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The method of “comparison equaiions” for obtaining approximate solutions to the one-dimensional
Schrodinger equation is discussed. In this method, one Schrédinger equation, y"(x) + kX(x)¥(x) = 0, is
transformed into another, v”(z) + K*(z)v(z) = 0, by a simultaneous change of independent and dependent
variables, x — z, ¥ — v. Then Y(x) and v(z) are related by Y(x) = v(z)(dz/d x)~"'? whenever k*(x)
and K?(z) satisfy the relation K%(z) (dz/dx)* = k*(x) — (1/2) (z; x) . Here (z;xy =z""/z’'

— (3/2)(z"/z')? is the Schwarzian derivative of z with respect to x and the prime indicates d/d x.

A set of “best” criteria for the transformed potential K %(z) is obtained, where by “best” is

meant that we can completely neglect ( z; x ) in first approximation and yet not have the turning-point
problems that plague the WKB method (which is a special case of the comparison-equation method). The
WKB method sets K%(x) =1 and neglects (z; x ) ; the result is that the transformation x —z, Y — v is
singular at the turning points, where k2(x) = 0. We choose K %(z) to have the proper asymptotic behavior
far from the turning points, so that z’' =~ 1; hence (z; x) = O in these regions, and we match the zeroes of
k*(x) and K*(z) in order to keep the transformation regular. This method is applied to various potentials
with one and two turning points. Transmission and reflection coefficients 7 and R and transmitted and
reflected phase shifts u and v are calculated for potentials with one turning point and potential barriers, and
expressed in terms of the energy E and the quantity W =|fk d x|, where x,, are the possibly complex
turning points, & *(x ,,) = 0. Quantization rules, in terms of the classical action, are derived for various

types of potential wells.

1. INTRODUCTION

In the last decade there has been a great revival
of interest in semiclassical methods of obtaining
approximate solutions to the Schrodinger equation
(see Ref. 1 for a comprehensive survey). A good
deal of this attention has been directed at so-called
“extensions” of the WKB method, which aim at
finding uniform approximations by the method of
comparison equations.?'® The phrase “so-called”
is used because these “extensions” are really
special cases of a powerful general technique
available for a long time, %5 as is the WKB method.

This technique relies on an equivalence between
any two second-order linear differential equations.
Any such equation may by a simple substitution be
brought into the form of the one-dimensional
Schrodinger equation, so we consider only the
Schrédinger equation. Writing d2y(x)/dx? =" (x),
d%(z)/dz? =v"(z), and dz/dx =z', a little algebra
shows that any two one-dimensional Schrodinger
equations®

P (x) + B2 (x)9(x) =0, 1)
v"(2) +K?3(z)v(z2)=0 2)

are equivalent, in the sense that the solutions ¥
and v to (1) and (2) are related by

P(x)=v(2)/(2" )2 ®3)

whenever z(x) satisfies the relation

| o

(2P K*(z)=F*(x) -3 (z; %), (4)
where

is the Schwarzian derivative’ of z with respect to
x.

{Note that a graph of k%(x)=(@2m/k2) [E -V (x)] or
K?(z) looks upside down, being essentially the
negative of V(x) (shifted up or down, depending on
the sign of E). Thus, for instance, a concave-
upward K2 is really a potential barrier, even
though it looks like a well. This can be confusing,
but it is done as a matter of universal convention
and enables us to write S(x) =/ kdx in classical
regions and [|k|dx in nonclassical regions, instead
of vice versa.}

Thus, if we know the solutions to any one-dimen-
sional Schrodinger equation, say (2), then we may
obtain the solutions to any other, say (1), by solv-
ing (4) for z(x) and using (3). Of course, (4) is a
nonlinear third-order equation and hence not gen-
erally solvable in closed form. But (4) is readily
solved if (z; x) is zero. Then integration yields
the implicit equation

f‘: K(z)dz =fo k(x)dx 6)

for z(x), where z,=z(x,). If (z; x) is not zero, but
small, then (6) is the first step in some iterative
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scheme for solving (4) for z(x).

There are two such schemes available to us. The
first, due to Hecht and Mayer,® consists of choos-
ing K%(z)=1, so that the solutions v(z) of (2) are
particularly simple, namely, sinz and cosz. They
then develop an iteration scheme for solving (4)
for z(x). For certain potentials and under certain
conditions, they are able by this method to cal-
culate z(x), and hence y(x), to any desired degree
of accuracy.

This method has certain disadvantages, though.
First, it needs considerable modification to apply
it to potentials with more than one turning point,
and it breaks down if [£3(x)]’ =~@m/m?)V'(x)
equals zero. Second, in order to obtain quantities
of interest such as the transmission and reflection
coefficients and phase shifts (T, R, pu, v, defined
at the end of this section), one must calculate
integrals of the type

SR (x) =3(z; k)] V2dx,

where one or both of the limits of integration are
the classical turning points, k2(x)=0. In this
scheme there is no handle on how small (z; x) is;
hence we cannot neglect it, particularly near the
turning points. These integrals are therefore very
difficult to perform.

The second method, developed by Froman and
Froman,® consists in setting z’(x) equal to some
convenient function ¢(x), usually but not always
chosen to be %(x). Then from (4) we have
(zzq ; f) )

It is then assumed that the last two terms on the
right-hand side of this equation are small com-
pared to 1, (2) is converted to an integral equa-
tion, and an iteration scheme based on the solu-
tions e*'* of (2) with K>=1 is developed. This is a
rigorous WKB method and suffers from the same
difficulties that the more prosaic WKB approach
suffers. That is, the turning points #¥?(x)=0 mani-
fest themselves in the unpleasant fashion of essen-
tial singularities in the WKB wave function, so
that the Stokes phenomenon makes the problem of
connection formulas very difficult.}° It proves to
be impossible using this method to calculate the
phase shifts u and v in lowest order.

Both of these methods suffer from essentially
the same difficulty: one chooses K2(z) [or z(x)]
to be simple; the intent is to make (2) [or (4)]
elementary in order to facilitate an iteration
scheme. However, what we should really do to
make the iteration scheme easier is to make
(z; x) small, so that we can justify taking the
iteration scheme to lowest order only, i.e., justify
ignoring (z; x) altogether.

B2 — g2
K*(z)=1 +7g——

We want to be able to pick K?(z) so that (a)

v” +K% =0 is a known equation with known solu-
tions; (b) K%(z) admits a solution z(x) to (4) which
is approximately linear in x, z’= constant; hence
(z; x) is small and we ignore it; and (c) z’ is finite
(nonzero and noninfinite) everywhere; hence there
are no Stokes phenomenon and connection-formula
problems. Then z and x are (approximately) re-
lated by (6) and ¢ and v by (3).

