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The muonic x-ray energy, by virtue of the electron screening, depends on the depletion of the
electron states by Auger transitions and on the time needed for the refilling of the electron vacancies.
The effect of these processes on the line shape of the muonic x rays is studied here. Equations for the
electron 1s-level population and for the muonic-x-ray center of gravity are derived and applied to
representative examples of medium- and high-Z muonic atoms. It is shown that the atomic aftereffects
(i.e., refilling of the 1s state) result in almost full screening in wide range of atomic numbers. The
calculated energy shift with respect to the full screening is only 1-3 eV. The uncertainty, related to the
uncertain width of the electron 1s vacancy is discussed and estimated.

INTRODUCTION

The muonic x-ray energy, by virtue of the elec-
tron screening, depends on the number of electrons
in the 1s orbit. If a muonic transition starts
while there is a 1s electron vacancy, its energy
will depend on the time needed for refilling the
vacancy by electrons from the higher orbits. Thus,
the shape and the center of gravity of the muonic
x-ray line depend on three processes: depletion
of the electron states by the Auger transitions in
the preceding stages of the muonic cascade, radi-
ation and Auger widths of the initial muonic state
and, finally, refilling of the 1s state by electrons
from higher orbits.

The problem of the line shape of muonic x-rays
is the subject of the present paper. An analogous
problem was briefly discussed by Kankeleit and
K8rding,! but, to our knowledge, it was never
solved quantitatively.

Accurate muonic x-ray energy measurements
were recently used for tests of the quantum elec-
trodynamics?*®; similar experiments with higher
accuracy are planned at the new high-intensity
accelerators. Good knowledge of all corrections,
including those related to the dynamical aspects
of the electron screening, is essential for a mean-
ingful interpretation of the experimental results.

The electron-screening corrections to the muon
binding energy were discussed in a number of
recent papers.?® The electron density and its
potential were calculated self-consistently, using
the relativistic Hartree-Fock-Slater method. The
results of Refs. 4-6 agree well with each other
and with the scant experimental evidence. They
are used here as a basis for a more detailed in-
vestigation of the muonic x-ray line shape. The
calculations are restricted to the 1s electrons,
which account for about 85% of the total screening.
The rest, caused by higher electron orbits, de-
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pends more sensitively on the unknown initial
stages of the muonic cascade.

Atomic transitions, induced by processes (de-
cays, transitions, etc.) occurring at or near the
nucleus are referred to as aftereffects. Refilling
of the electron vacancies, formed during the
muonic cascade, is an example of this phenome-
non. It is shown here, that aftereffects have a
measurable influence on the properties of muonic
X-rays.

LINE SHAPE OF MUONIC X RAYS

General theory of the damping phenomena is
described, for example, in Heitler’s monograph.’
The energy distribution (i.e., the line shape) of the
emitted radiation is given by

wk)= 3 [5y 4)]2, (1)
Y

where b, (=) is the amplitude of the correspond-
ing wave function, taken at time ¢=%, and A sym-
bolically denotes all unobserved degrees of free-
dom.

Let us apply the general formalism to the part
of the muonic cascade shown in Fig. 1. Assume
that at £=0 the muon is in the state 0 and there
is only one electron present in the 1s orbit. Each
step (0— f, f— g) proceeds by radiation or Auger
K-electron emission; the transition energy EY),,
depends, through screening, on the number ¢ of
the bound 1s electrons present during the transi-
tion. The general wave function of the system has the
form

I“’; (13)‘; kg.ll)’ k(uz); L ';q(l)y q(Z); . ';n(l)’ 77(2), . -) .

(2)
Here 1 describes the state of the muon, (1s)! the
state of the bound 1s electrons. The XY, ¥2, ...
are photons with energies close to the muonic
transition energies; ¢¥, ¢, ... describe free
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Auger electrons; and 12,7, ... describe photons
with energies close to the electronic x-ray transi-
tion energies.

When calculating the amplitudes b,(~), several
approximations are made: The level displacements
are neglected, i.e., the level widths are real
numbers; the interaction matrix elements and the
corresponding final-state densities depend weakly
on energy (in an energy interval equal to the level
width).

