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By using the method proposed in a previous paper the differential and integrated capture cross sections
for the processes p+ H(ls)—H(nl) + p are computed as a function of incident kinetic energy, for
energies of 25 keV and higher, and compared with experiment. The results are compared with the
Jackson and Schiff scaling rules and are used to compute the total charge-exchange cross section for

proton-hydrogen-atom collisions.

I. INTRODUCTION

In a previous paper! (I) we proposed a method of
calculating cross sections for rearrangement col-
lisions taking into account the nonorthogonality of
initial and final states. We applied the method to
proton-hydrogen-atom charge-exchange collisions
at incident relative energies above 25 keV. In par-
ticular, we calculated the differential and total
cross section for 1s— 1s charge-exchange transi-
tions. The terms in our matrix element which
“correct” for the nonorthogonality of initial and
final states significantly alter the cross section
as calculated using the method of Jackson and
Schiff.? Since the 1s - 1s charge-exchange transi-
tion cannot be observed directly, assumptions con-
cerning the 1s—-nl cross sections are necessary
to compare our results with the experimental data
on the total charge-exchange cross sections Oy
We assumed that multiplication of our ground-
state cross section o, _,,; by the ratio determined
by Jackson and Schiff? from the scaling laws post-
ulated in their paper would lead to a reasonable

estimate of the total charge-exchange cross section.

We found reasonable agreement with the data of
McClure,?® Bayfield,* and Gilbody and Ryding® above
25 keV, below which the Born approximation fails.

In this paper we shall calculate the charge-ex-
change cross sections 0,,_,, into excited states
using the formalism proposed in I and a computa-
tional method that will allow us to calculate the
cross sections into excited states with ease. These
cross sections may be directly observed in the
laboratory by observing the Doppler-shifted rad-
jation emitted from the decay of the excited states.
We shall compare our results with the experiments
of Bayfield® and Ryding, Wittkower, and Gilbody.®
The determination of o,5_,,, will also serve to
check the assumptions that went into determining
Ootar in 1. .

Previous attempts at including nonorthogonality
corrections into the calculation of p +H charge-ex-
change include the work of Bassel and Gerjouy,’

|

Bates,® McCarroll,® and McElroy.!° Bassel and Ger-
jouy’use a distorted-wave approximation. Their
cross section tends asymptotically to the Brink-
man-Kramers!'! result at higher energies and are
larger than experimental observations of the total
charge-exchange cross section at these energies.
Bates® uses an impact-parameter formalism with
straightline trajectories (sothat without further as-
sumptions concerning the legitimacy of extracting a
transition matrix element which depends upon the
scattering angle, a differential cross section can-
not be obtained). McCarroll® applied the method

of Bates to obtain the p +H(1s)~H(1s) +p cross
section. Asymptotically, this result also tends to
the Brinkman-Kramers cross section. McElroy*°
calculates cross sections for p +H(1s)— H(2s) +p
and p+H(1s)~H(2p) +p, using the Bates method.
The results again tend to the Brinkman-Kramers
cross sections. Measurements of the higher-ener-
gy dependence of excited-state charge exchange
have not yet been carried out so there is as yet no
comparison with experiment at these higher ener-
gies and the asymptotic energy dependence of ex-
cited state cross sections is an open question. The
present method for calculating the charge-exchange
processes p +H(ls) - H(nl) +p tends asymptotically
to the Jackson and Schiff cross sections (with

good agreement with experiments on the total
charge-exchange cross section). A close-coupling
method!? for calculating proton-hydrogen scattering
has been used by Cheshire, Gallaher, and Taylor.**
They include pseudostates in order to simulate
some molecular features at small nuclear separa-
tions. An impact-parameter approach with
straight-line trajectories is used. Their results
are in good agreement with total charge-exchange
data. For o0,5.,s their calculations are in agree-
ment with the data of Bayfield* and Ryding et al.®
except at low energies, below about 6 keV and in
the region 15-40 keV. Cheshire et al. drop from
the Hamiltonian the 1/R Coulomb interaction be-
tween the protons. If this term were left out of
the present method, we would obtain cross sec-
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tions not far from the Brinkman-Kramers results.
This problem was discussed in some detail pre-
viously.!

