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The thermodynamics of fermions in one dimension with a repulsive 8-function interaction is analyzed
in some detail. The excitation spectrum at finite temperature is also derived. It is shown that the

spectrum can be classified into two types of excitation.

I. INTRODUCTION

In a previous paper' [which we shall call I, and
whose equations we shall refer to as (I.1), etc.]
we have obtained the thermodynamics of fermions
with repulsive 5-function interaction in one dimen-
sion. The difficulty with this problem lies in
finding all the solutions of Eq. (I.2) and the cor-
responding quantum numbers. It turns out that
the ansatz (I.3) resolves this difficulty. The A’s
lie in strings in the complex plane, and they are
fermionlike, so that the quantum numbers can be
assigned to them by a continuity argument with
respect to the interaction strength. In this paper,
we will show that the ansatz is indeed consistent
with the integral equations thus obtained. Special
cases of these equations are worked out in greater
detail, since they can be used to make the Ansatz
plausible. The excitation spectrum at finite
temperature is also derived, so that the meaning
of the € and ¢’s will become clear.

II. FORMULATION

The Hamiltonian for the system is the same
as in ],

N 82
=—‘Z — +2¢ Z 8(x; - x,), ¢>0, (1)

i=1 ox, i>§

and the energy levels are determined by the
algebraic equations

ipL - =p+AN —ic .

¢ I;\I <—p +A +ic)’ (2)
=p’ +A —ic’) _ A" +A —ic .

g(_PI+A+ic’ —IA-'I A’ +A +ic ’ (4 2C .

(3)

We again make the Ansafz as in (I.3) ¢hat the A’s
are located in strings in the complex plane. Fur-
thermore, the strings are fermionlike, by which
we mean the A’s in a string C(&,m) are of the

|eo

form
C(g,m): A=k, g+3iuc+5,, )
p==k=1),...,n-1),
and
6“=O(e""").

From Egs. (2)-(4), we derive the following
equations:

Z,: e<§m.u"7—.£.> =211Jma+z Z [

Cc(g,n) B=1

Xe<%m), (52)

pL=27I+) e(ﬁd;—"k), i=1,...,N, (5b)
n, B

where ©(x) =2tan™(2x/c). In the limit L,N— «
proportionally, Egs. (5) become integral equations,
as in (I.7):

S o (538) o) dp =210, 00) + T

* o (E=5) o enar
x[ "o <n_,)o"(.s g’

(62)
1=2160+p- % | e'<"‘£')o,(g')ds'. (6b)

n

The Fourier transform of Eq. (6a) is

plwe bl =5 +5, .+ Z @y SEO( = 1)5, 0™ "= D]
nl

=G n+ 3 coth|nw| (el
v
—emnlme ey, (M

This can easily be converted into
(Gpp +0,p)2 COShNW =T sy 4 +G e n» (8)

where G,, is defined as p. The Fourier transform
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of Eq. 6(b) is lmT ¢, /n=r>0, (12)
n-—e
dw) =p+P,— E e-vn|w|(-,” the G’s are operators as defined in (I.11). The
27 " thermodynamic quantities can finally be expressed
=b+b,,-%coshnw(e"’""|f) -5y, ©) in terms of the € an'd ¢’s (1.17). In particular,
the pressure P is given by
where (8) has been used to obtain the final resulit. -
From Eqs. (8) and (9) one can easily obtain the p:zl.f In(l+e~ /T dk. (13)
7r ©

integral equations (I.10):

- It will be seen in Sec. V that the € and ¢’s can be
1/21=p+p,—(1 /22[ G,(p —=k)pdk interpreted as elementary excitations.

+(1/2) f N Golp - k)0, 4, (10) III. CONSISTENCY OF ANSATZ

- It is not easy to solve Egs. (2)-(3) exactly
0, +0, 4= (l/2)j G0 = -)Ops1 4 +0p-1, )R, n=2. when N is very large, but asymptotically (L >1)
- the Ansatz (4) seems to be a correct one. An
Ansatz of this kind was first used by Bethe? in
Now if one defines 6,/p=¢<®7, 0, ,/0, = e®n®/T, the antiferromagnetic chain problem. A similar
and minimizes the free energy in the standard way, assumption was also used by us in obtaining the
one obtains (I.15) for the € amd ¢’s: ground-state energy of the attractive case of the

A=pi—c —iGI In(1 +¢-</7) ——1—G present problem. In this paper, we would like to

2T 27 ° show that the ansatz is indeed compatible with
xIn(1 +¢°VT), (11a) the equations derived in (6).
Let A be in a string C(¢,m)
-ico[ln(l +€9YT) ~In(1 +e- /)], (11b) P

=£+iun+56,.

