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A calculation of higher-order relativistic contributions to the combined Zeeman and motional Stark
effects in positronium is presented. These contributions are necessary for the determination of the
fine-structure interval in the ground state from the Zeeman effect and may be important in future
experiments on the first excited states of positronium. The contributions to the g, factors have been
calculated to order a® for all the S states and for the 2P states. The energy levels and the
higher-order corrections to the motional Stark effect in the first excited state are also presented.
Relativistic contributions are obtained from the matrix elements of a Hamiltonian containing the Breit
interaction, a Pauli Hamiltonian, and the virtual annihilation interaction. For all n S states the
relativistic contributions to the Zeeman effect may be accounted for by the replacement of g, by
g.(1 —5a%/24n* — T/2mc?), where T is the kinetic energy of the atom and g, is the gyromagnetic

ratio of the free electron.

I. INTRODUCTION

Higher-order contributions to the combined Zee-
man and motional Stark effects in positronium are
needed for the determination of the fine-structure
interval Av in the ground state from the Zeeman
effect and may be important in future experiments
on the first excited state. The measurement of

Ay is an important test of quantum electrodynamics

and of the Bethe-Salpeter equation for the bound-
state lepton-antilepton system. 2 In this paper
the contributions to the Zeeman effect are calcu-
lated to order a®ugH for all the S states and for
the 2P states of positronium. Also the energy
levels and the higher-order corrections to the mo-
tional Stark effect in the first excitad state are
computed. *°

The fine-structure interval in the ground state
of positronium has been calculated to terms of or-
der a'lna”'®. The a’R contributions to Ay were
first determined by Pirenne,’ Berestetski, ®° and
Ferrell. 1 Karplus and Klein'! have computed

terms of order a®R that contribute to Av. The
a*lna™'® contributions to Ay were calculated re-
cently by Fulton, Owen, and Repko. 12 1n the first
excited state of positronium the fine-structure in-
tervals have been calculated to order a’®. Fulton
and Martin'® have computed all the contributions
of order a®® to the energy levels of a bound two-
fermion system. These values are to be added to
the a®® contributions calculated by Ferrell, *°

The relativistic contributions to the Zeeman and
motional Stark effects are obtained from matrix
elements of the positronium Hamiltonian 3¢. The
three terms in JC are the Breit interaction, * a
Pauli Hamiltonian'® introducing the anomalous mag-
netic moments of the electron and positron, and
the virtual annihilation interaction. ! A transforma-
tion of two-body equations'® is used to decouple the
positive and negative energy states. A unitary
transformation’” is used to reduce the dependence
of the positronium Hamiltonian on the center-of-
mass coordinate.

Margenau, '® Lamb, ° and Breit? have calculated
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corrections to the g factors of hydrogenlike atoms
to order a®. The g factor is modified by a change
in the magnetic moment of the electron owing to

its motion in a potential®® and by the modification

of the potential itself by the presence of an ex-
ternal magnetic field. ® Higher-order contributions
to the g factor of hydrogen, of order (Zo®m /M,
a(Za)?, and a(Za)®n/M, where M is the mass of
the hydrogen atom, have been calculated by Grotch
and Hegstrom. 2t

Grotch and Kashuba?? have recently calculated
the Zeeman effect in positronium.

In Sec. II we give the transformations to de-
couple a two-body Hamiltonian into positive and
negative energy states, and to reduce the dependence
of a Hamiltonian on the center-of-mass coordinate.
Section III presents the terms in the positronium
Hamiltonian and ¥C is transformed using the trans-
formations in Sec. II. In Sec. IV a Zeeman-effect
Hamiltonian and a motional-Stark-effect Hamilto-
nian are obtained from the transformed Hamilto-
nian and the relativistic contributions to these ef-
fects are computed. Section V is a brief summary
of the results of our paper.

A brief description of our calculation of the gfac-
tor in the ground state of positronium has been
presented, ® and brief reports of our other calcula-
tions have also been given, 3°

II. TRANSFORMATIONS

A. Foldy—Wouthuysen Transformation

In a two-particle system the wave function con-
sists of 16 components and the Hamiltonian mixes
these components., For a single-particle equa-
tion-the Dirac equation—-one has four components
in the wave function, In order to reduce these
problems into a tractable form one may use a
transformation that decouples the large components
from the small components, The Foldy-Wouthuy-
sen transormation®® separates the positive and
negative energy states for the Dirac equation and
leaves the resultant Hamiltonian in Hermitian
form. The two-body case is discussed in Sec. II
B.

Dirac matrices which couple large and small
components are called odd ©, and matrices which
do not couple large and small components are
called even 8. The odd matrices are @, 8a, y°,
and By’ and the even matrices are 1, B, &, and
B5. The Dirac Hamiltonian for an electron in an
external field may be written (with ¢ = 1)

H=pm+0+8, (2.1)
where
0=a-[pP-eA®)] and &=ed(). (2.2)

A(F) and &(F) are the vector and scalar potentials,
respectively. The Dirac equation can be exactly
separated into two two-component equations de-
scribing positive and negative energy states only
in the absence of external fields.

In the presence of an external electromagnetic
interaction one must perform a set of transforma-
tions to obtain a Hamiltonian which is a series in
powers of m", where m is the particle mass. (The
expansion parameter may also be considered as
c"!,) We want to introduce a series of canonical
transformations

¥ -etSy, (2.3)

where S is an Hermitian operator. The effect of
S is to eliminate the odd term in Eq. (2. 1) to the

required order in m™%,

B. Two-Body Reduction Techniques

A two-body wave equation acts on a 16-compo-
nent wave function., Chraplyvy® developed a meth-
od analogous to the Foldy-Wouthuysen transforma-
tion for a two-particle equation. We may write
the two-body wave equation as

3=Bym+ Bomy+(88)+(80)+ (08)+(00), (2.4)

where (§8) stands for even-even (even in both par-
ticles 1 and 2), (8§0) stands for even-odd (even in
particle 1 and odd in particle 2), (08) stands for
odd-even (odd in particle 1 and even in particle 2),
and (00) stands for odd-odd (odd in particles 1 and
2). The (88) matrices include B,, B,, ¥, and
&,. The (80) matrices include &, and y5. The
(08) matrices include &, and ¥}. The (00) ma-
trices include @&, @, and ¥{G,. Chraplyvy de-
veloped a transformation that separates the
sixteen components of the wave function into
four sets of four components, The 16-component
spinor is denoted by ¥,y with (, K=1,2,3,4). &
signifies the first particle and K the second par-
ticle. Chraplyvy classified the components as
upper-upper ¥y, upper-lower ¥,;, lower-upper
¥, and lower-lower ¥,, withu, U=1,2and ,L
=3,4, The transformation separates the ul/, u L,
lU, and IL components into separate equations.