It is useful to review the range of validity of our
method. We are concerned with charge-exchange
collisions involving A and (B +¢) where there is no
long-range Coulomb potential between them. A and
B should be such that they can be considered as
cores with respect to the orbit of the “active”
electron. We should be able to ignore all other
channels except the elastic channel in determining
the charge-exchange cross section into the channel
of interest. That is, to a good approximation, all
but the elastic channel should decouple from the
charge-exchange channel of interest. An order-
of-magnitude estimate of the range of the kinetic
energy for which our method is expected to work
was obtained in I. When A and B are light atoms
we find *hat the method should be valid for relative
energies above 10 keV. This condition is satisfied
in dealing with the processes p+H~ H(nl) +p with
incident proton energies above 25 keV in the lab-
oratory frame, with slow H-atom targets.

II. CALCULATION OF EXCITED FINAL STATES

The transition matrix element for charge-ex-
change collisions into nlm states from 1s states is
given by

Ty =(hgi = Spihig) /(1= 1S4 17),

where the final state f is the nlm state of the elec-
tron about the incident proton A, the initial state
i is the 1s state of the electron about the target
proton B, S;; is an overlap integral, and the #’s
are the matrix elements of the potentials respon-
sible for the charge exchange. Explicit expres-
sions for these terms are given in Egs. (20), (21),
and (24) of 1.

In order to calculate the terms in the transition
matrix element we define, following Sec. III of I,
the vectors'*
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where k; and k 7 are the relative momentum of A
and (B +e) in the initial state and the relative
momentum of (A +¢) and B in the final state, re-
spectively. Conservation of energy requires that
the energy of the initial and final states be equal,
so that for particles of equal mass (M, =Mg=M),

K=k +p, (3)
where
p=M(@B-a) (4)

and 8 and « are the energies of the electron in
the ls and nl states, respectively. Squaring B
and C and expressing the results in terms of the
incident proton energy E, and the parameter X
defined by

r=4(M+1)?sin®36, (5)

where 6 is the c.m. scattering angle, we find to
lowest order in m, /M,

*=E[(1+p/2ME)? +1], (6)
C?=E[(1-p/2ME)+1] . (7

We will need expressmns for ©(the angle between
Cand k,) and|B - C|2. We obtain

EY?(1-p/2ME)

0= ~

cos c (8)
|B-C|2= =0r+ 1)2(k,+k) =4E. (9)
From the expression for IB - Cl2 we conclude that
cos(B,C)=(B*+C?-4E)/2BC. (10)

When the final state is the 1s state, these expres-

sions reduce to the expressions obtained in I.
Also, the azimuthal angle of C when E, defines the
2z axis and the x axis is arbitrarily chosen will be
called &.

B=% -k (1 1 (1) The transition matrix element for charge-ex-
T ‘( Mg +1 >’ change collisons 1s ~nzlm can now be written as
1 (B, ) =20 €0 *un(©)0 0o(B) + (1/27%) ] (d%/8)0 35(C = K 100(B - ) (12)

where

a(n, C?) = - 3(C%+1/m%+1/21%) (13)

and ¢ (p) is the wave function in the momentum re-
presentation. The integral over k represents the
contribution to the transition matrix element due
to the proton-proton potential.

For ground-state charge exchange the simple

@Y1 - [¢%.(Ce B)/(27)°|?] ’

f

forms of the wave functions allow us to evaluate
the integral over k analytically (up to one quadra-
ture) using an auxiliary-integral technique.!:7+15:16
For excited states it is possible to express the
integral over k as a linear combination of terms
involving derivatives of an auxiliary integral with
respect to a parameter a and the components of ¢
[see Eqs. (49) and (50) of I]. The auxiliary integral
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is then numerically integrated. Such a technique
quickly becomes unmanageable for higher excited
states, especially when the correction terms are
included. We choose a different technique which
can be programmed without taking any complicat-
ed derivatives and whose algorithm need not be
changed if we wish to change Z , or Z,, or even
change the wave function.