Taking the square of b,(~) and integrating through
all directions and momenta of the unobserved
quanta, the following spectral shape of the 0— f
X-ray is obtained (for details see the appendix):

w (k) y%(T° + TY) 1
S (k=Eg s +3(T°+T7)?
YRyx(T°+T?) 1
N (k—E@. ;) +3([°+T7)"
(3)
Here

rj =7§! +YIA, TI =7£¢ +%YIA +7x> Gj =7.{i +27X ’
4

and v4 (7)) are radiation (Auger) widths of the state
§; v’ corresponds to two 1s electrons. The ¥y is
the total width of one electron vacancy in the 1s
orbit.

As expected, the spectrum consists of two
Lorentzians centered at E{,, and E?,,. Their
areas are

0 0
wE®) =TEE, w(ED) =1L )

The meaning of Eqs. (5) becomes obvious if we
realize that y3/T° and yy/T° are the probabilities
of the competing muonic and electronic transitions,
respectively; y%/T'° is the muonic transition prob-
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FIG. 1. Part of the muonic cascade discussed in the
text. Efl.. is the transition energy, which depends on
the number i of 1s electrons present during the transi-
tion. The vg (v, are the radiation (Auger K-electron)
widths.

ability after an electron x-ray emission.

From Egs. (5) the Auger transition rate v% cor-
rected for repopulation of the electronic 1s state
can be calculated.® It is

w(E?) +w(ED) =93/(/% +72),

49 = Ly0 YR Y% +2vx
AR AR Y

Let us, for completeness, give several more
equations. If, at time £=0, the muon is in state 0
and the 1s electron orbit is completely empty, the
corresponding muonic x-ray line consists of three
Lorentzians:

TABLE I. Transitions between spherical orbits in muonic $Mo. Total screening effect of all Z —1 electrons is shown
in column 2, Column 3 gives the screening effect of one 1s electron, defined in Eq. (10). Total intensity of the muonic
X ray, per captured muon, is shown in column 4. Columns 5, 6, and 7 give total width (for fully occupied electron
shells), the radiation width, and the Auger K -electron width, respectively, for the initial state of the transition. For
each of the 1s electron widths vy, given in the first line, the following values are shown: 6E— shift of the center of
gravity of muonic x ray, Eq.(11); a,—probability of having two 1s electrons initially; and a;—probability of having one

1s electron initially (note: ay=1-a,—ay).

Ey AE w r Yr Ya
Transition €evV) (V) (%) (eV) (eV) (eV)

Yx=4.15 eV Yx =2.08 eV Yx =0.04 eV
6E a, ay 6E a, a 60E a, ay
ev) (%) (%) ev) (%) (%) ev) (B (%

Sly1p—~8kysy -T2 =31 6.4 01 .-
8k y5,2—~ Ti13/2 =57 -25 1.3 0.2 1.0
7i13/2_' 6h11/2 —-44 -19 7 1.0 0.3 C.6
Gh“,z-—Sg,,z =31 -13 14 1.1 0.8 0.3
Sgop—4fis  —-20 -9 23 21 2.0 0.1
4f1p—~3ds, 11 -5 34 6.5 6.5 0.0

0.5 80 20 1.0 80 20 6.2 78 22
0.9 86 14 1.6 85 15 10.6 71 28
2.9 24 75 5.1 23 74 20.8 18 65
1.8 39 57 3.3 36 56 16.1 15 48
1.0 68 30 1.9 62 34 10.6 18 45
0.5 86 13 0.8 79 20 5.4 23 45
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TABLE II. Transitions between spherical orbits in muonic {3*Ba (see caption of Table I).

