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In the cakulation of atomic hyperfine structure, it is generally assumed that core polarization effects

and relativistic effects can be calculated separately. %'e examine in detail the validity of this assumption

and obtain the lowest-order corrections to such an approach. This correction is described by new

operators to be added to the hyperfine Hamilionian, as well as second-order perturbation terms. The

systematic effects of the second-order terms are investigated using the effective-operator approach.

I. INTRODUCTION

The Hamiltonian which describes the interac-
tion between the N electrons of an atom and its
nucleus is given by, in nonrelativistic form, '

[6 l(l+ 1)(2l+ 1)]"' 1 (0,),+
3

&(1+1)(2l+1) "' 1 - o2), (,)
(21+3)(2/ —1}

Here, F@~ is a tensor of rank 2 in the nuclear
space, related to the nuclear quadrupole moment

@by

p I is the magnetic dipole moment of the nucleus;
I is the spin of the nucleus; and w~" ~ is the double
tensor of Judd. ' We have, of course, neglected
terms ax"ising from interactions between the elec-
trons and higher-order nuclear multipoles.

In practice, one calculates expectation values
of &hf, with wave functions obtained using some
type of centxal potential or modified Hartree-Fock
potential. Comparison of expectation values cal-
culated in this way with experimentally determined
values has shown that this procedure is general-
ly not sufficiently sophisticated to provide accu-
rate results. The two main sources of error
which arise in this approach are well known:
First, the use of central-field wave functions
rather than wave functions obtained using the cor-
rect interelectron potential may lead to impor-
tant perturbation effects ("correlation" and "core
polarization"}; second, the energy of the elec-

trons involved may be such that relativistic effects
are important.

There are many techniques available for calcu-
lating core-polarization and correlation effects'
(CP-C effects); in general, they involve use of
some form of sophisticated many-body theory.
The effects of relativity on hyperfine structure
have been well known, of course, for many years',
the theory was relatively recently put into a very
convenient and useful form by Sandars and Beck.'

In the determination of relativistic wave func-
tions, it is even more difficult to use the correct
interelectron potential than in the nonrelativistic
case, and one is almost always forced to use some
type of central-field approximation to the correct
potential. Thus, one should, in principle, calcu-
late both the fix'st-order hyperfine structure and

the CP-C effects using relativistic wave functions,
thus compensating for both of the major failings
of the simple theory. However, owing to the com-
plexity of the relativistic wave functions and rela-
tivistic interactions, such a complete program is
not feasible at this time. The compromise which

is most often made is to treat the effects as "addi-
tive"; that is, to calculate the relativistic hyper-
fine structure using relativistic wave functions ob-
tained in a central field, and to add to that the
CP-C effects which are calculated using nonrela-
tivistic wave functions.

The sophistication of the nonrelativistic CP-C
calculations has reached such high levels, how-

ever, that one can considex possible corrections
to this additive approach. As we shall show, the
first corrections are of order (Za)' smaller than

the hyperfine structure itself. Although small,
this correction can compare in magnitude with

the results of some CP-C calculations.

II. RELATIVISTIC INTERACTIONS

The Hamiltonian most often used to describe
the interaction between N relativistic electrons
and a fixed nucleus of chaxge Ze is given by
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N 2 2Ze e3.'= g c(af ~ P;)+Pfmc — + Q —+Xff, (2)
j=x j i)g rjj

where XB is the Breit interaction

8 a' ni (ai'ru)(a, rii))B +
f)i

and rfi = rf —r» rfi =
l rfi l; cf is a 4&&4 matrix re-

lated to the usual Pauli spin matrices by

The presence of an external field modifies this
interaction through the addition of a term depend-
ing on the scalar potential 4& of the field e+f4&(rf)
and a texm depending on the vector potential A of
the field egffpf A(r, ). This Hamiltonian is, of
course, neither covariant nor exact; its limita-
tions have, however, been discussed in detail
elsewhere' and shall not be considered here.

Unfortunately, the eigenvalue equation for &,

3'ly) =~l y), (4)

is much too complicated to be solved directly.
One can, of course, utilize perturbation theory at
this point to obtain approximate solutions to Eq.
(4). That is, one can write

X =g[c(a; P;)+pipit. "+U(pf)]= +X,(i),
j=z j=x

Z82 82x,=g — —U(pf) +p —.
i=y rj

The quantity U(r), the "central field, " is chosen
so as to make X& small. Then, one can solve the
eigenvalue equation

&cle)=&elm)

and use perturbation theory to obtain approximate
values of l g) and E. This approach is somewhat
limited, homever, because the Breit interaction
can be treated only to first order in the perturba-
tion expansion. This limitation complicates great-
ly the application of the perturbation solutions to
studies of hyperfine structure.

