value. The data were taken with internal counters.

~P. A. Thompson, J. J. Amato, P. Crane, V. W. Hughes, R. M. Mobley, G. zu Putlitz, and J. E. Rothberg, Phys.
Rev. Letters ~22 163 (1969).

This entry is the result of combining seven individual resonance lines for the weak-field transitions v~4 and v34 at
H=2. 731 G and H=2. 853 G and with microwave input powers of 1.5 and 7.0 W, obtained with gas densities inthe neighbor-
hood of the indicated value. In determining the value of bv, Eq. (2.3) was used to extrapolate to zero magnetic field,
and normalization to a single gas density was done taking into account the dependence of 6v on density (see Sec. IV B).

P. Crane, J. J. Amato, V. W. Hughes, D. M. Lazarus, G. zu Putlitz, and P. A. Thompson, in High Energy Physics
and Nuclear Structure, edited by S. Devons (Plenum, New York, 1970), p. 677.

The final experimental value for &v can be cho-
sen as the weighted average value of Eqs. (4.4a)
and (4.4b) to yield

ay=4463. 308+0.011 MHz (3. 5 ppm), (4. 5)

where the error is the 1-standard-deviation statis-
tical counting error.

C. Systematic Errors

The systematic errors considered are all small
compared to the statistical counting errors. A
list of possible sources of systematic errors and
estimates of the upper limits of their contribu-
tions follows.

(i) Uncertainty in the relative microwave power
level in the cavity as the frequency was varied
through the resonance line was significant. A lin-
ear variation of power with frequency amounting
to 3% over the linewidth would produce an asym-
metric line shape and could lead to an error in 4v
of 5 kHz or 1 ppm.

(ii) Uncertainty in the microwave frequency was

0. 1 kHz and corresponded to an error in 4v of 0. 1
kHz or 0.03 ppm.

(iii) For the weak-magnetic-field case the in-
homogeneity of the 3-G field amounted to less than
3 mG and the field instability was about 0. 5 mG.
The corresponding error in Lv from a single reso-
nance line could be as large as 2 kHz or 0. 5 ppm.
For the very-weak-magnetic-field case the inhomo-
geneity of the 10-mG field amounted to + 3 mG and
the corresponding error in 4v is negligible. The
field instability at very weak magnetic field was
about 0. 5 mG, and the corresponding error in 4v
from a single resonance line is 0. 5 kHz or 0. 1
ppm. For many resonance. lines the error due to
field instability would be reduced.

(iv) The discussion in Sec. II B assumed that
the direction of the incident muon beam was along
the negative z direction and that the microwave
field II, is perpendicular to H = Hk If the direc.tion
of the incident muon beam is not exactly along the
negative z direction, the initial z component of the
muon polarization is slightly decreased. If 0& has
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TABLE V. Results of analysis of resonance curves obtained with krypton.

Gas density*
(torr at O'C)

4328
7292
7328
7349
7581

15876
15928
15928
15959
16057
32854
33951
55200

Temperature
(C)
26
18
10
15
16
21
21
19
19
19
21
14
19

Number of
muons stopped

(10 )

5.0
1.0
2.1
2.5
2.5
3.3
3.8
2.4
3.7
5.3
5.8
1.7
1.4

Signal size
(%)

2.0

4.1
3.5
2.6
2, 9
2. 8
2.0
2.3
2.2
3.2
4.4
3.9

Linewidthe

O Hz)

600
605
710
850
850

1280
840

1140
770
800
810

1120
805

Line center~
(kHz)

4463 066 ~30"
4462 906 ~40"~
4462 975 +34'sf
4462 998+59'z~
4462 921+33'zf
4462578 +38
4462 578 +25"
4462558+36"
4462 554+ 26
4462558+23'
4461 782+16"
4461 719+21
4460 809 ~ 11'

'The measured pressure and temperature have been corrected for the real gas pressure-volume relationship to give
density in units of 1 atm at O'C, and the xesult multiplied by 760 to give density in torr.

