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Angular distributions of electrons ejected from helium by proton impact are calculated in the

plane-wave Born approximation using bound and continuum electron wave functions obtained from a
Hartree-Fock potential. The results of this calculation are compared with experimental data and good

agreement is found when the relative electron-proton velocity is larger than the proton velocity. The

good agreement observed for large angles of the ejected electron is to be contrasted with previous

calculations, which fell lower than the large-angle-scattering experimental data.

I. INTRODUCTION

Comparison of theoretical and experimental
angular-distribution results can yield valuable
information about various theoretical approxima-
tions. Over the last several years, a wealth of
information has been compiled comparing experi-
mental total cross sections (integrated over ejected
electron energy and angles and projectile angles)
with various theoretical predictions. By studying
angular distributions, it becomes possible to gain
insight into the strengths and weaknesses of these
predictions.

In this paper, we shall examine the problem of
angular distributions of electrons ejected in ion-
izing collisions between 0.1-2-MeV protons and
helium atoms. Doubly differential cross sections
for ionization of helium have been experimentally
measured by Stolterfoht, ' Rudd et al.s and
Toburen. ' These experimental measurements
have been compared with various theoretical pre-
dictions of the plane-wave Born approximation
(PWBA)'~ ' and the binary-encounter approxima-
tion (BEA)"'. The procedures used in obtaining
the various PWBA angular distributions for helium
varied from scaling the results for hydrogen2 to
representation of the ground state of helium by a
12-term correlated wave function. ' In the case
of the BEA calculation of Bonsen and Vriens, '
five different wave functions were used in ob-
taining the necessary velocity distribution. Com-
parison of the various theoretical predictions with

experimental results exhibited a common feature:
The theoretical values agreed fairly well with the
absolute measurements for ejected electron angles
near the conservation of momentum-energy peak,
but large discrepancies often occurred for angles
away from this peak. The most pronounced dis-
agreements were seen at large angles, where
the BEA calculations, for example, underesti-
mated the data sometimes by orders of magnitude.

For small angles of the ejected electron, the-
oretical predictions were generally lower than

the experimental data, with the largest discrep-
ancy occurring when the velocity of the outgoing
electron and proton was comparable. This obser-
vation led Oldham' to suggest that the disagree-
ment between theory and experiment at small
angles might originate from a final-state inter-
action between the outgoing electron and proton.
As a result, Salin, ' Macek, "and Bonsen and
Banks" reformulated the problem including an
asymptotic three-body interaction. Salin gen-
eralized the theory of Rudge and Seaton" for in-
cident electrons to incident heavy particles, Macek
used the first term of the Neumann expansion of
Faddeev's equations, and Bonsen and Banks used
a classical three-body approach. These treat-
ments gave improved agreement with the experi-
mental small-angle data. They did not, however,
improve the disagreement noted for large ejected
electron angles.

At large angles, the theoretical predictions con-
sistently underestimated the experimental data.
Since fairly accurate bound-state wave functions
had been used in these calculations, it was as-
sumed that the disagreement arose from a defi-
ciency in the theories. Consequently, Oldham
and Miller' attributed part of the problem to ne-
glect of contributions from events which leave the
atom in an excited state. Salin" examined the
amplitude for ejection of the spectator electron
due to correlations between atomic electrons.
Bonsen and Vriens' investigated the effect of
atomic distortion caused by the incident proton
in their calculation. The poor agreement at large
angles obtained in the BEA calculations of Bonsen
and Vriens" led them to conclude that large-angle
ejection must be a quantum-mechanical phenom-
ena.

In this paper, it will be demonstrated that the
PWBA will give good agreement with experimen-
tal measurements if good wave functions are used,
not only for the initial state but also for the final
state. In previous PWBA calculations, continuum
wave functions have been assumed to be hydro-

2449



2450 D. H. MA D ISON

genic. In one calculation, Oldham' replaced the
l = 1 part of the hydrogenlike continuum by a
Hartree-Fock continuum. This alone was suffi-
cient to improve agreement between theory and
experiment at large angles. We shall show here
that calculation of angular distributions of ejected
electrons in the PWBA using bound and continuum
wave functions calculated as eigenfunctions of
a Hartree-Fock potential will yield good agree-
ment with experimental data at all angles for which
the relative electron-proton velocity is larger than
the proton velocity. In Sec. II we discuss the the-
ory and Sec. III contains the results and conclu-
sions.

the wave function must satisfy the usual incoming
wave boundary conditions. If 4, and 4& can be
expressed in terms of products of orthogonal sin-
gle-particle wave functions, it can be seen that
(2} reduces to

