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Extensive inelastic-neutron-scattering experiments have been carried out on single crystals of He in the

bcc and low-density hcp phases. The results of our present and previous measurements have established

the over-all characteristics of the scattering function S(g, eu) for a wide range of energy and

momentum transfers. The general features of the scattering function can be described as showing

well-defmed, sharp, elementary excitations at energy transfers h co ~ 1.0 meV, and single-particle

excitations for scattering vectors ]Q( & 3.0 A ' and hco & 5.0 meV. The changes in the structure of the

scattering function to accommodate these two different excitations occur in an ill-defined "transition"

region, wherein the spectral response of the sharp excitation gradually becomes more distorted and

merges with the multiexcitation response at the higher energies. In the low-energy regime, the scattering

cross section for sharp excitations observed in the [011] zone for the bcc phase is found to be unusual

in that the efFective Debye-&aller factor constructed from the data via the Ambegaokar, Conway, and

Baym sum rule displays oscillations. The data for the lowest transverse branch T „however, do not

show oscillations. In our previous work, this anomalous cross section appeared to be associated with an

energy transfer of ~ 1.4 meV, and a concomittant distortion in the Gaussian-like spectral response. The

present results show that this is not the case. The unexpected behavior of the cross section was

observed for sharp, symmetric excitations whose energy distribution has no extraordinary contribution

near 1.4 meV. The measurements in the hcp phase show that these anomalous features of the scattering

function are similar in both phases. The high-resolution measurements on the sharp excitations at small

wave vector were used to construct a self-consistent set of elastic constants. These elastic constants are

considerably more accurate than those from previous measurements. They suggest that the dispersion of
the T, mode in the [011] direction need not be anomalous, in contrast to recent theoretical results.

Finally, at high energy and momentum transfers, single-particle excitations are observed in both phases.

Their dispersion relation is isotropic, and is the same in both phases within the accuracy of the

measurements. The profiles of these excitations are very similar to those recently observed by Woods

and Cowley in the superfluid phase.

I. INTRODUCTION

For large molar volume the solids of 4He have

the unique feature that, in contrast to normal
systems, the average random excursion of an atom
from its equilibrium yosition is a significant frac-
tion (--,') of the interatomic spacing. The weak
interatomic interaction and the light mass combine
to produce crystals whose lattice dynamics cannot
be described within the context of classical theo-
ry. ' For these reasons, and because the inter-
atomic interaction is well knomn, helium crystals
are expected to be ideal systems with which to test
the subtle predictions of the quantum-mechanical
many-body theory of crystal dynamics.

In recent years the over-all experimental effort
on inelastic neutron scattering from helium crys-
tals has made considerable progress. The initial
work on single-crystal samples was done in the

hcy phase by the Brookhaven group' for a molar

volume of 21.1 cm'/mole and by the Ames group'
at 16.0 cms/mole. Their results for the dispersion
curves are in reasonable agreement with theory.
There were, however, two puzzling features in the
experiments. The first was that the higher-energy
LQ branches were not observed by the Brookhaven
group for the large-molar-volume crystal of
21.1 cm'/mole. The second was that Reese et al. '
noted that occasionally they observed "anomalous
neutron groups" that could not be reliably identi-
fied as the standard single-phonon scattering.
With regard to the measurements made at the
larger molar volume, it was speculated that the
LO branches were not observed because of re-
laxation effects and because the inelastic structure
factor had an unexpected dependence on the scat-
tering vector. These two aspects of the expex i-
ments had, however, never been satisfactorily
resolved, and remain unsolved problems.

It was therefore highly desirable to perform
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measurements in the other low-density phase of
'He, the bcc phase. The initial experiments were
done in the hcp phase because of the more formi-
dable cryogenic problems in the bcc. The problem
of stabilizing a crystal in this phase for approxi-
mately one month is difficult, since it exists over
a temperature interval of at most 50 m'K. Our
experiments on the bcc phase were reported by
Osgood et al. ,4 hereafter referred to as I. The
results of these experiments can be summarized
as follows: (i) With regard to the dispersion
curves, where possible, the agreement between
theory and experiment4 was of the order of +20%,
(ii) the group profiles in the higher-energy region
of the phonon spectrum were often severely dis-
torted from the normal Gaussian contour; (iii) the
profiles of the groups were not identical at sym-
metry-related positions in reciprocal space; (iv)
the first moments of the groups near ~QI-2.5 A '
were not in agreement with the sum rule developed
by Ambegoakar, Conway, and Baym, ' assuming
that the Debye-Wailer factor had the expected
Gaussian dependence on the length of the scattering
vector. The data shown in Fig. 1 were taken from
I, and illustrate that an unexpected increase in the
scattering function had occurred for ~Q~-2. 4 A '.
It was also concluded that the anomaly is asso-
ciated with an energy transfer of -1.4 meV and a
distortion in the group profiles.

This experiment generated a great deal of in-
terest, and many attempts were made to explain
the results. ' ' Werthamer' has suggested that the
anomaly might be understood on the basis of the
solid being more liquidlike than expected. The
observed distorted profiles and the difference in
their shape at symmetry-related positions are
taken to be evidence for strong interference effects
in the single-phonon scattering function.

Sears and Khanna, ' McMahan and Guyer, ' and
Horner' approached the problem differently and
studied the behavior of the Debye-Wailer factor
from the Hartree-Jastrow approximation, the
self-consistent phonon approximation' (SCH), and
improvements on the SCH, respectively. They
failed to reproduce the data for the anomaly in the
scattering function. The dependence of the theo-
retical Debye-Wailer factor on the magnitude of
the scattering vector was found to be Gaussian
to within 2%, and the directional dependence too
small to explain the result. Sears and Khanna'
had even suggested that "the anomaly" is due to
errors in background subtractions.

