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A simple atomic model, with features characteristic of the screening-theory approach, is constructed
and provides simple analytic trial wave functions Q, which describe the motion of the inner electrons

particularly well. Basing our model on the energy-extremum principle, in contrast to a semiempirical or
phenomenological approach, we can judge improvements in the model in a consistent manner. The
single-particle orbitals from which Q, is constructed are taken to be orthogonal hydrogenlike functions

with effective nuclear charges Z, which depend on the quantum number /; the Z, serve as
variational parameters. By a succession of reasonably good upper bounds the evaluation of the
expectation value of the 1/r, interelectronic terms is reduced to trivial algebraic expressions involving

only the occupation number of electrons for each of the (n, l) subshells; no numerical work is

necessary to determine the energy-optimized set of Z, - With the resulting Q„which is most

appropriate for closed-shell atoms, a variety of atomic entities can be obtained directly in analytic form.

This model is considered physically more realistic than the Thomas-Fermi model, yielding results of
greater accuracy in general. (For large Z, the results obtained yield the usual Thomas-Fermi scaling,
laws. ) Much more importantly, these wave functions will be shown elsewhere to be very useful in

exploratory analytic studies to judge the effectiveness of variational techniques in the evaluation of the

expectation values of various atomic operators. Also, a straightforward adaptation of the present

approach will be shown elsewhere to provide a much better understanding of atomic structure in the

presence of the intense magnetic fields characteristic of pulsars, a regime in which studies of the
heavier atoms have been limited to a statistical Thomas-Fermi-like approach,

I. INTRODUCTION

Simple atomic models providing reasonably ac-
curate estimates for a variety of atomic properties
have been and continue to be quite useful in the
study of atoms and ions. At present this is partic-
ularly evident in astrophysical applications, where
often the prime concerns are simplicity and a
knowledge of the analytic dependence on the atomic
parameters, while order-of- magnitude numerical
results may suffice. Over the years a number of
general classes of simple atomic models have
gained wide acceptance; these include the statisti-
cal Thomas-Fermi (TF) model" and the screening
theory of atomic structure. Yet surprisingly,
neither approach, to the best of our knowledge, has
provided simple means for generating simple ana-
lytic reasonably accurate atomic wave functions,
derived from a first-principles approach, which
are suitable for our purposes (detailed below).

The TF model does not, of course, directly gen-
erate an atomic wave function. Moreover, the
semielassieal TF electronic charge density, in ad-
dition to being applicable only for large atomic
numbers, is seriously handicapped by unphysical
features in the regions close to the nucleus and
near the edge of the atom —regions where there is
a breakdown in the fundamental TF assumption of
a slowly varying potential. This reflects itself in
grossly inaccurate estimates for atomic entities

that heavily weight either region of the atom. Re-
cently, attention has been focused on methods to
remove these unphysical features. ~

Screening theories which provide approximate
atomic wave functions have, of course, been ad-
vanced. The single-particle orbital functions are
generaQy taken to be either hydrogenlike functions
or Slater-type functions. The relevant point for
our purposes, however, is that generally the pa-
rameters in the orbital functions are fixed either
semiempirically or by fitting them to certain ex-
perimental data. The Slater screening model, ' for
example, is essentially based on a set of empiri-
cally determined rules. As a second example, we
should also like to refer to certain recent work in
which the screening parameters have been deter-
mined in more precise fashion by fitting them to
existing x-ray data on energy levels taking proper
account of the effects of inner and outer shielding. ~

%ave functions derived in this manner continue to
prove their utility by providing reasonable fixst
estimates of many atomic processes. Yet, for
our purposes, a serious drawback to such wave
functions is that, generally, the resultant single-
particle orbital functions which differ solely in the
principal quantum number n. will no longer be or-
thogonal; other orbitals will, of course, still be
orthogonal by virtue of their angular or spin parts.
The orbital functions need then to be subsequently
orthogonalized, reduei. ng not only their simplicity
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but also their accuracy; one would otherwise be
forced, in the evaluation of matrix elements, to
calculate a large number of overlap integrals.