F~; =(Uy $, r) I
e' ' '

I U, (r)}, (3)

where U ~ is the final continuum wave function
for the ejected electron of wave number k, and
U& is the initial bound-state wave function. In
obtaining (3), it was also assumed that wave func-
tions of the nonparticipating core electrons were
unchanged by the ionizing collision. The initial-
state wave function is given by

II. THEORY

In the PWBA, the triply differential cross sec-
tion (differential in energy and angle of the ejected
electron and angle of the projectile) for ionization
of an atom initially in state i and finally in state
f is given in atomic units by""

ft (2~9/V', ) I Ffj (e, 0&, &., II.) I'

x q 'd(inq') dP~ dE, d&, ,

where Z~ is the charge of the incident projectile,
V is the initial relative velocity of the projectile-
target system, q is the magnitude of the momen-
tum change of the projectile, P~ is the azimuthal
scattering angle of the projectile, E, is the ejected
electron energy, and Q, is the solid angle of ob-
servation for the ejected electron. The cross sec-
tion is expressed in a coordinate system attached
to the target atom. The form factor is given by

/

Here N is the number of electrons initially in the
atom, +& is the properly antisymmetrized initial
atomic wave function, and 0 ~-~ is the properly
antisymmetrized wave function for the combined
atom-outgoing-electron system. The minus super-
script indicates that the continuum component of

U, +& $ r) =(kv)-'~'r '

where

y, (k, r}=e'&'~' &&

xsin[kr -k 'ln2kr —2(fn'}+o, +6, ] (6)

and

U *(R, r) =U&' (-k, r). (7)

Here o, is the Coulomb phase shift" and 5, is the
phase shift originating from the non-Columbic
portion of the potential used in the calculation of
the continuum wave function. The wave function
in (5) is normalized to 5(F.,' E, ). -

If (4)-(7) are inserted into (3) and the absolute
square of the resulting expression is summed
over final magnetic states, averaged over initial
magnetic states, and integrated over p~, it can
be shown after some angular-momentum algebra
that

U, (r) =r-'u„, (r)i 'oy...(a), (4)

where u„, is the radial wave function for the ini-
tially bound electron and Y, is a spherical har-

0 0
monic. Making the usual distorted-wave expan-
sion' for the continuum electron, we have

dPP2I IZ I Fyg I' =
2 2 i'-~(2Z+1) (2l +1)'~' C(l,xl;000)f",~,

xg i" "'
(2A. '+ 1) (2 I ' + 1)'~~ C(l,A.

' I ' 000)f~P,
&'V

xg C(ll'l„000) C(A. 'XI„000)W(Al, l, l';IX')P, (P)P, (8).
'3
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Here C(j,j 2j„000) is a Clebsch-Gordan" coeffi-
cient, g j,j,j,j,;j,j,) is a Racah coefficient,
P, is a Legendre polynomial, P is the angle
between q and the direction of the incident projec-
tile, 8 is the angle between% and the direction of
the incident projectile, and

f,'„, =(r 'y, (kr) ( j „(qr}( r 'u„, (r)}, (9)

where j„(qr) is a spherical Bessel function. To
obtain the doubly differential cross section (dif-
ferential in ejected electron angle and energy),
it is necessary to integrate over q as indicated
in (1). This integration must be performed numer-
ically. The resulting cross section expresses the
probability of ejecting one of the electrons in a
shell. The total cross section is obtained by multi-
plying by the number of electrons in the shell.

lp ~~-+

IOO-keV PROTON$-

III. APPLICATION TO IONIZATION OF

HELIUM BY PROTONS

A. Numerical Procedure

The formulation given in Sec. II is expressed
in terms of a coordinate system attached to the
target atom. However, it is necessary to know
the cross section in the laboratory-reference
frame for comparison with experimental data.
Noting that the protons are basically undeflected
in these collisions, a simple kinematics argument
shows that the ratio of the recoil velocity of the
target to the velocity of the electron is of the order
of 10-4 for energies of interest in this paper.
Therefore, the two reference frames are assumed
to be the same.