Further experiments were therefore necessary,
both to clarify questions raised by the early mea-
surements and to study the anomaly in more de-
tail. In particular, it was recognized that ex-
tensive measurements on low-energy excitations
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II, PRELIMINARY COMMENTS

A. Experimental Details

The experimental results that are given in this
paper are a composite of data collected from five
different crystals. The crystals had a nominal
volume of 8 cm'. The mosaic of the samples
typically had a smooth Gaussian-like profile with
a full width at half-maximum (FWHM) of 10', with
a shoulder that was between 10 and 50% of its
peak height. The shoulders extended to at most
0.5' from the peak of the profile. In principle, the
presence of the shoulder presents no difficulty;
the data could easily be corrected for it. However,
it was decided to study the transverse branches
only in the best crystals, for which the correc-
tions are small. The longitudinal branches, being
much less affected by crystal mosaic, were
studied in all the crystals. The data were com-
pletely consistent from one crystal to the next.

(K&a &1.0 meV) would be important because they
could be studied with high resolution. The previous
measurements were restricted to an incident-
neutron energy of 13.5 meV, which in turn made
reciprocal space near zone centers inaccessible.
In this paper we will demonstrate that the anom-
alous behavior of the scattering function is not
associated with an energy transfer of 1.4 meV, and
does not occur in only those groups that are dis-
torted. The unexpected cross section, as will be
shown, was observed in sharp excitations with a
symmetrical spectral response where there is no

difficulty with background subtraction. In addi-
tion, we shall show that for k(d & 5.0 meV and

Q & 3.0 A ', there exist single-particle-like exci-
tations. "
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A detailed description of the procedure used to
grow the crystals is given in I; here we will men-
tion only two features of the sample cell not men-
tioned there. Because the sample-cell fill line is
restrictive (a 20-cm-long 0.01-cm-i.d. capillary
containing an 0.008-cm wire), a pump-out value
was provided for evacuating the sample cell before
Dewar assembly. Because this restrictive filling
line was susceptible to blockage, the sample cell
also was equipped with a miniature bursting disk
with a bursting pressure of about 40-50 atm.
Both the pump-out value and the bursting-disk
assembly are superfluid tight even at elevated
pressures, and are described in detail elsewhere. "

The scattering vectors that are normally used
to collect phonon dispersion data for cubic crys-
tals are fairly standard and well known. The un-
usual restrictions imposed by the Debye-Vfaller
factor of solid helium, however, are unique, and
require the use of scattering geometries not or-
dinarily considered. The positions at which the
data were collected for bcc helium in these experi-
ments are illustrated in Fig. 2. The scattering
vectors were chosen to sample only propagation
vectors along the major symmetry directions, for
which the polarization vectors of the modes are
fixed by symmetry to be either transverse or
longitudinal. Crystals oriented in two zones were
used. The majority of the data was taken on crys-
tals oriented in a [011]zone. All but one of the

important branches can be studied in this zone,
the exception being the lowest transverse mode

T, along the [011]direction. The polarization of
this mode is along the [011]direction and to study
this mode a crystal oriented in a [100]zone was
used.

The data were collected using fixed incident
energies of 5.5, 13.7, and 44.0 meV. The con-
stant-Q scan technique was used for the experi-
ments. The lower incident energies were used
for energy transfers generally less than 4.0 meV.
In those cases where very clean high-resolution
data were necessary, an incident energy of 5.5
meV was used; the energy transfer was then lim-
ited to less than 1.1 meV. The monochromator
and analyzer were (002) reflections of pyrolytic
graphite. The higher-energy components in the
beam were eliminated by using graphite as a
single-crystal filter. Effective collimations of
20' were used before and after the scattering from
the sample. The incident energy of 44.0 meV was
used to study the high-energy single-particle ex-
citations. The energy transfer in this case was
between 5.0 and 20 meV. Again, the (002) reflec-
tion of pyrolytic graphite was used at the analyzer
and monochromator positions.
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FIG. 3. Four examples of scans in the bcc phase.
The two scans on the right illustrate the shift in appar-
ent peak position and marked difference in intensity of
groups taken at two equivalent positions in reciprocal
space. The two scans on the left are examples of the
same phonon being taken with incident energies of 13.7
and 5.5 meV.
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FIG. 2. Two zones in mhich crystals mere oriented in
the bcc phase. The heavy solid lines illustrate the posi-
tions where the data were collected.
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B. Scattering Function

To simplify the discussion of the experimental
results in Sec. IV we give here a preliminary
over-all preview of the characteristics of the
scattering function for low-density solid helium.
The traditional interpretation given to inelastic
neutron scattering from a solid was not fully
adequate to describe the data. The profiles shown
in Fig. 3 illustrate the three principal types of
features observed in the scattering function.

The profile on the lower left is a representative
example of the data collected with high resolution
at energy transfers less than 1.1 meV. The solid
lines in the figure are the result of a computer
calculation that convolutes the resolution function
of the spectrometer with the dispersion curves of
bcc helium as determined by a force-constant fit.
The cross section used in the convolution assumed
that these excitations were infinitely long lived.
The fact that the solid lines in the figure faithfully
reproduce the data indicates that the observed
linewidth of these excitations is primarily caused
by the resolution of the instrument. An upper
limit for their intrinsic width can be fixed at
approximately —,

' of the observed FWHM, or -0.03
meV. The data given in Fig. 3 are typical of those
observed for the lowest-lying peak in the spectral
response at low-energy transfer, and can, we

believe, be identified with confidence as scattering
from the elementary lattice excitations. The re-
sults for neutron groups of this type can therefore
be compared with the theoretical results for the
dispersion curves, as is usually done.