The signal size given is the sum of the absolute values of the forward and backward signal heights.
The linewidth is the full width at half-maximum.
The line center given is the result of a least-squares fit and the associated error is 1 standard deviation, due only to

counting statistics.
~P. Crane, J. J. Amato, V. W Hughes, D. M. Lazarus, ,P. zu Putlitz, and P. A. Thompson, in High Energy Phys-

ics and Ngcleax Stncchcre, edited'by 8. Devons (Plenum, New York, 1970), p. 677; T. Crane, D. Casperson, P. Crane
P. Egan, V. W. Hughes, R. Stambaugh, P A. Thompson, and G. zu Putlitz, Phys. Rev. Letters ~27 474 (1971).

~The data were taken with internal counters.
Wo backward signal was obtained for this resonance line.
"P. A. Thompson, J. J. Amato, P. Crane, V. W. Hughes, R. Mobley, G. zu Putlitz, and J. E. Rothberg, Phys.

Rev. Letters ~22 163 (1969).

a small component in the g direction, the AM~=0
transition v can be induced, but there mill be no
appreciable shift in the line center.

(v) Uncertainty in the target-gas density asso-
ciated with a temperature measurement to +0.5
'C and a pressure measurement to +4 torr
amounted to about 0.2%. The corresponding error
ln kv mas 1 kHz or 0.2 ppm

(vi) For the data shown in Tables IV and V the
temperature ranged from 10 to 26 C, but most of
the data were obtained from 16 to 24 C. Because
of the deyendence of the linear coefficient g in Eq.
(4. 8) on temperature, ~9 40 an error is made in de-
termining 4v by fitting the data n. v(D) to Eq. (4.8).
Correction of the data in Table IV for argon using
the measured value for the temperature dependence
for g for hydrogen in argon yields a change in hv
of less than 0.01 kHE or 0.002 yym, even though
some individual data points changed by as much
as 4 kHE. No data on the temperature dependence
for krypton are available and hence no attempt has
been made to estimate a correction for the krypton
data.

(vii) Different approximations in the derivation
of the theoretical line shaye lead to slightly differ-
ent line shapes for fitting the data as discussed in
Secs. II and DIr A. A maximum difference of 3 kHz

4v= 4468. 24(12) MHz (27 ppm) . (5.2)

The result of Eq. (5.1) also agrees with the Chica-
go result from a strong-field transition, 4~

in the determination of the center of a single reso-
nance line was obtained with the different appxoxi-
mations and corresyonds to an error in ~v of 0.V

ppm.
Our final experimental value for 4v is taken to

be

Lv=4468. 806+0.011 MHz (2. 5 ppm) . (4.6)

The value for b, v is that given in Eq. (4. 5); the 1-
standard-deviation error is obtained by adding in
quadrature the counting error in Eq. (4. 5) and —,

'
of each of the upper limits of systematic error
given above. The systematic-er ror estimations
did not contribute significantly to the final error.

V. RESULTS AND DISCUSSION

The final result of our measurement of 4v from
weak-field and very-weak-field tx ansitions is given
in Eq. (4. 6) as

n, v=4468. 806(11) MHz (2. 5 ppm) . (5.1)

This result agrees with our earlier measurement
of ~v fxom a strong-field transition'4'.
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4463.5— TABLE VI. Results of fits of the data b,v(D) on the
muonium hfs interval at different gas densities to the
expression b,v(D) =Av{l+aD+ bD ).

I

446zp —N
Gas

a b X /akeIpees 4v
(10 /torr) (10 /torr ) of freedom (kHz)

4462.5—

Ar
4 free, b =0) -4.27(4)

Ar
(a, b free) —5.00(22) 8.1(2.5)

Kr
4 free, , b = 0) -10.01(7)

13.3/5

3.4/4

4.8/4

4 463 281(8)

4 463 312(13)

4 463 266(13)

N
X

4462.0—
«I

446 l.5—

446 I.P—

4460.5
p 20

500,—

4O 6O

Density (lp Torr)
FIG. 17. Experimental values for hv vs gas density

for argon and krypton. The solid curves are the least-
squares fits to the data, including both the linear and

quadratic density terms in Eq. (4.3). The error bars
represent 1 standard deviation.