The following procedure was used in obtaining
the bound and continuum wave functions used in
the evaluation of the form factor (9}. The ls
core wave function was obtained from a Hartree-
Fock calculation for the ground state of He using
the numerical program described by Froese-
Fischer. " This wave function was used to cal-
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FIG. 1. Angular distributions of electrons ejected from
helium by 100-keV protons. Full curves: present calcu-
lation; broken curves: scaled-Born cross sections; tri-
angles, circles, squares, and crosses: experiment of
Rudd et al. Experimental points at 300 eV without error
bars have an uncertainity of 100%. The numbers asso-
ciated with the various curves indicate the energy of the
ejected electron.
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FIG. 2. Same as Fig. 1, except here the proton energy
is 200 keV.
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B. Results and Conclusions

The results of the present calculation using a
Hartree-Fock potential for obtaining the bound

10 22
I I I I

500-keV PROTONS-

culate the effective potential seen by the initial
bound and final outgoing electron. The initial and
final wave functions are then calculated as eigen-
functions of this effective potential. The ortho-
gonality requirement discussed in Sec. II precludes
the use of the exact Hartree-Fock 1s wave func-
tion.

The calculation was performed on the IBM 370
model No. 165 computer at Triangle Universities
Computation Center (TUCC). The mmimum num-

ber of partial waves used in the expansion of the
continuum wave function was 15. The largest
contributions to errors in the calculation resulted
from using an insufficient number of partial waves.
Comparing numerical and analytic calculations
for ionization of hydrogen revealed that the aver-
age error ranged from 2 to 5%. The numerical
errors are largest for large angles of the ejected
electron where the cross sections are smallest.

and continuum wave functions are shown in Figs.
1-4. Also shown in the figures are PWBA. cal-
culations obtained by scaling from hydrogenm and
the experimental data of Rudd, Sautter, and
Bailey' and Toburen. ' It is seen that the angular
distributions obtained from the Hartree-Fock po-
tential gave good agreement with the experimen-
tal data at large angles for all the electron and
proton energies displayed here. This is to be
contrasted with all previous calculations which
fell lower than the experimental data at large
angles as previously discussed.

It can be seen from the figures that the agree-
ment between the present calculation and ex-
periment at small angles varies with different
electron and proton energies. The largest small-
angle disagreement occurs when the relative ve-
locity between the outgoing electron and proton
is small. As has been noted, '" it is necessary
to include a final-state interaction between the
outgoing electron and proton when these relative
velocities are small. It then becomes desirable
to be able to predict the relative velocities at
which these final-state distortions may be ignored.
This knowledge would give the angular range in
which the present theory would be expected to be
valid, since the relative velocity depends on the
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FIG. 3. Same as Fig. 1, except here the proton energy
is 300 keV.

FIG. 4. Angular distributions of electrons ejected from
helium by 2 MeV protons. Full curves: present calcu-
lation; broken curves: scaled-Born cross sections;
triangles, circles, and crosses: experiment of Toburen.
The numbers associated with the various curves indicate
the energy of the ejected electron.
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angular separation of the particles. A straight-
forward calculation of the relative velocities cor-
responding to the angles where experiment and
the present theory came into agreement revealed
that the agreement was achieved for relative elec-
tron-px"oton velocities greater than 0.8-0.9 of
the proton velocity. This factor was moderately
stable considering the range of electron and pro-
ton velocities and the uncertainty in the angle
whex'e agreement is achieved. This observation
explains how good agreement can be observed
over the whole angular range for 100 KeV protons
and 200 eV electrons but not over the whole angu-
lar range for 2 MeV protons and 300 eV electrons,
where intuitively one might expect better agree-
ment (the ratio of the relative velocity to the
proton velocity at 0' is 0.9 for the former and 0.5
for the latter This ratio becomes 0.8 around 50'
in the case of the latter. )

Sa1in'3 has treated the asymptotic three-body
problem quantum mechanically. He concludes
that the P%'BA cross sections should be multi-
plied by a normalization factor that depends upon
the relative electron-pxoton velocities. The effect
of multiplying the present PWBA calculation by
this normalization factor is shown in Figs. 5 and
6. It is seen that this normalization factor does
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FIG. 5. Angular distributions of electrons ejected from
helium by 100 keV protons. Full curves: present calcu-
lation; broken curves: present calculation modified by
Salin's normalization factor (see Ref. 13); squares and
circles: experiment of Rudd et cE. The numbers asso-
ciated with the various curves indicate the energy of
the ejected electron.
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FIG. 6. Same as Fig. 5, except here the proton en-
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improve agreement between theory and experi-
ment at small angles. Unfortunately, however,
the agreement at large angles becomes less sat-
isfactory.