Condition (c) means that we demand that if z(x)
is calculated by (6), and x, is a root (or singular-
ity) of k?(x), then z,=z(x,) is a root (or singular-
ity) of K?(z) and vice versa. That is, y” +k2 =0
and v” +K% =0 have corresponding turning points
and singularities. This may be done trivially for
one turning point—it is just a matter of having the
origin of z in the proper place. For more than one
turning point, as will be illustrated later, K3(z)
must also be a function of one or more parameters
@, K?=K?(z; a), which must then be adjusted gen-
erally as a function of energy to ensure that the
turning points x, and z, of the original and trans-
formed equations correspond [z,=2(x,)] for all
energies. In addition, for potential wells with a
finite number of bound states, an extra parameter
is necessary to ensure that the transformed equa-
tion has the same number of bound states as the
original one. These a will, in general, then de-
pend on the energy E and hence the transforma-
tion x -z, y—v will be energy dependent. The
result is that z’, the Jacobian of the transforma-
tion z - x, is finite; the transformation z - x is
regular; and §(x) is regular through the turning
points.

The obvious question to be asked is: Can we
always, for an arbitrary k?(x), find a K?(z) which
meets the requirements (a)-(c) with the Schwarzian
derivative (z; x) small enough so that the approxi-
mation of ignoring it is good everywhere? The
answer is not known, but is probably yes for any
case of interest. For instance (Fig. 1), suppose
the potential V(x) in k2= (2m/%2) [E -V (x)] is a
barrier of height V; and V(x~)=0. Then we pick
a K?(z) of similar shape as ¥*(x), K?(z)=(2m/%?)

-iy=1 S
Re —
is Ui S
e’ — AU
13 S =

FIG. 1. A potential barrier with V(+w)=V(—»)=0. We
typically seek a wave function which has the asymptotic
behavior of an incoming wave and a scattered wave,
expliS(x)) + RV 2expl — iv ~ S, D ¥(%) o T2
xexpliu + iS(x)] . Phases are measured from the left and
right turning points for E=<Vnaxand from x such that
V(%)) =Vmax for E =Vnax.
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X (E =V, sech®z), with y a parameter to be deter-
mined. Then for large |x|, Eq. (4) becomes

@mE/f*)(2') =(2m/1*)E - 3(z; x),
which manifestly has a solution z’ =constant for
large |x| . Hence conditions (a) and (c) are met,
and (b) is met for large |x|. We may not so safely
be able to ignore (z; x) for all x, but at least y(x)
obtained by doing so is regular. This removes the
most troublesome features of the WKB methods.
Furthermore, the calculations of Miller and Good?
on two turning points show that in this case the
approximate wave function is very accurate
throughout the entire range of x.

The procedure then is the following. Pick a
K?*(z) so that (i) v” +K% =0 is a known equation
with known solutions, (ii) Eq. (4) admits a solu-
tion z(x) which is linear in x in asymptotic re-
gions (e.g., |x|>>1 for a potential barrier), (iii) the
turning points in K?(z) and ¥?(x) may be matched.
(iv) Calculate z(x) from Eq. (6):

f'K(z)dz =fk(x)dx.
(v) Obtain y(x) from Eq. (3):
P(x)=v(z)/Vz".

Because this approximate wave function is valid
through the turning points, the difficulties with the
connection formulas and the Stokes phenomenon
do not arise, and expressions for the reflection
and transmission coefficients R and T and the
reflected and transmitted phase shifts v and u are
easily obtained. By choosing K? to have nearly the
same functional dependence on z as k? has on x,
we make z’ be nearly constant; hence (z; x), which
contains higher derivatives of z in every term, is
made small. This is in stark contrast to the WKB
method, which chooses K? constant instead of z”
small, that is, the approximate § simple instead
of accurate.

In asymptotic regions, e.g. |x|>>1 for a potential
barrier, we define the transmission and reflection
coefficients T and R and the phase shifts u and v
of the transmitted and reflected waves by speci-
fying the boundary conditions to be that, for x -,
the wave function shall be a transmitted wave
traveling to the right (see Fig. 1):

P(x) ~ TY2exp(ip)exp(+: L:kdx), (7a)

where x, is the right-hand turning point. For
x - —=_ 3 consists of an incoming (from —«) wave
of coefficient 1 and a reflected, outgoing wave

(Fig. 1):
(x) ~ exp(+if:kdx)

X —> =00

+RY2 exp(—iv) exp(—if:kdx), (7o)
1

where x, is the left-hand turning point.

We shall focus our attention on finding expres-
sions for T, R, u, and v in terms of E and the
potential V(x) for scattering problems and quan-
tization rules for potential wells. In Secs. II-IV
we deal with problems with one and two turning
points.

Unless otherwise stated, all special functions we
use are given in the notation of Abramowitz and
Stegun (AS).!

II. ONE TURNING POINT

By one turning point we mean that, for eack
value of E, there is af most one value of x, called
the turning point and denoted by x,, for which
k?=(2m/i?)|E -V (x,)] =0. Above some E there
may be no turning point. Hence V(x) and ¥%(x) are
monotonic functions of x. For definiteness we
suppose that V(x) is monotonic decreasing, hence
k® monotonic increasing, for x increasing. The
region of the x axis x <x,, where k<0, is the
nonclassical region; the region x >x,, where
k*=0, is the classical region. The corresponding
regions of the z axis are z<z,, K*<0, the non-
classical region and z >2z,, K?=0, the classical
region.

We define

Sne(¥)= [ |kl dx = [ *|K| dz <0 ®)
in the nonclassical region and
x "2
SCL(x)-fx‘kdx =j', Kdz=0 9)

in the classical region. In both regions,
S'(x)= S (x)=|k(x)| =2 | K(2)20.  (10)

We seek an approximate solution to the Schro-
dinger equation which has the form of an incoming
wave (from x =+, hence traveling to the left)
with coefficient unity and a reflected outgoing wave
with coefficient RY2e~!” for x>>1. Hence we seek
a ¥ such that

P(x) ~

x =>4

e~iScL®) +R1/2e-£ue+£SCL(x)_ (11)

Here R is the reflection coefficient and v is the
phase shift of the reflected wave.

¥(x) must also satisfy appropriate boundary
conditions at the left end of its domain of defini-
tion. If V(x) is bounded, we demand that for
E > Vm ax»y

x) ~ TI/Z ip ,=iScLx)
¥( )x_‘_w ete , (12)

where T is the transmission coefficient and u is
the phase shift of the transmitted wave. If V(x)
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-~ as x - -, we demand that y be zero at minus
infinity, (==)=0. If V(x) is infinite at some
finite x, say at x =0, we demand that $(0)V (0) be
finite; hence ¥(0)=0 (and goes fast enough to zero).

