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In this first article of work on radiation processes, a multiple-time-scale expansion method specifically
for these processes is developed, based on the two distinct time scales corresponding to the natural
frequency and the linewidth of the radiation. The method is then demonstrated by treating systems of
one and two two-level atoms. It is seen that the exponential-decay behavior of the excited-state
amplitude, assumed a priori by Weisskopf and Wigner, follows naturally from the mathematical
procedure of eliminating the secularity in each order of the expansion. The results of two-atom systems

also agree with those of previous workers.

1. INTRODUCTION

It is well known that owing to the coherence
effect, the radiation from a system of many par-
ticles may be quite different from that of an iso-
lated particle. Such a coherence effect was first
noticed and formulated by Dicke.*

The first experimental evidence of the coherence
effect appeared in 1964 as Kuhn and Vaughan® re-
ported a measurement on the oscillation strength
of the resonance transition 2P*-1S* in helium.
Correspondingly, the radiation width of 2P was
determined as 13,1+1.2x10-% cm™), in contrast
to the theoretically calculated value 9.5x10"3
cm~'.2 A possible explanation of this descrepancy
of about 30-40% has been suggested* in terms of
coherence enhancement. In the years following
1964, more experimental works have been carried
out by Kuhn and Lewis on Ne 1, ® by Vaughan on He®
and on krypton,” Similar anomalies have been
found in all these results. On the other hand, ex-
periments performed by Korolev, Odintsov, and
Fursova® on Ne, and by Williams and Fry® on the
2P1-1S! transition of helium atoms showed only
~8% deviation from the theoretical results. This
makes it interesting to study this problem more
carefully.

Since 1964, the coherence effect and related
topics have received much attention from theorists.
Schwabl and Thirring'® discussed a system effec-
tively containing countless atoms, with the atoms
replaced by a field coupled to the radiation field
in such a way as to lead to a soluble problem. Ali
and Griem!! calculated the resonance broadening
of spectral lines by atom-atom impact, Stephen??
and Hutchinson and Hameka'® calculated the co-
herence broadening for a stationary two-atom sys-
tem. In 1966, Omont™ reviewed all the prior
theoretical predictions. Tavis and Cummings®®
discussed N two-level systems interacting with

a single mode of quantized radiation field, Dia-
letis'® discussed the spontaneous emission from a
set of N closely packed two-level identical atoms.
Ernst and Stehle'’® used the extended Wigner-
Weisskopf method to study the N-particle system
with all particles excited initially and found that
extreme coherence properties are associated with
this system. By using the result of Ref. 17(a),
Ernst "®) studied the problem of the origin of las-
er coherence, Lee and Lin'® studied the averaged
coherence broadening and also the effect of ran-
dom motion on it. More recently, they’ also
studied the renormalized frequency shift. Lehm-
berg?® and Eberly and Rehler,?! studied the ray-
forming properties and superradiant systems.

Recently, Chang and Stehle®? studied the system
using the two-particle Green’s function; Haake
and Glauber?® studied the statistical aspect of the
cooperative emission by a many-atom system;
Stroud, Eberly, Lama, and Mandel®* discussed the
superradiant effects in two-level atom systems;
and Shoemaker and Bremer?® reported on two-
photon superradiance.

In this series of articles, we apply the multiple-
time-scale perturbation theory (MTSPT) to the
analysis of spontaneous radiation processes. The
MTSPT was first introduced by Krylov and Bogo-
liubov®® to solve problems in nonlinear mechanics.
Frieman®’ and Sandri®® extended this method and
applied it to the kinetic theory of gases and plas-
mas.

In the conventional time-dependent perturbation
theory, an expansion is made in powers of the
coupling constant €. While € itself may be small,
it often happens that the nth-order term diverges
like €"t* at large ¢, where « is generally a func-
tion of n. For example, this secular hehavior at
large ¢ occurs in the calculation of transition
rates in quantum mechanics. When ¢ is small,
the first few terms in the expansion may suffice
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for the description of the behavior of the system;
but at large ¢, an appropriate sum over an infinite
number of terms must be carried out in order to
obtain a finite result. Since it is usually difficult
to sum an infinite number of terms, particularly
when it is not even known which terms should be
included or left out, it would be advantageous if
some other perturbation series can be found such
that the first few orders will correctly describe
the behavior of the system at large {. In the ki-
netic theory of gases and plasmas, this was
achieved first by recognizing the existence of sev-
eral distinct time scales in that theory®® and then
by constructing a multiple-time-scale perturba-
tion expansion (MTSPE) based on these distinct
time scales.?™ 2

In problems concerned with radiative processes,
we realize that there also exist two very different
time scales. One corresponds to the inverse of
the frequency of the radiative transition, wg?, the

other is the inverse of the radiation linewidth, y~!.