Our intention is to derive simple atomic wave
functions based on the energy-extremum principle.
This also forms the basis for the general screening
theory, which is advanced by Layzer and co-.
workers and is directed principally toward devel-
oping a theoretical scheme for correctly describing
complex atomic energy spectra. Since the ap-
proach is that of Rayleigh-Ritz, one can always
systematically improve results simply by including
more variational parameters in the wave function.
We shall assume a trial wave function which is a
product of hydrogenlike orbitals with different ef-
fective nuclear charges; the effective charges,
which serve as the variational parameters, will a
priori be restricted so as to maintain an orthogonal
set of functions. The "best" set of effective
charges is defined to be that set which minimizes
the total energy. This generally leads to coupled
equations for the effective charges. 4 In the inter-
est of simplicity, we will introduce certain upper
bounds on the 1/r, &

interelectronic terms which de-
couple the equations for the effective charges and
eliminate any serious calculational work. These
resulting hydrogenlike wave functions can be used
directly to predict atomic properties, generally
with greater accuracy than the TF model. More-
over, the results, in the limit of large Z, often
exhibit the scaling laws characteristic of TF the-
ory. The results for the energy and othex proper-
ties wiQ generally not be as accurate as those de-
rived from the phenomenological or semiempirical
screening approaches, where parameters are tai-
lored to fit more detailed studies of atomic struc-
ture. Also, in view of the fact that accurate self-
consistent field calculations for most atomic prop-
erties are now available, their utility on these
grounds would perhaps be rather limited. Yet they
have proved to be extremely useful for reasons
discussed below.

One of our concerns has been to judge the utility
of applying variationa/ principles in the evaluation
of matrix elements of arbitrary operators, for dif-
ferent atomic properties. By invoking such varia-
tional principles, one may ultimately be able to de-
rive accurate estimates of atomic properties with-
in the context of simpler atomic models. Present-
ly such variational estimates have been limited to
helium, though the accuracy of the results in this
case have been quite encouraging. In large mea-
sure this can be attributed to the fact that appro-
priate trial wave functions for heavier atoms are
not readily available. Simple analytic trial wave
functions applicable to any atom, even though inac-
curate in certain respects, would be particularly

well suited for an exploratory investigation of such
variational principles, since the calculations in-
volved would generally be limited and, moreover,
the systematics of the results would not be ob-
scured by numerical work. By basing these trial
wave functions on the energy-extremum principle,
one could then judge in a consistent manner the ef-
fects of improvements in the wave functions upon
the variational estimates for the matrix elements
of other operators. The hydrogenlike trial wave
functions derived in this paper are extremely use-
ful in this regard. In fact, we have been able to
carry through analytic variational calculations for
the operators g~ g," for atoms up through argon. '0

We have also been concerned with developing
simple atomic models applicable to atoms in the
intense magnetic field regime (8-10 10 -gauss).
This range of magnetic field strengths is of great
interest, since such magnetic fields presumably
exist on the surface of neutron stars. We have
used an adaptation of the present approach, suitably
modified to include the effects of the magnetic
field, to generate simple atomic trial wave func-
tions applicable in this regime. In this case the
results obtained with the use of such trial wave
functions~' are quite useful directly, since more
detailed studies for heavier atoms do not exist.
For atoms with Z& 10, essentially the only ap-
proach used thus far' has been a statistical model
with features characteristic of the TF model.

It may be important to stress, with regard to the
purposes of this paper, the requirements that are
to be imposed on the trial wave function g, for
atoms in intense magnetic fields. One seeks rough
results for the energy, dimensions, polarizability,
photoelectric cross section, etc. , for a wide range
of atoms. One therefore seeks simple analytic
wave functions, and it is almost essential to have
some objective criterion, such as energy minimi-
zation, to determine the variational parameters
contained in g, , since one has essentially nothing in
the way of experimental data or theoretical calcu-
lations to rely upon.

II. HYDROGENLIKE MODEL OF THE ATOM

The Rayleigh-Ritz variational principle, provid-
ing a variational upper bound on the energy with the
sign of the error thereby known, is to be used to
determine the "best" set of effective charges in the
trial wave function. As is characteristic of this
approach, however, the resulting wave function
will inherently be less accurate than the energy es-
timate and may, in fact, be rather poor in certain
respects even if the energy estimate is quite good.
(This is particularly evident in the description of
the outermost electrons which only negligibly con-
tribute to the energy. ) Moreover, it is not trivial
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to estimate the magnitude of the error either in the
energy or the wave function. One does at least
have a consistent means of improving the results by
simply including more variational parameters in
the trial wave function.

One can readily obtain a crude but rigorous lower
bound on the energy; this is taken up in the Appen-
dix. Although of limited utility by itself, it is of
interest because, in the limit of large Z, it repro-
duces the TF scaling laws for the characteristic
size of the atom and the energy. These results,
combined with similar scaling laws to be derived
for the upper-bound approach, confirm that these
scaling laws are not uniquely associated with the
specific assumptions of TF theory. Essentially the
same scaling Z~ 3 dependence for the leading term
in the energy has been confirmed previously '

within the context of different atomic models. An

accurate lower bound on the energy, however, is
always relatively difficult to obtain and we mill not
attempt to improve this lower bound.