The situation for higher-energy transfers is
considerably more complex. The two profiles on
the right-hand side of the figure are typical of the
data taken at higher energies. These data were
collected at equivalent positions in reciprocal
space, and should be compared with one another.
In addition to their both being very broad, we note
that their profiles are different. With regard to
this difference in their profiles, it is known that
the terms introduced into the scattering cross
section by the interference between the one-phonon
and multiple-phonon background can produce pre-
cisely this result. ' The important feature, how-
ever, is not that their profiles are different, but
rather that the cross section at the [0, 1.3, 1.3]
position is too large to be entirely conventional
single-phonon scattering. The increase in the
cross section at the higher-energy transfers and
for the large scattering vectors is evidence that
the single-excitation response is being masked
and often dominated by an additional contribution
to the scattering function. We shall refer to
this additional contribution as multiple-excitation

scattering. In a later section, we shall show
that the profile given in the upper right "becomes"
the single-particle scattering at even higher ener-
gies."

These results suggest that the data be discussed
as though there are three regions in energy and
momentum space. In the first, the scattering
function shows a sharp well-defined spectral re-
sponse characteristic of a long-lived elementary
excitation; the second is an ill-defined transition
region wherein the multiple- and single-excitation
responses become superposed to such an extent
that separation of the two becomes impossible;
finally, there is the region for very-high-energy
transfers and large scattering vectors, where the
scattering function is determined by the single-
particle response. In addition it is clear that in
the transition region the conventional concept of
the dispersion relation is of limited use, and that
the proper method of analyzing the results is
generally not by assigning "peak positions" and
widths but by detailed computer convolution of the
spectrometer resolution function with theoretical
results for the total scattering function S(Q, e).
The theoretical calculations are unfortunately
nontrivial. However, a quantitative comparison
between theory and experiment in the transition
region of the excitation spectrum of solid helium
should prove to be especially interesting.

C. Sum Rules

When presenting the experimental results, em-
phasis will be placed on the magnitude of the cross
section. We now comment on the manner in which
the data are reduced. One way to discuss the
cross section for an elementary lattice excitation
is via the sum rule on the displacement-displace-
ment correlation function developed by Ambegao-
kar, Conway, and Baym (ACB).' The ACB sum
rule asserts that

where S~(Q, &a) is the so-called single-phonon
scattering function for branch i with polarization
vector $, , Q is the scattering vector, co is the
energy transfer, and ld(Q)l' is the Debye-Wailer
factor. We note that S~(Q) contains the cross
terms alluded to earlier: namely, the interference
terms introduced by the one-phonon and multi-
phonon scattering amplitudes. Detailed balance
can be used to restrict the integral in Eq. (1) to
phonon creation to give

J
(Q )( )

(Q 5 )'I (Q)l
p 4M0
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where P =I/kT. If the integral in Eq. (2) is de-
fined to be M',.(Q), we note that it can be con-
structed from the data. Then either M',.(Q),
M (Q)/(Q' 5,)', or M,'(Q)/(Q ' (;)'e '

& can be
used to present the experimental results, where
e '~& is the harmonic Debye-Wailer factor. These
three equivalent ways of presenting the results are
schematically illustrated in Fig. 4. The dashed
lines in the figure illustrate what one would have
for the coherent single-phonon cross section using
the normal Gaussian Debye-Wailer approximation,
~d(Q)~' =e 's'o~'"' . The solid lines qualitatively
illustrate, as will be seen, what is actually ob-
served for the scattering from solid helium. In
I the results were presented after the fashion given
in the top part of the figure. In this paper we shall
use both the top and the bottom presentations.

The data that were given in I have appeared in
the literature plotted in a fourth fashion. ' The
quantity M',./(Q $ )' was plotted on a linear scale
versus ~Q); in other words, one gets a linear plot
of the effective Debye-Wailer factor. This type of
plot can possibly be misleading. The important
feature contained in the data given in I is that the
intensity of the scattering at ~Q~-2.44 A ' was
much too large. A linear plot of the effective
Debye-Wailer factor could be interpreted as em-
phasizing more the region )Q)-1.2 A ', rather
than the additional cross section at 2.44 A '. The
data were given in I after the fashion given in the

top part of Fig. 4 to illustrate that the unambiguous
experimental result was an unexpected inc~ease in
the cross section at 2.44 A '.

The illustration given in the bottom part of Fig.
4 is particularly instructive. The solid line A in
the figure represents what one would get if all
the scattering were contained in the observations.
It represents Placzek's" sum rule on the total
scattering function,

f „d(o u5 (Q, &u) =Q'/2M, (3)

where S(Q, e) is the total scattering function. The
figure clearly suggests that one might immediately
anticipate difficulties in uniquely identifying the
single-phonon part of the scattering in the transi-
tion region. The dashed line represents the con-
tribution made by the single-phonon part in the
harmonic approximation. For Q small, the single-
phonon part dominates. The difference between the
line A and the dashed line represents the contri-
bution made by the multiple-phonon part, which
becomes progressively larger. In the extreme
limit for Q very large, namely, in the single-
particle region, one should reproduce the line A
exactly. In the transition region the two contri-
bute amounts of equal order, and a clear separa-
tion of the two becomes virtually impossible. As

was discussed earlier, the experimental results
support this conclusion. We now proceed to pre-
sent a detailed description of the scattering func-
tion for solid helium in all three regions of energy
and momentum space.