Physically, the detailed evolution of the system in
the fine time scale of wg' is not of much interest.
In the MTSPE constructed for radiation problems
essentially according to these time scales, such
fine details will be averaged over in the rougher
time scale of y~!. Mathematically, the MTSPE is
actually a rearrangement of the terms in the con-
ventional perturbation series to eliminate the
secular behavior in each order. This rearrange-
ment is facilitated by exploiting the extra degree
of freedom provided by the multiple time vari-
ables.

In the present paper, the method of analysis will
be demonstrated by deriving known results of
spontaneous radiation from one- and two-atom
systems. In the other papers of this series, the
same method is applied to obtain new results of
radiation from many-atom systems and to a sys-
tem of particles with random motion.

Section II treats the single-atom system in con-
siderable detail. To make our works reasonably
self-contained, the method of MTSPT will be ex-
plained in detail in the present context of spontan-
eous radiation. Section III deals with a system of
two stationary atoms. Results in both Secs. II
and III are in agreement with those of previous
workers.

II. SPONTANEOUS EMISSION FROM
AN ISOLATED ATOM

Consider an atom with two nondegenerate levels,
separated by an energy 7Zw,. The radiation from
such an atom initially in the excited state |4) was
first calculated by Weisskopf and Wigner*® by
assuming in the beginning an exponential decay of

the amplitude in the excited state, and then show-
ing that the resulting expression is consistent with
the assumption at large times. As we shall see,
our method of analysis will lead to this exponen-
tial decay behavior at large times naturally, with-
out having to assume it @ priori on intuitive ground.

The interaction Hamiltonian of a system of two-
level atoms with the traverse radiation field is
given, in the resonance approximation, by

H'= Z h'(i)
i
=3 3 [eai explk -%,)
i ® T
X C1R, (i) + €@y exp(~ik -X,)C:R _(1)],

@™

where C, and C,: denote, respectively, the photon
annihilation and creation operators; R, (Z) and
R_(i) represent, respectively, the raising and
lowering operators’ for the ith atom; @3 and Gf
are essentially the atomic dipole matrix elements.
Specifically, for one-electron atoms, G is given
by

9 /2 e
cag=-(2) " oy - LD @
Vv w,

where D is the momentum of the electron relative
to the center of mass of the atom,
The Schrédinger equation for the state vector,

[¥(2)) = a(?)|+;0%)

+ 20 0101 ¥ 1), 3)
k

can be written in terms of the amplitudes a(¢) and
by (t) as

. a w
i a(t)= ; ea}:e‘ ok b (£) (4)

and

. d X
i by (2)= €@y e~ “ortal(t) 5)

with the initial conditions that
a(0)=1, b3(0)=0, (6)

where wy, =w, - w,. In the above equations, € is
the coupling parameter, introduced here to keep
track of the order of perturbation and is to be put
equal to unity at the end of the calculation.

As is well known, the ratio of the two time
scales wj' and y~! in this problem is of the order
of €2(e?/%c)(v?/c?), where v is roughly the elec-
tron velocity within the atom. This ratio is much
smaller than unity and it is this smallness param-
eter which renders here the successful application
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of the multiple-time-scale method. Although the
above smallness parameter is proportional to €,
it is more systematic to introduce the multiple
time scales®™?® according to each power of €.
Thus we replace the original single time variable
t by 7, which represents collectively the variables
Toy Tis Tayeeoy 1e€0y E=T= (Toy T1s Ty eney ). The
7,’s are defined by

9 __
ot n € )
or

T,=€"+C,. (7

For convenience we specify that C,=0 so that 7,=¢.