Let E be the total ground-state energy of the
atom, V„ the electron-electron (e-e) interaction
energy, V„ the electron-nucleus (e-n) interaction
energy, and T the kinetic energy contribution to E.
The trial wave function (}), is taken to be an anti-
symmetrized product of Z different hydrogenlike
orbitals with different effective nuclear charges
which serve as the variational parameters. In or-
der to simplify matters, however, all the negative
exchange e-e contributions to E, which arise be-
cause P, is a determinant, are dropped from the
calculation. This, of course, still preserves the
upper bound on E. (We note that this approach is
not quite the same, however, as starting directly
with a Hartree product of Z dhfferent orbitals, since
antisymmetrizing (l), ensures its proper boundary
conditions in the calculation of other atomic prop-
erties. Also, we wiQ show later on that one can
crudely estimate the exchange interaction energy
within the context of this model. ) For reasons of
orthogonality, the effective charges are taken to be
independent of the principal quantum number n,
moreover, in order to preserve the spherical sym-
metry of the electronic subshells and thereby sim-
plify the estimate of the contributions to the energy
of the I/r, ~ terms, the effective charges are also
taken to be independent of m, . Finally, on physical
grounds and for purposes of simplicity, the effec-
tive charges are taken to be independent of m, .
(Note that within the context of the upper-bound ap-
proximations to the I/r, z terms, which we shall in-
troduce in a moment, we ega lower the estimate for
the total energy slightly by arbitrarily distinguish-
ing between effective charges for the two spin
states. This procedure is analogous to that used
in the unrestricted Hartree-Fock method. } The ef-

fective charges depend only on the quantum number
E and are denoted by Z, . Thus, we have

(2. 1)

where, with ~ a spin function and R„, a hydrogenic
function,

4„, , )Zi '
r&) =B„i(Z(;r~) F(,(«)X,(f)

Adding and subtracting a term, the Hamiltonian
can be written as II=HO+8', where

a,=Z r, Z, z. —, e'/r„
i

(2.2)

The effective charges g, implicitly depend on the
electronic index j.

We now carry out the estimate of the upper bound
on E. The expectation value of IIo reduces trivially
to a sum of single-electron terms for hydrogenic
systems of nuclear charges Z, and thus

2
—(z- z, ) ((((z,),Z —()(z,))

2 ZZ —Z2
Z v(nl)-

Qo qg
n'

(2.4)

Finally, we must evaluate V„, or, more precise-
ly, the "direct" e-e interactions, which we shaQ
denote by V~. As is well known, the contribution
to V„ from the direct interaction of electrons in
two distinct (nl) subshells obtained by summing
over the m, quantum numbers simplifies greatly if
at least one of the subshells is complete or doubly
complete (that is, all values of m, are occupied
either once or twice, respectively). It reduces to
the product of an occupation factor detailing the
number of independent pair interactions multiplied
by the so-called 5'0 Slater integral, defined as

Fo(Z,Z,.;nl, n'1') =e' f J It„',(Z, ;r)lt„';AZ„;r')

x(1/rq)r r' dr dr'; (2. S)

r& is the larger of r and x'; lf neither of the sub-

(y, (z,), &y, (Z, )) = —(e'/2eo) 2 v(«) (Z', /n'),

(2. &)

where v(nl} is the number of electrons in the (nl)
subshell and satisfies 0 ~v(nl)~2(21+1). Also, uti-
lizing the virial theorem for each of the hydrogenic
orbitals, we have



SIMPLE ATOMIC MODE L AND ITS ASSOCIATED WAVE FUNC TION 1189

shells is complete, F can be shown to represent
an upper bound to the average interaction energy
between a pair of electrons. Hence an upper bound
for the total contribution to V from the two sub-
shells is simply

v(nl)v(n'l') Fo(Z;Z;;nl, n'l') .
Analogous results apply to the direct e-e inter-

actions within an (nl} subshell, except that certain
of the diagonal terms m, =m', must be deleted for
electrons with the same spin configuration. Since
these terms are certainly positive (and small), the
upper bound on the energy can be maintained by
simply dropping them; however, we can do some-
what better by including at least the spherically
symmetric parts of these terms which are also'
proportional to the Fo Slater integrals. An upper
bound on this occupation factor is therefore
—', [p(nf) —v(nf)], the number of independent pairs of