We will discuss three types of potentials: cases
(A), (B), and (C). For case (A),

(A) V(Fo)=1o, —cosys+,

We assume that the energy scale has been adjusted
so that V(0)=0. Note that —w<E<w, We then
choose

(A) K2(z)=E+z/B. (13)

Thus —®<z <, K?(x) =k?(£) =+ and z,=-BE.
[We use the symbols E and V for energy multiplied
by 2m/i2; they are therefore of dimension
(length)~2, so that 8 is a positive constant of di-
mension (length)*3.] For case (B),

(B) V(0)=+», V({e)=0, O0sx<+»,
Here E>0. We then choose two examples for K2:
(B1) K*(z)=E -a?%z?, (14)

(B2) K*(z)=E -2a/z. (15)

Thus in both cases 0<z <o, K?(w)=k?(»)=E, and
zy=a/E"? for (B1) and z, =2a/E for (B2). [Again,
a is a positive constant, dimensionless for (B1)
and of dimension (length)™! for (B2).] For case
(©),

(C) I V(:i:°°)l<°°, - 00X 4%,

We assume the energy scale has been adjusted so
that V(- )=~V (+»)=V,. We have E>-V, and we
choose

(C) K*(z)=E +V, tanh(z/B). (16)

Thus - sz <0, K?(+»)=k*(x»)=E £V,, and
z,=-Btanh"'(E/V,). (8 is a positive constant of
dimension length.)

Case (A) is the Langer approximation'?; (B1) is
the case treated by Hecht and Mayer® and is the
same as the radial wave equation for three-di-
mensional scattering by a constant (here zero)
potential. Case (B2) yields the =0 radial wave
equation for three-dimensional scattering by a
repulsive Coulomb potential. The reason we give
two examples for the type (B) is the boundary
condition at x =0. Precisely how fast V(x) ap-
proaches infinity as x approaches zero matters;
hence it matters how well we tailor the trans-
formed K?(z) to the original ¥?>(x). As we shall
see, the phase shift v differs considerably de-
pending on the power with which K?(z) diverges at
zero. Case (C) is a smooth “step” potential,
rising from -V, to V, as a particle strikes it from
the right. All four potentials and K?(z) are

|

-vo
(@ \

13
o ei/a
B2

— _V// e

(b)

FIG. 2. V(x) and K%(2) for the one-turning-point prob-
lems, (@) V(x), b)K2(z). (A)K2(z)=E +z/B, (BDK?%(z)
=E -a%/z?, (B2)K?(z)=E —2a/z, and (C)K%(2)=E +V,
tanh(2/B).

graphed in Fig. 2.

In each case we follow the same format. First,
S(x) and (2’')"V? and their asymptotic behavior are
given. Then the solution §(x) with the proper
asymptotic form and/or boundary condition is
presented and hence expressions for R and v (and
T, u) are obtained. Most, if not all, detailed cal-
culations are omitted; reference is made to the
appropriate sections in AS.

For case (A), where K*(z)=E +z/8,

2;==BE, =®<ES®
Scu(x)=3B(E +z/B)¥?,
Swnc (x)=-38|E +z/8| ¥2, am

@)= 2|E +2/8] V4,
v(z)=Ai(-3B8(E +2/8)*?).

See AS, Sec. 10.4, p. 446ff, for the Airy functions.
The other Airy function Bi, being singular at
-, does not satisfy the boundary conditions.
Hence P(x) goes exponentially to zero as x — —
(remember Snc <0):
Y(x) ~ (2mBlSI) 2 eSNCW,

As x -+, y(x) goes asymptotically as
zp(x) ~ (.n.Bl/asl)—llzsin[S(x) +%ﬂ-].

x =+
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Hence
R=1, v=3m. (18)

[We have used sin(S + ¢p)=3i e~ ¢ (e~ !S 4o~ t("-29
X e*#5); hence v=1 ~2¢. Here ¢=4m; so v=4ir.]
For case (B1), where K?(z)=E -a?%/z?,

z,=a/VE, O0<E
2 2\1/2 sn=l az 1z
ScL (x) = (E2% = a?)V'? =a sin <1-Ez—3>
~ 2zVE -janm,

x =+
a +(a? - Ez?)Y? )

= (a2 — F»2)1/2
Sxc (x) = (a® - Ez?) +a1n< 75

~ aln(ezEY%a),

x =0

(z;)-llz = (S')'“z(E _az/ZZ)llq ~ (SICL)-lleL/q ~1
x =+
~ Sic) M2 a/z)",
x>0

v(2)=E"*2"2J (2VE), (19)

where p = +(a® +{)/2. See AS, Chap. 9, Egs. 9.1.7
and 9.2.1, for the Bessel function J,. The other
Bessel function Y|, is irregular at z =0 and is
therefore discarded.

Thus ¢(0)=0 and

P(x) ~  (2/1)2cos[S(x) - 47 - o],

x —»>+®

where

¢ =37(p - a)=nl(a® +1)"? -a].
Hence

R =1,

v=31 +2¢ =371 + (@® +{)2 ~al.

(20)

Note that, as in (A), v is independent of the energy
E. This is expected in both cases, since in (A) a
change in E is just a translation of the z axis, and
in (B1) we have the V(x)=0 radial wave equation;
so in neither case do we expect v or R to depend
onE.

For case (B2), where K2=E -2a/z,

z,=2a/E, O<E

Scu(x)=[z(Ez - 24)] V2 '%tanh'l ( —%>112

~ a a
,_.mz‘/E'* VE In <2zeE> ’
Snc (x) =[z(2a - Ez)]*/2

El/ 2

+ % sin™?
JE a

[z(2a -EZ)]"’) ,

(2)42= ")V | E -2a/z] V'

~ (sa)-llell'l:l

x =+

~ (s;{c )-I/Z(Za/z )1/49

x —~0
v(z)=F,(a/VE, 2VE). (21)
See AS, Chap. 14, Eqgs. 14.1.3~17, Sec. 14.5, for
the Coulomb wave functions F, and G,. The latter

is irregular at z =0; hence it is discarded.
Then $(0)=0 and

P(x) ~ sin[S(x)+¢ - (@/VE)In(a/evVE )],

where
p=argl’(1 +ia/VE).
Hence
R=1,
v=r~2argl(1 +ia/VE)+(2a/VE )1n(a/eVE ).

v is plotted as a function of E in Fig. 3(a).

For case (C), where K?(z)=E +V,tanh(z/8), there
are two distinct energy intervals to consider. They
are E/V,=a greater than and less than one. For
a>1, there are no turning points and in addition to
an incoming and outgoing wave for large positive
x, there must also be an outgoing scattered wave

(22)

”w
Lk
v ?\__
-\ +\ n N . S
T x
-1 —_——
) |2 v
4
T
2-
'R
@ S

FIG. 3. v(E) for K%(z)=E —2a/z. (b) ¥(E) and u(E) for
K?%(z)=E +V, tanh(2/8). Note that u is defined only for
a=E/Vy=1, i.e., only for suprabarrier energies.

