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The problem of the characterization of the fluctuations in statistical systems brought about by
nonequilibrium states owing to external perturbations is considered. The time evolution of the
second-order parameters of nonequilibrium fluctuations in paramagnetic systems is approached in detail.
A conngction is established between the temporal derivative of the dispersion of the magnetic-moment
vector M and the expectation values of the components of this vector. This connection is regarded as a
particular case of fluctuation-dissipation relations, which are functional relations between the different
order parameters of the fluctuations. It is shown that, in the limit of the approximations in which the
phenomenological equations of Bloch type are valid, the time evolution of the dispersion of the
magnetic moment is directly conditioned only by the internal relaxation processes and not by the

external magnetic fields.

Statistical systems (i.e., the systems formed
by very large numbers of constituent particles)
are characterized, *'? from the point of view of
their observable properties, by macroscopic
quantities. These are expected values of certain
random quantities which depend on the character-
istics of the constituent particles. Generally, the
microscopic state of a statistical system changes
in time, owing to its interactions with the sur-
rounding medium and internal relaxation process-
es. In this case the random quantities are random
functions, according to the probability theory.®
That is, they are stochastic processes dependent
on time. The statistical systems in equilibrium
states have a remarkable property, that of re-
maining in this state for an indefinitely long per-
iod. The random functions of these systems are
stationary random functions and, according to
the ergodic theorems, * they are ergodic too.

One knows that in probability theory® the random
functions are characterized by certain param-
eters—moment functions, correlation functions,
cumulant functions, etc. In statistical physics'?
such parameters are generally used very infre-
quently, especially those of higher order. For
statistical systems in equilibrium the expectation
(or mean) values and centered moments of second
order are usually used. The latter are almost
exclusively used in order to characterize the
deviations from the expectation values, i.e., the
fluctuations. The higher-order-parameter ap-
proach of equilibrium fluctuations has been dis-
cussed recently.>™"

In order to describe systems not in equilibrium
states, generally when irreversible processes
occur, only the expectation values of the random
functions that characterize them are used.? One
only approaches the computation of the concrete
expressions of these expected values in terms of
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external forces and structural details of the sys-
tems. The problem of random functions deviating
from their expectation values in the case of non-
equilibrium states has not, as far as we know,
been approached either in a general form or in
accord with the probability theory.

We would like to call attention here to some
aspects of the problem of deviations from expec-
tation values in nonequilibrium states—deviations
which we shall call nonequilibrium fluctuations.
These fluctuations should be treated by using the
nonstationary random-functions theory.®:2:° In
principle, such a systematic approach seems
possible.!’® We have previously commented upon
an interesting property of the nonequilibrium
fluctuations, ®* 7 pointing particularly to the gener-
alization of the well-known fluctuation-dissipation
theorem.! According to this generalization, there
is a certain functional connection between the
reaction functions of the s-order moment func-
tions of nonequilibrium fluctuations and the (s +1)-
order moment functions of equilibrium fluctua-
tions.

Here we wish to focus attention on another prob-
lem regarding the nonequilibrium fluctuations—
namely their time-evolution equations. It is known
that in the nonequilibrium-process theory®: * the
time evolution of the expectation values of the
physical quantities is established. Bloch equations
describe such an evolution'? in a relatively simple
form. We shall establish the evolution equations
for the second-order moment functions of non-
equilibrium fluctuations for a paramagnetic sys-
tem, and shall operate within the domain of the
same approximations in which the Bloch equations
are deduced.

The nonequilibrium fluctuations of the quantities
to which the operators A; (:=1,2,3,...,n) corre-
spond may be characterized'®—in first-order
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approximations—by the one-time correlation
functions ({A,,A,}),=Tr[{A,,A,}o(t)], where
{A;,A}=3(4,4, +A,A,) and p(1) is the statistical
(or density) operator of the system in the non-
equilibrium state (generally dependent on time).
In this approximation, the time evolution of non-
equilibrium fluctuations of the quantities A; will
be given by the functions d({4,,A,}), /dt. The con-
crete expressions of these functions depend on
the particular structure of the considered statis-
tical system, as well as on the external pertur-
bations which cause it to evolve through nonequi-
librium states.