A procedure which circumvents the complications
of the relativistic-perturbation approach is ob-
tained by using the Foldy-Wouthuysen (FW) trans-
formation. ' In order to apply this technique to a
study of hyperfine structure in the following sec-
tions, me mill need to have FW expansions for
both X and X~. These expansions are mell known" 9;

one obtains, approximately to order (Za)'ppfc',

(g; p, )' Ze' K Ze' e'
SC SC'=Q fife + — + 2 f Vi — +Q —Pf ' Si

j i 2m rj 2m c rj )pe j rj]

8
+ f )f Vf +Q +g ++]]P&Sm'c2 Sm c2 rj & j rj& j» rjz

e 3-'sr is the Breit-Pauli operator

Sf ' Si 3(rff ' Sf)(rfi Si) 5 I i (g)13'
8 ~ ~ ~ Pf Pi rfi(rfi Pfi) Pi+m, jj ij

&et,, -K' =r me +
~

+&&(r)+2, , ([pp(r)p(] ~ s]—,, +, , )(&&(r )).
(cf P)' ii (cf ~ Pf)'

i=1 2m 2m c Sm'e em'c

Of course, both X' and +~ are too complicated
for one to solve the resulting eigenvalue equations
exactly. In the following sections, we shall use
solutions of the nonrelativistic central-field equa-
tion

N p 2

&e Ie&=E 2'+»(~i))le&=E Iy&

to construct perturbation solutions for the eigen-
value equations for the operators &' and +~.

III. MAGNETIC-DIPOLE HYPERFINE INTERACTION

In this section, me wish to consider the effects
of adding a term

eg nf ~ A(r, )

to the Hamiltonians of Sec. II, mhere

A(r)= —'(r~r) —.
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The "additive" approach of Sec. I can, in this case,
be described in terms of the complete wave func-
tion I g) and the central-field wave functions I q&)

and lq&} of Sec. II as

(PI e P a» ~ A(r») I (I)) =(q) I e P n» ~ A(r, )I q&)

Hamiltonian
N

X,=X+eP c(» A(r, ) =X+X„.

It is well known" that the resulting FW expansion
of X„,which we denote as X,', is equivalent to +'
with p& replaced by m;, where

»»; = p; + (e/c) A(r, ) .

where all higher-order terms left unspecified in-
volve one interaction with +D and multiple inter-
actions with X&. We will essentially make FW
transformations of both sides of this equation in
order to determine what terms have been neglect-
ed.

One can easily make a FW expansion of the

As in Sec. II, we cannot solve the eigenvalue equa-
tion for X,', but must find a perturbation solution
using I q)} [Eq. (10)]. From the resulting expan-
sion of the energy, we pick out those terms de-
pending linearly on A; this set, which we shall
call Ehf allows one to calculate the hyperfine
structure through terms of magnitude roughly
(Zn) E using the nonrelativistic central-field
wave function I q&):

—&q IXolqr)&qrlXr+ -+ erlq» + c.c.
K K

"( eg Ze2
+&q&I+I, , V, — + g —A, s, +, , V, Q —A, ~ s

,-, I, 2m c ' r», ~» r», m'c'

e' + A, ~ p, (r;, A;)(r;; ~ p, ) P,
(14)

where +„is the spin-orbit operator'
N

R = Q QR(n)n(, ;n l, , l )[w, ""(n l„nl ) w~ ""(n l„n))]+r B(l nl )w nn, '„(n)„n))),gnf ice j i= 1

with

A(n, l, »», l„»»,l,n, l,) = — »- [l,(l, + 1)(2l, + 1)(2l, + I)]"'5(l„l,)5(l„l,)

R2r2R, r2 — e' ' ' ' ' dr, dr„1 1,R,(r,)R,(r,)' 'r2 dr2
(15)

B(n,l„nl)=—,,, n, () l,)(
' '„)g R, ll, ——(- )»,

and w '~((n, l„n,l,) is the double tensor of Feneuille. '0 Clearly, to order ( aZ)' E, E„,corresponds to the
first-order hyperfine structure calculated using the complete relativistic wave function

(g I e P»r 'A(r;) I p) = (PI X~ I g),

and thus includes both relativistic and CP-C effects.
In order to determine what terms must be added to the additive approach, we must also have a non-

relativistic expansion for the matrix element (q&l X„I q&). This is easily obtained by replacing p, by )»; in
Eq. (9), and by making once again a perturbation in terms of I q)). If we denote the resulting energy terms
linear in A by Ehf, we find

E p'
E~=(qlXDlq)+ p ' "' +cc. +(qlp, ,([VU(r»)A»] s»}- ', , X,(»} lq),

K E 2m'c'

where
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m ~ allfft i=a 2 I 12rdy
To an accuracy of roughly (Za)'E, E»f is equal to ((pl eg( a( A(l (p).