(¢) T and R for K%(z) =E +V,tanh(2/B). For a=E/V,<1,
only R is defined and is identically 1.
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for large negative x. It is convenient to set Here y=z/B =zfl7;, and
Vo=1, which is just a choice of the scale of z. /
B*V,=1, which i hoice of the scale of Lo \12
First, for a<1, ¢=2(a+1)21n[2(1 +@)] - (1 - @)% tan" < T a> .
= -1 -V.<E<
z,=-Btanh™'a, -V,<E<V, " (24)
Scr(x)=(a +1)"2tanh™? <gighy> Further,
a+
ry=1/2 _ S’ -1/2 E +V.tanh 1/4
-1 —a)l/ztanﬂ(a +tanhy>1'2 (2') S IE +Vo tanhy]
1-a ~ (S')_llzlEiVolllqzl,
X ~>+%
xf::”z(E +V M2 4 9, v(z) = t@mOVH2(q _pyiarol/yz F(a,b,c; t), (25)
Snc(x)==(1 = @)’2tanh™" <‘1 +tanhy >1/2 where ¢ =3(1 +tanhy), 51=‘é(1 —-a)2- 3i(1 +a)""’,
a-1 b=1+a, c=1+(1 -a)'? and F is the hypergeomet-
Uz, -1 (o +tanhy \M2 ric function (AS, Chap. 15, Eqs. 15.3.6, particularly
+(1 +a)tan d1-a Sec. 15.5). The other linearly independent solution
is discarded since it is irregular at z =~ (¢ =0).
~  2(Vy=EM? = (1 - @)*In[2(1 - a)) Thus ¥(x)— 0 exponentially for x — -, and
¥ U(x) ~ AelS®-id cc.,
1/2 -1 1-a Ve 2 ¥
Lt el (1) @)
J
r1+Q -6 +a)*'?) (26)
TTA+ - 430+ TGA - +2i(l +a)*?)
Hence
R=1, v=2¢-2argA. eX)

v(E) is plotted in Fig. 3(b). Using various identities involving I'" functions (AS, p. 256), we write argA as

: 1/2 1 1/2 1 172y W -1 1+a vz
argA =argI(1 +i(1 +a)"?) =2argl’'G(1 —a)'?2+3i(1 +a) )?—tan 1a

_5 af (A +a)? >_ _1<(l+a)‘/2>]_i _ _,(1+a >”2
_..Z-%[Ztan <—-———ﬁ—2n+(l_a)lz tan BT 37 —tan i) -

This form is handy for computation, since the two series cancel each other termwise almost exactly for
even moderate n.

For a>1 there are no turning points. We arbitrarily (and conveniently) set z,=0. Then for all x (re-
member y=z/8=2VV,)

_ /2 - a+tanhy 1/2_ - a 1/2]
S(x)=(a+1) [tanh <—~——————a+1 > tanh™ { ——

-(a—l)llz[cosh"<—gﬂ2>uz—coth'l< o )1/2]

a-1 a-1

~ z(E+V, M2~

x>+

~ 2(E-V)' 40, (28)

X —> =

(zl)-llz___(sl)-l/zlE +Votanhy|““ ~ (S')'”zlE :tVoll“:

x = £

where
0, = (a +1)V2| tanh™ (— 1/2-i1n‘[2(1 +a)]]+(a-1)”2 tanh™* " tanh™ ("‘ =1 >"2]
* a+l1 2 1 o 9
- 1/2 172
o =(a +1)1/2 [tanh" a-1 ) _tanh-j,( a ) ] +(a- 1)/2 [tanh—l(
a+l a+1

(29)

> -i1n[2(a - 1)]]
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and
U(Z)= t(i/ﬂ)(ct-l)l'l2 (1 - t)-({/g)(c”l)llztl_c

xFl@+l=c, b+l=c, 2-c; t). (30)

a, b, and ¢ are as given immediately after (25).
The v(z) in (25) is still a solution, but one which
is an incoming wave for large negative x instead of

J

(1 —i(a=-1)2) TG (a +1)?)

an outgoing wave.
Then, from (28)-(30),

Zp(x)___> eie_-ls

X —> =

— Al S*O) Bt (5O
x =+

where

A= T+ @+ 1 ~ (@ - DD IS il(@ +177 = (@ =177 ’

B (1 -i(a =1)) D(—=i(a +1)'?)

Hence

1 sinh[n(a+1)"2]sinh[r(a~1)?]

T

= B = sthinl(e 1 P+ (@- 172 ]y
a+1 \2
\>-1 ’
(a-l) 62)
_l_{‘_ 2 sinh?*{{nf(a +1)2= (a = 1)V2]}
BB = s+ (@ - D}
w=0, +O_ —argB,
(33)

v=-20, +argB —argA.
For computational purposes we can write

((a +1)‘/22—n(a ~1)2 >

argA =§ [2 tan™!
~tan™! (___(a +:)1/z ) +tan™ (_____(a -;)1/2>] ,

w5 o (S s 220

(@ +1)"“2+n(at-1)”2 )] .

-2tan™! (

w(E) and v(E) are plotted in Fig. 3(b); T(E) and R(E)
in Fig. 3(c).

Note that the equations 7 +R =1 and p+v=3m,
which hold in general if V (=«)=V(+»), do not hold
here. [See the discussion following (38).]

III. TWO TURNING POINTS: BARRIERS

By two turning points we mean that for all ener-
gies E there are at most two values of x, called
turning points and denoted by x, and x,, with
%, <%,, for which ¥?*(x)=0. In fact, for energy be-
low the top of the barrier there are precisely two
turning points; for energy above the top, none; and
for energy at the top, one. Thus V(x) is such that

" T - Lil(e +1)72 (@ - 2D T(=Lil (e +1)72 + (@ = 112

(31)

r
V()2E, x<xsx,
<E, X<X,Or x,<x.

Hence between the turning points k?(x) is negative;
we are in the nonclassical region. Outside the
turning points, k%(x) is positive; we are in the
classical region. The turning points in z are
z;=z(x;), i=1,2. K? is negative in the nonclassi-
cal region between z, and z, and positive in the
classical region outside them (Fig. 4).

We define
S+(x)=fx: kdx:f‘:Kdz >0 (34)
in the classical region x,<x,
x 2
S_(x)—j;l kdx:j;lez <0 (35)
in the classical region x <x,, and
-iv=i§
m e — V o S
e'-S _— — A e:yﬂ
Vo
\
0
> %
A
(a)
K2
\ /A(E’< 0)
E
N i ,%Ez
A
¢
(b)

FIG. 4. ka) and K %(z) for two turning-point (barrier)
problems. (a) V(x) and the asymptotic forms for ¥(x).
(b) K%(z). (A) K%(2)=E +2%/B%, (B)K?(z)=E —V,sech?(z/B).
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ch(x)=fx’1‘ lkldx:f‘: |K|dz =0

in the nonclassical region x, sx<x,. For all x,

(36)

§(x)= - S(x)=[k(x)] =2’| K(2)] 20.  (37)
As customary, we seek a wave function y which

has the asymptotic form of an incoming (from the

left) wave of amplitude unity and a scattered wave:

eSS tRYV2emiV TIS N P(x) ~ TYZelHelS,
x =+
(38)

T and R are the transmission and reflection co-
efficients; pu and v, the phase shifts of the trans-
mitted and reflected waves. In general, T +R =1
and p+v=37. This follows from properties of the
Wronskian of the solutions of the Schrédinger
equation.!®* The condition T +R =1 is conservation
of flux and holds only if k(-=) equals k(+=),
otherwise the condition is R +[k(+=)/k(-=)] T =1.