Egr AE w T TR Ya
Transition eV) (V) (%) (ev) (eV) (eV)

Yx=12.0 eV Yx =6.0 eV Yx=0.12 eV
6E ay ay 0E a, ay 0E a, ay

ev) (%) (%) ev) (B (%) ev) (B (%)

9lyy—~8ky5y —105 —46 8 06 03 .- 0.4 84 16 0.7 84 16 6.9 82 18
8kysp—Tis3, —86 -37 5 17 05 1.0 0.5 90 10 09 90 10 101 79 20
Ti130— 6hy1 2 -66 ~28 11 1.7 1.0 0.6 2.0 43 56 3.6 43 56 20.6 36 56
8h11/2— 5892 —-47 =20 19 2.6 22 0.3 1.3 64 35 24 62 36 164 33 51
5802~ 4512 -31 -13 28 59 57 0.1 0.6 8 15 1.3 81 18 9.9 38 47
4f1p—~3d;, -18 -8 38 18.6 18.6 0.0 03 94 6 0.6 90 10 5.6 42 45
G°+G* where
w(k)— 0 (OBRY3 T
G°(k-E9 2 +3(G°+G’)
o a9 & 2 a9
¢ 1=% 4 (1+8)% 1+_71 Srx¥x \ 4o
RA2% °+T r’ )70 " T°r° )'G°
TG (k—ER 3T+ TP
RESULTS AND DISCUSSION
2yx7x75 ro+r’f

TG (e—E@. P43@O+TTE (1)

In the general case, the population of the electron
1s orbit is characterized by three probabilities,
d9,d9, and ¢ (empty, one, and two electrons)
at time £=0. The population of the electron 1s
orbit, when the muon has reached state f, is char-
acterized by probabilities a‘({), a1 , and (2’). Itis

(0) 0 29,0
a
= (g 41120 ) A0 (¢a)
2 (o) YV a() 'y° a(°)‘y°
a(f) T‘OGO <'}’?¢ +_f-—04> TO (YR ro ) +_21-|_0A,
(8b)
(f) 2a(°)'y y .), +a(°)'y v2 a(o).yo (8c)

TO OGO TOrO + rO

The center of gravity of the muonic 0~ f x ray is
in the general case given by
0 TOGO 1-\0
E©
+af? =&t ] I, (9)

- 2 2)
Eony =[ ( 9 +aP L Yx <o>_“/x_7x>£(n_~_z

2y, \E
(e

The equations of the preceding section were
applied to representative medium- and large-Z
muonic atoms. The most intense transitions be-
tween spherical orbits were calculated. Tables
I-IV show the results for Z =42, 56, 69, and 82.

A “standard” muonic cascade calculation® was
modified to take into account the refilling of the
electron 1s orbit. [Trivial generalization of Eqs.
(3)-(9), which includes branchings in the cascade,
was used for the numerical calculation.] The cas-
cade started at #» =15, whereby the 1s electron shell
is fully occupied. (Muon binding energy is smaller
than the 1s electron binding for »n > 15.)

Statistical population [i.e., population proportion-
al to (27 +1)] was assumed at n=15. The nonrel-
ativistic expressions for the radiation rates and
the full K and L Auger rates from Ref. 9 were
employed. The K-electron Auger rates were, at
each step, corrected according to Eq. (6). The
bookkeeping of the electron (1s) level population
was done according to Eqs. (8a)-(8c). The Auger
L rates were simply reduced in proportion to the
number of the L electrons present.

The electron screening was treated according
to method II of Ref. 5; the self-consistent poten-

TABLE II. Transitions between spherical orbits in muonic }§?Tm (see caption of Table I).

Ey, AE w r YR Ya
Transition €ev) (V) (%) (V) (eV) (eV)

-155 —65 10 0.9 0.6

N y1p—8kysp
-128 -54 8 2.3 1.1 1.0

8 153~ Ti1zp

7i13/2"’ 6hu,2 -101 —42 16 3.0 2.3 0.6
6hyyg—5gyy —75 —32 24 54 51 0.3
Sgep—4fys  ~50 —-21 33 13.3 13.2 0.1

4f1p—~3ds, =30 =13 43 427 42.7 0.0

Yx=27.5 eV Yx=13.8 eV Yx=0.27 eV
6E a, ay 0E a, ay 6E a, ay
€ev) (%) (%) ev) (%) (%) (ev) (%) (%)
0.0 98 2 0.1 98 2 1.0 98 2
0.3 93 7 0.6 93 7 4.7 92 8
1.6 62 38 29 62 38 17.2 59 40
1.1 80 19 21 78 21 146 57 39
0.6 92 7 1.0 9% 10 9.5 59 36