Qne may think that it is somewhat unusual that
the present calculation should give such good
agreement with experiment for the case in which
the electron is leaving the collision much faster
than the proton. In this situation, the electron
should asymptotically see a charge of two, in-
stead of one, as assumed here. This paradox
may be understood from the following explanation.
The present cx'oss sections are obtained from the
form factor [Eq. (S)] which is completely deter-
mined by the radial range in which the bound-state
wave function is finite. Therefore, the contribu-
tion to the scattering cross section from the con-
tinuum wave function is determined by its behav-
ior in this radial range. The behavior of the con-
tinuum wave function in this range is determined
by the actual potential through which the electron
moves. In this calculation, we have replaced this
actual potential by a Hartree-Fock atomic poten-
tial, and have treated the interaction of the elec-
tron with the projectile as a small perturbation.
For this approximation to be valid, the projectile
must not be near the nucleus when the electron
is ejected. The results of the present paper imply
that this is the case when the relative electron-
proton velocity is large. Further, it may be



surmised that the electron-projectile interaction
is not weak when the present calculation fails,
i.e., for angles of the ejected electron in a forward
cone when relative electron-proton velocities are
small. This failure suggests that the proton is
also in this cone during these ionizing collisions.

In Table I, PWBA cross sections integrated
over angles are presented along with the experi-
mental values. As would be expected, better
agreement with experiment is obtained for those
energies at which there is good agreement at
small angles. In those cases where the relative
electron-proton velocity is significantly less than

the proton velocity over a large angular range,
integrated cross sections obtained from Salin's
modification will be superior to the values in Table
I. This can be seen from Figs. 5 and 6. The
deviations at large angles introduced by Salin's
normalization factor do not significantly affect
the integrated cross section.

It is interesting to compare the results of the
PWBA calculation using hydrogenic wave func-
tions with the results of the PWBA calculation
using wave functions obtained from a Hartree-
Fock potential. The two PWBA calculations give
cross sections integrated over angles that are
very similar, and based on the values given in
Table I, it would be difficult to say that one cal-
culation was definitely superior to the other. How-

ever, Figs. 1-4 show that the calculation using
the Hartree-Fock potential is definitely superior.
The two angular distributions are similar only
over the angular range containing the conservation
of momentum-energy peak. The two integrated

cross sections are comparable since the largest
contribution lies within this peak.

The similarity between quantum and classical
results can be understood in a comparable manner.
The classical BEA angular distributions"
deviate from experiment at small angles analogous
to the hydrogenic PWBA and deviate at large
angles by orders of magnitude. However, these
BRA angular distributions do contain the conserva-
tion of momentum-energy peak. Even though the
angular distributions can be very different, inte-
gration over angles can yield similar results.

From the results of this calculation, it is seen
that angular distributions of electrons ejected
from He by 0.1-2-MeV protons given by the PWBA
using Hartree-Fock potentials are in good agree-
ment with experiment providing the relative elec-
tron-proton velocity is greater than the proton
velocity. Agreement with large-angle experimen-
tal data was achieved using the quantum-mechani-
cal PWBA only when Hartree-Fock potentials
were used to calculate both the initial- and final-
state electron wave functions. Sample calcula-
tions were also performed using the Hartree-
Fock-Slater potential of Herman and Skillman. 20

The results of these calculations were comparable
with the results using the Hartree-Fock potential
out to about 105'. For angles larger than 105',
the Herman-Skillman potential gave slightly larger
cross sections. In spite of the necessity for using
Hartree-Fock potentials for predicting the details
of angular distributions, cross sections integrated
over angles are primarily determined by the
conservation of momentum-energy peak.

TABLE I. Differential cross sections for ionization of helium by
proton impact in M2 eV ~ atom ~.

Proton
energy
(keV)

100

300

Electron
energy

{eV)

30
100
200

30
100
200
300

30
100
200
300

Expt

1.31 x10 2~

1.48x1Q 23

1.23 x10 24

7.11x10"
8.30x10 "
1.44 x 10 2

2.65 x10 '4

7.91x10 ~5

6.62 x 10
1.06x10 "
2.45 x 10
8.86x10 2~

Present
calculation

8.97x10 2'

1.18 x10 2'

1.40x1Q '4

1.08x10 2~

6.04x10 "
8.75x10 "
2.23 x10 '4

8.20x10 25

4.55x10 23

6.45x10 "
1.72 x10 '4

7.51x10 "

Hydro genic
Born"

9.62 x10»
1.30x10 "
1.48 x10 24

7 72 x10- e

5.95x10 "
8.84 x10 24

2.35 x10 24

9.04x10 "
4.31x 10
6.26x10 24

1.73 x10 24

7.74x10 2~

~See Ref. 2.
bThese results were scaled from analytic results for hydrogen as
described in Ref. 2.
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