We will consider only two types of barrier here.
The first [case (A)] is one for which V(+®)=—;
for the second [case (B)], V(+®)=V(~=)<wx, For
case (A)

Q&) V(z=)==-=,

We assume that the energy scale and x axis have
been adjusted so that V(0) =V =0. Thus —©<E
<+ and we choose

(A) K%(z)=E +2%/%.
Thus —© <z <o, K2?(+»)=k?(+®)=+w, and
2z, ==pV=E, z,=+BV=E. B is a positive constant
of dimensions (length)*2. This is the Miller and

Good approximation? in a slightly different form.
For case (B),

(B) V(+w)=V(-o)<=,

X => =%

-0LY S 400,

(39)

We adjust the energy scale and x axis so that
V(=»)=V(+»)=0 and V(0) =Vmax =V,. Thus O<E
and we choose

(B) K?*(z)=E -V,sech?(z/B).

Thus —© <z s, K*(+0)=k%*(x>)=FE and z,
=-B sech™(E/V, )2 = =B cosh™ ' (V,/E)'?, z,
=B sech™'(E/V,)"'2 =B cosh™*(V,/E)"'2. B is a posi-
tive constant of dimension length.

In both (A) and (B) there is an as yet undeter-
mined parameter 3. It is determined, in terms of
E and V(x), by the requirement that

(40)

v(z) ~ i <Mu—z> v {(l +e"TBEY/2 exp[_i <_"'_2_

H 28

X = =0
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1/2
+32_E ln|z|<—2-> +

8
fx’l‘z lklldsz(E)=f‘:2 | K|dz (41)
for E below the top of the barrier [E<0 for (A)
and E <V, for (B)] and
| [ kax| =W (B)=]| [, Kdz]| (42)
for E above the top of the barrier. I'(I'’)is a
straight-line contour between the complex zeros
of k(x) [K(z)] closest to the real axis.* Thus
-1
a) W(E)—z"rB‘E!; (43)
(B) W(E)=mB|VV, -VE |.
For case (A),
(A) K%(z)=E +2%/B2,
and for E <0,
2y ="B\/-|—E-I ’ zz=+B‘/’IE‘ ’
p z22\¥2 BE (z + (22 +B2E)V? )
S, = 3 (E+Bz> ) In _—‘—7'_(23)1 3
2
_BE |BE| o & BE, |4ez?
4 2 1,..28 " 4 BE |’
_z 2%\Y2 BE (-z+(z2+BzE)"3>
5-=3 (E* 32> -2t @)
BE l BE =22 BE . |4ez®
| o9 T B e
(44)
The solutions to (2), v” +(E +2%/B%)v =0, are the
parabolic cylinder functions E(|BE/2|, z(2/8)'?)
and EX(|BE/2|, z(2/8)'?) (AS, Chap. 19, Sec.
19.6-19.23). E has the proper asymptotic form,
E* does not; hence we discard E*. Then
1/2 \ 1/2
o(2) ~ ( 2(2/8) >
x =+ z
(2, BE (&) YL e L)]
xexpl:z<23+ ) Inz ) ty g
( 2(2/3)112 )1/2
x —> +o z
~ BE, |BE| ¢ T
xexp[z<$++ n 1n %0 + 2 + 3 >:| ,
(45)
where
¢ =argl'(z - 3iBE) =arg'(3 +i W/n). (46)
Also

le
+

N——

—_

8

LS
4
_,-TBE/z2 [ 22 BE 3_ 12 ¢
¢ e""[’(w 3 1"""(3) *3 *I)]



|

2]

X ~> =00

o E2 g |_; (s _BE lﬁ_E
e exp[ z(S_ 2 In %

Hence, since z’~1 for |x| large, we see from
(38), (45), and (47) that

T=(1+e "BE)1=(14+e2%),

(48)
R =(1 +e1rBE)-l =(1 +e-2W)-1;
BE INBE| VLW
p= 2 In % "’4’“4",71“ T +n_,

(49)
T _BE  |BE - V¥ _w
=3 21n2e ¢_2—¢+nlnn-1r

We have thus

T+R=1,
R+V=3T.

Note that T, R, 1, v are given entirely in terms
of W = [[2|k|dx, i.e., entirely in terms of E and
Vx). The parameter B does not enter the solution
at all except as a scaling factor for distance.

For E=>0, we pick z,=0. Then (44)-(49) are
correct for E>0 also. The solution y is the same
and so are all formulas for 7, R, p, v (with W
replaced by =W). These quantities are plotted as

.5
0 A\
! 2 3 4 5 6
-5 M
-1
(b)
-x
2
2
J #
+ + + +—W
-3 -2 -1 ! 2
-
(a) -2

FIG. 5. Transmitted phase shift u(E). (a) K%(z)=E
+z%/B%. Here W=3mBE. (b)K?%(z)=E ~V,sech?(z/8). Here
a=(E/Vy"2. Note that in both cases x(0)=0 and p +v =3%.

~ (2(2/3)1’2 > "“{ 1 +e-,aE),/zexp[i<s___
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BE

2e

BE In

£-3)

40l @)

4

r

functions of W in Figs. 5 and 6.
For case (B),

(B) K%(z)=E -V,sech?(z/8).
We set a=(E/V,)"'2. Then for Osas<+l,

z, =—Bsech™'a, z,=+B8sech la. (50)
Thus
S,=B(E)“?tanh~¢ -~ B(V,)"/? tanh~}(at) 1)
~ 2VE ¥ ¢,
where
_ [ a® =sech?*(z/B) \M*
t'( aztanhz(z/B) ) ’ (52)

_az

s=38E1"10(152) o annta,  (63)

and S, (S_) takes the positive (negative) branch of
the square root defining ¢.

The solutions of (2) are hypergeometric func-
tions (AS, Chap. 15):

v, =[sech(z/B)]?*"F(a, b, }; tanh?(z/B)), even
v, =tanh(z/8)[sech(z/8)]2" (54)
XF(c -a,c-b,%; tanh?(z/B)), odd

(b)

]
-
(@)

+ + —-W
-3 -2 -l -0 | 2 3

FIG. 6. Transmission coefficient T(E). (a) K%(z)=E
+22/B%. Again W=3mB8E. (b) K2(z)=E -V, sech?(z/B).
Again @ = (E/V)!/2, In both cases the reflection coeffi-
cient is given by R=1-T.