In order to remove from the Hamiltonian Eq. (2. 4)
an (08) term ¢,, the operator S introduced in Eq.
(2. 3) must contain

S _él_.

°e=2m1 toe .

To remove an (§0) term ¢,, the operator S must
contain

(2. 5)

B

Seo= 2m, oo 3

(2.6)
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.and to eliminate an (0 ©) term £,, we must include

Bymy— Bym
So0= m too - 2.7

This transformation was used to reduce the
Breit equation for hydrogen by Grotch and Heg-
strom. # Brodsky and Primack® have shown that
the interaction of a composite bound system with
an external electromagnetic field can be approxi-
mated by a sum of the relativistic Hamiltonians
for each particle.

But this transformation® is not valid for posi-
tronium, because of the equal mass of its constit-
uent particles: m;=m, Chraplyvy concluded that
in the case of particles of equal mass there exists
no finite transformation that changes the Hamilto-
nian into an (&) operator. However, we do not
need to separate the wave function into four sets
of four components. One would like to isolate the
uU components without necessarily separating the
uL, 1U, and IL terms.

In another paper Chraplyvy16 developed a second
transformation valid for particles of equal mass.
Thus instead of the expressions given in Egs.

(2. 5)-(2.17), Chraplyvy found

1-
B 1-
Sw:gnlt{toe"’ _Z—Ba'Toe} ’ (2.9)
_1) Bi+Bs By Bz
S°°_4{m1+mz too my- T
for m1$m2, (2. 10)
S;":%n_{(ﬂﬁ Ba)too+ (1= B1BITS,}
for mi=my,. (2. 11)

The “least-change” transformation is obtained
with Teo==12g, Toe==1oe, and Tp,=T},=0.

The application of this canonical transformation
yields a reduced Hamiltonian JC, which consists of
19 terms:

19
3, = iEl %6) , (2.12)
(1) =Bym,, (2.13)
JC(Z) = Bzm 2 (2. 14)
x(3)=(88), (2. 15)
_Bi(1+8y)
3c(4)_—14—# (08), (2. 186)
Bx(1+B,)
:«:(5):—%%—1— (80)%, (2.17)
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3(6) -5 [[(08), (88)], (08, (2. 18)
()= 1524 [[(8o), (88)), (80)), (2. 19)
x(e)=-&1(61—;,‘3—2)(os)* , (2. 20)
:x:(g)__—&yt(so,* , (2. 21)

%(10)= Ml*—2"-§[[<ms> (00)],, (89, ,

32m
(2.22)
e ((CONCO LN
(2.23)
sc(lz)-312m‘32 [[(08), (00)], (§0)],  (2.24)
%(13)= g5 [[(80), (00)], (08)],  (2.29)
B +B
“(14)=m(°°)2 , (2.26)
Byt B
H18)= o+ sy g L0 8 (600, (2.27)
= (14 8y) (1+ ;) (Bym  + Bym)
5(16)= : 64m21m: —
x[(08Y, (80Y, , (2. 28)
(14 8y) (Bp+ T+ (1= By) (56, - 3)m
%17)= — 12§m§m§2 ' ’
x(89)(08)*(80) (2. 29)
50(18)= (1+ 32) (314’ 7)mz+ (1- 31) (532"' 3)m1

128mim;

x(08) (80)°(08), (2. 30)

se(19)= LBl ni=ma) 11 g6y (o)) (o0)].

16(m1+mz)m1m2 (2 31)

This transformation can be used for positronium.
For positive energy states B;= ;=1 and both trans-
formations of Chraplyvy yield the same Hamiltonian
for positronium. Before we calculate the results
of this new transformation we must discuss the
problem of motion of the positronium atom.

C. Motion of the Atom

Positronium atoms are of course not formed at
rest.?®'¥ A system moving in a magnetic field will
experience a motional electric field. This Stark
effect couples S and P states. The motional Stark
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effect does not appreciably perturb the ground
state of positronium but does affect the excited
states.

The coordinates ¥, and T, are written in terms
of the relat@ye coordinate T and the center-of-mass
coordinate R,

-

Fi=R+—22— F, (2. 32)
my+my

- _-’ m -

fp=R-——7F (2. 33)
my+my

The momenta P, and P, are written in terms of
the relative_momentum § and the center-of-mass
momentum P,

- =-. m -

P1 p+m——‘—l+mz P, (2.34)
- - m -

Pe=-D+ m1+fnz (2. 35)

Lamb!” considered the effects of a motional
electric field on hydrogen. The relevant terms
are

’ __.__QL" - _ﬁ_-’ -
Hin my A1°py — Az’ Da. (2. 36)

After a transformation to relative and center-of-
mass coordinates with e,=-e;,

le, = = ._led 5503
Hixl=—§—m—LH-Rxp—2mt H:'rxPpP
r
1 Mqes=-m - .
—p.—1""2 q.
+3€1 P H-L, (2. 37)

in which m, is the reduced mass, m, is the total
mass and f =Txp. If V=P/m, is the velocity of
the atom and AR)=4HxR, then

m= —;:‘ A(R)

zel(va r)+ gel<—_7‘n—z") H- E .
mymp
(2. 38)
The second term in Eq. (2. 38) is half the usual
Stark effect. The first term in Eq. (2. 38) can be
considered to be equivalent to a gauge transforma-

tion. A unitary transformation of the wave func-
tion

¥, =Vexp| (e, /2)[HxR 7))

when acted on by the operator pZ/ 2m, gives a term
which cancels out the first term in Eq (2.38), and
the operator P"’/Zm, gives a term which doubles
the second term in Eq. (2. 38), and thus yields the
expected motional Stark effect.

A method similar to Eq. (2. 39) was used by
Grotch and Hegstrom. ?! The momentum of the

(2.39)

positronium atom may not be set equal to zero at
the outset of the calculation. This follows because
the center-of-mass coordinate R and the center-
of-mass momentum P do not commute. The Hamil-
tonian depends on R because of the interaction with
the external magnetic field.