Comparing Eqs. (14) and (16), we see that, keeping terms of size roughly (Za)'E, we can write

(18)

(» I»»„I») =(» I»»„l& ).(Z '~' ~' +c~)+~., (17)

ea f" - Ze'
r»'D &(p I ~ 31 p v,. — —U(~, ) A, ~ s,2m'c' (;, ' r,

~ r '» —Ai (~++i( l- * ~ Z ' ' " ' """) (»»
i&j ij ) ™ i&j +ij

&»I»» I»',&&».I»». -»» .I»» &»I»», l» &(», I »I»»)„,
)K E —Eg (18)

The second-order term in Eq. (17) is, of course,
the familiar leading term in the CP-C effect; the
first two terms in Eq. (17) are thus the leading
terms in the additive approach, and 4& is the first
correction to this approach.

The first of the components of &D, which is a
first-order term, is similar to an operator which
appears in the calculation of the Zeeman effect. "
One of the second-order correction terms re-
sults from the use of the central potential rather
than the correct potential in the relativistic wave
equation for l&p). The other second-order correc-
tion term simply describes perturbations pro-
duced by the Breit-Pauli interaction.

These correction terms are roughly of or&her

(Za)' times the usual CP-C term. It must 'ae

recognized, of course, that because of differences
in angular and radial dependence between ~;he opera-
tors involved, the ratio between the CP-C term
and &z& may differ greatly from (Za)', depending
upon the atom considered. We shall discuss &~
further in Secs. V and VI.

IV. ELECTRIC- QUADRUPOLE

HYPERFINE INTERACTION

We can, of course, carry out a calculation
similar to that of Sec. III in order to determine
corrections to the additive approach when the
perturbation is Xo of Eq. (1). In this case, we
compare the developments of the two Hamiltonians

X3=Xc+Xq.

Following exactly the procedure used in Sec. III,
we obtain a correction which we denote by 4~,

&v I& -& .Ie»)&eel&. lv}

(» I»»-l »»(&t' I»». I »)„,)K E-E~ (20)

Once again, ho is of order (Za)' times the usual
CP-C correction to the quadrupole interaction.
We shall discuss & further in Secs. V and VI.

V. EFFECTIVE OPERATORS

In order to better understand the effects of the
second-order operators discussed in Secs. IG
and IV, we can consider their formulation in
terms of effective operators. This formulation,
in which a second-order perturbation term is ap-
proximated by a first-order operator, can be used
when the energy denominator of the second-order
term, E E», is-approximately constant (E —E»
=r»E) for all states of each of the perturbing con-
figurations. This technique has been used with
considerable success to understand the systematic
variations of, among other things, the leading
term in the CP-C effect. " We shall use this tech-
nique to consider in some detail the general form
of the perturbation depending on the operator X~
-X .. This is a term which can be calculated
reasonably easily, using the same techniques
used to evaluate CP-C effects, and is thus of
practical interest. We shall not consider in this
section the term depending on X», as this term,
which is probably too small to justify the very
complicated calculation involved in its evaluation
using CP-C techniques, is not of much practical
interest. We shall, however, outline the general
effects of this term in Sec. VI.

We consider the case in which N electrons are
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in the nl shell (N & 4l+ 2), and all others are in
filled shells. In order to obtain explicit results,
we must explicitly define the central field U(r)
to be used; we choose the central field proposed
by Judd":

&~IU(~)+, I
(2'}

(21)

where a and P represent the single-electron
quantum numbers nlm, m, . The sum over P runs

over aB possible values, and

f(P) =N, l(4is+2)

where Ns is the number of electrons present in
the nsES shell.

With the above approximations, the results for
the effective operator can be obtained directly
from Armstrong, ' who showed that the effects of
a perturbation of the general type

&ml36 -36 .Ie }&@ IT""'le»„, (22)

could be reproduced by effective operators of the
form

p(""'=[[K][I][S][f]]"'~ ~ ~ . . . ~, f@"("'
+0 K][ )]t]"' ~, g Z-'(w("". w/"")'""',

~ a1 g...'
(23)

where K and }'2 take on all values allowed by the 6-j symbols; f and g are functions of radial integrals and
&E only, i.e., are independent of the quantum numbers i., 8, J, K, and k.