790 M. J. RICHARDSON 8

where Since z’ ~1 for |x|~~, using AS, Eq. 15.3.6, we
have
_1
v=2ipVE P (x) ~ Alcosh(z/B)]"**'E +c
a=y +1 +1(1 =4B2V )2, (55) T [ ]-8 ©6)
%) ~ +B|cosh “iBVE L ec
b 7+l (1 %ZV )1/2 ‘pz( ):_.*Q (Z/B) +
c=2y +1. where c.c. stands for complex conjugate and
A= I'(3) I'(-iBVE)
" TG -ZiBVE - 11 = BV ") T - 1i BVE +1(1 =487V, )%)
B= I'(3) I(-iBVE) (57)
I(E - 2iBVE +3(1 = 4B*VY )T - 24BVE = 3(1 =48V, )"®) ~
s L 1,tg/8 -
Hence, using cosh(z/B)—ze as |x|~<, we have $=18EY21n +zBV”21 i+a 62)

P (x)~A 218VE o710 L6 0,
o0

~A BB GFISLED o6

e (58)
by(x) ~ £ (B2 E g7 ¢ c.)

400

~ £ (B28E T4 L c)),
400

Taking the linear combination ay, +b¢, = such
that

+R1/2 etV emis ~p~ Tl/zeiu eis’

-0 4+

we find that

a=2—1-iﬂ‘f2(1/A) et ¢’

b=-aA/B.
Thus

1 <A* B*) 1/2
vz dp o — (L2 2 ) p2i9-i28EV/2 n2
T e'" = 2\2a B e ,

(59)
- 1 A* B* - 1/
RY2¢e “’_?(__ —)ez“” i2BE zm’

and, using the I'-function formulas (AS, p.256),

_1lar B2 ([ coshw(8?V, )] )"
%la "B '( T sinh*(mBVE) ’
_11A* B*|*_ sinh*@BVE ) -t
B=Zla*3|~ <1 * Cosh? |7 B, - 17 ) ;
(60)
p=ir +2¢ +2argl(iBVE)

-argl(z +i [BvE +B*V, - 1)"2])

-argl(; +4 [BVE - %V, - $)?]),
v=iT—p. (61)

For a®>1, we set z,=0. Then (51) still holds if
we replace ¢ by

For a?<1, this of course is the same as (53).
Then all the other formulas (51)-(61) hold, and
T, R, u, v are given still by (60) and (61), with
(62) for ¢. T, R, p, and v are plotted in Figs. 5
and 6.

We see that here the parameter 8 is still evident
in the final formulas. B appears really only as a
scaling factor for z. It is convenient to set
BV, =1 (this choice has the proper dimensions).
Then (8%V, - §)/? is replaced by ()2 and BVE by

a= (E/V)”’. Thus
_ cosh?(37V3)
T_<1 Slnhz(ﬂa)> ’ (60')
sinh®(ra)
) ) ;

=37 +2¢ +2argl(ia) —argl'(; +i(a+3V3))
-argI(; +i(a -3v3)),

v=ir-p; (61)
where
a®-1 l+a
p=zalnj——s=|+3ln|7— (62')

This choice of B?V, =1 has been made in Fig. 5.

IV. TWO TURNING POINTS: WELLS

The situation here is precisely the opposite of
that for potential barriers. Here k?(x) and K?(z)
are positive in the classical region between the
turning points x, and x, (z, and z,) and negative
in the nonclassical regions outside the turning
points (Fig. 7). Except in one case, we consider
the bound-state spectrum only.

We consider the following types of potentials.

For case (A), —o<sx<wo, V(xo)=+», We as-
sume that the energy scale and x axis have been
adjusted so that V(0) =Vmin=0. Thus E>0 and we



| oo

v

(a)
K‘
E>0
A
7 [\\ E+Y
E<O
— 1\
({3 ! I

FIG. 7. V(x) and K2(z) for two-turning point (well)
problems. (a) V(x). () K%2). (A)K%z)=E -z?/%
(B) K%(z) = E + Vysech¥z /3. (C) K?@) =E + e/z
~1(1+1)/2%. (D) K%@)=E +Aexp(—z/8)[1— exp(-z/8)"
—b exp(-2z/B) [1 —exp(~z/B)I2.

choose
(A) K%*(z)=E -2%82. 63)

Thus —© <z<+0, K*(+©)==, and z,==-gVE,
Z2,= +BVE. B is a positive constant of dimension
(length)*2. This is again the Miller and Good
approximation.?

For case (B), =0 <x<®, |Vpin|<V(+®)=V (=)
<w, We adjust the energy scale and x axis so
that V(<) =0 and V(0) =Vmin==V,. Then E=-V,
and we choose

(B) K%(z)=E +V,sech?(z/B). (64)

Thus = <sz<so, K2(+o)=k%(xo)=E, K2(0)=k%(0)
=E +V,, and z, =—p sech™(|E|/V,), z,

=B sech™!(|E| /V,) for E<0; for E >0 there are no
turning points.

For case (C), Osxs», V(x)~+x"2asx-0,
V(x)~=x"1! as x -« and V(x) has a minimum for
some positive x. Thus, V(x) is supposed to have
the long-range behavior of the Coulomb potential
and the short-range behavior of the centrifugal
x~% barrier. We again assume that V(~)=0 and
hence choose precisely the radial effective attrac-
tive Coulomb potential:

(C) K3(z)=E +e%/z -1(1+1)/22. (65)

Thus 0<z<w, K?(0)~2z"%, K*(~)=E, and z,
=(-e*/2E) -[(e?/2E)? - 1(1 +1)/E] V2 2, =(-e*/2E)
+[(e¥/2E) - 1(1 +1)/E]"'2 for E<0. For E >0 there
is only one turning point; we will not discuss this
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situation.

For case (D), Osx<w, V(x)~+x"2as x-0,
V(x) has a minimum at some positive x, but V(x)
goes to zero more rapidly at plus infinity than
the Coulomb potential. In fact, we shall choose
a K?(z) which goes exponentially rapidly to zero.
Again, we assume V(«)=0 and choose a variant
of the Eckart potential,'®**

re~¢/B
1~ %/B

be~*/8
TU-e PR

A and b are positive constants of dimension
(length)~2, A >b [this ensures that K?(z) has a
local maximum for x >0], and B is a positive con-
stant of dimension (length)*!., Thus 0<z <,
K?(»)=k?()=E, and

(D) K3*(z)=E +

(66)

_ A=b-2E+[(x -b) +4Eb]"2

“=-p l“( 20 -E) >
A=b-2E-[(x -b) +4Eb]'/2

zz=—31n< 20— ) >

for E<0. If E>0, there is only one turning point;
we again will not discuss this situation.