electrons within the subshell.
The exact evaluation of the F Slater integrals

with hydrogenic functions can readily be carried
out and, in fact, tables exist for certain of these
integrals. ~4 We would have to extend these results
somewhat since here, in general, the orbitals may
have different effective charges. Such an approach
would, however, be contrary to the spirit of this
paper and, moreover, the resulting set of coupled
algebraic equations defining the "best" set of ef-
fective charges would be quite complicated and
generally solvable only by numerical techniques.
Alternatively, we note that a simple but reasonable
upper bound for these integrals (which therefore
maintains the upper bound for the energy E) can be
obtained if we replace 1/r& by either 1/r or 1/r'.
This essentially corresponds to the case of no ex-
ternal screening discussed by Layzer and others
and is similar to work done by Goodisman. ' Nor-
mally we replace r& by either r or r', whichever
variable corresponds to the "larger" set of quan-
tum numbers (nl) according to the hydrogenic
scheme, whereby shells are ordered according to
increasing g and within each g according to in-
creasing l. However, using the hydrogenic
scheme, it may happen that the set of Z, , deter-
mined by minimizing the energy, are such that
there is an inversion of the ordering of two partic-
ular subshells. This does not invalidate the re-
sults of the calculation, since we can maintain the
upper bound by replacing r& by either r or r', but
it does mean that we can improve the results for
the energy by starting off with the inverted order,
as will be discussed later. Assuming normal hy-
drogenic ordering, Fo is therefore bounded by (e /
ao)(Z~ Jn &), where n& is the larger of n and n, and
l& is the quantum number associated with n&. This
upper-bound replacement is not of high accuracy,

particularly for n = n, as is shown in Table I for
several of the subshells; the total energies calcu-
lated will, however, be much better than these
numbers might at first suggest, because the varia-
tional estimation of the Z, provides partial com-
pensation for the error generated by this replace-
ment, and because the approximation is not nearly
so bad for n +n .

Collecting all terms, we therefore have the up-
per-bound estimate for the energy

e p - (- 2 } g v(nl) Z g v(nl} —v(nl)
9~2

~Q l ff l+]. + n l+g

v(nl)N(nl}+
g 2 y

n 1+1
(2. 6)

2

( g )ag v(nl)
Qo g 28

Note that for configurations consisting only of

(2. a)

IW

TABLE I. Comparison of the exact value of aoF (Z&, Z&,.
nl, nl)/Z&e and its upper bound 1/n for a few subshells.

(nl)

2g
2p
3s
3p
Sd

aoF /Zl+
upper bound

0.250
0.250
0.111
0.111
0.111

a~'/Z, e'
exact

0.1504
0.1816
0.0663
0.0719
0.0860

where s is the maximum value of n. The first term
in the above expression is the familiar T+ V„.
The next is the interaction energy for electrons
within a given (nl} subshell. The last term is the
interaction of the electrons in the (nl) subshell with
all the electrons that lie within the orbit defined by
(nl), a quantity we represent by N(nf). Only the
electrons within a particular subshell need be con-
sidered, because the interaction with the ones
above occur with the smaller Z, corresponding to
them. The essential feature of this energy expres-
sion, which makes calculations no more complicated
than for the case with just one Z value, is the fact
that it does not contain any cross terms between the
different Z, . Thus, in minimizing the energy,
separate equations result for each of the effective
charges. In fact, we have

g ~„q v(nl)[N(nl) + 2 v(nl) —~]/n
g'„.„,v(nf)/n'

The best set of Z, also has the feature, previously
noted by Slater, ' that the expectation value of the
"perturbation" H' is zero for this set of Z, (as can
easily be shown by direct substitution}. Thus the
bound on the energy minimized with respect to Z,
can be written simply, using (2.8), as
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closed subshells, for which v(s, I) = 2(2l + I), Eq.
(2.7} reduces to

In an actual calculation, we must search for the
set of v(ml) which minimizes the energy, by per-
forming exactly the sums in Eqs. (2. 7) and (2. 8).
Once the configuration is chosen the K(gl) can be
written down by inspection. Tables II and III pre-
sent detailed results for several atomic numbers
along with the TF estimates and improved TF esti-
mates as well as the "exact" nonrelativistic ener-
gies. " In spite of the fact that there is not very
much work involved, the results for E are seen to
be quantitatively superior to the TF results,
though, as mentioned previously, the results for E
will not generally be as good as those obtainable
via the phenomenological screening approach.