We may use a general unitary transformation U
which eliminates R in % for a neutral system such
as positronium and hydrogen and reduces the de-
pendence of 3C on R for a charged system:

U=exp(ize,T," ﬁxﬁ) exp(i3Ze,T,- ﬁxﬁ),
(2. 40)

where e, is the charge of particle 1 and Ze 2 is the

charge of particle 2. From Egs. (2. 32) and (2.33)
we obtain

U= exp[z (MJ) T ﬁxﬁ] . (2.41)

2 mi+my
If ¥ is the eigenfunction of a Hamiltonian H under
consideration, then ¥’ =U~'¥ will be an eigenfunc-
tion of the transformed Hamiltonian H’=U "'HU.
The transformation U only affects momentum vari-
ables and does not affect position variables:

- e my—2Ze,m

U V=B ST A, (2. 42)
- eMmo—2Ze,m

U Py U=yt e= 202 R (5 ) | (2.43)

mi+my

Then we obtain

U [B,- e, AG ) U
- (Zeytey)m
=P1-e1A®F) - —,;T;‘M—L AF,),
(2. 44)
U™, - Ze, AR,)] U

~Bu+ Za A) - Zeated i ),

(2. 45)

in which A@)=A(t,) -A(t,). Thus if Ze,+e, =0,

the case of a neutral system, the transformed
mechanical momenta of Eqs. (2.44) and (2.45) de-
pend only on the relative coordinate T and not on R.
Thus if Ze,+e,=0, the case of a neutral system,
the transformed mechanical momenta of Egs.

(2. 44) and (2. 45) depend only on the relative co-
ordinate T and not on R

III. POSITRONIUM HAMILTONIAN

Breit developed an approximately relativistic
two-particle equation®®~3! which may be written

(3¢, +3C,+e%/7 + B)u=FEu, (3.1)
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where JC; are the usual Dirac Hamiltonians for a
single particle,

%= Bym — e d(T;)+ a; - [Dy+eA(F))]; (3.2)
B is the Breit interaction
2 - - -
e - - Oy Iras* 1
B="2_,r(a1'az+_"7za_), (3.3)

T is the interparticle distance, and « is a 16-compo-
nent spinor.

The Breit interaction includes the classical ef-
fects of retardation and the effects of the electron
spin in the interaction of two electrons.’* From a
field-theoretic viewpoint the Breit interaction in-
cludes the lowest-order effects of a single trans-
verse photon exchanged between the two electrons.
Because this equation is only an approximation and
neglects Dirac’s hole theory, Breit®! demonstrated
that B is to be treated only in first-order perturba-
tion theory to obtain correct energies to the order
of a’®. The terms that appear from the reduction
of the Breit Hamiltonian using Eq. (2.26) should
not be included in the reduced Hamiltonian, 3!

The two-body quantum electrodynamic bound-
state equation was developed with the use of the
relativistic S-matrix formalism of Feynman® by
Bethe and Salpeter, 33,34 Schwinger, % and Gell-
Mann and Low. 3 The Bethe—-Salpeter equation is
the starting point for the calculation of the fine
structure in the first excited state of positronium.
Fulton and Martin!? computed all the contributions
of order a’R to the energy levels of a bound two-
fermion system. These values are added to the
o®® terms calculated by Ferrell.® These results
are presented in Table I and are used as the zero-
field spectrum of » = 2 positronium.

To calculate the Zeeman and Stark effects in
positronium to relative order azuBH, the Breit
equation can be used. It has the advantage of re-

TABLE 1. Additions to »=2 nonrelativistic energy levels
in positronium.

o?® a’® Total

(MHz) (MHz) (MHz)
21s, -18135 357 -171778 E,
23s, 7413 232 7645 E,
21p, -3536 -3 -3539 E;
23p, —~981 1 —-980 Eg
23p, -5360 -5 —5365 E;
2°%p, —10835 -16 —-10851 Ey

ducing to the Dirac equation in the limit of infinite
nuclear mass. This is in contrast to the limit of
the Bethe-Salpeter equation in the ladder approxi-
mation, 2!

We take the Breit equation, without a scalar po-
tential, for two particles with charge and mass
e, myand ep, m,, respectively:

¥p= -&1 - [P1-e 1A[F)] + Bym 1
+ -&a [B2- Ze,A(T,)] + Bom,

Ze g 4, a, a,-Fa, ¥
L6902 ([;_S%1 @ 4 2
+ ” (1 ) 272 ). (3.4)

The unitary transformation U only affects the mo-
mentum operators. Using the results of Egs.
(2. 42) and (2. 43) we obtain

3p=U"4CsU, (8.5)
p=a,° [Px 91A(1') L%MA( )]
+age [p,+Ze,K() -(Z—ef%)ﬁxx(’l)}
+Bymy+ Bam, +Z_e:‘2
x<1_-&1'2-&z _al'zfr-‘ziz' F) . (3.8)

Both the electron and positron possess an anom-
alous magnetic moment. The most recent calcula-
tion™ of the sixth-order anomalous magnetic mo-
ment of the electron and positron yields the total
anomaly

B 0.5(a/m)- 0.328 48 (a/7)

+(1.29+0.06) (a/m)® . (3.7

6.0

4.0

n
e}
|

Energy (GHz)
<

4.0
H (kG)

FIG. 1. Fine-structure energy levels in the ground
state of positronium as a function of magnetic field.
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The corrections due to the lowest-order radia- where a, and @, are the anomalous magnetic mo-
tive processes are included by the use of a Pauli ments of particles 1 and 2, respectively, and the
Hamiltonian'®2!; fields® are given by

761:-‘“12 (BF:- Hy-ipyd - E1) = .3 .
- - a -
H1= H+Zez rsr, E1=ZEa':%s N

aa 2m (3202 Hz- iBpas- Ez) (3.9)
e (&5 5. x =  OyXT - T
- BB Ze a1a2<—-‘—5—16 - 3—‘———3——0 L ﬁz=H"e1—Ls—,, » o Ep=-eyy .
4m1mz . r v
- —g ) (3.8) Thus ¥, may be written as®

e - - -> -& x-f . - I? Z - - -& XF . - F
Wp==—ay53—( B, H+ZeB0y" ’;‘!—"131292‘11'—5) -a, (ﬁz"z H-eB0,- —5— +ifre, @y "T)
2m,y r r 2m, r r

Ze,e 0y° O 0,° Fo,- T 87 : ]
- i \ 2N - 1 -
B1B: dmmy alaz[J;!_a 3 "—1,5‘2— 3 + 6,0(F) (3.10)
Radiative corrections to the Zeeman effect ap- 3h=UCpU=3Cp . (3.11)
pear in Eq. (3.10). Because no momentum-de-
pendent variables appear in 3Cp the unitary trans- The last term in the positronium Hamiltonian is
formation, Eq. (2.41), leaves jCp unchanged: the first-order single-quantum virtual-annihila-