In the case of the quadrupole interaction, we identify the operator T of Eq. (22) as

e 2l(l+ 1)(2l+ 1) "'
(~)2

, , 2.;2 5(2l-1)(2l+3}

that is, we have 8=0, L, =J= 2. The allowed values of z and k are then K =1 and 0 = 1, 3. Thus, we obtain
the effective operators

»p(11)2 fw(11)2+e(3)1/2g Q {w (02) w {11))(11)2
56 5' j

j./2
(12)2 e (2l+ }(2l 2} g (12)2 /7)1/2 ~ / (02) (11)1(12)2

(24)

In the case of the dipole interaction, the results are somewhat more complicated. There, we identify
T(/{2I, )E a

N e~+ 1~I2E+1~[2(2l+1)]"' ' "w ""'+ ' [6l(I+1)(2l+1)]"'—w."' '+2

Fortunately, the term transforming as w"' ' does not contribute to the effective operators, as can be seen
by considering the general equation of Armstrong. We are thus left with two combinations of 8 and I.:
~=0, L,=1, from which one can have ~=1, 0=0 and j(, =1, 4=2; and 8=1, I =2, for which one can have
K = 1, I(= 2 and K = 0, I(= 1. Substituting into Eq. (23), we then find the effective operators

1/2
P(10)1 2 ~ [2(2i+ I)]1/2 fW(10)1+ [I(l+I))1/2g P(w» (01) w» (11))(10)1Y 0 6(2l+ 1) 5

1/(2

I/2
+ g W 02) W (I.j.) (ox)j. (25)

(„), l(l+1)(2l+1) "' 6l'+6l+3 („),
(2l+3)(2l -1) 12[6l(l+ l}(2l+1)]"'

[)OI2) 3)(g( ))I g r(2 ( )(2 ( I)( ) 1 -'(( r((2 (')2( ))( )

)ive j $2e j



liV8 S. FENEUILLE AND L. ARMSTRONG, JR.

It is interesting to note that only two radial parameters, f and g, describe perturbations for both the
magnetic-dipole and electric-quadrupole interactions. Explicitly, these quantities are given by

f=2(2 2 2
Q

" ' [A(l, l;tt )+A(tt, ; l l)]+ ' ' A(ll;tt, )+ ' ' A(l, l; ll)
2 l+i c' e

[A(l, l; Ll)+A(ll„ll)) — " [A(l, l; Ll)+A(ll„' ll)]

2"' D(l, l, ) D(l„l) A
[2(2l 2)]'~*,~ AE(t, t ) . ' 'AE(t t) '., ' )'

where l, stands for the quantum numbers n, l„and refers to an empty shell; l, stands for the numbers

n, l„and refers to a closed shell; and D(l;, L&) = Jilt, Ltt (1/) ')(I) .

(26)

VI. DISCUSSION

Sandars and Beck showed that relativistic effects could be taken into account in a nonrelativistic hyper-
fine-structure Hamiltonian if X„„ofEq. (1) is replaced, assuming still the electron configuration (closed
shells) l, by

Xh f3 Xg) +Xg y

where

2P o)] g [2(2l+ 1)] '~'. . . , „(0),[6l(l + 1)(2l+ 1)]", , E, (o,),
5=1

l(l+ 1)(2l+ 1) "'
( j, („), -(,)

(2l+ 3)(2l —1)

l(l+ 1)(2l + 1) 2~' j, („), 2l(l+ 1)(2l+ 1) "'
/ „((),)ll (( +

5(2L I)(2L+ 3) )»

(2'I)

l(l+ 1)(2l+ 1)(l+ 2)(l —1) '~' /, („), (2)

56(2l —1)(2l+ 3)

In these equations, (5(r)/r')to, (I/r')», and
(1/r')» represent radial integrals which vanish
in the nonrelativistic limit (we assume that l & 0).
In addition, (I/r')„, (I/r')», and (I/r2)» repre-
sent radial integrals which do not necessarily have
the same value, although in the nonrelativistic lim-
it they will become equal.

The effects of the leading term in the CP-C in-
teraction' "can also be studied using the effec-
tive-operator approach. The results, although
complicated, show that CP-C can be absorbed
into the Hamiltonian &hf, if we allow scaling of
some of the radial parameters. In particular, we
must change the values of each of the parameters
(6( )/r2') (toI/r2)», (I/r')», and (1/r')» by
amounts which will be constant for matrix ele-
ments taken between states of an LS term. We
recall, however, that CP-C does not change the
values of the relativistic integrals (I/r ')» and
(I/~')„.