0.2 97 3 0.5 95 5 5.6 62 33
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TABLE IV. Transitions between spherical orbits in muonic 3}®Pb (see caption of Table I).
Yx=54.8 eV Y =27.4 eV Y5 =0.55 eV

E,; AEg w r Yr Ya 6E ay, ay 0E a a OE a, ay

Transition  (eV) (eV) (%) (€V) (eV) (V) (V) (B) (B V) (B (B (V) (B (%)
Olyp—8kys, —-228 —-91 12 1.5 1.3 .- 0.0 99 1 00 99 1 0.7 99 1
8k 452 Tiyg;y —193 —80 12 3.5 2.3 1.0 0.2 96 4 0.4 96 4 3.9 95 5
Tiy3p—6hyyy —159 —65 20 5.3 4.6 0.6 1.4 75 25 2,7 75 25 17.2 73 26
6hy1/5— 58,2 =121 -47 27 10.5 10.2 0.3 0.8 89 11 1.8 87 12 13.1 72 27
58y~ 4f1n -86 -39 36 26,4 26.3 0.1 0.5 96 4 1.1 94 6 10.3 74 25
4f 10— 3d5 -53 =21 45 85.1 85.1 0.0 0.3 98 2 0.5 97 3 5.2 76 23

tial of (Z - 1) electrons is added to the nuclear po-
tential in the muon Dirac equation. The resulting
full-screening correction E.; is given in the second
column of Tables I -IV. The third column of
Tables I-1V gives the screening effect of one 1s
electron, i.e.,

AE=E@,;~EP, ;~EP, - EQ,,. (10)

With refilling of the electron 1s orbit, the muonic
cascade depends on the width y, of the one-electron
vacancy in the 1s state. For normal atoms this
quantity is well known (see, e.g., Ref. 10). The
higher electron orbits of a muonic atom are, how-
ever, strongly depleted during the cascade. There-
fore, the real yy is considerably smaller than yx
of a normal atom. It is impossible to calculate the
vYx in muonic atoms precisely, as there are no
accurate theories of the early stages of the cas-
cade.

The present calculations were done for three
values of vx: (a)yy of a “normal” atom according
to Ref. 10; (b) half of the value (a)—this is probably

_______ ——

606178
energy in eV

FIG. 2. Line shape of the 6k, — 58y, transition in
muonic $ Mo. The three curves correspond to three
values of the 1s electron width y4: dashed curve,
%=4.15 eV; full curve, yy=2.08eV; dot-dashed curve,
yx=0.04 eV. The peaks are at E ?)=60639 eV, EV
=60652 eV, E (9 =60665 eV; these values were calcu-
lated without the quantum-elect-odynamic and nuclear-
polarization corrections.

close to the realistic value; (c) 1% of the value
(a)—this is unrealistically small, the refilling be-
ing unimportant then. Our calculations show that
two to four 2p or 2s electrons are released in the
cascade between 2=15 and »="7. Assuming that
about the same number are released for n> 15, we
come to our rough estimate of yy. The total in-
tensity of the muonic x ray does not depend criti-
cally on the yyx value. Therefore, only one value
is shown in column four of Tables I-IV.

For eachvalue of vy, TablesI-IV give the calcu-
lated shift O0F of the center of gravity of the muonic
x ray. Thisquantityis defined as

o =E,., - E®,,, (11)

i.e., the difference between the real screening and
the full screening.

Figures.2 and 3 show the calculated line shape
for two of the most strongly affected transitions.
It is seen that the peak at E® is overwhelming for
large, realistic Yy values. It is important to re-
member that AE,;, Eq. (10), is smaller than the
instrumental linewidth, even for curved-crystal
spectrometers. Thus, the observable line profile

w
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FIG. 3. Line shape of the 73/, —6hy,, transition in
muonic ¥Ba. As in Fig. 2, three values of yywere
used: dashed curve, %4=12.0 eV; full curve, yx=6.0 eV;
dot-dashed curve, yy=0.12 eV. The peaks are at E@
= 65030 eV, EY =65058 eV, E(" =65086 eV.
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is the natural line folded into a Gaussian instru-
mental line shape. The presence of the E® and
E©@ parts of the line will cause an asymmetry of
the resulting observable line.