We shall direct our attention now upon a spin-}
paramagnetic system, and we shall take the
Cartesian components of the spin operator I, =
Ylia U, is the a component, a =x,y,z of the
spin operator of the j constituent particle) for A,
operators. The components of the magnetic-mo-
ment operators M, are connected to the I, op-
erators by the relation M, =y#I,. In this case,
in order to characterize the nonequilibrium-fluc-
tuation evolution, the quantities d({I,,1,}),/dt
must be calculated. In order to do this we may
use the equation'?

T = 1,00,+Z, 2 #5500, 11

+[I:’ O]’j")g, (1)

where 7 and s signify -, 0, + and Ij =1, +iI,,,

I =I,,. H stands for the external magnet1c field
which acts upon the system. The ¢7; quantities
characterize the effective magnetic field of the
lattice where the spin system is operating. In the
approximations in which the Bloch equations are
obtained from Eq. (1) the following equations re-
sult:

dit<{1°" IB}>t =7<{1a: (fx ﬁ) B} +{(ﬁ X f)cu 18}> t
oD Ul 17
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+[1n{11w1ua}]lg>n (2)
with ¢77=0,,0%; o1 =oi =% =% =¢id =i =
and ¢, ¢;;, and ¢} are different from zero
(for the concrete expression of the last three func-
tions see Ref. 12). The relations ¢;§=5,, ¢}; cor-
respond to the fact that different spins relax inde-
pendently of one another.

By some calculations which make use of the
permutations relations [I;, fus] =66,,3 y € gy Iy
(€4py being the third-order Levi-Civita symbols)
only, one obtains from Eq. (2):

DW= 5@,
=0, ®

=D, -2 (St

Taking into account the relation (3) and the fact
that in the aforementioned approximations the time
evolution of (I), is given by the Bloch equation,

a), <1> I ATRY(ATEY( AN
di ')'(I)XH T, —T;L -k T,

(T, and T, are the relaxation times and (l,), repre-
sents the expectation value of I, in the absence of
the time-dependent magnetic field), one obtains
the evolution equation for the mean-square devia-
tion (i.e., for the dispersion) of the spin moment:

(R, 0000 = 00)).
T

(4)

Equation (4) gives the evolution of a macroscopic
quantity (mean-square deviation) which character-
izes the nonequilibrium fluctuations of the magnet-
ic moments (as we have already shown, the mag-
netic moment is given by (M), =y#(I),) for a para-
magnetic system in the aforementioned approxi-
mations.

A remarkable property of Eq. (4) is the fact
that no active term, containing the external mag-
netic field explicitly, appears in the right-hand
side. This means that in the aforementioned ap-
proximations only the internal relaxation process-
es, and not the external perturbations (in this case
external magnetic fields), are responsible for
the evolution in time of the nonequilibrium fluc-
tuations. This is a property which would be inter-
esting to test experimentally. One must point
particularly to the absence of direct influence of
the external magnetic fields at the same time—a
delayed influence of these fields upon the fluctua-
tions being facilitated by the quantities (7,), (these
depend on the external magnetic field via Bloch
equations).

Another property of the evolution equation of
the nonequilibrium fluctuations [Eq. (4)] is that
its right-hand side is positive in enough large
limits. Under these conditions the nonequilibrium-
fluctuation dispersion is an increasing monotone
function of time. It would be quite interesting to
see whether such a property of the nonequilibrium-
fluctuation dispersion is general, or whether it
results from the general principles of the irre-
versible-process theory.

In connection with Eq. (4) the following fact is
to be stressed. This equation gives a functional
connection between second-order moments of
nonequilibrium fluctuations and expectation values
(i.e., first-order moments) of physical quantities.
If the functional relationship between the various
order moments of random functions which corre-
sponds to physical quantities are called®'? fluc-
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tuation-dissipation relations (generalizations of
the fluctuation-dissipation theorem?!!), then Eq. (4)
is a fluctuation-dissipation relation.

Other problems in connection with nonequilibri-
um fluctuations (among these time-evolution equa-
tions of the higher-order parameters) will be

discussed on another occasion.®
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