Using the results of the previous sections, we
can easily see the manner in which Xhf, is changed

by the new operators. As an example, we con-
sider the electric quadrupole interaction, where
the results are very clear-cut. From the results
of Sec. V, we see that the one-body part of, for
example, P""' can be absorbed directly into hfs
if we replace (I/r')» by

1
5[L(L+ 1)(2L+ 1)]"'

The two-body part of P"' ' can also be absorbed
directly into an effective Xhf„valid for use with-
in the states SLJ of an LS multiplei, if we further
add to (I/r ')» the quantity

2 1/2

5L(l+1)(2L+ I} (sz, IIw(2')IIsL, )

x (sL II l p (~'»' s) "")""
II sf,},

which will be constant within the LS multiplet.
Similar conclusions obviously follow for P~' ':
the effects of P "' can be absorbed into 3-'$f, by
replacing (1jr')» by
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3 1 56
5 l(l+ 1)(2l+ 1)

7 [56(2l + 3)(2f —1}]
5l(l+ 1)(2l+ l}(l+2}(l—1)

(sLII &""
II sL)

&& (SL II p P (zD
~ ~ w ~" )c'~

II s L),

where, again, the second correction term is con-
stant only within the states of an LS multiplet.
We see from these results that the one-body part
of P~"'~' changes (1/r ')» by an amount roughly
eight times as large as the corresponding change
in (1/r')»', no comparisons are possible for the
two-body contributions without an explicit for
the state ISL). There is, of course, no contri-
bution from this effect to (1/&')02. The perturba-
tion involving X&p will provide only two-body ef-
fective operators, and will affect all three of the
radial parameters appearing in X&&, . Again, the
changes brought about by the effective operators
will be constant within the levels of a term; again,
because of the two-body nature of the effective
operators, the relative magnitudes of the changes
cannot be predicted without explicit knowledge of
the states. As mentioned above, however, one
expects these effects to be small.

We can now see the "hierarchy" of changes
brought about by the various terms in the electric-
quadrupole interaction. The first-order relati-
vistic effect produces a nonvanishing (1/r ')» and

(1/r')», and changes (1/r')„from the nonrela. —

tivistic value (1/r'). The CP-C term further
changes (1/r ')„,but does not affect (1/r ')„or
(1/r')». Finally, the spin-orbit correction to
CP-C changes (1/r')» and (1/r ')», but causes
no further change in (1/r ')„.

The results are sor. ~what more complicated
when we consider the magnetic-dipole interaction.
We can, of course, continue to describe the re-
sults in terms of changes in the radial param-
eters. Regarding first the effective operators of
Sec. V, we see that all three of the radial param-
eters of the dipole interaction are changed by the
second-order spin-orbit term. These changes

are so trivially obtained from the results of Sec.
V that it should not be necessary to describe them
explicitly. Again, the change will be described
by a term-independent and a term-dependent con-
tribution to the radial parameters. We note that
the term-independent change in (5 (x)/r')„is

2f(-l + 1}times the term-independent change in
(1/& ')„and -6l(l+ 1)/(8l'+8l+3) = --,' times the
term-independent change in (1/r ')», and cor-
respondingly, the term-independent change in
(1/&')» is 4(8l'+8l+3) times the term-indepen-
dent change in (1/r')0, . Thus, we see that (1/r ')»
and (5 (r)/r'), 0 are affected much more strongly
than is (1/r ')» by the term-independent part of
this second-order perturbation. Again, no con-
clusions are possible concerning the term-de-
pendent perturbations without knowledge of the
specific term involved. The statements concern-
ing the effect on the electric-quadrupole interac-
tion of the perturbation term involving &gp hold
also for the effect of this term on the magnetic-
dipole term.

We can also compare magnitudes of the term-
independent effect in the quadrupole interaction
with those in the dipole interaction. The results
of Sec. V show that the term-independent changes
in (1/r ')„and (1/r ')» are roughly equal in mag-
nitude but opposite in sign, and small compared
to the changes in the other parameters (smaller
by approximately a factor of 10}; all of the other
term-independent changes are of roughly the same
magnitude for d electrons, with the dipole correc-
tions becoming much more important for f elec-
trons.

There remain the first-order terms of 4D to
consider. These terms are of particular interest
because, being first-order terms, they can easily
be evaluated. Thus, addition of this part of ~&
to hyperfine-structure calculations is both possi-
ble and practical. We can, of course, indicate
the general effects of these operators, once again
in terms of changes in the radial parameters of
Eq. (27); the first-order terms which contain the
operator s will affect the radial parameters (1/r')»
and (5(r)/r')», and the term which does not con-
tain s will contribute only to the radial parameter
(1/r'). ,
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