Let ® denote a rotation of the coordinate system

which takes C—~ C’ and B~ B’ where C’ is along the

-z axis and B’ in the x -z plane (see Fig. 1).
Then we can express T, .(E, A, ®) as

(B") +(1/21r2)f(d3k'/k'2 ) & (C'- k) 100 (B- k)]

H®)am, c?)oX (C’)<p

where!”

DLA®)=(ip |®|1m) =d} (- (1-6))e™"*  (15)
and the sum over p is implied. From expression
(14) we can see that | T, 4(E, X, ®)|? is independent
of &, which means the cross section has cylindri-
cal symmetry. The integral over k! may now be
evaluated. Let x be the cosine of the angle be-
tween kK’ and Z and ¢ be the azimuthal angle of k’.
Then we find

|G/ -k’| =C?+ k2 +2Ckx, (16)

J

1

Tnlm(E’ )\,d)):(

x [a(n, C?) £ 4(C)8, (= 1) f 1o(B)

+ﬂl+m
m

PROTON-HYDROGEN-ATOM TOTAL:* - 2859

FIG. 1. Vectors ]_3: (_J: B, and C". B and C lie ina
plane which makes an angle & with the x-z plane. B’and
C" lie in the x-z plane.

1 a —a +(a® - b?)'/?
P <m+(a2—b2)172>< b

where ©,,(cos6) is defined by the equation

Y, @) =[e™ /(21)V?]0, n(cosb) (20)
and

a=1+B?+k +2Bkxcos(B,C), (21)

b=2Bksin(B, C)(1 - x%)'/2, (22)

N 167224' 11V (- 1- 1)1

"”( e ) n+D)1 (23)

Fu) =it (ETL) / e e1] 2,

(24)

)‘/’100 B)/(zﬂ)alz] ’ (14)
R - (C +kx)
cos(C’'-k ,Z)—m s (17)
|B’ - k’| =B%+k* - 2BE[x(- 1) cos(B, C)
+cosg sin(B, C)(1 - 2)'"2] . (18)

With the expressions for ¢ (p), the integral over
k’ may be reduced to a two-dimensional integral
by working out the integral over ¢ (see Appendix).
The two-dimensional integral is computed
numerically. The final result for the matrix ele-
ment T, is

l—-v-ﬂl- Ve [11_ -imd
1-Ny, f?u (C)fio(B)e?m(COSe)/zrr) ( 217) dum( O)e

C+kx )

°© 1
2, 12 1/2
fo dkf_ldxfm((c +k* +2Ckx) -)91u<(02+k2+20kx)”

)M}, (19)

r

and C%(x) is the Gegenbauer polynomial.
The differential cross section for 1s—n! tran-
sitions

Logent(am () S [ Tunl? (25)
m==1

may now be computed using Eq. (19) for T,;,.(E,
A, ®). By calling the first factor unity in Eq. (19),
and neglecting the last term in Eq. (13) for a(zn,
C?), we obtain the Jackson and Schiff matrix el-
ement. When these approximations are made,

a simplification for the cross section results be-
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cause the D functions satisfy

3> DIRIDILIR) =5, (26)

m==1

Note that if the first term in Eq. (19) is not ap-
proximated by 1, then we cannot use Eq. (26) be-
cause the first term of (19) is a function of m and
the sum over m is weighted in (26). The total
cross section is obtained by integrating the differ-
ential cross section:

27 dos.
s =g | PN

III. DISCUSSION OF RESULTS

A. Differential Cross Sections

The angular distributions for charge-exchange
collisions into various states as given by the pre-
sent calculation (which include the nonorthogonality
corrections) are shown in Figs. 2 and 3. For
charge exchange into the 2s state a dip appears
in the angular distribution, similar to the dip in
the 1s angular distribution.'® The origin of this
dip seems to be the cancellation of the terms in
the transition matrix element due to the electron-
proton and proton-proton potentials. In the for-
ward peak the electron-proton term dominates the
matrix element and at the larger angles, beyond
the dip, the proton-proton term dominates and
gives rise to the tail of the distribution. This may
be understood by noting that the smaller angles
correspond to large impact parameters where the
electron-proton potential dominates. Most of the
cross section comes from the small-angle scat-
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1 2. Is—=2p ot 50 keV Present Result
100 3. Is—=2s of 25 keV Present Result ]
E 4. Is—=2s of 50 keV Present Resull 3
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FIG. 2. Differential cross section for charge exchange
into the 2s and 2p states.

tering region. There is considerable structure in
the angular distribution at angles greater than the
“dark angle.” The 2p angular distribution has a
shallow minimum but nothing like the “dark angle”
in the 1s, 2s, or higher ns differential cross sec-
tions.