III. DISPERSION CURVES

A. bcc Phase
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FIG. 4. Three equivalent ways in which the data for
single-phonon scattering can be presented. The data
are integrated by computer via the ACB sum rule. Line
A in the bottom figure represents Placzek's sum rule.

We first discuss the data that were taken in the
region in which the scattering function has a simple
profile that can readily be identified as scattering
from a single elementary excitation. Two exam-
ples of typical high-resolution scans taken in this
region are illustrated in Fig. 5. The excitations
shown in the figure are sharp and well defined.
An upper limit for their intrinsic linewidth is
approximately —,

' of the observed FWHM, or -0.03
meV. The results for the dispersion curves for
small wave vector are summarized in Fig. 6. Data
of the type shown in Fig. 5 were used to determine
the elastic constants. The solid lines in Fig. 6 are
the least-squares fit to the data that give the elas-
tic constants in Table I of the Appendix. The data
for five branches, the T[100], L[011], T,[011],
L[111], and T[111],were used in the least-squares
analysis. The results for the T, branch were taken
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at relatively larger wave vectors with poorer reso-
lution, and were not included in the fit. A statistical
weighting was used in the transverse branches to
account for the difference in crystal mosaic. We
note that the residuals given in Table I can be
explained in terms of the observed non-Gaussian
mosaic of the crystals. The results for the elastic
constants are consistent with the data from our
previous measurements and with Wanner's esti-
mate from thermodynamic data. " The results
given here are significantly more accurate than
those in previous work.

The value for the initial slope of the T, [011]
mode derived from these elastic constants is 163
+30 m/sec. The results of a number of theoretical
calculations for this branch suggest that the dis-
persion of this mode might be anomalous. '4 These
calculations suggest that there could be a region
at small wave vector for which the dispersion
curve would have upward curvature. The derived
value for the initial slope of this branch from the
elastic constants strongly suggests that its dis-
persion is normal in that the slope is large enough
to reach the zone boundary at 0.58 meV without
upward curvature in the dispersion relation. One
can speculate that, in view of the simple inter-
atomic interaction between the helium atoms, the
cubic phase of solid helium would satisfy the
Cauchy relations for elastic isotropy in a cubic
system, i.e., that C» =C44. The elastic constants
determined from the results of this experiment
clearly violate this relation. Assuming only a
pair interaction, these results could suggest that

the phonon spectrum is derived from an effective
potential that is noncentral in character.

The results for the dispersion relation for bcc
helium for a wider range of energy and propaga-
tion vector are given in Fig. V. One of the impor-
tant features of the data in the figure is that they
do not cover the entire zone. The results for the
higher-energy transfers, in contrast to those
illustrated in Fig. 5, which are essentially similar
to the groups observed from most crystals, were
(a} generally broad, and (b) had profiles that were
different at equivalent positions in reciprocal
space. In the second zone, the groups were often
severely distorted from the normal Gaussian-like
spectral response. Unfortunately, the measure-
ments for scattering vectors in the second Bril-
louin zone were usually in the transition region.
Strictly speaking, therefore, the results for these
higher-energy transfers can only be interpreted
by convoluting a theoretical expression for the
total scattering function. The shaded areas in the
figure and the incomplete branches in the spectrum
reflect our uncertainty both in being able to define
a peak in these profiles and in deciding whether a
given group was in fact scattering from a single
excitation. The data in Fig. V are, we believe, the
type that can be compared with theoretical results
for the dispersion curves. The numerical results
used to construct Fig. V are given in Tables II
and III of the Appendix.

The solid lines in Fig. V represent a theoretical
calculation for the spectrum by Glyde"; the lowest-
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order self-consistent phonon approximation was
used in the calculation.

B. hcp Phase

Measurements were done in this phase to study
the behavior of the cross section of those branches
of the spectrum that were not observed in our
earlier measurements, and to firmly establish
whether the anomalous behavior of the cross sec-
tion in this phase was similar to the one previously
observed4 for the bcc.

The results for the LO branch along the [001]
direction are given in Fig. 8. The contours for
the phonon profiles for this branch are reminis-
cent of those found in the bcc phase at the higher-
energy transfers. An illustration of a profile ob-
served for this branch is given in the top part of
Fig. 9. The phonon group is very broad and is
distorted from the Gaussian-like shape commonly
observed for normal groups. As is expected, the
data at this density for this branch show that the
interference terms in the cross section for the
hcp phase are as important as for the bcc. The
shaded areas in Fig. 8 reflect the uncertainty in
determining a "peak position" in the type of pro-
file shown in Fig. 9.

The groups illustrated in the lower half of Fig. 9
are representative of the data that were taken for
the modes with the normal profile. The TO mode
is in good agreement with the original neutron-

scattering experiments in this phase, ' and with

very recent results of light-scattering measure-
ments. " The TO mode at the zone center was
found to have an energy of 0.90+0.01 meV. The
profiles on the lower left are examples of scans
for the LA branch, and the solid lines are com-
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FIG. 8. Dispersion data for the LA and Lo branches
along the t00&] direction in the hcp phase. The cross-
hatched areas illustrate the uncertainty in defining a
peak position in the profile.
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IV. CROSS SECTION

We now discuss the scattering cross section in
both phases of the solid. The experimental data
presented in I showed that the scattering function
in the bcc phase had an unexpected dependence on
the magnitude of the scattering vector. The main
effort of this experiment was to study the behavior
of this unusual result in more detail.