Kr
(a, b free) -10.57(39) 8.6(5.9) 2. 7/3 4 463 293(23)

Av=4483. 3022(89) MHz (2.0 ppm), (5.3)
and with the most precise value yet quoted from
the Chicago group based on a very-weak-field ex-
periment by the separated-oscillating-fields meth-
ods

xv=4463. 3012(23) MHz (0. 5ppm) . (5.4)

The most recent theoretical formula for b, v was
given in Muonium III3 43:

&vth, = [Pa'cR„(g„/p~)][1+(m, /m, )] '
x (1+2 a + a~+ t~+ Eg+ c~ —5„), (5.5)

where

ne = n/2w —0. 328 48n~/n

+ (1.29 +0.06)n~/n (Ref. 44),

e& n(1n2 ——', ),—— cq = —(8a /3n) 1nn(inn —1n4+I ),
~, = (n'/w)(18. 4+ 5),
5,

' = (m, /m„)((3 /nw) [1 —(m, /m„) ] 1n(m, /m, )

+g n'1 a[i+(m. /m„)]-g,
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FIG. 18. Comparison of linear and quadratic fits to
data Bv(D) for argon. The data are presented in the
functional form tv(D) -Av(1+aD)], inwhichbv=4463. 312
(13)MHz and a =-5.00(22) &&10 /torr were taken from
the quadratic fit for argon (Table VI).
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FIG. 19. Comparison of linear and quadratic fits to
data Llv(D) for krypton. The data are presented in the
functional form tv(D) —Ev(1+aD)], in which 4v
=4463. 293(23) MHz and a =-10.57(39) &10 /torr were
taken from the quadratic fit for krypton (Table VI).
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in which e is the fine-structure constant, c is the
velocity of light, R„ is the Rydberg constant,
is the muon magnetic moment, p, ~ is the electron
Bohr magneton (e8/2m, c), m, is the electron mass,
and m„ is the muon mass.

%e use essentially the same values of the fun-
damental constants as for Muonium III:

c= 2. 99'7 924 562(ll) x 10 cm/sec (0.004 pym)

(Ref. 45},
H„= l.0973V312(ll) x 105 cm 1 (0. 1 pyro)

{Hef. 46),

p~/g, = 0.001 5192V083(46) (0.3 ypm) (Hef. 46),
a = 13V.03602(21) (1.5 ppm) (Hef. 46),

g„/p~ = 3. 18$ M6 V(82) (2. 6 ppm) (Ref 47)

m„/m, = 206.7682(5) (2. 6 ypm) .
This value of m„/m, is based on the formula

m./m, = (V, /V. ) (V./V, ) I g./g. ~,
and the latest experimental values are used for g„
and g~y

g„=-2[1.00116616(31)] (0.3 ypm) (Ref. 48),

g, =2[1.001159656V($5)] (0.004 ppm) (Ref. 49) .
Note that the velocity of light c has recently been
determined with a much increased precision.
Hence we obtain

»,„. = a'(p„/p~) (2. 632958 4x 10'+1 ppm),

(5.6)

6 l „=4463. $25 + 0.018 MHz (4. 1 ppm) .
(5.7)

The major part of the uncertainty in Eq. (5.6),
specifically 0.6 ppm, is associated with the inae-
euracy of the calculation of the &3 term'; the re-
mainder comes from the uncertainty in the con-
stants R and p~/g, . No attempt is made to esti-
mate 'the uncertainty due to s'till-hlghel'-ol'del'
terms, including the al(m, /m„) term in 5„, which
have not yet been calculated. The uncertainty in
Eq. (5.V) is due about equally to the uncertainties
in the values of a and of p„/g~.