2%, 2%, 2%, 2'sy 2%, 2%, 2%, 2%, 2%, 2'n 2'p 2'p, 2% 2% 2%, 2%,
m= | m=0 ms=-| m=0 m=2 me= | m=0 m=-| m=-2 m= | m=0 m=-| me= | m=0 m=-|_ m=0

3 3 3

23 _3 3 23s
E,+0Q, & +&f 2f 2 F '

m=|
23s,
m=0

E2+0, HaHo’ - 3F

njw
-

)
L]
-

'
oo
-

E,+0, e

.3 Bel2s
F 2 2 F m=-1

f\ﬂlu

'
3¢ 2'sg
E m=0

3,

2°P

Eg+Q 2
6Tw2 m=2

s
=

£,+Q, -

i

3
! 2°P.
= HgHi 2
554‘02 3z sHg2 .

3
2 2°%p
Ee*Q; 3+ med
2%,
me-1
3
2%,
m=-2
2'p,
m=l

| 2'p
H !
E3+Q, Gf‘e %l -0

|
Ec.+Q -=paH
6 2 EI"D 92

E¢+Q,

E3+Q H
3tz 4—/"'3 9

2'p
m=-1

2%
Eg+Q, m=1'

E3*+Qp Jzé;a.no.

23p,
m=0
23,
ms=-|
23p,
m=0

E5+Qp

Eg+Qp

E4t Qp

FIG. 2. Secular determinant for the 16 substates of the first excited state of positronium. All empty elements are zero.
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tion exchange interaction!

ULy, F3)= 1222 (5, 0N ()0 )(Cy,),  (3.12)
mymse

where the charge-conjugation operator C = yyy,

=C™ and y,=Ba,. The y,C are the pair-creation

matrices and Cly, are the pair-annihilation ma-

trices.

U, is an even-even operator.
239
is

The reduced form

Usroa™ Tl (G+561" G)0() .

— (3.13)

The total transformed positronium Hamiltonian
= U%eU is formed from Egs. (3.6), (3.10),
and (3.12):

'=3Cp +3Cp+ Uy . (3.14)

The Hamiltonian 3¢’ may be written in the form of
Eq. (2.4):

88)= @u E-LaIBlcl i
Z -
"27?: 38305+ H

x[%ix

3132 4m m, 2102

g 91° TG, ¥ 811.. azﬁ(i")]

+U,(Fy,Ty), (3.15)
(08)=3, 71+ 299 455, &
1° T 2m, 1 1 7
Z - - T
+—§f-nlf3a,ﬁ,a,- Xy (3.16)
= . __'_._l_& .
(80) Qg Mg—1 2m2 aaﬁgaz ;‘5‘
Z - - T
_Te’;e:a a1$04 Xy, (3.17)
Z . - - e
)= 22 (3, 5, 20T F] | 3.19)
where
=P - e, AF) - Ceyreym A, (3.19)
my+mg
and
FomPar ZeA®) - Lt Ty (3 )

my+my

The second transformation of Chraplyvy'® is used
to reduce the positronium Hamiltonian 3¢’. We
may reorganize the transformed Hamiltonian into

JC,=SE Hy ,

i=0

(3.21)

where
-2 -p
L T Zel 2
Ho= -2_7.;11;+2m2 r +Uppqatm+mg, (3.22)
i
H= =g "g;‘,n‘g ’ (3.23)
Zelea (1+2ay)0, - (;rs-x 1)
Z ,e? T
+ 4em2 (1+2a2 2 (FX 2) ’ (3. 24)
Zeqe - F oL
o= £ @y (Frx)
Ze, 2 £ o
2m (1+a2)c (FX 1r1), (3. 25)
>2
- e - ( T )
H4 2”11 [01 ﬁ 1- zml
ray(5 1- 500 H)]
Zml
Zey [+ = ,‘;2)
_Lle |-, _
zmz [0‘3 H(l E’—nag
- Go* ToTres H
+az\0z° ﬁ—_}.__ﬁz_l_
2ms3
(3. 26)
m=
T =0eV
Or m=l,
2’s,
N m=t |
R
>
o
2 O 28—
w ! m=t 2

) | 2 3 r
H (kG)

[4,]

FIG. 3. Fine-structure energy levels in the n=2 state
of positronium as a function of magnetic field with kinetic
energy T=0eV.
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Zewe, 1. . Zewe, -~ (T +\-
Ho--Zee2 ls = Zewey » (T =\s
ST T 2mumg 1 T 2mym, T\ TR

(3.27)

Hjy contains the nonrelativistic Hamiltonian plus
the virtual-annihilation interaction. H, presents
relativistic mass-increase terms. H, contains

spin-orbit and Hy contains spin-other-orbit correc-

tion terms. H, gives the Zeeman effect and high-
er-order corrections. Hj includes terms that may
be written as relativistic corrections to the mo-
tional Stark effect.

The momenta 7, in Eqs. (3.19) and (3. 20) can be
transformed into center -of-mass and relative co-
ordinates:

- - m.
A . W

my+my
m 2 yy
- [el -(Zey+ey) (-——-"—ml_'_mz) ] ()
- L W—yy (3.28)
(Zes+ey) 7+ 77 AR)
and
15
m=
T=0.025 eV

Energy (GHz)

-255 i )

H (kG)

WF
DF
I3

FIG. 4. Fine-structure energy levels of the n=2 state

of positronium as a function of magnetic field for a kinetic

energy T=0.025 eV. (The maximum motional Stark ef-
fect in the plane perpendicular to the magnetic field is
given.)

8
R e
1+Mme
V4 (z _ma 2 A
+[ %2 ez+el)(m1+mz>] ®
- Me A
(Zey+e,) e ARR) . (3. 29)

Thus the terms in Eqs. (3. 22)-(3. 27) may be
transformed into relative and center-of-mass co-
ordinates.