The calculations clearly show the diminishing
role of Auger transitions, and thus also after-
effects, with increasing atomic number Z; this
is a well-known effect. The most important quan-
tity for practical application is the center-of-
gravity shift 6E. The calculations show that for
realistic yy values, the aftereffects (i.e., refilling
of the electron 1s state) substantially reduce the
OE value. Practically full screening effect is
expected even for medium-Z muonic atoms. For
the accurately measured 5g— 4 f transition in Pb,?
the expected shift is only 1 eV, compared with the
full screening of —-86 eV. The 64— 5g transition
in ,,Mo and the T - 6% transition in ;;Ba might be
soon accessible to measurements with curved-
crystal spectrometers; the expected shift there is
about 3 eV. While it is unlikely that such measure-
ments could be used for the vy determination,*
they would undoubtedly discriminate between the
extreme cases shown in the tables (i.e., difference
about 15 eV).

Using the present calculations, the uncertainty
in the muonic transition energy, related to the
uncertain yy value, is seen to be about 1 eV. This
value is smaller than (or comparable with) the
uncertainty in the total screening correction, re-
lated to the approximations used in calculating the
electron self-consistent potential. It should be
remembered, however, that the screening con-
tribution of the higher electron orbits (about 15%
of the total screening effect) is affected by the
aftereffects as well, thus increasing the uncertain-
ty in the muonic x-ray energy.

APPENDIX

The derivation of the basic equation (3) is briefly
described here. According to Ref. (7), the ampli-
tude b,() in Eq. (1) is equal to (we use the 7 =1
system of units)

b X(w) = UK(E x)

Ex-E,+3iT(E))’
The functions U,(E) are solutions of the system
UAE) =X H| 0) + 3 A [H|X) UrdE)EE - E\),
M=o %0 (A2)
and the full width I'(E) is determined by

(A1)

%P(E)=i<<o|H|0> + (0|H|7\'>Ux'(E)§(E-EA'))-

A'=0
(a3)

The Hamiltonian H describes the interaction of
the charged particles with the radiation field; E
is the total energy of the state A; and E is the
energy of the initial state. As usual,

E(x)=P/x-imd(x). (A4)

First, the system of Eqs. (A2) must be solved
for the situation shown in Fig. 1. Obviously

U, (E)=(g|H|f ) U;E)E(E -Ey), (A5)

i.e., the equation for U, (E) corresponding to the
final state has only one right-hand-side term. This
fact, together with the standard definitions of the
partial widths collected in Eq. (4) and with the
known properties of the function £(x) is used to
obtain the expressions for the corresponding am-
plitudes. Such a procedure is straightforward, but
lengthy.

There are several amplitudes relevant to our
process: The electronic x-ray may either precede
the 0- f muonic transition, which can proceed via
radiation or Auger emission [these processes
give the second term in Eq. (3)], or the 0~ f
muonic transition may proceed first [such a pro-
cess gives the first term in Eq. (3)].

For example, the amplitude for the emission of
the electronic x-ray, followed by the two muonic
X rays (i.e., only radiative processes) is equal to

b (o) omreELELD) (f1H|0)
e ) S B_ED LT RP+k-E@,-EP,+5iL°

9 (s(z)lHls(1)>
KO sk+k,~EQ, —ED, —E, +3iT°  (A6)

where (s @|H|s") is the matrix element of the
electronic x-ray emission; %, &, ¥ are momenta
of the emitted electronic x ray and 0—~f and f - g
muonic x rays, respectively. Other symbols have
been explained previously.

As the final step, it is necessary to integrate
|5,(=)|? over the unobserved quanta [i.e., over
d®F® and d3k, in the case (A6) above], and over
all directions of the 0— f radiation. This is again
simple if the Cauchy theorem is used. Adding all
contributions together we obtain, finally, Eq. (3).
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