The 2s and 2p differential cross sections are of
comparable magnitude, which is the reason for the
scaling of the 2p in Fig. 2. The very steep slope
in the extreme forward direction and then the more
gradual decrease of the angular distribution with
larger angles is a feature present in all the angular
distributions plotted. The cross sections for s
and p charge exchange are considerably larger
than the cross sections for final states of higher
angular momentum. All of the distributions de-
crease in magnitude with increasing E at any
given value of A.

All of the differential cross sections for charge
exchange into ns states have a “dark angle” the
origin of which has already been mentioned. As
the incident proton energy is increased, the dark
angle moves to smaller 6 and the width of the dark
zone decreases. For a fixed energy the position
of the dark angle is not sensitive to the principal
quantum number of the final excited state. That
is, the dark angle for n=2, 3,4, or even 11 (z=4,
11, =0, have been calculated but have not been
plotted) appear at about the same position at a

T T

1. 1s—3s ot 25 keV Present Result
2. 1s—3s ot 50 keV Present Resull
3. Is—3p of 25 keV Present Result E
4. Is—3p ot 50 keV Present Result

S Is—3d ot 25 keV Present Result
6. 1s—3d ot 50 keV Present Result

canad

FIG. 3. Differential cross section for charge exchange
into 3s, 3p, and 3d states.
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given energy. In Fig. 3 we can see that the 3s
cross section has an inflection before the dark
angle. The 4s angular distribution has an even
more drastic inflection (actually a shallow min-
imum for 25 keV) before the dark angle. As the
energy is increased the inflections become less
pronounced. It is the proton-proton term which is
responsible for the inflections as well as the struc-
ture in the angular distribution at angles greater
then the “dark angle”.

B. Possible Observations

All the differential cross sections are extremely
forward peaked. The scattering into one-tenth of
a degree in the laboratory frame where the inci-
dent proton collides with the stationary hydrogen
atom corresponds to scattering into the range of
A< 41 and the structure of the differential cross
sections within such small solid angles is diffi-
cult to detect. Experiments to measure the differ-
ential cross section are feasible, however, by
doing the experiment in a frame in which the pro-
tons are slow and the hydrogen atoms in the 1s
state have large kinetic energies, or in a clashing
beam geometry. The fast-atom-slow-ion config-
uration can be accomplished by passing an ener-
getic proton beam (>25 keV) through a foil to
achieve charge exchange, then allowing the beam
to traverse a distance long enough for most of
the excited states to decay to either the 1s or 2s
state. The beam then passes through a Stark
field to quench the metastables, ionize any re-
maining high Rydberg states, and remove any free
protons or electrons and finally into the collision

IO ] TT l T |Illl T 3
Charge-Exchange Cross Section
L . 2 4
r in [03] ]
- I. Is—2s Present Result 4
2. Is—~2s Jackson 8 Schiff
I ° 3., |s —2p Present Resull -
E 4, |s—=2p Jackson 8 Schiff 3
F o Dota of Boytield ]
~Oo F 4
2 F i
=
=0 =
[} - i
0.01 E - ——:J
£ 2px10 3
+ 4
{ 125 4
ll_LIJLLLll
0.00! 20 40 100
ENERGY (keV)

FIG. 4. Cross sections for charge exchange into 2s
and 2p. Data of Bayfield for 2s contains contributions
from cascade processes.

PROTON-HYDROGEN-ATOM TOTAL- " 2861

region where it collides with a slow beam of pro-
tons. The atoms produced can now be detected
over a resolvable range of angles.