At the outset, we note that the situation is more
complex and more interesting than had been ex-
pected. To facilitate presenting the conclusions
drawn from the data, we simplify the results and

presume that the cross section can be easily di-
vided into the scattering from single and multiple
excitations. The latter is that part which merges
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puter calculations for the line shape. The re-
sults show that the observed linewidth is caused
primarily by the resolution of the instrument.

The data shown in Fig. 10 are the result of pre-
cise measurements along the [100] direction. The
data that were used to construct the figure were
taken primarily for the purpose of determining the
cross section. Here we present only the results
for the dispersion of these modes. The numerical
data for these branches are given in Table IV of
the Appendix.

with and becomes the single-particle excitations
at large energy and momentum transfer. As was
pointed out earlier, this assumption is not gener-
ally true, because in most cases the observations
could not readily be identified as originating from
either one source or the other. Nonetheless, the
model is useful in describing the experimental
results.

A. bcc Phase

We first present results for the cross section
for those data which can be unambiguously identi-
fied as scattering from a single elementary ex-
citation.

The essential feature of the dependence of this
cross section on ~Q~ is that it shows variations
that are not expected from the classical form of
the Debye-Wailer factor. The data shown in Fig. 11
illustrate what is actually observed. The profiles
on the bottom half are results taken at symmetry-
related positions. The two groups are profiles of
a LA [011]mode taken close to and on opposite
sides of the (011}Bragg position. The top half
illustrates what is expected from conventional
theory at both positions. The cross section at the
position A should be roughly 20% smaller than at
B. However, in fact, one observes that the cross
section at A is larger than at B by approximately
a factor of 200%. The profiles of these groups,
apart from their intensity, are identical to that
usually observed in most solids. The profiles

40—

I-

400
~~7mln

300
X

o o'

I I

o (0,0,225)
)

0 0 0 0 ooo
I

(l.o,o,o)

60
7min

1.5

hcp eHe

V=21.1 cm~/mole
~ LO

200 —40

IOO —20

I

a5
I I I I

I.O l.5 0.7 0.9
ENERGY(meV)

0.5

FIG. 9. Profiles of four groups for the hcp phase.
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equivalent positions in reciprocal space and illustrate
the unexpected intensity anomaly.
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FIG. 10. Dispersion data for the LO and LA branches
in the [$00] direction for the hcp phase.
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are sharp and Gaussian-like. The solid lines in
the figure are computer calculations for their line
shape and show that their linewidths are primarily
caused by instrumental resolution.

One of the conclusions given in I was that the
anomalous behavior of the intensity was in some
sense associated with the "appearance" of an
additional cross section at an energy transfer
-1.4 meV (see, for example, the profiles given
in Fig. 5 of I). The data in Fig. 11, and a great
many other similar scans, show that this con-
clusion must be changed. It is now clear that the
anomalous behavior of the cross section for single-
excitation scattering has no apparent connection
with the energy transfer. In effect, it can be di-
vorced from the energy transfer, and appears to
depend solely on the scattering vector.

The data illustrated in Fig. 11 were collected
under conditions in which the instrument was
operated with high resolution; i.e., the incident
neutron energy was 5.5 meV. There is absolutely
no ambiguity in the background scattering, and
we can justifiably interpret the data as origina-
ting from a single elementary excitation in the

usual sense. The behavior of this cross section as
a function of the scattering vector cannot be studied
with this incident energy for large scattering vec-
tors, because of the restriction imposed by crys-
tal momentum conservation. To have access to
larger scattering vectors the incident energy was
increased to 13.7 meV. The resolution of the
instrument was increased by approximately a
factor of 5 to maintain a reasonable signal-to-
noise ratio. Unfortunately, with this poorer reso-
lution one can no longer assume that the data are
completely free from scattering due to multiple
excitations. In fact, as is seen in the right-hand
side of Fig. 3, the multiple-excitation and single-
excitation scattering are of approximately equal
magnitude for the energy and momentum transfer
range covered with this incident energy.

In the present experiment we have identified
those groups as scattering from an elementary
excitation if (i) they were observed at energy
transfers less than 1.1 me V, and (ii) they were
taken under conditions in which the spectrometer
was operated with high-energy resolution. After
careful consideration, it was decided that selected
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FIG. 12. Results of the effective Debye-Wailer factor
for bcc helium. The results are a qualitative descrip-
tion; a quantitative description is given in Fig. 14. Two
oscillations are present in the data. The dashed line is
the result expected from conventional theory.
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scans at low resolution could qualitatively describe
the single-excitation cross section. A quantitive
description, on the other hand, can only be ob-
tained with confidence with the high-resolution
results. The data for the quantitive description of
the cross section for single-excitation scattering
used results essentially similar to those given. in

Fig. 5 and the profiles in Fig. 11.
The intensity data taken with the lower resolu-

tion are illustrated in Fig. 12. The quantity
M'/(Q t')' is plotted on a log scale versus Q'.
If the data were consistent with the ACB sum rule,
which they should be for weakly anharmonic sys-
tems, the data would lie on a straight line, the
slope of which would determine the quantity B
= 3km/2Mkes, where es is the Debye temperature
and B is defined by the Debye-Wailer factor
]d(Q)~' =e ' 'o '" . The dashed line in the figure
is the calculated slope for bcc helium using @
= 22.5'K." It is clear that the observed Debye-
Waller factor, or structure factor, displays os-
cillations about the expected result. The errors
in the measurement are illustrated by the scatter
in the data. The data were collected for scattering
vectors in the [OTl] zone and, in this zone to within
experimental accuracy, they lie on a universal
curve that depends only on ~Q]. The figure con-
tains representative results from all branches in
the phonon spectrum along the principal symmetry
directions that can be observed in this zone. We

bcc He
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& L III
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choose not to distinguish between branches, and
refer only to the pclarization vector of the mode.
We also point out that the data in the figure are a
composite of results taken on five different crys-
tals. The data were consistent from one crystal
to the next.