The essential difference between (A) and (B) and
between (C) and (D) is that (A) and (C) have an
infinite number of bound states, while (B) and (D)
have a finite number of bound states. For (C) and
(D), it is known that for attractive potentials which
behave at the origin like the centrifugal barrier,
x~2, then the energy spectrum for E <0 consists
of a finite number of discrete levels if V(x) falls
off at least as fast as x™* for large x and an infi-
nite number of discrete states (bounded from be-
low) if it falls off slower.!>"'® We illustrate this
with x~1 (C) and e~*/® (D).

The boundary conditions we put on (x) are
P(£=) =0 for types (A) and (B) and (0) =p(+)=0
for types (C) and (D) for negative energies.

Just as for potential barriers we fixed the
“extra” parameters in K?(z) in terms of E and
V(x) by integrating #(x) and K(z) between their
turning points, we here must demand

®(E; V)=f”1‘2 kdx =f‘:2Kdt. (67)

® is the integral over the classical region (for

two turning points) and is hence the classical
action of the well, divided by 2. We therefore
expect quantization conditions similar to the Bohr-
Sommerfeld rule & = (n +3)m.

The precise definitions of the quantity S(x) dif-
fers somewhat from type to type here; so they will
be given in each case separately.

For case (A),

(A) K*(z)=E -2%8°.
Here we have two turning points for all E>0; so
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we define

2? )”z BE n(z +(z’£gEY")’

S‘=f: |k|dx=f': |K|dz
22 _E>1/z BE <-z+(z’—B"’E)“”)

2
'2'('5' +3In BVE

(68)

for x>x, and x<x,, respectively. Also, for all x,
(2/)72 = ('Y V2% - B |11

~ (") V3(lz| B2,

x = 1%

(69)

- |

8
and
S*(x),:n t—%%— ;%ﬁ ln(%‘%) :F%E—. (70)
The dimensionless action ¢ is given by
<I>(E)=fx:2 kdx= [ Kdz
=[5 (B - 2B dz =47BE. (11)

The solutions to v”(z) +(E - 2%8%)v =0 are the
parabolic cylinder functions (AS, Sec. 19.2-19.10)
U(-3BE, z(2/B)?) and V(-38E, z(2/B)"'?). Of
these, V is singular at +«; so the solutions are

¥(x)=(2')"V2*U(-3BE, z(2/B)V?). (72)
We have

o ren-ua (121 )2 TG +38E)"? exp[~32 (2%/8* - E}?] +38E n[z (2/8)"2]
:I»(x)xw° (') (—2J'> (2m)'4(22%/8 - 2BE)"?

~ YV zlBP@n) (2 -BUE) TG - E) M expl S, + B EIniAE)]

x >+

.___...0,

x >+

¥(x) ~ (8')2(;1z|B)*(2? - B*E)V*[T' (5 +3BE)] /3 (27) "1/

X -

X [sin-’—r%E— exp (-S -Ef- lnﬁTE)

Now, the last term in (74) blows up at minus in-
finity unless its coefficient is zero, i.e., unless

1 .
TG -28E)

hence 3 =38E=-n, n+0, 1, 2,....
tion condition is thus
$(E)=2BT1E = (n +3)m, (75)

precisely the Bohr-Sommerfeld rule, and for 38E
a half-integer, U is just a Hermite polynomial; so

The quantiza-

P(x)= (Y E - 2Yp2 M 27" A e 10 H (2 /VB).
(76)
For case (B),
(B) K?(z)=E +V,sech?(z/B).

We discuss E <0 and E >0 separately. First, for
E<0, there are two turning points, and similarly
to (A), we have (@ =E/V,)
S.(x)=B|E|*3 tanh™*|¢| #8V}/*tanh™* (¢ | a|*"?)
~ 2zVE 77)

x —> 4%

(73)
exp[S_+28E In((BE)]
* TEA+BENTG{ —BE))]' (14)
and for all x
(2')"¥2=(S')"V2[E +V,sech?(z/B)] /¢ —1.
)
$ is given by
®(E, Vy, B)= [ 2[E +V,sech?(z/B)]*dz
1
=B1(VV, - V|E|). (79)

The solutions to v” +[E +V, sech?(z/8)]v =0 are
v,(2z) =[cosh(z/B)] 2 Fla, b, }; tanh*(z/B)), even
and (80)
v,(2z) =tanh(z/B)[cosh(z/8)]-2°

xF(c-a, ¢c=b, 3; tanh?®(z/B)), odd
where
o=38V|E|,
a=0+3+3(1 +48%V, 12,

b=0+3—3(1 +48%V, )2,

(81)

c=20+1.
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F(a, b, c; x) is the hypergeometric function (AS,
Chap. 15). For large x,

v, ~ Alcosh(z/8)]~%° +B[cosh(z/8)]?°

x> %

~ A220 g7l gg20 g iellEl

x = 30
and (82)
v, ~ xC[cosh(z/8)]~2° +D[cosh(z/8)]*2°
X —> 10
~ +C 220 e”‘ﬁmiD 2-2cleim/|E|’
x> 1o
where

LG)TG -a-b)

A= TE-aTE-0)’
5. L) T@+b-3)
T'(a) T'(b) (83)
C= IrG)r@E-2c+a+bd)
T T@+b-c)TE+a-¢)’
D= ré)r@c-3-a-b)

I'(c-b)T(c-a)

Hence v, remains finite at +« only if B =0, hence
only if a or b is a negative integer. Since ais
positive, we have that

b=%3‘/[fl +5=5(1 +4B%V )2 =-n, 2=0, 1, 2,...

@ =Bn(VV, - V|E|)=B1VV, ~ 210 = 2n+p)r, (84)
where

p=3% +BVV, =3 (1 +482V, )2,
Similarly, v, remains finite only if D =0; hence

®=2n+1 +p)7. (85)
Hence, in general,

® =(m +p)m,

and the parity of y(x) is (~1)™.
There are a finite number of bound states, since
0>0 implies

m<3(1 +4B2V M2 ~ 4.
If we set B2V, =1(1+1), this is
ms<l;
=)
&=(m+pym, m=0,1,...,1. (86)
p=l1(1+1)]*2 =1,

For E>0, we choose z,=0; hence

172
s;fo'Kdz =BE“”sinh"[< > sinh—z—]

E
E +V, B

1/2 g3 -1 Vo \'? z
+BVy"“sin [(E+Vo> tanhg]

~ zVEx¢

x =1

where

¢ =BEY? ln(EfVo) +BVY/2 sin"(E‘:f’Vo ) . (@87

Then the same solutions hold for E >0 as for E<0,
with ¢ =38V|E| replaced by 0 =3i8VE. Thus