IV. POSITRONIUM ZEEMAN AND STARK EFFECTS
A. Hamiltonians

From the transformed Hamiltonians, Egs.
(3. 22)—(3. 27), terms linear in the external field
are combined into a Zeeman Hamiltonian 3C; and a
Stark Hamiltonian 3¢s. The vector potentials are
given by

A@®=41HxT, (4.1)
A®)=1HxE . 4.2)

For positronium we set ¢, =~Ze;=~e,m,=m,=m,
and a =a, =a,; then we find

15

L
O

Energy (GHz)

L
3]

I

(kG)

FIG. 5. Fine-structure energy levels as for Fig. 4 with
T=0.1eV.
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Tt 2

-
m

X[(Gy - G2) - PP - H+4(G1+02) PP+ H +3(6,+0,)- Pp- H+4(5,-5,)- PP . H)

a > - IT - - -
" amy® (@1 -32)- H'rz‘(ﬂl"ﬂz)- TH. F]} (4.3)
and
e =,
— e D _’.'- p P a 1 1 - -b.-h-. ]
s = om [PXH r (1— om? 8m2 + T a— )— o~ HXr-pp P|. (4.4)

Matrix elements of these Hamiltonians yield the
relativistic contributions to the Zeeman and Stark
effects. The Zeeman effect couples 3S and 1S
states, and ®P and !P states. For any S state with

g, is the gyromagnetic ratio of the free electron,
and T is the total kinetic energy of the atom. Thus
for the ground state, n=1,

principal ql;antum number »n one can compute a g n=1)= ga(l -5 o - T ) 4.7
gs factor g': 2mc
J

(n38;, m=0]3c; | n'Sy, m=0)= Tem_ % and for the first excited state, n=2,

X(nss!.’ m=0| (51‘“2)'1‘1]”1501 m=0), g’(n:Z):ge(l—ﬁ az_zﬂT')- (4.8)

mc
(4.5)
Wwhere 5 7 The Zeeman matrix elements between the 2P
g =g (1 Y™ at- et ) , (4.6) and 2 'P states are given by
TABLE I. Energy levels of the first excited state of positronium: Zeeman and motional Stark effects. T=0 eV.
23p, 23p,

H m=2 m=1 m=0 m=-—1 m=-—2 m=1 m=0 m=-1
(kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -0.980 -0.980 -0.980 -0.980 -0.980 -5.365 -5.365 -5,365
0.5 -0.980 -0.618 -0.535 -0,618 -0.980 -5.834 ~5.365 -5.834
1.0 —-0.980 0.278 0.424 0.278 —0.980 -6.851 ~5.365 -6.851
1.5 -0.980 1.429 1.565 1.429 -0.980 -8.062 -5.365 -8.062
2.0 —-0.980 2.691 2.788 2.691 —0.980 -9.353 ~5.365 -9.353
2.5 -0.980 4.005 4,056 4,005 -0.980 -10.683 -5.365 -10.683
3.0 —-0.980 5.347 5.354 5,347 —0.980 -12.035 ~5.365 ~12.035
3.5 -0.980 6.706 6.673 6.706 -0.980 -13.399 -5.365 -13.399
4.0 -0.980 8.075 8.006 8.075 - 0.980 -14.772 -~5.365 -14.772
4.5 —0.980 9.452 9.350 9.452 -0.980 -16.152 -5.365 ~16.152
5.0 -0.979 10.833 10.703 10.833 -0.979 -17.535 -5.364 ~17.535

23p, 238, 21p, 218,

H m=0 m=1 m=0 m=-=1 m=1 m=0 m=—1 m=0
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -10.851 7.645 7.645 7.645 -3.539 -3.539 -3.539 -17.778
0.5 ~10.941 7.645 7.722 7.645 -3.432 -3.894 -3.432 -17.855
1.0 -11.216 7.645 7.950 7.645 -3.311 -4.577 -3.311 -18.083
1.5 -11.687 7.645 8.322 7.645 -3.251 -5.248 -3.261 -18.455
2.0 —12.353 7.645 8.826 7.645 —3.221 —5.805 —-3.221 —18.959
2.5 —13.196 7.645 9.448 7.645 —3.205 —-6.230 —-3.205 —19.581
3.0 —~14.182 7.645 10.174 7.645 -3.196 —6.542 —-3.196 -20,306
3.5 —-15.275 7.645 10.990 7.645 -3.190 -6.767 —-3.190 —-21.122
4.0 -16.444 7.646 11.882 7.646 —3.186 -6.931 —3.186 —22.014
4.5 -17.668 7.646 12,840 7.646 -3.183 -7.051 ~3.183 —-22.972
5.0 —-18.930 7.646 13.853 7.646 -3.181 -7.141 -3.181 —23.985
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[

e
@Py, m=x1|3%;|2'P, m=21) = £

X(Z’Pz, m=:’:1| Gl-gg)'ﬁl 21P1, m=il> )
(4.9)

e
<23Pg, m=0'5€;| Z‘Pl, m=0)=m %E.

X(Z’Pz, m=0| Gl—;z)'ﬁl ZlPl, m=0) N
(4. 10)

e &
@°Py, m=21]1c;| 2Py, m=21) =— £L

X(ZSPI, m=tl' ((;l—;z)'ﬁl ZlPl, m=i1> )

Energy (GHz)

(4.11)

e
@°Py, m=0]|3¢;| 2'Py, m=0)= = E0

x(2%P,, m=0| 0,-5,)-H| 2'P,, m=0),

(4.12)
where
- i AL n n T
256 I 2 3 4 5 gz=g.(1-,$ a’--m) ) (4.13)
H (kG) r
FIG. 6. Fine-structure energy levels as for Fig. 4 with = ( 1- 2 _ > (4. 14)
T=0.25 eV. f=g(l-fho-5 =),

TABLE II. Energy levels of the first excited state of positronium: Zeeman and motional Stark effects. 7'=0,025 eV,

2%p, 2°%p,

H m=2 m=1 m=0 m==—1 m==-2 m=1 m=0 m==1
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 —-0.980 -0.980 —0.980 -0.980 —-0.980 ~5.365 -5.365 -5.365
0.5 —-0.984 -0.622 ~0.536 -0.618 —-0.984 ~5.835 -5.367 -5.834
1.0 -0.995 0.261 0.420 0.278 -0.995 —-6.848 -5.375 —-6.851
1.5 ~1.014 1.382 1.559 1.429 -1.013 —-8.043 -5.387 -8.062
2.0 -1.039 2.587 2.771 2.691 -1.039 -9.302 —-5.405 -9.353
2.5 -1.071 3.810 4,040 4,004 -1.072 -10.579 -5.428 ~10.683
3.0 -1.111 5.019 5.326 5.347 -1.109 -11.853 ~5.456 -12.035
3.5 -1.156 6.199 6.611 6.706 -1,153 ~13.116 ~5.489 -13.399
4.0 —-1.201 7.347 7.707 8.075 -1.206 -14,361 -5.528 ~14,722
4.5 -1.255 8.465 8.023 9.452 ~1.262 —15.586 -5.572 -16.152
5.0 -1.311 9.559 8.157 10.833 -1.322 ~16.792 —-5.622 -17.535