Our experimental value in Eq. (5.1) is in good
agreement with the theoretical value of Eq. {5.V).
This agreement provides a sensitive, important
test of the validity of muon electrodynamics, in-
cluding the assumption that the muon is a "heavy
electron. """

Indeed, in view of the quoted uncertainty of 2.8
ppm in the value of p,„/p~ and of the subtle physi-
cal-chemistry arguments required in its deduction

from the basic experimental observation of the
muon precession frequency and proton NMB fre-
quency in liquids, it is probably most useful at
present to assume the validity of Eq. (5. 5) and to
use our measured value of 4p together with Eq.
(5.6) and the measured value of a to determine a
value for p„/p~:

p,„/p~ =3.183335(1$) (4.0 ppm), (5.8)

where the error is determined about equally by the
uncertainty in our value of 6v and in the value of

This result ean then be used to determine the
ratio of muon mass to electron mass:

=206.7689$(62) (4. O ppm),
~P ~e

(5.9)

in which we have used the experimental value

~g„/g, ~

=1.00000650(30} (0.3 pym) .
The present experiment has determined the lin-

ear and quadratic coefficients of the hfs density
shift for muonium in argon and krypton. The re-
sults (Table VI) are based entirely on our experi-
mental data given in this paper:

s„~= —5.00(22) x 10-'/torr,

5„~=8.1(2.5)x 10 5/(torr),

s„~= —10.5V(39) x 10 9/torr,

5„~=8.6(5.9)xlo l/(torr)

(5. lo}

These values were obtained at a temperature of
approximately 20 'C. Our results agree well with
results reported by the Chicago group, which are
based on our data as well as theirs.

In Muonium III it was pointed out that no quanti-
tative theory has yet been given for the values of
the linear coefficients a of the hfs density shift
for muonium in argon and krypton. Recently, the-
oretical estimates of the values of the quadratic
coefficients b for muonium in argon and krypton
have been given. s~ Precise measurements have
been made of the a values for the hydrogen iso-
topes hydrogen, deuterium, and tritium in argon3
and of a for hydrogen in krypton, but there are no
results on the 5 coefficients for hydrogen. Our re-
results for the a coefficients given in Eq. (5.10)
are in agreement with the experimental values for
hydrogen, and hence indicate that no difference be-
tween a for muonium or the other hydrogen isotopes
has been observed within the experimental ac-
curacies. A dependence of the g value on the hy-
drogen isotope involved is predicted theoretically;
however, no quantitative calculations of the isotope
dependence have been made for collisions with ar-
gon or krypton.
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The principal source of error in our experimen-
tal determination of A)/ given in Eq. (5. 1) is asso-
ciated with the limited muon-beam intensity avail-
able. The low beam intensity resulted in a large
statistical counting error and also in the use of
relatively high pressure for the stopping gas, and

hence in a relatively large hfs pressure shift to-
gether with its associated uncertainty. Soon muon

beams with intensities of 10 to 104 times greater
will be available at the new meson factories or
factorettes (LAMPF, SIN, TRIUMF, NEVIS}.'g

With these high-intensity beams it will be possible
to reduce the statistical counting errors to a rela-
tively negligible contribution to the total error.
which will then be determined by systematic er-
rors. Various approaches are now available for
studying the resonance lines, including the con-
ventional single-oscillatory-field method used in

this payer, and the important separated-oscillat-
ing-fields method applied by Telegdi et al. to their
study of very-weak-field transitions. ~ A third
method related to the time-dependent resonance
involves observing the resonance with a single
oscillatory field, but only for "old" muonium which
has been subjected to a relatively weak microwave
field for a time longer than the muon mean life-
time; this method, like the method of separated
oscillating fields, achieves a linewidth narrower
than the natural width but at the cost of a loss of
intensity. It seems clear that in future experi-
ments an accuracy of 0.1 ppm or better will be
obtained in the determination of 4v, and of 1 ppm
or better in the determination of p»/yg.
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APPENDIX: LINE SHAPE FOR A LOW MAGNETIC FIELD

The resonance line shape for a low magnetic
field in the direction of the incident muon polariza-
tion can be obtained by the following steps. (i) The
differential equations for the state amplitudes [Eq.
(2.9)] are decoupled. (ii) The general form of the
time dependence of the state amplitudes is obtained
from the decoupled differential equations. (iii) The
constants appearing in the general solutions for the
state amplitudes are evaluated (iv.) The time de-
pendence of the muon polarization is obtained from
the state amplitudes. (v} The resonance line
shape is then obtained from the time integral of
the muon polarization.