All 7,’s are independent of each other because the
integration constants C, can be arbitrary. Corre-
spondingly, new functions a(7), b3(7) of the many
variables 7, are introduced. They are required to
satisfy equations similar to Eqs. (4) and (5), nam-
ely,

i<-a—-a(‘r)> = Z eaf et“orTo by (7), 4"
ot C14 Ca..e %

i(:—tb;(r)>c

The initial conditions (6) are now replaced by

=e@ge " rTog(r). (5
]' cz‘ v

a(14=0,7,=0,7,=0,...)=1,

6’
0,...)=0. €

b3 (15=0,7,=0,7,=

From Eqgs. (4')-(7’) it is clear that when all C,=0,
the new functions a(7,=¢, 7,=€t, 7,=€¢,...) and
by(ty=t,7,=€t, 7,= €4, ...) become exactly equal
to the original amplitudes a(t) and b3(¢), respec-
tively. However, owing to the additional variables
Ty, Tay » .. introduced into these amplitudes, Egs.
(4”)~(6") alone will no longer be sufficient to de-
termine them uniquely when the C,’s are not all

zeros. Additional conditions must then be imposed.

In the present case, the introduction of every new
variable 7, (or equivalently, C,) must be accom-
panied by new conditions on the partial derivatives
[(/07,)a], _ and [(8/87,)b%],, . {or equivalently,
[(8/08C, )aJ, Cruen 20d [(8/0T, )b;]g Cu fOT the
unique determination of a(7) and bg 7). Mathemat-
ically, it is exactly these new conditions, which
are completely at our disposal, that are at the
heart of the method. After we obtain a(7) and

b3 (7) through the use of these conditions we set
all C,=0 to get back to a(¢) and b3 (¢). Physically,
the partial derivatives on the left-hand side of
Egs. (4’) and (5"),

AND CHANG 8
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n#0

2( 2
+€ (a'fz)r"ﬂ+ , (8)

will enable us to look at the time evolution of the
amplitudes according to the different time scales.

We now try to solve Eqs. (4’) and (6’) by expand-
ing a(7) and b3(7),

a(7) =Z E"C‘(")("'o, TisTasess), )
n=0
(r) = 2 €F (Toy Toy Tay -2 (10)
The derivatives (8/87,)a™(7) and (8/07,)b (M)(T) for

n=1 and for any m are then completely at our
disposal. Note that even though the above expan-
sions are just series in powers of €, the coeffi-
cients depend not only on the variable 7,(=¢) but
also on the other variables 7,. When we finally set
T,=€"t to get back to our original problem, these
expansions will not be simple power series for
a(t), by(t) since the coefficients a"(1,=¢, 7, = €t,
T, = é’t, ...)and b; (‘ro—t T,=€t, T,=€4,...) will
then also contain powers of €. Hence, the terms
in the conventional perturbation series for these
amplitudes will have been effectively rearranged
in these multiple-time-scale expansions.

Substituting (8)-(10) into (4’) and (5’) we obtain
the following equations:

9
€ ;-a(")(r):O, (11a)

[}

9 9
1.0 2, — p(0) )
: a'’(T)+ a’ T
€ 1(810 () aT, )

_.Z a., iuJOk‘ro (0)( ) (llb)

e (aia(z (1) + g-a-—a(”(r)+ a—?— a(°)(‘r))

To T, T2

*
= Z Gt e!Yor
%

Topg (1), (11c)

€°: i(a/aro)b%))(r) =0, (12a)

et 1i[(8/01 %) (1) + (8/37,)b (7))

=@g e~ Yn"0a®)(7), (12b)

& ity (14 g8 ()4 o8P0

=@ze-f“rT0a)(1), (12c)
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From (11a) and (12a), it is clear that a®® and b5
do not vary in the time scale 7,, With this fact in
mind, an integration of (11b) over 7, leads to

8

(]
o7, a’ )(Tu Tasens)

a(l)(‘ro, Tieed)=To

+aM(1,=0,7,=...)