C. Integrated Cross Sections

Figures 4-6 show integrated charge-exchange
cross sections into specified states as a function
of incident proton energy. “Corrected” and
“uncorrected” Born approximation cross sections
are indicated by solid and broken lines, respec-
tively; “corrected” means that the nonorthogonal-
ity terms are retained. The cross sections are
tabulated in Table I. Our calculation using the
Jackson and Schiff matrix element agrees with
that of Mapleton' for the energies and states for
which our calculations overlap. Figures 7-9 in-
dicate the ratio of the difference between corrected
and uncorrected cross sections to the uncorrected
cross section as a function of energy. The non-
orthogonality corrections become less important
as the energy increases for each of the final-state
cross sections and as the angular momentum
number of the final state increases.

Figure 4 plots the data of Bayfield® in the energy
range where our method is valid. The data of
Ryding, Wittkower, and Gilbody® have not been
plotted because theirs is a relative, not an abso-
lute cross-section measurement. If their data is

10
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FIG. 5. Cross sections for charge exchange into 3s,
3p, and 3d.
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FIG. 8. (0—0c 75)/0’S for 3s, 3p, and 3d cross sections.

radiation resulting from Stark quenching, so that
the observed Ly-a radiation contains contributions
from cascades out of higher states, as well as
from direct capture into the 2S level. This cas-
cade effect can be taken into account by multiply-
ing the charge-exchange cross section by the
branching ratio from the higher excited states to
decay into the 2s state. We denote this additional
2s contribution by R and define A to equal R /0(2S)
and P(a— b)/2 P(a) to be the probability of state

a decaying to state b. Table II indicates the form-
ula for R and tabulates A as a function of energy
for the corrected calculation and the Jackson and
Schiff calculation. Figure 10 shows the cross
section 1s - 2s including cascade from higher
states,

01525 =0(28)(1 +A).

It is interesting to take the ratio

n

ia(nl)/z o(21)
= 1=0

1=0

PROTON-HYDROGEN-ATOM TOTAL: " 2863
T T T
0.251- I Is—4s .
2. Is—4p
3. 1s—ad
0.20F 4, 154t

q
0.0~

| 1 | Il
25 50 75 100

ENERGY (keV)

FIG. 9. (0—07'8)/0%S for 4s, 4p, 4d, and 4f cross
sections.

so that a comparison can be made with the postu-
late of Jackson and Schiff that this ratio should be
(2/n)® regardless of the energy of the incident pro-
ton. Values are given in Table III and the results
are plotted in Fig. 11.

The total charge-exchange cross sections into
all states (through n=4) are given in Table I and
Fig. 12. The agreement between the present the-
ory and the experiments of Bayfield,* McClure,?
and Gilbody and Ryding® is good. Including states
of n>5 will not raise the total cross section sub-
stantially. The agreement between theory and ex-
periment is better here than when the Jackson and
Schiff scaling laws are used to take the excited
states into account.?

IV. CONCLUSION AND REMARKS

Agreement between the present theory and the
experiments on total charge exchange and charge
exchange into the 2s state is very satisfactory.
The orthogonality corrections and the calculations

TABLE II. A=R /o(2s) as a function of E (in units of keV), where

P(4s—3p) P (4d—3p) \P(53——3p)\P(3p—>Zs)

R= <"‘31’)+"‘4S’ S pas) ) S5 paa) TS Pes) PG
P(5s —~4p) P (4p —2s) P (5p —~2s)
+ <a(53)———EP(53) +0(4p)> E P(ap) +0(5p) E P6p)
Energy (keV)
25 50 75 100 125

Present
calculation 0.082 0.092 0.086 0.075 0.062
Jackson
and 0.089 0.094 0.087 0.075 0.062

Schiff
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FIG. 10. Charge-exchange cross section 1s —2s in-
cluding cascade from higher states. Curve 1: present
result; curve 2: using the Jackson and Schiff matrix
element; O: data of Bayfield.