_— n- / on+y/
On G"[ln(l +e%n=VT) +In(l +e - (11c) Substitute the above into Eq. (3) and take the
With an asymptotic condition absolute value of both sides. One then obtains

3 PP D 10,= Oyl * T E=E P+ — i P (BB~ = 1P
(5‘?)2"'(}1 '*'1)2772 5u-5u+2 (E"g')z"'(l/""l»" -1)2772 (E-E')2+(V'+ﬂ+1)2"2
Y ZHH(E,i’, Vo =1DH(E &, v, p+1). (14)

6;1-6“4-2 e’

v’

(Here we assume y <m —1; for p =m —1 the procedure is similar.) When L is very large, the logarithm
of the above can be written

: - [Pl =1 ) 4

2 8,=0,p
(E-pP+(u+lyg P

6 u=Ou2

-3 [ e, &, vy - 1) I, €, v+ Do)

=97 f % (e—(un) nw _ e-(u—l)ﬂw)b(w)eiwgdw

-2 f% (e'|(#+ v=Dnw| 4 o=1 v 1)mwl — e~ -1 1w —e‘l(“"'”)”“’l)&(w)e“"gdw . (15)

Now by Eq. (9), the right-hand side of Eq. (15) can be simplified to

2. 19,— 6":3 27 sinhpw
-_— it 714
L rl» 6 - 6 w coghnw [om-l h(w) +°'u—1 h((.l))] dw

= =2 f ”lncoth"l—i;—é'—' (01, a(E) +0o g ((E)]dE = -2k <0.
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This is consistent with the ansatz that §, is of the
order O(e~*L). It can be proven that the number

of solutions is given by C§ - C¥_,. This is just the
dimension of the irreducible representation

(N -M, M), as if all solutions are to be obtained.
The proof will not be given here since it has been
presented by others?:® in similar cases. In the
following, we will solve Eq. (11) for special cases;
the results will confirm the ansatz in all cases.

IV. SPECIAL CASES

A. ¢c=0
As c¢—~0 one has G(p)- 6(p), and (11) becomes

=p2 _ __l_ -€/T __]_'_ )/
A=p*—-¢ 2Tln(1+e )-ZTln(1+e VT, (16a)

1 N
$1=5= In(L+e%/) -%1:;(1 ree/T), (16b)
and
¢"=%‘ln(1 +e¢"+‘/7')+2—17;1n(1 +e%-/T) n=2.
(16c)

One can easily show that (16c) has the solutions

1 +e®/T=ginh?(\n + p)/sinh? , amn
with

lim¢,/n=AT=B.

n—+e
Then by (16a) and (16b):

sinh? /sinh?\ = (1 +e~¢/T)"1 (18)
and

sinhp/sinh(x — p) = e 4+#2)/T (19)
which determine u by

sinhy sinha

coshy coshx +e4=#/T (20)
Now (1.16) gives
_ l e(4-1/Tginha

Omh™ 7 [cosha + @ P/T]E _ginh®a

cosh(nx +pu)

sinh(nx +p) ’ (21)

_1 -A +p* -B\]™*
P=5r {l:l +exp<—————T )]
- 2 -1
+ [1 +exp<A—+T2—+£>_J } , (22)

and

N -2M

=1im f O w(E)dE

i {2 2]

- [1 +exp<i+;it—8—)] -l}dp .
(23)

Equations (22) and (23) are precisely the distribu-
tion function and magnetization for a free fermion
gas in a magnetic field.