. * (To (0)
-zEa;fo due“ox* by (T,,...).
%

(13)

In the limit of large 7, the integral J;°due’“o*
behaves like a ¢ function,®’ i.e.,

To
lim f due’“or
19— Y 0

=1 ¢(wy,)

14
=1 (w_(’k— i1r5(w0k)> N
which is independent of 7,, while the term
7(8/87,)a® (7, ...) diverges linearly as 7,. Here
(#/w,,) stands for the principle value of (w,,)~".
The secular behavior of a‘*) due to the latter term
may now be eliminated by imposing the condition
(8/87)a(7,, 75,...)=0. This simply means that
a®(7) is not only independent of 7,, but also inde-
pendent of 7,. ©)

Using a similar argument, it is clear that b3 (7)
is also independent of 7, and 7,, We may also
impose a first-order condition associated with 7,
that (8/87,)a*)(1,=0, 7,,...)=0. Consequently, we
obtain with the help of (6’) that

.
=i 3 Q§L°due'wo~-b‘;‘”(rz,...), (14)
k

(1) : To ~iwg,u ,(0)
by =-iGy due~t“or* a'®)(1,,...). (15)
0

The above equations show that aM(7) and b(f )(T)
are independent of 7,. Substitution of (15) into
(11c) yields

9 9
@) (0)
= ) 4 — Tou s
aToa (1) 372a (73, )

To
=- Z Iailz J‘ iwop(To-u) ,(0)
= o due’“or a® (1, ...).

(16)

An integration over 7, then gives

@) (o) To
a®(1)==To—a (rz,...)-f dr}
o7, A

8
(gt [Faerenfaic o,

>

k 17

where the term a®)(7,=0, 7,, 7,, . ..) has been set
to zero by imposing (8/67,)a®)(7,=0,7,7,,...)
=(8/07,)a®)(1,=0,7,, 7,,...)=0 and by the use of
(6).

To investigate this equation, let us first consid-

er
’
T, T fWop T
[ 0 T .1 -et@orTo
f dT‘;f due“"ok"=l<—9-—z——-—)
) ) Wop Wor

which behaves like iT¢(w,,) at large 7,. To elim-
inate the secular behavior, we have to require
that

) X |
S ar . )+ { ; laz[? awm)}

xa® (1, ...) =0 . (18)

If we require further that (8a®/s7,)(7,=0,7,,...)
=0 for n>2, the solution to (18) which also satis-
fies (6’) is

a© (1) =e"¥s T2 Vs 72, (19)
where
1
= At e — 2
Wy Zk: I kl wo", ( 0)
ve=1 2 |65 [26(w,,) . (21)
I3

Note that the a(®’(7) thus obtained is finite and
valid for any 7,, showing no secular behavior.
Similar considerations in higher orders actually
show that

a®t=0 (22)
and

a®m(r,~large, 7,)=0. (23)
Hence we have

a(t,~large, 7,) =a®(,), (24)
which leads, upon putting €=1 and all C,=0, to

a(t—-large)=e~#Wst-Vst, 25)

Substitution of (25) into (5) yields, after integra-

tion,®

e~ ivopt e-{(ws—lys)t -1
Wop + W =17

br(t)=az . (26)
Equations (25) and (26) reproduce the Weisskopf-
Wigner solution.’® Several remarks are in order
here: (i) Although many time variables were in-
troduced in (7), only 7, and 7, appear in Egs. (19)-
(24). After setting all C, equal to zero, it is ap-
parent from (25) and (26) that these two variables
To=¢ and T, = €¢ exactly correspond to the two
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physical time scales discussed in Sec. I. (ii) Rath-
er than being assumed a p7iori on intuitive ground,
the exponential decay behavior of the amplitude a
in (25) follows directly as a result of the mathema-
tical procedure of eliminating the secular behavior
in each order of the MTSPE, (iii) That the ampli-
tude a is independent of the finer time scale 7, in
Eqs. (19)-(24) results from the use of mathema-
tical identities such as

,
lim f ® duet o =ig(w,,), (27)
Tolarge ~ 0

where the right-hand side no longer depends on 7.
Here, the limit of large 7, actually means in our
context that £ becomes so large that the variable
7, = €2t may take on finite values. Physically what
happens is that the rapid fluctuations as seen in
the time scale of w;' are averaged out in the time

scale of y~1,

II. SPONTANEOUS EMISSION FROM TWO
STATIONARY ATOMS

Consider two stationary atoms, each with two
nondegenerate levels as in Sec. II. If we assume
that only one of the atoms is excited initially at
t=0, then the state of the system at any later
time may be written

[T (2)y =b,(¢)| +¥; 03) +b,(¢)| ¥4; 07)
£ 2, bpOlv 1, (28)
%

with
5,00)=1, b,(0)=67(0)=0. (29)