In performing the above steps two approaches
were utilized. In the first approach a computer
was used to evaluate the constants appearing in the
general equations for the state amplitudes, and
then the computer completed the remaining steps
to obtain the resonance line shape. Figure 2 was
obtained with this approach. In the second ap-
proach, which will be outlined in this appendix,
an analytic expression is obtained for the line
shape. Tables I and II and Figs. 3 and 4 were ob-
tained with this second approach.

The derivation of the line shape begins with the
coupled differential equations for the state ampli-
tudes [Eq. (2.9)]:

—y/2

0 Q2

'b e+ 5 (fd34- f/)i)t-z 34e

l
0 0

( (foal(4 td) ( P 'bf e ( (»gg) »( —y/2

(Al)

in which,

b)4 = (H) —gHg») (egg pi) sg» p)))/(4I) i (Ala}

The other symbols have been defined in Sec. II.
We introduce the substitutions

bgg = —(H~+ gH)»)(sgg gs —cg» i)s)/(4A) ~

c= ~2 [1+x/(I+ gs)"']'/'

s = ) ~P [I //(I + P)&/g]&/g

(A lb)

(Alc)

(Ald)

~ = ~e"'", n= 1, 2, 3, 4

and define
l I

74 j4 y (d~ = CO~ —QP ~

The differential equations for the g„are

(A2a}

(A2b)
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J.. ~ (
0 0 0

—ift /ac '"la' 0 ib-ge « "sat

—sb~4e'"«'

0
(AS)

%e observe that a& is decoupled from the remain-
ing state amplitudes, and hence we have a three-
level problem. Further decoupling of the ampli-
tudes leading to a two-level problem is not possi-
ble since &«and ~34 are not equal at nonzero mag-
netic field. Furthermore we do not wish to make
the weak-field approximation (Sec. II Bl), which is
that &o,a (o3$4) is sufficiently large so that the term
involving (dla ((0$4) gives a negligible contribution to
the line shape for the transition vsa (vla) when aver-
aged over a muon lifetime.

Since iz and ~ are given in terms of g4 only,
solutions for az and ~ are readily obtained from
an expression for ««4. By manipulation of E(I. (AS)
a third-order differential equation involving only
a4 and its derivatives is obtained:

~ a ~ I I i( ~.p

««4 = - i((dla+ o3$4) ««4 + (otlao3$4- I ftla I I ftsa I )««4

—i(~la I I~ I'+ ~~ I fla I'&~ . (A4)

The general solution is

1
P, = (—((s, +(dla) (u, +(d $4) ea(0)

—[@4(~«+~8 )el{0&-I fa(~«+ ~la)es(0)]]

in which

(AO)

2 ot + 2(((3«4+ ~$4) +« + ~14~$4 I ala I
—

I &$4 I

j = 1, 2, 3 . (Aea)

The spin portion of the muonium wave function
is given by

x= [(«l(t)e l xl, l+(«$(t)e

The constants pl, ps, and Q can be evaluated from
E(ls. (A5), (A6), and (AS). For the application
ill 'this PaPer we set to= 0 slid obtain

e~(t) p e«alt+ p e«aot+p e«aot (A6) +(«${t)e '"s'
Xl, -l+(43{t)e '"4'Xo, o] t

where the constants pl, ps, and ps are determined
by the normalization condition

g„g =1 for all g. {A6)

The constants o.„e„and n3 are the thxee roots
of the cubic equation

(s + ((0«4+ otsa&& + (o3$4(dsa I bla I I f($4 I &(l

—(dla I bsa I
—o3sa I ftla I

(A7)
The roots to E(I. (A7) are real and can be obtained
from standard formulas. 5~ Expressions for az,
««$, and («$ are obtained by substituting ««4 [E(I.
(A5)] into E(I. (AS) and integrating from the initial
time go to time g:

P»a,(t}= («l(to) —ftla
3 .l {(SJ+ O3$4)