Vfe turn now from considerations of the total en-
ergy to considerations of the accuracy of the de-
scription for the innermost and outermost elec-
trons. In the first place, even though some of the
outermost electrons must be placed in subshells
with unrealistically large values of (nl) (Table II
cites several examples}, all of the electrons are
nevertheless bound to the atom with orbital energies
which we will see are quite realistic for the configura-
tion that minimizes the total energy. This is an in-
teresting result in itself for two reasons. First,

the requirement that the effective charge be a func-
tion of l only places severe constraints on the flexi-
bility of the model, and has a particularly adverse
effect on the outermost electrons, since they con-
tribute only negligibly to the total energy. One
could well imagine that a good description of the in-
ner electrons with quantum number l, which largely
determine the energy, would lead to a very inaccu-
rate description of the outermost electrons with
quantum number l. This is indeed the case, to a
certain extent, and is responsible for the fact that
certain of the outermost electrons must be placed
in subshells with high values of (nl) in order to gain
a new value of the l quantum number and, hence, a
new effective charge. At a later stage, when we
further restrict the effective charges for all elec-
trons to be the same, we will find that the minimum
total energy is achieved for 40% of the electrons un-
bound.

The second point is that in spite of the fact that
the e-e interactions have been overestimated, which
is especially relevant for the outermost electrons,
the orbital energies for these electrons vary quali-
tatively in the appropriate manner as the subshells
are completed, though the actual values remain
somewhat unrealistic. Consider the case where
the outermost electrons are in the doubly com-
plete subshell (sl'} and this value of I' is being used
for the first time. (We should note that although
this situation is characteristic of the hydrogenlike

TABLE II. Total ground-state binding energies of some neutral atoms, in units of e /ao=27. 21 eV. The single-
parameter variational upper bound, Eq. (3.2), and the many-parameter variational upper bound, Eq. (2.8), are com-
pared with Thomas-Fermi results, improved Thomas-Fermi results (footnote a), and the "exact" nonrelativistic values
extracted from Herman-Skillman (footnote b). For each value of Z considered, the configuration in the bottom row of
both variational upper bounds is the physical configuration, and the one in the top row for the many-parameter case is
the configuration which minimizes the energy. (In some cases there are a number of configurations which give the same
energies to within about 10 eV, an amount which is small compared to the error in the energy. We have not, therefore,
put any stress on finding the absolute minimum. ) For Eq. (2.8) the minimizing configuration occurs for the outer elec-
trons in states of very high orbital angular momentum. For the results of Eq. (3.2), the configuration specifies the
number of electrons with a given value of the principal quantum number n; the value of the variational parameter S +
is also included. For the results of Eq. (2.8) lower values of n, when not indicated, represent completely filled shells.
(Note that a variational upper bound on the energy gives a variational lower bound on the binding energy. )

10

0

40

60

80

Thomas-
Fermi
energy

166

834

4210

10830

21200

Improved
TF

energy~

151

750

3760

9700

19000

Configuration Energy

2, 8 7.0 98

2, 8, 8, 2 14.8 546

2, 8, 18,10, 2 29.2 2860

2, 8, 18, 22, 8, 2 44.2 7570

2, 8, 18,32, 18, 2 58.4 15000

Variational upper bound
Eq. (3.2)

Z~n Energy

114
113

611
572

3240
3040

8550
8080

17000
16100

Variational upper bound

Eq. (2.8)
Configuration

s'2sp'
1S22 2p6

sd 4f
3S2p64S2

4f 5g
4s'p d'5s'

4dfOf i45

4s p d f45s p'6s

i86I 2

2p6di06 2

"Exact"
nonrel.
energyb

674

3535

9125

18090

J. Goodisman, Ref. 2. Reference 15.
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model, there is no direct correspondence with the
outermost filled subshell of the physical configura-
tion beyond 2P. ) The sums in Eq. (2. 7) reduce to
just one term and the expression for the effective
charge is simply

Z,."=Z —(2l + —') —N(sl ) =2l + —=2s ——,
' .