B. c=joo

As c— =, the integrals [ G,In(1 +e~¢/T) dk and
/ GIn(1 +e~</T) dk in (11a) and (11b) do not contri-
bute, allowing ¢, to be a constant. This leads to

(1 +e®/T) =sinh?[(n +1)r]/sinh?x , (24)
e€=p*-A - T1n(2 coshxr) (25)
and
p=(1/2m)(1 +e/T)?, (26)
N-2M_ -1 -e/1y-12€
T g | e
=§117 f_: tanha(1 +e€/T) gk . (27)

Equations (26) and (27) are precisely the distribu-
tion function for free fermions where each energy
level can only be occupied by either a spin-up or
a spin-down particle. In fact, as the interaction
strength ¢ - «, the exchange force due to the
symmetry of the wave function becomes unim-
portant and both species behave the same.

C. Limit 7=0

From Eq. (11), we have ¢, >0 for n>2. Assume
that € and ¢, are monotonic increasing functions
such that € has zeros at p?=Q® and ¢, has zeros
at £2=R?. This implies that T-0:

p=0 for p*>Q*,
py=0 for p*<@*
and
0,=0 for £2>R?, (28)
0,,=0 for t*<R?,
0,=0 forn=>2.
Then Eq. (8) would give
Gpn2 COShNW =Gy 1y +Tporpy M=2, (29)

which has solutions
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a,,.h=e“""”""‘" 01y (m=2). (30)
For m =1, Eq. (8) gives

(&, +5,,)2 coshnw =5,, +p=¢""1*!5,, +p

or
8,,= =0, +e "vlp —e2nluls | (31a)

Substituting the above into Eq. (9), one obtains
6(w)/21=p+p,—e w5, . (31b)

Equations (31a) and (31b) are integral equations
of the form

Q R
0, = f—Q Kpdp - '[R K,0,dt (£2<R?%), (32a)

p=-—1—+fRK o dt (p?<@?) (32b)
21' _® V1 ’

where K,, is defined as

2mc

TG 33)

K, (p,q9)=

Equations (32a) and (32b) are just the equations
obtained by Yang* for the ground state.

D. Second Virial Coefficient

The fugacity expansion can be obtained as
follows. Let

e /T=3" Ak, T)2", z=e4/7,
n=1

(34)
e¢”/T=b,,(k, T) +Cy(k: T)z +dy(k’ T‘)‘z2 teee.
Substituting the above into (11) yields
InA, +p?/T =3G1nb,,
Az/A1 = %GIAI +%G(C1/b1) (35a)

and

In(, -1)=4G(nb,_, +Inb,,,), b,=1,  (35b)

Sn 1/~  Cani Co - _
b"—l 2G<bn—l +bn+1>’ bo Al.‘ (3SC)

Equation (35b) has the solutions
b, =fZ=[sinh*(n +1)x]/sinh®x . (36)

The the Fourier transform of (34¢) will be the
difference equation

[ = 1 /e y+l >1. (37
Sv-1fvir ZCOShTI"’( u+1>’ va1, (1)

whose general solution is

loo

-vlwal)

¢, =A(w)(fufu—1e-(u+2)|nwl ~fufusei€
B,y PN, evlenl) . (38)
The initial condition ¢,/b, = -A, gives
Z, =;il(e-3|nwl ~f,e~Inely

and finally from (35a) one obtains
Acfe P, Ay=e T [Ke Py, (39)

For simplicity, let B=0 (»=0), then the pressure
is given by

P=(T/2m) fAlz+(Az —1A%)2% +

“lomys/ oz se(-2e pe [y

xe"’z/"dp> F ] . (40)

This agrees with results obtained by standard
methods.

V. EXCITATION SPECTRUM AT FINITE
TEMPERATURE

A. Excitations

In the following pages, we shall derive the
excitations at finite temperature. The result
to be obtained in Eq. (69) shows that the € and
¢’s in (11) can be regarded as the energy of these
excitations. Let us first consider a state with
primed I’s and J’s satisfying Eq. (5):

piL= 2”’*‘29( ;”‘) (41)
% o () sauer £ X awo (M),
but with

Jr’naszou

(42)
Ij=1,, exceptj=y.