The Schrodinger equation in the interaction repre-
sentation leads to the following equations for the
amplitudes:

i%bl(t)=€ 3 af eteont e F (1), (30)
T

i:i%bz(t)ms 3 of efeont otF R (), (31)
T

ib‘ £) = —fw, :Zz: —ikx 32

ey #(t)=€ag e o Fle 1b,(2). (32)

As in Sec. II, we introduce the multiple-time vari-
ables T of (7’) and the multiple-time-scale per-
turbation expansions

b,(7) =i: b (r), j=1,2 (33)
n=0
bﬂ‘r):iz‘; e"b(f)(r). (34)

Equations for b,(7) and b%(7) are just the same as

AND CHANG 8

Eqs. (30)=(32), except that d/dt is replaced by
(8/ Bt)c,. c, ... given in (8). These equations can
then be analyzed in each order. The amplitudes
(1) will again be independent of 7, and 7,.
Similar to Eqs. (16)-(18), eliminating the secular
behavior in the second order leads to

L¢]
;z-bg"):_fub(?)_flzb(zo), (35)
9
oz, 08 = b = £, (36)
where
fi=+iw; 4+, £,j=1,2 (317)
_ ®  ikx (38)
w;,= |a..|2 ___e:k Xij
j Z§ k ka ’
Y =T Z lag [Z etk * i16(wgp) (39)
&

and X,;=X; —X,. Note that w,; =w, of (20) and
Y4 =7s of (21).

It is a simple matter to solve the two simultan-
eous, linear, homogeneous differential equations
(35) and (36). Going through steps analogous to
Egs. (22)-(26) we finally obtain, in the limit of
large ¢,

by(t)=3(e ! +e o), (40)
by(t)=3(=e~ Mt +e~%"), (41)
bp(t)=3ag (e-iF T = g-ik iy €Lt ol -1

Wy +E 0

e-liugpt o)t _q

—ikx,, -k
+(e 14 gtkxz) wTia, , (42)
where
a,=1 Z |G 25 (wg,)(1 = cosk *X,), (43)
&
@y =i ) |7 [26(wey)(1 +cosk +Xyp). (44)
k

These results, (40)-(44), agree with those in Refs.
12, 13, 18, and 19, and can be compared with those
obtained by Ernst'’(®) and Chang and Stehle.??
Comparing the present section with Sec. II we
see that although the physical results (26) and (42)
have different significance in that the radiation
(42) from a two-particle system shows the coher-
ence effect especially when kyx,, <1, the math-
ematics of the MTSPT leading to them is essen-
tially the same. We are therefore prompted to look
into more complicated systems. These will be
discussed in the subsequent papers of this series.



*Work partly based on Part II of a thesis submitted by
Paul S. Lee in partial fulfillment of the requirements
for a Ph.D. degree in Physics, State University of
New York at Buffalo, 1972.

IR. H. Dicke, Phys. Rev. 93, 99 (1954).

’H. G. Kuhn and J. M. Vaughan, Proc. R. Soc. Lond.
A277, 297 (1964).

3B. Schiff and C. L. Pekeris, Phys. Rev. 134, A638
(1964).

‘H. G. Kuhn, E. L. Lewis, and J. M. Vaughan, Phys.
Rev. Lett. 15, 687 (1965).

SH. G. Kuhn and E. L. Lewis, Proc. R. Soc. A 299, 423
(1967).

6J. M. Vaughan, Proc. R. Soc. A 295, 164 (1966).

'J. M. Vaughan, Phys. Rev. 166, 13 (1968).

8F. A. Korolev, V. I. Odintsov, and E. V. Fursova,
Opt. Spektrosk. 16, 555 (1964) [ Opt. Spectrosc. 16,
304 (1964)].

W. L. Williams and E. S. Fry, Phys. Rev. Lett. 20,
1335 (1968).

10F, Schwabl and W. Thirring, Ergeb. Exakt. Naturw.
(Germany) 36, 216 (1964).

A. W. Ali and H. R. Griem, Phys. Rev. 140, A1044
(1965).

12M. J. Stephen, J. Chem. Phys. 40, 669 (1964).

13p. A. Hutchinson and H. F. Hameka, J. Chem. Phys.
40, 2006 (1964).