The lowest transverse mode T, along the [011]
direction can be observed only at the N point in
the [011]zone. The results of experiments on
this mode for a, crystal oriented in a [100]zone
are shown in Fig. 13. The dashed line is again
the expected slope with GD=22. 5'K. The two data
points with Q'&12.0 A ' were taken on crystals
in the [011]zone, and were included in this figure
to compare theory and experiment over a wider
range in Q. The important feature of these data
is that, surprisingly, the data in this zone do not
show the oscillatory behavior observed in the
other. They behave normally, and we conclude
that the effective Debye-Wailer factor for bcc
helium depends not only on the magnitude of the
scattering vector but also on its direction.

The data which quantitatively reflect the effective
Debye-Wailer factor for bcc helium are given in

Fig. 14. The quantity M', (Q)/(Q $')me 'vt is
plotted versus Q. If the data were consistent with
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FIG. 13. Results for the T& mode. As is obvious, the
data taken for this mode behave in the normal manner.
The data were collected in the [100) zone.

FIG. 14. Quantitative description of the first oscilla-
tion in the effective Debye-Wailer factor for bcc helium.
High-resolution data collected with an incident energy of
5.5 meV were primarily used to construct the figure.
We believed that these data are esentially free of multi-
excitation contamination.
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the ACB sum rule, i.e., if the Gaussian approxi-
mation were correct, the data would be indepen-
dent of Q, and lie on the straight line I', (Q)/
(Q t')'e '~~ = 1.0. The first oscillation shown in
Fig. 12 is clearly visible. The second oscillation
in Fig. 12, on the other hand, could not be studied
with the high resolution for reasons given earlier.
The four points for Q -0.2 A ' are carefully se-
lected data taken in forward scattering with the
incident energy of 13.7 mev. They were taken in
the first Brillouin zone at scattering vectors for
which the single-phonon cross section continues
to dominate Placzek's" sum rule. The purpose
for including these data is a very important one:
They serve to establish the Q=O limit for the
abscissa.

B.hcp Phase

Preliminary measurement in the hcp phase by
Osgood et al.4 showed that the scattering cross
section was anomalous. Experiments were there-
fore done in this phase in order to compare more
precise results with those previously obtained for
the bcc phase. The experiments were done on
crystals with a molar volume of 21.1 cm'/mole,
which is the same as in our previous measure-
ments. The results show that the behavior of the
cross section for single-excitation scattering is
very much the same in both phases. The results
for the hcp phase are given in Fig. 15. The data
in the figure should be compared with those for
the bcc crystals given in Fig. 12.

The bottom-left profiles in Fig. 9 are represen-

tative examples of data taken at equivalent posi-
tions on either side of the (002) Bragg position.
In other words, the data were taken on the same
mode; the only difference is that the scattering
vectors are different. The same kinds of argu-
ments that were used for the profiles in Fig. 11
for the bcc phase are applicable to these profiles.
Conventional theory would dictate that the cross
section at the (0, 0, 2.25) position be smaller than
at the (0, 0, 1.V5). In fact, the observations show
that the opposite is true. The cross section at the
larger scattering vector is approximately a factor
of 3 too large.

There are two atoms in the primitive unit cell
in the hcp phase, and it might be argued that this
reversal in the intensity reflects the dependence
of the inelastic structure factor on the scattering
vector. For the c* direction, however, the in-
elastic structure factor for the phonon modes is
independent of the scattering vector, and is fixed
by symmetry to be 2.0. For directions in the hcp
phase other than c*, the inelastic structure factor
for each mode is Q dependent. To utilize the
intensity data for these directions, in our case the
[100], one can use a sum rule on the structure
factors which states that Q, F', (Q) =const, where
F, (Q) are the inelastic structure factors for the
j branches that can be observed in a given scan.
Stated differently, in a given scan for either the
transverse or longitudinal branches, the sum of
the intensities over all the phonon branches that
can be observed in the scan is independent of the
individual inelastic structure factors and there-
fore of the Q dependence contained therein. This
procedure was followed for the data along the
[100]direction.
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FIG. 15. Results for the effective Debye-Wailer factor
for the hcp phase. The data should be compared with
those given in Fig. 12.

V. SINGLE-PARTICLE SCATTERING

Measurements were done for large scattering
vector and high-energy transfers to study the
structure of the scattering function for a quantum
crystal at energy transfers well above the top of
the phonon spectrum. " The experiments were
performed on a multicrystal in the hcp phase and
along the [111]and [100] directions in the bcc
phase. Figure 16 contains some representative
results collected in this scattering regime. The
results show that there exist well-defined groups
for very-high-energy transfers. Their dispersion
relation is isotropic and apparently independent of
the crystallographic phase. More important, the
scattering from the solid in this regime is prac-
tically identical to the results obtained for the
superfluid phase by Cowley and Woods. " The
profiles labeled (b) in Fig. 16 are data taken from
Cowley and Woods, "and should be compared with
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the other profiles in the figures taken for the solid.
Cowley and Woods" argue that, for the liquid,
for scattering vectors Q & 3.0 A ' the groups rep-
resent essentially scattering from single-particle
excitations. Our new data suggest that very simi-
lar single-particle states exist in the solid. The
intrinsic linewidths of these groups are not in-
consistent with a lifetime limited by a collision
with nearest neighbors. These results show that
the dynamics of the superfluid liquid and the solid
on the scale of this time and distance are quite
similar.