We used the fact that l = s —1; we specifically put
the electrons in this subshell to gain a new value of
l' in order to bind the electrons to the atom. Now

the orbital energy for an electron in this last sub-
shell will be shown to be approximately

e„,(sl') =- (e /ao)(ZP. ") /2s = —2e /ao

which is consistent with the Slater screening model
in which the orbital energy for each electron is ap-
proximately equal to the energy of a hydrogenlike
system with the corresponding effective charge. 3

This will not generally be the case here for elec-
trons in different subshells that share the same ef-
fective charge. The ionization energy for this out-
ermost electron is, hence, about 2 a.',u. (We note
in passing that if the effective charges had been al-
lowed to depend on m, , this ionization energy would
then be 1 a. u. , which is closer to the exact
values. ) We also note that when the last sub-
shell (sl') is incomplete, that is, v(sl')(2(2l' 1+),

then Z,."&2s —&. Effectively, each other electron
gives a screening of &e. Ic„,l is, then, &2 a. u.
and gradually increases in value as the subshell
fills, reaching 2 a.u. when the subshell is complete,
followed by an abrupt drop when the next electron
enters the next subshell. This reproduces, at least
qualitatively, the behavior of ~„,along the Periodic
Table.

Single-particle orbital energies can crudely be
calculated as follows. Each electron moves in an
effective potential given by

V,«(r) = —Ze /r+e Z v(n I')

R„.v(Z, .;r')(I/r))r" dr' .

orbital energy corresponding to an effective charge
nearly equal to Z. , In fact, most of the orbital en-
ergies (all of those with n —I greater than perhaps
2, for which Z, is largely determined by the n —l
= 1 orbital) are now in good agreement with the ex-
act values. Table IV illustrates, for atomic num-
ber 60, the energies for the lower orbitals; these
have been obtained not by using V,«but simply by
taking the difference between the total energy com-
puted with and without an electron in the orbital un-
der consideration. Also, we note that the radius of
the atom, taken to be the radius of the last occupied
subshell, increases slightly with Z, being given by

R = s'a, /Z, . = s'a, /(2s - -,') =Z'~'a, ,

since for a closed shell atom s = (3Z/2)~~~. Empiri-
cally, as determined from ionic radii, the radius
of a heavy atom is found' to increase as Z' '.

In the above discussion, we have considered the
electrons to fill subshells in such a way as to get
the lowest possible energy. We find that, in many
cases, instead of filling in electrons according to
the hydrogenic sequence of (nl) subshells, one can
get lower energy by inverting certain subshells.
Thus, for instance, the (4s) fills in before the (3d).
This is a reflection of the Madelung rule~s for the
filling of subshells across the Periodic Table,
where a shell with lower (n+ I} fills before one with
a higher value for this sum, even though this might
entail a higher value for n being occupied first.
Though it is heartening that our model is sufficient-
ly accurate to reproduce this semiempirical Made-
lung rule, the result is not to be taken too literally
because often the lowest energy is achieved for a
choice of subshells which does not correspond to

TABLE III. Effective charge Z~&' for the different sub-
shells evaluated from Eq. (2.7). For each value of Z
considered, the values of the variational parameters Z&

along the top row correspond to the configuration which
minimizes the energy; those along the bottom row are for
the physical configuration. Both configurations are as in
Table II.

We make a slight error here in that we include all
Z electrons instead of Z- 1; moreover, if a partic-
ular (n I'} subshell is incomplete we replace its
contribution to V,«(r) by a spherical average, thus
making it possible to replace ) r —r') by&&
estimates of the orbital energies can then be made
by evaluating the expectation value of (T+ V,«) using
the ground-state orbitals p„, (P; r). It is clearnlm~fft

from the form of V„,( )thrat the orbital energies
will only depend on the electron's principal quantum
number n, since we always replace I/r) by either
1/r or 1/r'. One can see from this that the inner-
most electron, which is in the subshell (1,0},has an

10

20

40

60

80

9.33
9.1

19.1
17.6
38.3
36.7

58.3
55.7

77.6
75.7

5.0
3.5

13.5
11.0
31.0
27.6

1.5

6.5

17.5
14.1

1.5

7.0

5.10 33.9
44. 3 29.0

15.5
2.5

67.5
64.3

49.7
40. 9

27.5
7.5

Effective charge Z~&'

p d f

1.0

5.0

11.5

1.0

1.5
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the subshells in the actual atom. We note, however,
that the gain in the total energy by looking for the
best sequence is relatively small and hence, when
considering other properties of the atom, it seems
most convenient to use a more physical configura-
tion. Though there is a slight loss in the total en-
ergy, computations are much simpler and it is not
likely that computation of most atomic properties
will be changed appreciably by this simplification.
This is particularly relevant for applications of
these wave functions in the variational estimates
for other atomic properties for which we always
restrict g, to the physical configuration.

electrons are unbound; the improvement in E is
about 10% over that obtained with the physical con-
figuration. However, it is clear that in the calcu-
lations of most atomic properties, one must re-
strict oneself to the use of more physically mean-
ingful configurations.