for capture into excited states yield results for the
total charge-exchange cross section which lie on
the data points for incident proton energies of 25
keV and above. The calculations of Bassel and
Gerjouy and the calculations based upon the Bates
method performed by McCarroll and McElroy are
higher than the experimental data above 100 keV.
The results of the calculation of Cheshire et al.
are a little below the total charge-exchange data
but are in good agreement with it. For capture
into the 2s state we obtain good agreement with
the data of Bayfield* which are absolute cross-
section measurements, and with the data of Ryd-
ing, Wittkower, and Gilbody® when their relative
crogss-section data is normalized to our result

at 43 keV, as mentioned in the previous section.
The calculations of Cheshire et al. for capture in-
to the 2s state are in better agreement with the
data of Ryding et al. if Ryding’s original normal-
ization is used. Measurements of 0,;at higher
energies are still necessary to determine the correct
asymtotic energy dependence. Experiments to de-

8
I I I I T
0.5 1. %3-;) Present Result
) 2. 28 Jackson and Schiff
3.5—.{%} Present Result
04 4, %;; Jackson and Schiff |
1
0.3<5 E
0.2~ —
-3
4
0.7, 1 ! ! !
25 50 75 100 125

ENERGY (keV)

FIG. 11. 0(3)/0(2) and 0(4)/0(2). Jackson and Schiff
scaling rules compared with the results of the present
calculation.

termine o,, above 25 keV are also called for. To
test the theory properly, differential cross-sec-
tion measurements are crucial.

With the very real possibility of the construction
of a 100-keV proton scanning microscope®? capable
of reaching resolution in the 1-A region and using
charge-transfer processes to provide a component
of the information that is used in the assembly of
the “picture” of the specimen, the theory of
charge-transfer processes in this energy range
takes on new importance. Before charge transfer
from molecules with complex structures can be
understood we must be able to understand the the-
ory of the simplest charge-transfer processes.

It is hoped that this presentation has helped in
some measure to the understanding of simple
charge transfer.

We are presently applying the method proposed
in I to calculate the charge exchange into high
Rydberg states in an attempt to explain the data of
Barnett, Ray, and Russek.?® We shall also apply
the method to calculate the ionization cross sec-
tion in the forward peak measured by Rudd, Sau-
tter, and Baily.**

TABLE IMl. Ratio of cross sections ) ,0(nl)/ Y} 40(20).

Correction terms included

Uncorrected Born approximation

Postulated
Jackson and Schiff

Energy (keV) 25 50 75 100 125 50 75 100 125 scaling rules
0(3)/a(2) 0.297 0.343 0.374 0.362 0.342 0.308 0.344 0.374 0.362 0.340 0.296
a(4)/0(2) 0.161 0.159 0.166 0.171 0,159 0.172 0.162 0.167 0.171 0.159 0.125
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APPENDIX

The integral over kK’ may be written in terms
variables defined in Eqs. (20)-(24) of the text as

é:’: (Pnlm(c K')(Pmo(B -k

-(32)" f 25 R

X 6 m(cos(C’ =K, e ™ £, (1B ~F'|). (A1)
using Eqs. (18) and the form of f,,(x),
fm(x) = 1/(x2 +1)2 )

we obtain for the right-hand side of (Al)
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FIG. 12. Total charge-exchange cross section. Curve
1: present result with calculated excited-state charge
exchange included; curve 2: Jackson and Schiff with ex-
cited-state charge exchange included; O: data of Bay-
field; O: data of McClure; A: data of Gilbody and
Ryding.

N, \ V2 1 C+kx
_1)i+m|{Dap 2 2 o
(-1) "(zﬂ > faw [ 5L ((C* 4R +2Ckx) )"""(W)
am tmp 1 2
), dpe {1+B* +F* +2Bkx.cos(B, C) -~ 2Bk sin(B, C) (1 - x*)*/2 cosp}* 4%

The integral over ¢ is in the form

9 27 eimp
Efo do a+bcosp’ (a3)
where a and b are given in (22) and (23) and a> | 3|

>0. Letting z =¢'? and performing the contour in-
tegral about a circle of unit radius, we find after

2m ime
,[, d‘p( +bcos¢)5

some algebra

21 elnw _ 21’. _a+(a2 - b2)1/2 Iml
j; d¢a+bcos¢—(a’-b’)"’< b ) ’

(A4)

Differentiating with respect to a in (A3) and using
the result in Eq. (A2) we obtain Eq. (19).
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