[ «( t+ $43at »«(at+ a«43tsg
3 y

(«$'{t) = ««$'(to),

(«$(t) = («$(to) —ftsa
P»

t.l {ot+~sa)
X [ «'» + "u3« «(at+ au3«O]

where the spinors ~ „are given in Muonium I
and o3« = W, jt«, where W, is the energy of the state
i [E(I. (2. 1)]. The expectation value of the e com-
ponent of the muon spin is given by

I.(t) =&xl2f„.lx&

=
I
el«&l'-

I
~«&l'+("-"&['I ~«&l'- I us(t&l']

+ 2es [(«f(t)ea(t)e«Mt+ («$(t}af(t)e« "ast] .
(All)

Since the cross terms in E(I. (All) oscillate at a
frequency &24 which is much higher than the muon
decay rate y, their contribution to the resonance
line for an observation time interval of the order
of the muon mean lifetime is of order p/(233«3 v)
and hence negligible. Hence P,(t) can be taken as

.("-")[I~(t&l'- I~«&l'].

Using E(I. (A2a), (A5), (A6), and (AQ) and manip-
ulating algebraically we obtain
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P.(t) =(I a«(0) I'-
I as(0) I'+ ("-")[I ai(0) I'-

I as(0) I'1]' "'

+4e "'
& cosd~t-1 e~+~q4 aq 0 — a4 0 ' — a&+co3& a3 0 — a4 0

2 (a«»$) ((sf + +14) [as(0)4 (0)/bli + af (0)ai(0)/bfil

+ ~ (($«+ &ass) (($«+ esi) [as(0)gf(0)/b +a)(0)a (0)/bf ]

2 (oj + (L 14) (($$+ ~si)$«[al(0)as (0)/(blibsi) + af (0)as(0)/(bfibsi)] /~1$]

+ t&5«sinb«t'((n&+ (v&4) [as(0)af (0)/b«i —af(0) a(i0)/b s]i

+ ((sf + &usi) [as(0)af (0)/bsi —af (0)ai(0)/bII4]

—(($«+ (()$4) (($«+ (()si) [a«(0)af (0)/(b«ibg) —ag(0)as(0)/(bfibsi)) ))
x([($«+ H~&$4+&si)&q —

I b«41 —
I bsil ] [e I bail —c

I bsil l/&$$+ —,
' ($«[s I b«il + c

I
bsil']]'

where

—2(~&i+(dsi)($«+(d)$+4(l blil + Ibsil

(A13a)

t«= 2($«+ (~ si+~si )& «2(l b)i I
+

I bsil ) —~$$ ~

(A13b)
The density matrix as defined in Sec. IIB2a for

a nonzero magnetic field is given by

1+P 0 0

p0 = 0 1 —(c —s)P 0

0 0 1-P 0

0 1+(c' —s')P2csP
(A14)

Hence the z component of muon polarization aver-
aged over an ensemble of muonium atoms is

where

K = P/[1 + aP(c + e ) cos 8], (A16a)

L = — I 2 2 2+&+g4+34- —S 6013Ig + 2

xf[(sj+ s(~«4+ass)($« I b«41 I bsil ]

x (s I
b I

—c I bsil )/~&s

+ s ~« (e'I b«i I
' + c'

I bsi I ')] . (Al 6b)

(P,(t) ) = P(c + s )e ~ + Pe "' L( z (cosbzt —1)
1

~ g A~&~

t I 2 2X (2(R& + (()«i+ (dsi —(c —S )(L)$$)

x [(o«+ s(+14+(()$4)a« —
I
blil'-

I bsil')

x(s'I b„l'- c'I b~l )/~$$

+ '
($«(& I b«il + c

I bsil )] ~ (A15)

The differential signal for the time interval tq

=0 to ts = ~ is analogous to Eq. (2.27),

dS(8)=acos8K L (A16)

We have not succeeded in casting Eq. (A16b) into
a readily interpretable form. However, extensive
use of computer-generated line shapes has made
Eq. (A16) valuable for the evaluation of resonance
line shapes in a low magnetic field, as given in Ta-
bles I and II and Figs. 3 and 4.