In order to compare the scaling aspects of this
method with the lower-bound result and with the TF
result, we consider closed shells (from n = 1 to s
= s}, approximate the sums by integrals, and drop
the last term in V„. The energy bound becomes

2 2

E~(Z'- 2ZZ)s —+2Z—Z n(a, a, „„.'
III. STILL SIMPLER HYDROGENLIKE MODEL = (3N/2) (Z —2ZZ+ ,' NZ) (e—/aQ) i (3.3)

& p v(s)v|v')/p v(v)
22nn' +& n

E~- (Z "}'(e'/2ao}Z "",
tt

(3. 1)

(3.2)

where v(n) is the total number of electrons in the
nth shell. Table II presents results for the energy
from Eqs. (3. 1) and (3.2) using the physical config-
uration. It should be noted, however, that the
minimum energy for a fixed Z is achieved within
this model for a configuration in which 4(f}o of the

TABLE IV. Orbital energies for a neutral atom of
atomic number Z=60 in units of (e /ao). The orbital
energies are calculated as the difference betw'een the
energy computed from Eq. (2.8) with and without an
electron in the orbital under consideration.

Subshell
(nt)

Orbital energies for Z =60
from "Exact"
(2.8) nonrel. ~

1s 1511 1519

It will be interesting to consider briefly the case
for which Z, is chosen to be independent of l; all
electrons then "see" the same effective charge Z
which is now the only variational parameter. Ap-
plications of the model are now particularly sim-
ple.

The expressions for both the effective charge and
total energy simplify; we drop the (small) term
-Z,gv(nl)/n' in (2.6), which preserves the bound,
and replace v(sl) by v(n) and N(nl) by the sum
overs' for s' &n of v(n'), and obtain

where successive terms represent T, V„, and V„,
respectively. We note that this upper-bound calcu-
lation gives, for the case of a neutral atom,
V„/V„= ——,', which is to be compared with the TF
result of —g and more exact calculations "~which
give a value somewhat greater in magnitude than

Minimizing the energy expression with respect
to Z, with %fixed at Z, yields Z™a=—,'Z and the ex-
pression for the energy becomes E~-17.4Z7~3 eV.
(For an ion, we would simply minimize E with re-
spect to Z for N and Z fixed and different. ) IThe
energy result of this paragraph also follows,
more directly, from Eqs. (3.1) and (3.2).]

In a comparison directed principally at the TF
model, we should now like to indicate how one can
develop, by a further rather crude approximation
of the hydrogenlike model, an electronic number
density which is not only trivial to derive, but gen-
erally represents an improvement over the charac-
teristic TF behavior. Again we consider the case
of a single effective charge Z and closed subshells.
It is clear, of course, that the number density ap-
propriate to the hydrogenlike model can generally
be expressed as p(r} = Z„,„,„}P„,„, }3, which has
the proper physical behavior both at the origin and
at infinity, namely, it goes to a constant value for
x- 0 and falls off exponentially for large r. How-

ever, if, for simplicity, we consider each of these
(nl) subshells to be rather sharply defined at a ra-
dius given by r = (s'a, /Z), compute the number N(r}
of electrons within the radius r, and determine
p(r) from

2s

3s

209

205

20

24

240

228

102

1 dV(r}
p( )=4„~

we find

p(r) = (1/4w)(Z/aor)3 3, r & R

3d 37 —0y r&R, (3.4)

'Reference 15. where R, of course, is the radius of the last filled
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subshell and is defined by

R = s'ao/Z =(,'Z)+'a-o/Z

We note that this approximate number density has
the same r behavior near the origin as the TF
distribution. However, as opposed to the TF den-
sity, which stretches out to infinity, this p(r) cuts
off at a certain finite R. In similar fashion we can
generate an approximate effective potential V„,(r)
either by using this expression for p(r) in the
derivation of Eg. (2.10) or by applying the same
simplifying assumptions in ~. (2.10), namely, r,
is to be replaced by g' for g' &n and by y for n'& e.
This giVes

V.„(r)= —Ze'/r+ e'(Z/ao)31'(- gr«'+ 2R«')

r«ft (S.5}

and 0 for r&R.
Though admittedly rather approximate, even

within the context of the hydrogenlike model, we

should like to iGustrate hom useful this simple ana-
lytic form is by a sample calculation of an atomic
property. The scattering amplitude, fe(g), for the

elastic scattering of electrons by atoms is formally
given in the Born approximation, "mhere 8 is the
scattering angle. With qk = 2hlsin(-, '8} the momen-
tum transfex', and A the mave number of the elec-
tron, and using the above expression fox' V,ff with
Z=-,'Z, for example, we find

y,(e) = —(2Z/a, q') [I—a(qs-«')],

a(qs-«') = (2v)«'('u Z-«')-&~'q ( ff}

and where we have noted that B scales as Z"~~3.