P(x) ~ A2BEFS MO o0
x —>1® (88)
Yo%) ~ C 21BVE gFiSy+i% L ¢ ¢

x - %

We take the linear combination of these two which
has the asymptotic properties

eis_+R1/2e-tve-ts_ ~ b~ Tl/zeiuei8+,

obtaining
p=3T =V
=41 - 2¢ +tan™ {tan[37 (1 +48%V,)*'?] tanh(sVE)}
+2arg[T(iBVE) TS +3(1 +48%V, P2 - iBVE)],

T= l. é_ _C_ 2- <1 . cogz(%ﬂ(l +432Vo)112) -1
Calar et St @pvE) )
1lA c |2
R=1-T=g| 5 +cs

sinh?(mBVE) >" 89)

- (1 *eos?Gr( +4B%V,)'%)

T and . are plotted in Fig. 8 as functions of E.
Note that as a function of 82V,, T(R) has a maxi-

- —
+ > &

FIG. 8. Transmission coefficient T and transmitted
phase shift u for suprawell energies for K2(z)=E -V,
xsech?(z/B), a =E/V,=0. We have taken B2Vy=%. The
transmission coefficient R is given by R=1- T and the
reflected phase shift u=4x —».
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mum (minimum) for B2V, = (1 +1), ! any integer.
Thus, for those wells such that ®(E£ =0,8%V,
=11 +1))=7[1(t +1)]¥2 =nBVV,, we find T =1 and
R =0, i.e., no reflection occurs. In this case,
p=3T =2¢—~3m as E~, Also T exhibits a mini-
mum for B2V, =(l +3)(I =3): T(E)=tanh*(mpvE),
R =sech®(mBVE). That is, T(R) has a minimum

/2E +z + (=X /E)*2

S+= f,Z'Kl dz =VX - 2\/]E| m([e"/4E2 0+1)/E]7

~ Z\/]El,

x =>+®
where

X ==Ez% —e®z +1(1 +1),

—e%/2E -z — (=X /E)'?

s_=j:l | K| dx =VX =

~ [1(1+1)]21nz,

x =0

(z/)-llz = (S /)—1/2 I K(z)lllz

~ 1
x =+

~ (S (10 +1)/2Y M,
-0

and
®= [ 21K |de= [ 218 vez 10 41)] 2 d
=m{e?/2V|E| ~[1@+1)]v3. (90)

The solutions to v” +K?(z)v =0 which are regular
at the origin are'” (AS, Eq. 22.6.17)

v(z)=(22zV|E|)}* e L2L | (22V]E), (91)

where L is the (generalized) Laguerre function and
v=¢%2V|E| is a positive integer. Hence the quan-
tization rule is, using v=n+! +1 where 0 <z is the
radial quantum number and 1 <v the principal
quantum number,

®(E)={n+1+1=[1( +1)]¥3}x,

Note that (92) does not have the ! degeneracy of the
Coulomb problem {since I -[I({ +1)]*'2 is never
precisely an integer except for /=0}. This de-
generacy has been removed because V(x) is simi-
lar but not identical to the Coulomb potential.

For case (D),

0<m O<l. (92)

)te_'/ﬂ be-t/ﬂ
1-e*F 7T (1-e /8"

(D) K*(z)=E+

For E<0, we have

s+=f‘; | K| dz and s_=f': | K| dz.

These are rather complicated integrals, which

2‘;]32E| 1“([ 37912 172
¢Y/2E% = 1(1 +1)/E]

(maximum) for wells such that ®(E =0,8%V,=1? -})
=m (=32
For case (C),

(C) K3(z)=E +e¥/z =1(1+1)/2%.

For E <0, there are two turning points. We have

) =10 +1)]¥21n <2l(l +1) =e?z +2[1(1+1)X] Y2 5_1)

211 +1) = é*z, z

) -l +1)]"21n (2l(l +1) - %z + 211 +1) X] V2 ﬁ;)

211 +1) - €%z,

r
can be written in closed form.®* However, we
only need the facts that

Sy ~ ZV|E|

x =+

(212 —=1, (93)

x => +©
and
@ =mg[(x - EN2-|E|V2-0"2].

The solutions for v” +K% =0 which are regular
at z =0 are'®~?! (AS, Chap. 15)

v(z)=e /B (1 —e~*/B)F(a, b, 2p, 1-¢"%/8),

(94)
where
Y =B‘/]E| ’
p=}+3(1+48%0)", (95)

a=c+p+B(A —-E)'?,
b=o+p=-B( -E)2,
Then
zp(x)=(z’)'1’2v(2)
~ Ae-9%/8 {Beot/B - po=S+ 1 Be~S., (96)

Here
An I(2p) I(=20)
" T(b-20)T(a-20)’ (97)
g Lp)T(20)
T T(a)T(d)

and Y remains finite at plus infinity only if B =0,
hence only if a or b is a negative integer. Since
a is positive, this means



| oo

b=c+p=B(2 ~-E)?
=3 +3(1+48%)/2 +BVIE| -B(A - E)2=—n.

Hence

&(E)=mB[( -E)* - Vb -VIE|]
=nln +1 +3(1 +48%0)'2 = BVb],
Osns<BVA =3 =1(1 +482b)/2, (98)
If we write 826 =1(I +1), this becomes
®((E)=r{n+1+1=-[10+1)]V2}, Osn<pvA-i-1.
(99)

Note that this is identical to the quantization rule
(92), K?(z) the Coulomb potential. The effect of
the expotential tail instead of the x~! tail is to cut
n off at YA ~1 -1, making the number of bound
states finite.

V. CONCLUSION

A method has been presented for obtaining the
transmission coefficient (7), reflection coeffi-
cient (R), phase shifts (1 and v), and quantization
rule for various types of potentials with one and
two turning points. To obtain T, R, u, and v,
one need merely calculate W for the given poten-
tial, adjust the parameters in the relevant trans-
formed potential to make z’ as constant as pos-
sible, and use the formulas given, and similarly
for quantization rules.
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In addition, an approximate wave function, valid
for all x, may be obtained merely by calculating
the integral S(x) = J* kdx and writing the argument
z of the transformed wave function as a function of
S(x). The wave function is then given in terms of
known, generally tabulated functions. It is not
clear that this procedure for obtaining y(x) is much
less work than straightforward integration of the
Schridinger equation—it is certainly no more.

The next step in the approximation scheme is
clearly to determine when the approximation is
valid. One must take, for each potential, the
expression z(x) obtained by neglecting (z; x) in
(4) and determine that it indeed satisfies the self-
consistent requirement

|2(z; x)|<<k?*(x).
Since

12 A2 (R/K)V2

%(Z; x)y==(k/K) dx? ’

(100)
this is analogous to the usual condition for validity
of the WKB approximation, |k//2k?|<<1, to which
(100) reduces if K=1 and we neglect ”. The con-
dition for validity thus depends both on the mapping
we use and on the original potential.
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