We may call such a state a p-type excitation

as only the quantum number for a particular p

is changed in (5). To find the momentum difference
and energy difference between the two states

(5) and (41), one may proceed as followsS: Assume
that P,, ¢,, and P}, &/, are approximately the
same (except j=vy). Write

(P,Il -P;)L=f(Pj), J*y
(43)

(g;la - gma)L =gm(Ema) ’

and subtract (5) from (41), obtaining, as L- «,
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0= % [ o (S72) tento) -r0loy(e)
x [0 (552) lan® -1y
+0 <€ :nP‘r ) -e (5 ;11’7)

= ’ E-¢ ’ ’ ’
-3 s [0 (525 lantt) -£1(6Ner (6
(44)

Now define
X®) = +p)f®), n(E)=(0, +0m »8M(E),

and use (6) to evaluate the coefficient of f(p) and
8n(£) in (43). Writing our equations in operator
form, we have

X /X Yeyps
o, a, 0

. =G : +G, ; (45)
a, a, 0

0 K, K,
K K K, ,
G, = tee  eee ese e . , (46a)
K, K, K,,"
(1+e</n)
(1+e®/T)1
&= ‘. ) (46D)
’
(1+e¢"/7')"
Kn.m= - Z: anlen‘l ’ (460)
1

Doy, is a block function,
U (@) =1 for pE[py,p}]
=0 otherwise. (47)

Note that K, =K, . Now the momentum dif-

ference and energy difference between the states
(5) and (41) are given by
aP=3 () -p)=py=by+ | F@p()dp, (48)
AE=) " (p3 - p?)

=p3 -p% + f :f(p)zpp(p) dp. (49)

Similarly, we may consider a state whose primed
I’s and J’s satisfy

n=I,,
Jha=Ines €Xcept a=y (50)

for a specific m. The x’s and a’s satisfy the
integral equation

X X 0
o, a, :
0
=G +G
@, oy O | Vemythy | - (51)
. 0

Or more generally, we may consider a state
where say, two of the £,’s become a string of
order 2. That is, the J,’s are v, —2 in number,
and the J,’s are v, +1 in number, and

Jiq=d,q €xcept a=y,y’,

(52)
J3q=Jpq €Xcept a=8.
In this case, the y and o’s satisfy
X X 8o
a, Qa, F4
=G ‘ + ’ 1) (53)
@, a, Em
where
218, =e(§3_ﬂ2-_17> ‘9(517’ -p) -9(517 -p),
(54)

2"gm= Z am2le (%%ié_ﬂ)
1
- IE s [e (51'_521) +0 (5{‘_5;’)] :

Excitations for strings of other orders can be
written down similarly. One may call states

(50) and (52) ¢-type excitations as only quantum
numbers for £’s are changed in (5). Equation
(49) may be designated as ¢, type and Eq. (52)

as ¢,-£, type. In Sec. VB, we are going to prove
that for the p-type excitation,

AP:ho(p-’y) -ho(Py) s . (55)
AE =€(p}) -€(p,), (56)
where

o) =p-Y [0 (’3——;£> o,()d,
€(p)=€(p) +A = TIn(2 coshBT).

(67)
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(B is the magnetic field.)' For the &,-type excita-
tion of (50), we will show

AP=h,(£) (¢, , (58)
AE = a;m(Erln‘y) - $m(£mr) ’
where

hale)= [ © (52) e a0

-3 Gy fe(fl:‘gl')a,,(g')dg', (59)

BmlE) = PlE) = Pp(). (60)
Similarly, for the excitations of (52), we will show
AP =hy(&p) =hy(£,)) =Ry (E1y) (61)
AE = $,(E36) = By (E1y) = B1(E1y) - (62)

B. Momentum Difference and Energy Difference

To prove Egs. (55)-(62), we rewrite (4) as

P+pPy P+pys 1/2m
0,%0, 0,+0y, 0
=G + ,
0'n"“anll 0

0,, +0nh
63)
Let L be the resolvent

1+L)1-G)=1. (64)
Then Eq. (63) gives

ap= [ Qe g+ T Lo 0)e0)| 0
i . i

C. K. LAI

|oo

1/2w
0

pP+py
0,40y,

=(1+L1) (65)

Also it can be readily shown that € and ¢’s satisfy
integral equations of the same form as (63) [if
one uses Eq. (63) in minimizing the free energy
rather than using (1.10)]. One may thus obtain