23%p, 23s, 2'p, 21s,

H m=0 m=1 m=0 m==1 m=1 m=0 m==—1 m=0
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -10.851 7.645 7.645 7.645 ~3.539 -3.539 —~3.539 -17.778
0.5 -10.942 7.651 7.728 7.651 ~3.429 ~3.894 —-3.432 —17.860
1.0 -11,220 7.670 7.977 7.670 ~3.305 —-4,580 -3.311 -18,102
1.5 —11.694 7.701 8.389 7.701 -3.243 ~5.256 -3.251 —~18.501
2.0 -12.363 7.745 8.959 7.744 -3.214 -5.824 -3.221 —-19,047
2.5 -13.208 7.802 9.680 7.799 —~3.198 —-6.266 —-3.205 -19.729
3.0 ~14.194 7.876 10.545 7.865 ~3.189 ~6.600 ~3.196 -20.537
3.5 —15.287 7.981 11.543 7.943 -3.183 —~6.853 —3.190 —21,458
4,0 -16.456 8.301 12.660 8.030 —-3.180 ~17.049 -3.186 —~22,481
4.5 —-17.679 9,421 13.877 8.128 -3.178 -7.206 -3.183 —23.593
5.0 -18.941 10.742 15.179 8.236 -3.176 -7.338 ~3.181 —24,783
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(4. 15)

These g factors given in Eqs. (4.13)-(4.15) differ

in part from the corresponding results given by
Grotch and Kashuba.?

The Stark Hamiltonian 3¢s couples 23S and 23P,
and 21!S and 2P, states with Am=+1. The maxi-
mum Stark matrix elements for the n=2 state in
the plane perpendicular to the magnetic field may

be written

Ges)=(e/2m)(PxH T)v,

where

2

(4. 16)

(4.17)

There is no restriction on the value of &z in the
matrix element of 3¢5, Calculations of the effect

of Stark mixing of the »=2 states on the energy

levels of the ground state, and of the Stark mixing
of the n=3 states on the n=2 states, both yielded

negligible results.

B. Zeeman Effect in the Ground State

The ground state of positronium is split into two
states 1S, and 1S, by the fine-structure interval
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Av. The Zeeman splitting appears in Fig. 1. The
theoretical expression!**!* for Av, to order a'lna™,
is

Avy=3 ?R[{- (a/m) (3} +21n2) + } a®Ina? ]
=203.4155+ 0, 0006 GHz . (4.18)

The Zeeman effect in the ground state of posi-
tronium can be used to determine Av, The splitting
Jfo1 between the M =0 and M=+ 1 magnetic sub-
states of the 135, state is related to Av:

fu=tav{[1+@usg'H/MWP]2 -1}, (4.19)

The relativistic corrections to g’(z=1), about 10
ppm, given in Eq. (4.7) are needed to evaluate Av
precisely from the observed transitions fo;. The
latest experimental value® is

AV gpe= 203, 396 2 0, 005 GHz.

The difference between the experimental and theo-
retical values for Av is about four standard devia-
tions of the experimental error. Clearly, a more
significant comparison of experiment and theory

requires the calculation of the a*® radiative cor-

rections and other a*lna~'® terms. (See note add-
ed in proof.)

TABLE IV. Energy levels of the first excited state of positronium: Zeeman and motional Stark effects. 7=0.1eV.

2%p, 23p,

H m=2 m=1 m=0 m=-—1 m==—2 m=1 m=0 m=-1
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -0.980 -0.980 -0.980 ~0.980 -0.980 -5.365 -5,.365 -5.365
0.5 -0.995 -0.633 -0.539 ~0.618 -0.995 -5.838 -5.375 -5.834
1.0 -1.040 0.211 0.411 0.278 -1.039 -6.839 -5,405 -6.851
1.5 -1.112 1.248 1.541 1.429 -1.109 -7.990 -~5.456 -8.062
2.0 -1.202 2,305 2.750 2.691 -1.208 -9.158 -5.528 -9.353
2.5 -1.312 3.312 4.000 4,005 -1.324 ~10.294 -5.623 -10.683
3.0 —-1.434 4,246 5.268 5.347 ~1.456 -11.376 -5.741 ~12,035
3.5 -1.563 5.115 6.532 6.706 -1.600 ~12,.399 -5.884 -13.399
4.0 -1.695 5.935 7.739 8.075 -~1,751 ~13.368 -6.052 -14.772
4.5 -1.824 6.726 8.720 9,452 -1.905 ~14.294 -6.247 -16.152
5.0 -1.947 7.501 9.334 10.833 -2.060 ~15,187 —-6.467 -17.535

23p, 238, 21p, 21s,

H m=0 m=1 m=0 m==-1 m=1 m=0 m=-1 m=0
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -10.851 7.645 7.645 7.645 -3.539 -3.539 -3.539 -17.778
0.5 ~10.946 7.670 7.747 7.670 -~3.419 -3.895 -3.432 -17.873
1.0 -11.233 7.743 8.058 7.744 - 3.286 —4,587 -3.311 -18.160
1.5 -11.717 7.864 8.583 7.865 -3.221 -5.281 -3.251 -18.637
2.0 -12,395 8.031 9.330 8.030 -3.190 -5,883 -3.221 -19.303
2.5 -13.245 8.242 10.292 8.235 -3.175 -6.377 -~3.205 -20.151
3.0 -14,233 8.476 11,452 8.499 -3.167 -6.781 -~3.196 -21.171
3.5 -15.326 8.811 12,776 8.748 -3.163 -7.121 -3.190 -22.344
4.0 -16.493 9,223 14,230 9.048 -3.161 -7.421 ~3.186 -23.650
4.5 -17.714 9.897 15,780 9.372 -3.160 -17.699 ~3.183 -25,066
5.0 -18.974 10.967 17.403 9.717 -3.160 -17.969 ~3.181 -26.571
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C. Zeeman and Stark Effects in the First Excited State

The first excited state, n=2, of positronium con-
sists of 16 substates. The n=2 state is 5.1 eV
above the ground state. This state has not been
experimentally observed.