The results for the dispersion relation for these
states are given in Fig. 17. The free-particle
dispersion relation for a 4He atom is given by the
solid line in the figure. The experimental results
show that the helium atom in the solid can be
considered "dressed, " the observed effective mass
being M~=1.27M„where M, is the mass of the

free atom. The dashed lines in the figure show
the positions of the half-width at half-maximum
(HWHM) of the observed neutron groups.

VI. COMMENTS

A. Elementary Excitations

The data that were used to construct the dis-
persion curves for solid helium in this paper were
limited to the lowest-lying sharp resonant struc-
ture in the scattering function. Throughout the
discussion, these data were referred to as scat-
tering from the "elementary excitations, " rather
than the more commonly used phrase "single-
phonon scattering. " The reason for using the more
general term was motivated by Horner's" recent
theoretical work. Horner" has shown that the
contribution made by the interference terms is
extremely important for the quantum solids of
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helium —so much so that the character of the ex-
citation is severly altered. In contrast to the
model of the elementary excitation in a harmonic
or weakly anharmonic crystal, in which the atom,
(more precisely the distribution of the atom about
its equilibrium position) oscillates rigidly, the
density distribution itself distorts during the mo-
tion. The elementary excitation in effect becomes
a coupled mode. It is an admixture of a purely dis-
placed mode and another that distorts the width of
the distribution to accommodate the displacement.
This distortion is associated with two phonon pro-
cesses. In other words, the excitation is not solely
a "phonon, " that is, a resonance in the displace-
ment-displacement correlation function. The theo-
retical results" show that the spectral response of
this elementary excitation or "physical phonon"" is
similar to the response observed in normal sys-
tems in that it can be characterized by a well-
defined peak and is generally the lowest-lying
excitation in the system. As was mentioned pre-
viously, the data given for the phonon dispersion in
this paper are associated with the lowest-lying
peak observed in the scattering function at small-
energy transfer. For convenience, we shall now
refer to this structure as phonon scattering, keep-
ing in mind that the phrase is used in a more gen-
eral sense than is normally done. "

20

15

FIG. 17. Results for high-energy scattering. The
free-particle dispersion curve for the 4He atom is given
by the solid curve.

The most striking feature of the data collected
for these excitations is that their scattering func-
tion is not consistent with the ACB sum rule. An
effective Debye-%aller or structure factor was
constructed from the data. This structure factor
is decidedly non-Gaussian, and displays oscilla-
tions as a function of ~Q~. The branches in the
three principal symmetry directions were studied.
The scattering functions for all of the branches,
except the lowest transverse mode T, along the
[011], were found to have this unusual dependence
on the scattering vector.

Vfe emphasize that, apart from its dependence
on ~Q~, the structure of the scattering function for
these excitations is similar to those observed in
ordinary materials. A theory that purports to
explain the anomalous behavior of the first mo-
ment of these groups must specifically reproduce
data of the type given in Fig. 11. However, we
note that the data are not inconsistent with the
results of Refs. 7-9, 19, and the early work by
Gillessen and Biem, '0 because these calculations
are based on an unmeasurable quantity for arbi-
trary Q, namely, that part of the scattering func-
tion due to displacive motions only.

There is one possible source of confusion with
regard to the interpretation of these experimental
results. The first conclusion that one can draw
from the data is that the probability distribution
of a given atom about its equilibrium position is
anisotropic and non-Gaussian. One is immediately
tempted to Fourier invert the data to obtain this
distribution function. This inversion can be mis-
leading. A Fourier inversion of the data given in
I was recently attempted by McMahan and Guyer. '
They concluded that the data implied a nonphysical
negative distribution for R -2.0 A. This nonphysi-
cal behavior is an artifact of the Fourier inversion
itself. Our own early efforts to invert the data at
first yielded similar results. It soon became
clear, however, that equally reasonable, and
perhaps better, fits to the data eliminated the
region of negative density. The details of these
calculations are presented in a separate publica-
tion." The proper way to compare theory and
experiment is not by comparing the Fourier-in-
verted density distribution obtained from the data,
but rather by calculating the Debye-%aller factor
from the theoretical models and then comparing
the results directly with experiment.

There have been recent theoretical attempts to re-
produce the observed effective Debye-Wailer factor
for solid helium using different approximations.
Sears and Khanna'used the Jastrow-Hartree approxi-
mation. Their calculation failed to agree with the
experimental results given in I. They theref ore con-
cluded that the manner in which the data were analyzed
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was in error. In particular, they asserted that the
high-energy wings of certain phonon groups were
handled improperly. The data given in Figs. 9 and
11 are conclusive, and show that the unusual be-
havior of this cross section is characteristic of
the solid. Horner' has improved the SCH calcula-
tion. His results are also not in agreement with
experiment.

8. Transition Region

The results in this region are at the moment
difficult to interpret. The proper way to analyze
the results is by convoluting the spectrometer
resolution function with a theoretical expression
for the total scattering function. It appears'9 that
calcul. ations of this type will be available in the
near future. The detailed comparison between
theory and experiment in this region will be es-
pecially interesting.