S,(qff) is the Fresnel sine integral. '9 We stress the
fact that here the univex'sal function is arrived at
analytically. It must be stx essed again that me here
are making a comparison only with the Thomas-
Fermi approach. Having made a,n approximation
which leads to an artificial singular r dependence
at the origin, me cannot expect truly accurate re-
sults to follow from our p(r). We could easily give
a prescription for eliminating the singularity —me

might, for example, choose p(r)=const. for r& so/
Z, the radius of the ls state —but this mould be a
semiphenomenological approach and contrary to the
spirit of the papex.

As a final consideration we obtain approximate
expressions for the exchange contribution V',* and
for the relativistic correction d E(rel) to the total
enexgy; these bring results for E much closer to
the exact values, though it must be noted that since
they are "patched on" to the energy calculation,
they do not directly serve to improve the number
density. Moreover, the upper-bound nature of E

mill no longer strictly apply to these results. It is
important to estimate these cox'rections, however,
so that me can have some idea of the accuracy at-
tainable with our trial function. First, using the
well-known Slater approximation for exchange~0 in
conjunction with the charge density, Eg. (3.4}
yields V;,*=—SZ I (e /uq). Alternatively, we can
estimate it more directly. Since, in our model,
wave functions for different (nl} subsheQs are con-
sidered effectively nonoverlappiag, V,, arises only
from electrons in the same subshell. Also, since
the orbi. t corresponding to a subshell is thought of
as being very narrow, we have that 8'= Eo and
hence, using the upper bound fox' I', we obtain V",
~ —3(2&)'~' (Ze'/a, ) which is of the same form as
above. (As for the direct interactions, diagonal-
term contributions for electrons in the same spin
state are deleted from the sum. } Both estimates
are expected to overestimate the exchange correc-
tion. Roughly speaking, estimates of this exchange
contribution are of the order of several percent of
the corresponding ground-state energy, though de-
creasing sharply for larger values of Z.

The spin-orbit correction vanishes to first ox'der
for closed shells, and me restrict our consideration
to the relativistic correction fox' spinless particles.
This can be estimated by applying to each electron
the relativistic virial theorem which, aftex' making
the approximation of replacing (e'/c4) by &vm/cm)~

and summing over all electrons, leads to a relativ-
istic correction of the form

&+(rei) = —$ pc' («)'Z (I/n'),
where u is the fine-structure constant and, p is the
electron mass.

We conclude by noting that although these wave
functions have certain interesting features and have
proved quite useful for the purposes outlined in Sec.
I, they have obvious drambacks. The most serious
difficulty, of course, involves our decision to
choose the effective charges to be independent of n.,
thereby greatly reducing the accuracy of the de-
scription of the outer electrons. Other approxima-
tions, such as using a simple Hartree expansion, or
retaining only Eo, the simplest of the Slater inte-
grals, and replacing it by an upyex bound, may be
removed, with some effort, if the particular appli-
cation warrants it. We mill not dwell on these
points further, however, since they are reported on
separately.

APPENDIX: LOWER-BOUND APPROACH

If the (non-negative) e-e repulsion interactions
are dropped altogethex', we are led to a rigorous
lower bound on E. One might expect in this way to
at least obtain the correct leading-term Z depen-
dence for E, since aQ the intexactions scale in the
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same way with distance and since TF theory and
more precise considerations~'~~ indicate that the
magnitude of the ratio V„/V„ is only around $.
The electrons then fill in successive hydrogenic
states, and since there is no screening each "feels"
the full nuclear charge Z. If, for simplicity, we

assume a neutral atom with complete shells from
n = 1 to n = s and note that 8, which is fixed through
normalization, is given approximately for heavy
atoms by s = (jZ)~, then the result E & —308 ~ eV
follows immediately. Similarly the size of the last
filled shell is seen to be proportional to Z

*A preliminary report is contained in the Abstracts of
the Seventh International Conference on the Physics of
Electronic and Atomic Collisions, edited by L. M. Brans-
comb et al . (North-Holland, Amsterdam, 1971), p. 79.
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