Figure 2 presents the 16 X16 secular matrix for
the n=2 states of positronium. E,, E,, E,, E,,

E;, and E4 represent the zero-field fine structure
calculated by Fulton and Martin!® (see Table I).
In Fig. 2,

T 1/2.),
F—uBH(m) o’

uz 2
—112be
@ ma (4.20)
and

2 2
_ 33
Q=802

Here we have also included the lowest-order qua-
dratic field-dependent terms that appear in H,, Eq.
3.22),

JCQ=(ez/m)K(l:)2.

The energy levels of the 16 substates of n=2
positronium are illustrated in Figs. 3-8 for vari-

(4.21)

ous values of kinetic energy from 0 to 1 eV. The
zero of the energy-level diagrams is the nonrela-
tivistic =2 Schrédinger solution for a reduced
mass of 0.5m., The energy levels are also tabu-
lated in Tables II-VII. As the kinetic energy of
the atom is increased various degenerate lines are
split. In Fig. 9 the motional Stark effect is ex-
hibited at constant magnetic field (H=1 kG) with
variable kinetic energy.

D. Transitions in the First Excited State

Experiments on the first excited state of posi-
tronium might include observing electric dipole
transitions between the 16 substates., Transitions
between the 2%S, and 2°P, states can be induced by
a microwave electric field. These transitions can
be observed by a change in the ratio of two-photon—
to-three-photon annihilations as a function of mi-
crowave frequency. Transition probabilities for
these E1 transitions are given in Table VIII for
applied magnetic fields of 0.5 and 1.0 kG. In order
to observe a change in the ratio of two-photon-to-
three-photon annihilation the transition rate nrust
be comparable to or greater than the annihilation
rate. For comparable rates an electric field of
from 10 to 20 V/cm is needed depending on the
transition,

TABLE V. Energy levels of the first excited state of positronium: Zeeman and motional Stark effects. T'=0.25 eV,

2°p, 23p,

H m=2 m=1 m=0 m==-1 m==-2 m=1 m=0 m=-—1
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -0.980 -0.980 -0.980 -0.980 -0.980 -5.365 -5.365 -5.365
0.5 -1.018 -~0,656 -0,544 -0.618 -1.017 -5.845 -5.390 -5.834
1.0 -1.128 0.116 0.395 0.278 -~1.123 -6.826 -5,466 - 6,851
1.5 -1.296 1.009 1.513 1.429 -1.282 -7.899 -5.596 -8.062
2.0 -1.476 1.842 2,710 2,691 -1.508 -8.918 -5.785 -9.353
2,5 -1.682 2.560 3.948 4,005 -1.744 -9,.833 -6.035 -10.683
3.0 -1.885 3.174 5.209 5.347 -1.989 -10.637 -6.351 -12,035
3.5 -2.072 3.714 6.480 6.706 -2.230 ~11.345 -6.731 -13.399
4.0 -2,236 4,207 7.749 8.075 -2.458 -11.979 -7.172 -14.772
4,5 -2,375 4,675 8.999 9.452 -2.667 -12.560 -~7.668 ~16.152
5.0 - 2,492 5.131 10.206 10.833 -2.855 -13.107 -8.212 -17.535

23p, 235, 21p, 21s,

H m=0 m=1 m=0 m==1 m=1 m=0 m=~1 m=0
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -10,851 7.645 7.645 7.645 -3.539 -3.539 -3.539 -17.778
0.5 -10.952 7.707 7.785 7.706 -~ 3.401 -3.897 -3.432 -~17.901
1.0 -11.257 7.887 8.215 7.889 -3.249 -4.602 -3.311 -18.273
1.5 -11.764 8.179 8.948 8.175 -3.174 -5.333 -3.251 -18.901
2.0 -12.461 8.561 9.984 8.559 -3.140 -6.004 -3.221 -19.785
2.5 -13.323 9.018 11,294 9.022 -3.124 -6.607 -3.205 -20,913
3.0 —-14,318 9,537 12.822 9.554 -3.116 -7.161 -3.196 -22,259
3.5 —-15.411 10.104 14,515 10,146 -3.114 -7.689 -3.190 -23.785
4.0 -16.577 10.709 16.324 10,796 -3.113 -8.212 -3.186 -25,454
4,5 -17.795 11.345 18.218 11.507 -3.115 -~ 8.746 -3.183 -27,232
5.0 -19.051 12,006 20,173 12.296 -3.117 -9.298 -3.181 -29.094




| oo

HIGHER-ORDER RELATIVISTIC CONTRIBUTIONS TO THE...

T= 05eV

m=Q

Energy (GHz)

637

Energy (GHz)

-10 2%

m=0

m=0
5 25 I 2 3 4 5
H (kG) H (kG)
FIG. 7. Fine-structure energy levels as for Fig. 4 with FIG. 8. Fine-structure energy levels as for Fig. 4 with
T=0.5eV. T=1eV.
TABLE VI. Energy levels of the first excited state of positronium: Zeeman and motional Stark effects. T=0.5 eV.
2°p, 23p,

H m=2 m=1 m=0 m==1 m==—2 m=1 m=0 ==1
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -~ 0.980 -0.980 -0.980 -0.980 -0.980 -5.365 -5.365 -5.365
0.5 -1.057 ~0.692 - 0.552 -0.618 -1.053 -5.856 -5.415 -5.834
1.0 -1.269 -0.,027 0.373 0.278 -1,252 -6.813 -5.570 -6.851
1.5 -1.525 0.683 1.479 1.429 -1.573 -7.789 -5.840 -8.062
2.0 -1.817 1.272 2.667 2,691 -1.917 —-8.635 -6.235 -9.353
2.5 -2.084 1,718 3.901 4,005 -2.260 -9.315 -6.761 -10.683
3.0 -2.307 2.052 5.166 5.347 -2.574 -9.845 -7.407 -12.035
3.5 —-2.482 2,311 6.452 6.706 —-2.846 -10.260 -8.155 -13.399
4.0 —-2.616 2.522 7.752 8.075 -3.074 -10.591 - 8.986 -14.772
4.5 -2,718 2,705 9.063 9.452 -3.261 -10.864 -9.878 -16.152
5.0 -2,796 2.870 10,381 10.833 -3.413 -11.099 -10,818 -17.535