44" Omont, C.R. Acad. Sci. (Paris) 262, 190 (1966).

15M. Tavis and F. W. Cummings, Phys. Lett. 25, 714
(1967).

1$p. Dialetis and P. Stehle, Phys. Rev. A 2, 599 (1970).

17(a) V. Ernst and P. Stehle, Phys. Rev. 176 1456 (1968).
() V. Ernst, Z. Physik 229, 432 (1969)

18y, C. Lee and D. L. Lin, Phys Rev. 183, 147 (1969);
Phys. Rev. 183, 150 (1969).

19y, C. Lee and D. L. Lin, Phys. Rev. A 6, 388 (1972).

2R, H. Lehmberg, Phys. Rev. A 2, 883,889 (1970).

MULTIPLE-TIME-SCALE ANALYSIS OF...I... 1727

4J. H. Eberly and N. E. Rehler, Phys. Lett. A 29, 142
(1969).

22C. 8. Chang and P. Stehle, Phys. Rev. A 4, 630 (1971);
Phys. Rev. A 5, 1928 (1972).

BF, Haake and R. J. Glauber, Phys. Rev. A 5, 1457
(1972).

24C, R. Stroud, Jr., J. H. Eberly, W. L. Lama, and
L. Mandel, Phys. Rev. A 5, 1094 (1972).

%R, L. Shoemaker and R. G. Bremer, Phys. Rev. Lett.
28, 1430 (1972).

%N. M. Krylov and N. N. Bogoliubov, Introduction to
Nonlinear Mechanics, translated by S. Lefshetz
(Princeton U. P., Princeton, N. J., 1947),

YE. A. Frieman, 3. Math. Phys. 4, 410 (1963).

3G. Sandri, Phys. Rev. Lett. 11, 178 (1963); Ann. Phys.
24, 332 (1963); Ann. Phys. ﬁ 380 (1963).

®In a gaseous system, the distinct time scales are To:
collision time scale 7y ~107'2 sec, 7,;: mean free
time scale A 4~ 108 sec, Ty: hydrodynamic time scale

L fuy~ 10" sec, where 7, is the range of the interaction
potential, % is the average thermal speed, L is a macro-
scopic characteristic length, and %, is the speed of
sound.

30W. Weisskopf and E. Wigner, Z. Physik 63, 54 (1930).

S1The ¢ function is defined as ¢(x)=—i lim,,_..,fo e qu’
For reference, see W. Heitler, Quantum Theory of
Radiation (Clarendon, Oxford, England, 1954), 3rd
ed., pp. 69~70.

32’I’h.ls integration is justified by noticing that d/dt

= (8/67() +€ (8/8T,) +€2(8/8T,) ++++ and (8/07)b ¥
+ (3/970)51((2"“) —~i@te WokT0g®)  The gecond con-
dition can be easily derived from Eqgs. (12a)-(12¢) and
(15) together with the higher-order equations. Sub-
stituting them back into the original equations, it is
readily observed that this integration over 7y: 0
—large T, is exactly the same as that of a direct inte-
gration over f when ¢ is large.

PHYSICAL REVIEW A

VOLUME 8, NUMBER 4

OCTOBER 1973

Multiple-Time-Scale Analysis of Spontaneous Radiation Processes. II.
Many-Particle Systems*

Paul S. Lee and Y. C. Lee
Department of Physics and Astronomy, State University of New York at Buffalo, Buffalo, New York, 14214
(Received 8 March 1973)

The multiple-time-scale expansion method has been used to study a system of N -two-level atoms with
one of them excited initially. It is found that, in the limit of large time, the Schridinger equation for
the system reduces to a set of algebraic equations, and can thus be solved exactly. A detailed study of
a four-atom system is given. The analysis is then extended to a regular lattice of N atoms. It is found
that in a large lattice, the probability for the excitation energy to be trapped is very large, even when
the lattice spacing is comparable to the characteristic wavelength of the radiation.

I. INTRODUCTION

Since the pioneering work of Dicke! on the super-

radiant states of a system of atoms, there have
been numerous experimental and theoretical in-

vestigations on the coherence effects in spon-
taneous radiation. A brief survey has been given
in the preceding paper.?

It is well known that the coherence effect due
to the radiative coupling is especially important