There is one feature of experiments done in this
region that must be understood. The identification
of the single-phonon component of the scattering
function in this region can then be easQy masked
and dominated by the multiphonon contribution.
We emphasize that one must exercise extreme care
in identifying those neutron gx oups from solid
helium that are collected in the higher-energy
region of the phonon spectrum. There have been
experiments performed in the hcp phase of helium
on crystals with a molar volume of 16.0 cm'/mole

by Reese et al. ' Their measurements contain
evidence for the existence of "'anomalous neutron
groups" at this molar volume. These anomalous
groups are probably the counterpart of the multi-
phonon scattering observed at that density. Reese
et a/. ' pointed out that„when one compares the
phonon spectrum of the earlier work in the hcp
phase at 21.1 cm/mole and their own results, the
phonon energies scale rather well by a factor of
1.9. The new results given in Fig. 8 indicate that
this scaling may break down for the LO branch,
which scales by 2.6. However, it is possible that
the groups that they indicate at the higher energies
for the LO branch along c* have been incorrectly
identified, and are in fact not single-phonon scat-
tering but multiple-phonon peaks (see, for exam-
ple, Fig. 3 of Reese et al.}. We suggest that fur-
ther work is necessary to establish whether this
sealing in fact exists.

C. Single-Particle Scattering

The experiments that were done for energy
transfers above the top of the phonon spectrum
reveal that the dynamics of these solids at these
energies are essentially similar to a free particle
contained within a Wigner-Seitz cell. We have
directly observed for the first time single-particle
excitations in a solid. The dispersion relation
for these excitations is independent of the crys-
tallographic phase, and is consistent with an ef-
fective mass M* =1.2'LM~. The lifetime for these
excitations is consistent with nearest-neighbor
collisions. The data for these excitations are
practically identical to the results obtained by
Cowley and Woods" for the superfluid. These
measurements suggest that the dynamics of solid
and superfluid helium for energies above the pho-
non spectrum are very similar.

D. Concluding Remarks

Over-all, the main result of these experiments
is that they have established the general features
of the scattering function of a quantum solid over
a wide range of energy and momentum transfer.
The transition from the region wherein the single-
phonon excitations dominate the scattering function
to the single-particle regime at high-energy trans-
fers has been documented in some detail. There
remains a great deal more work to be done in the
quantum region of the phase diagram of solid he-
lium. It would appear that a more thorough and
extensive study of the single-particle scattering
will prove rewarding. The solids in this region
are unique; they will continue to yieM new, ex-
citing results that may greatly modify our current
eoneepts of the lattice exeitations of a quantum
solid.
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APPENDIX

TABLE I. Elastic constants for bcc 4He in units of
104 m2/sec2 for T =1.620 + 0.005 K and lattice constant
a = 4.120 A.

TABLE III. Experimental values for the phonon energy
for the (0, $, &) and (&, 2, ~) directions for bcc 4He with
a =4.120 A at T = 1.620 + 0.005'K.

This expt. 18.3+0.8 15.6~0.5 11.3+0.4
Osgood et ul. (Ref. 4) 17.7+3.2 15.8+3.5 10.7+1.0
%'armer {Ref.13) 17.3 + 2.6 15.2+ 2.6 12.3+0.5

I {&,0, 0)
E(meV)

T(g, 0, 0)
E(meV)

0.15
0.16
0.17
0.18
0.20
0.22
0.25
0.3

0.67 + 0.04
0.67+ 0.04
0.76 + 0.04
0.79+ 0.03
0.94 + 0.04
1.04+ 0.04
1.20+ 0.03
1.45 + 0.14

0.05
0.07
0.10
0.15
0.18
0.20
0.25
0.3

0.173 ~ 0.007
0.241+ 0.007
0.341+0.007
0.521+0.007
0.604 + 0.006
0.681+0,012
0.85+ 0.05
1.00 + 0.05

TABLE lI. Experimental values for the phonon energy
for the ($, 0, 0) and (&, g, f) directions for bcc He vrith

a = 4.120 L at T =1.620 + 0.005'K.

0.03
0.05
0.08
0.10
0.12
0.13
0.14
0.15
0.16
0.18
0.2
0.25

0.7
0.8
0.9

L {Q.L 0)
Z(me V)

0.212 + 0.006
0.368+0.006
0.605+ 0.006
0.769 + 0.008
0.909+0.006
1.00 + 0.03
1.06 ~ 0.03
1,22+ 0.05
1.22 + 0.03
1.38+ 0.03
1,60 + 0.03
1,92 + 0.04

1.2
0.927
0.659

0.18
0.20
0.25
0.4
0.5

0.05
0.08
0.10
0.15
0.25

~&{0,C, ~)
Z(meV)

0.31+ 0.03
0.32+ 0,05
0.44 +0.03
0.55+0.04
0.58 + 0.03

0.235 + 0.007
0.38 ~ 0,01
0.46+ 0.01
0.73 + 0.04
1,09 + 0.04

0.05
0.08
0.09
0.10
0.20

0.49+ 0.006
0.773 + 0.007
0.874+ 0.008
0.950 + 0.008
1.87 + 0.05

0.07
0.09
Q.1Q

0.15
0.20
0.25
0.30
0.40

&(4, k, C)

0.255+ 0.012
0.336+0.019
0.386 ~ 0.012
0.578+ 0.012
0.775 + 0.016
0.925 ~ 0.016
1,082 + 0.018
1.38+0.04

LO

0.0
0.03
0.04
0.08
0.9
0.10
0.15
0.20

0.177~ 0.006
0.240 + 0.004
0.50+ 0.01

0.67 + Q.Q2

0.99+ 0.02
1.39+ 0.03

0.90 +0.01

0.93+0.01
1.02 + 0.02
1.11+ 0.02
1.12 +0.02
1.47+ 0.09
2.06+ 0.18

TABLE IV. Experimental values for the phonon energy
for the LO and LA branches for hcp 4He near the zone
csntsr with lattice constants n = 2.671 A and c =6.012 A
for T =1.4 K.
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