23p, 238, 2'p, 21s,

H m=0 m=1 m=0 m==—1 m=1 m=0 m==—1 m=0
(kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 —10.851 7.645 7.645 7.645 -3.539 -3.539 -3.539 -17.778
0.5 -10,964 7.767 7.848 7.768 -3.370 -3.899 -3.432 -17.947
1.0 -11.298 8.117 8.465 8.122 -3.184 -4.627 -3.311 —18.458
1.5 -11.844 8.665 9.499 8.657 -3.090 —-5.424 -3.251 -19.318
2.0 -12.578 9.353 10.909 9.342 -3.047 -6.218 -3.221 -20.516
2.5 -13.468 10,145 12.619 10.135 -3.025 -7.012 -3.205 -22,013
3.0 ~14.480 11.014 14,546 11.006 -3.013 -7.822 -3.196 -23.755
3.5 -15.582 11.938 16.623 11.936 -3.007 - 8.862 -3.190 —-25.682
4.0 -16.752 12,902 18.806 12.909 -3.005 -9.539 -3.186 -27.747
4.5 -17.970 13.898 21.062 13.917 -3.005 -10,452 -3.183 —-29.912
5.0 -19.224 14.916 23.372 14.953 -3.006 -11.399 -3.181 -32.151
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TABLE VII. Energy levels of the first excited state of positronium: Zeeman and motional Stark effects. T=1.0eV.

2°p, 23p,

H m=2 m=1 m=0. m=-1 m=—2 m=1 m=0 ==-1
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -0.980 -0.980 -0,980 -0.980 -0.980 -5.365 -5.365 -5.365
0.5 -1.135 -0.762 -0.565 -0.618 -1,123 -5.881 -5.466 -5.834
1.0 -1.532 -0.263 0.342 0.278 -1.476 -6.822 -5.785 -6.851
1.5 -2,025 0.242 1.436 1.429 —-1.885 -7.709 -6.351 -8.062
2,0 -2.494 0.637 2.620 2.691 -2,236 ~8.416 -7.173 -9.353
2.5 -2.881 0,925 3.858 4,005 -2.493 -8.945 ~8.212 -10.683
3.0 -3.179 1.139 5.133 5,347 -2.669 -9.336 —-9.412 -12,035
3.5 -3.403 1.307 6.434 6.706 -2.789 -9,632 -10.722 -13.399
4.0 -3.569 1.448 7.754 8.075 -2,873 -9,864 -12,107 -14.772
4.5 -3.695 1.573 9. 089 9,452 -2,933 -10.054 -13.543 -16.151
5.0 -3.792 1.689 10.435 10.833 -2,976 -10.218 -15,014 -17.535

23p, 2%, 21p, 21s,

H m=0 m=1 m=0 m=-1 m=1 m=0 m==-1 m=0
kG) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (GHz)
0.0 -10.851 7.645 7.645 7.645 -3.539 -3.539 -3.539 -17.778
0.5 -10,986 7.886 7.971 7.889 -3.308 -3.904 -3.432 —18.037
1.0 -11.383 8.551 8.932 8.561 -3.050 -4,682 -3.311 -18.814
1.5 -12,014 9.517 10.455 9.537 -2.919 -5.618 -3.251 -20,085
2.0 -12,.839 10.709 12.412 10,677 -2.868 -6.669 -3.221 -21.791
2.5 -13.814 12,005 14,669 11,962 -2.828 -7.829 -3.205 -23.837
3.0 -14.,901 13.382 17.128 13.327 -2.813 -9,083 -3.196 -26.133
3.5 -16.069 14,813 19.721 14,746 -2.807 -10.411 -3.190 -28.605
4.0 -17.297 16,281 22.408 16.203 -2.806 —-11.79%4 -3.186 -31.201
4.5 -18.569 17.777 25.159 17.688 -2.807 -13.215 -3.183 —33.884
5.0 -19.873 19.293 27.959 19,193 -2.812 —14.665 -3.181 -36.632

15 V. SUMMARY
H= 1k6 The major results presented here are the cal-
'OW culation of the relativistic contributions to the
Zeeman effect in the ground state and the first ex-
sl cited state of positronium. I we write the Zeeman
Hamiltonian for positronium as
o %z=3k58'(61-G) H,
- [2R then for all S states
5 -2
; TABLE VIII. Transition probabilities Wand transition
2 -10l2%R frequencies v in the n =2 state of positronium. Win
w units of (10°sec™) (8)2/(V/cm)? for T =0.5 eV.
-15k H 0.5kGV H—l.OkCL
2'S° Transition w (GHz) w (GHz)

-20f ] 238, m=1—=2%P,, m=2 0.268 8.823  0.204  9.386

235, m=1—2%P,, m=0 0.071 8.319  0.041 8.489

298, m=1—2%P), m=0 0,080  18.730 0.067 19.415

-255 05 1 5 2 235, m=0—=2%P,, m=1 0.272  8.540 0.239 8,492
T (eV) 235, m=0—2%P,, m=1 0,155  13.703  0.114 15,278

23Sy, m=-1-2%P,, m=~2 0.245 8.821 0.183  9.372

FIG. 9. Fine-structure energy levels of the =2 state 235, m==1-23P,, m=0 0.177  13.183 0.164 13.690

of positronium as a function of kinetic energy for a mag- 215, m=0—~2'Py, m=1 0.223 14.576  0.109 15.275

netic field H=1 kG.




|co

' 1- 5 a__T )
& =&, 202 ¢ T omd )
where g, is the gyromagnetic ratio of the free elec-
tron and T is the total kinetic energy of the atom.
For Zeeman matrix elements between 2P states
we obtain three g, factors g, &,, and g, given in
Eqgs. (4.13)-(4.15).

The Stark-effect contribution we give is the
‘'maximum Stark effect in the plane perpendicular
to the magnetic field. The corrections to the Stark
effect for »=2 may be written

<5Cs) = (e/zm)( §xﬁ';>77

where

T
- 2_
y=lrda’ =5 .

The g factor for the ground state is essential for
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a determination of the fine-structure interval Av
from the measurement of the Zeeman effect. The
g factors for the first excited state and the correc-
tions to the Stark effect may be of use in future ex-
periments on the n =2 state of positronium.

Note added in proof. The fourth-order vacuum
polarization correction to the annihilation dia-
grams has been recently calculated by D. A. Owen
[Phys. Rev. Letters 30, 887 (1973)]. The contri-
bution to the positronium ground-state fine struc-
ture interval Ay from Owen’s calculation is
-ia*lna"'®. The new theoretical expression for
Ay is

Avp=3a’R [T -(a/7) (2 +21n2) +a®Ina?]
=203.404 GHz.

This new theoretical value of Av is 1.6 standard
deviations of the experimental error above the
experimental value.
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