3¢ 3\ ,
ap op | 2
%9, 29, 0
o 0
_' =G +| . (66)
¢, 8¢, 0
8¢ 13

Now let us prove (61). Equation (53) gives

X 8o
ay &1
=1+r)| - . (67)

As G, is symmetric, one can easily show that

®(p)L(p,q)& (g) = L(g, p), (68)

where L is the transpose of L. Then by use of
(48), (67), (68), and (65), we have

= f"’ (1 +e€/T)-lgodq + Z f ”Ljo(q;P)‘I’;jl(Q)g/q((I)dq
-0 I -0

) J: (1 e/ Ty +f_ (210 +0y) - 1)(1 +e/N g, dg

+ Z£ 21(0; +0,,)(1 +e*/T) g dg
’ «©

=f 2mpg,dg + Z f 2mo,g,dq ,
- 7 -

which yields Eq. (61) by the definitions of (54) and (59). The other equations (55)—(62) can be derived in
the same manner. Now it is easy to see that for a finite number of simultaneous excitation, one has

AP =37 [1o@h) ~hoba)] + 2 hplEng) = D pe(Ery),
o m m’ (69)

AE = Z [g(P:x) - E(puz)] + Z am(gm B) - z; Em’(ﬁm'y) ’
with Sm’ =5m.
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C. Limit T=0

We go to the limit 7=0 to obtain a qualitative
picture of the excitations. From (I.15), we have
¢,=>0 for n>2. Thus g,=0(n >2) in the limit
T =0. Thus, in the ground state, there are no
strings of order higher than or equal to 2. How-
ever, for low-lying excited states, such higher-
order strings will be present. Then from (66)—
(68), we will have

_1_ R 2 2
P=37 +[RK1°1d§ ®*<@?)
Q R
01=f Klpdp-f K,0,dt (£2<R? (10)
-Q -R
Q
0"".:’[-0 Knpdp

- fn Koy +K,_)o, dE n>2),
-R

where K, are the kernels defined by (46). Similarly
(45) becomes

R
X= f K,a,dt,
-R
Q R (71)
a, = f K, x,dp - f K,a,dt +(2m)™!
-Q -R
[0 - £) -0 (p, -], ete.
Let us assume that R~ 0 so that M/L is propor-
tional to R. For a p-type excitation near the

fermi level (p'7=Q +k,p, =Q), Egs. (70) and (71)
yield, to the lowest order in AP,

o]

where »=N/L. Similarly for the ¢, -type excitation
near the Fermi level £=R(¢,, =R +k, £,, =R), one
readily obtains, to order O(AP),

AE _M o (ian-1217 __27Cr -1 21\
AP L" (tan P Cz+4"272>.<tan c ) .

(73)
Equations (72) and (73) are quasi-particle-like
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excitations near the Fermi level. For the excita-
tions of Eq. (52), let us take &1y ==&, =R, and
£,5=£~0. One then obtains

AP=¢ l}tan“"—:-zc-ﬂ+0<n—l>] ,

L
AE = 1 ((c2 +4m%y?) tan™! 2mr
m c
-(2¢? +21r2r2)tan"zrcl>
2 _,Tr m M
o[ o)) e

Eliminating &, AE is of the form
AE =a +b(AP)?, (75)

where a,b are constants. Thus Eq. (75) corres-
ponds to collective excitations. If one recalls
that when ¢ - «, (5) is identical to the algebraic
equations of the Heisenberg chain,® then it is
reasonable to identify these as spin waves.

VI. CONCLUSION

We have shown that the Ansatz used to derive
the integral equations are compatible with these
equations. Special cases of these equations are
solved and they all give the correct results. Thus,
it is very likely that the Ansatz is a correct one.
We have also computed the excitation spectrum
of the repulsive fermion gas at finite temperature.
We may classify an excitation as either of two
types: p type and ¢ type. Thenh,, € and
hy, ¢;(R>1) can be regarded as the momentum
and energy of these excitations, respectively. At
T =0, the p-type and &,-type excitations are like
quasiparticle excitations while £,-¢, type are like
collective excitations, analogous to spin waves
in antiferromagnetic chains. One can apply the
same procedure to the attractive case; the result
will be published elsewhere.
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