The treatment of the muonium line shapes at
nonzero magnetic field can be made somewhat
more general by the introduction of the amplitudes

c„(t)=a„(t)e «""«««=1, 2, 3, 4. (A17)

The time dependence of the state amplitudes c„(t)
is obtained from Eqs. (A5) and (AS):

c (t) = c (t )e « "&" '()' —b e « "$' Zi P (t)
;.i (~«+»4)

X [ «(Qt«+ falsi)t «(u«+ tu«4)«())
J

(t) c (t )e ill «( $««Q) (A16)

c (t) = c (t )e '"$-«ro (t-«) -«e «

Q~ + C034

x[e & "si —e" «'"s4"o&
J ~

c,(t) = e '"i' 5 P (t )e' I'

From the normalization condition

c t =1 forallt,
n=l

(A19)

the constants P«(ts) are given by

P«(ts) = (1/)(«)e " « "i"()((($«+&a&4)(c(«+&u$4)ci(ts)

e""""—[bfa(~«+ ~si)c((t )

—bg(($«+ (u«i)cs(ts)] j, (A20)

and Q is the arbitrary phase of the microwave field
at time to.

The e component of the muon polarization [see
Eq. (A12)] is given by
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f'.(t) ={I c,(t)I ' -
I c,(t)I '

+ (c' —s') [I c4(t) I'- I cm(t) I'])e . (A21)

By repeated application of Eq. (A18) the time de

velopment of the muon polarization can be obtained
for muonium atoms which are introduced into a
microwave field which varies in magnitude or
phase, as is the case with the separated-oscillat-
ing-f ield method. ~
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The Xo( method for the calculation of atomic and molecular orbitals is compared to a method

employing ensemble averages. The formal theory as well as calculated results are discussed and the

choice of e parameter values for the local exhange approximation is commented upon.

I. INTRODUCTION

Comparisons are made in this paper between the
Xe method as introduced by Slater' or the MSXn
method as used by Slater and Johnson' and the so-
called grand canonical (GC) and canonical (C)
Hartree-Fock (HF) methods recently applied to
the calculation of atomic" and molecular' ' prop-
erties and spectra. This is done in an attempt to
understand some of the formal aspects of the ex-
tremely simple and sometimes rather successful
Xe approach of using a local approximation to the
exchange potential. (Local exchange-correlation
approximations have been suggested which are
more accurate than the one normally used in the
Xa approximation. Studies of the nonlocal energy-
dependent self-energy operator from many-body
theory have produced local approximations of high
accuracy, and our remarks rega, rding the errors
in the local approximations to the exchange poten-
tial mill not generally apply to these more exact
treatments. ) In Sec. II we give a brief outline of
the different methods and in Sec. III me attempt to
demonstrate that the GCHF method is a sensible
method, from a formal point of view, to use as a
comparison when the values of the atomic ~ pa-
rameters are determined. In Sec. IV we discuss
the idea of the transition state as applied to the

different methods and we give some comparative
results for the Xa(MSXa) method and the GCHF
method as applied to the chlorine atom and the
mater molecule. %e state our conclusions in Sec.
V.

II. DESCRIPTION OF METHODS

It is demonstrated in Ref. 3 hom a statistical
average can be used to define an energy functional

(Z& =pa„(u, &

$

+ g[(ss[t t) -(st—[ts)] (u, & (u, &, (I)
2$t

in terms of an orthonormal basis of spin orbitals
[u, (x)]. Here It contains the one-electron terms
and (ss[ t t) is the two-electron integral over the
orbital densities u.*(x,)u, (x,) and uf'(x, )u, (~,). The
average values are calculated with respect to a
density operator

g[l (u, & +(2(u, &
- I)u, ], (2)

where n, is the occupation number operator for
spin orbital u, (x) and the average (u, &, formed
with respect to p, is the occupation number. Vfhen

these averages refer to equilibrium situations in
statistical mechanics me can obtain the occupation
numbers in terms of thermodynamic parameters;
e.g., (u, & will be given by the Fermi-Dirac distri-


