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The results of an analytical treatment of the loess low-frequency stability of w~&&y ionized

molecular-gas mixtures consisting of a diatomic molcmlar species and an atomic diluent are presented.

Plasma conditions typical of high-power electric-discharge-laser technology are empb~i~ef. The
calculations indicate that small-amplitude fluctuations present within these discharges excite several

different wave modes. These have been identified as a space-charge reboation mode, an electmn thermal

mode, an ionization mode, a negative-ion-production mode, an electronicallywxcitedapccies-production

mode, a sound mode, a vibrational~ergy relaxation mode, a heavy-particle thermal mode, and a
vorticity mode. The stability of these modes is treated in detail with partindar empt~~ pL~~ on

illustrating the influence on stability of charged-particle kinetics, energy transfer, and tnmsport

proceL~ies. The influence of auxiliary ionization and aerodynamic techniques is also considered.

I. INTRODUCTION

Current interest in the development of powerful
electrically excited molecular-gas lasers has
focused attention on the problem of producing
high-energy-density large-volume convectively
cooled glow discharges in molecular-gas mixtures.
Of particular interest are the electrically-excited-
CO, and -CO molecular lasers because of their
high efficiency. Theoretical considerations' '
indicate that the optical power density in these
lasers shouM increase with increasing electron
density and gas pressure provided the gas tem-
perature remains sufficiently low. However, the
occurrence of bulk plasma instabilities has in-
hibited the scaling of laboratory devices to larger
sizes and higher pressures. ' ' These instabilities
yroduce local current constriction within the me-
dium resulting in highly nonuniform excitation and
excessive local heating of the gas.

In an effort to circumvent these laser-discharge
stability problems, recent attention has been di-
rected toward development of dynamic stabilization
techniques such as the introduction of gas dynamic
turbulence, ~ ' the superposition of rf and dc elec-
tric fields, ' and the use of high-energy proton'
and electron~ beams to provide ionization. The
yroton- and electron-beam sustained discharges
have the additional advantage of permitting inde-

pendent adjustment of the discharge 8/s ratio
(electric field intensity/neutral-gas density) and
therefore of the electron temperature. The vary-
ing degrees of success achieved using these meth-
ods of discharge stabilization suggest that the
stability of high-power-density discharges is inti-
mately associated with the energy transfer and
particle production and loss processes.

In order to develop an understanding of the fun-
damental physical mechanisms influencing electric
discharge stability, an analytical treatment of the
local low-frequency stability of a weakly ionized
molecular-gas mixture has been developed. In
Sec. II the equations, which describe the dynamics
of a weakly ionized molecular-gas mixture, are
presented. Conditions representative of high-
power electric-laser applications are emyhasized.
Coupling of the translational and molecular vibra-
tional internal degrees of freedom' and the non-
Maxwellian nature of the electron distribution
function" '~ have been included in treating the
collisional energy-transfer and particle-production
processes. Because of the complexity of the par-
ticle-production and -loss mechanisms within
molecular-gas discharges and the absence of de-
tailed data regarding these processes, certain
aspects of the particle kinetics are treated in a
more general fashion.

The analysis of Sec. III shows that smaD-ampli-
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tude fluctuations present within molecular dis-
charge plasmas can excite several different wave
modes. The physical conditions for onset of in-
stabil. ity and the instability growth characteristics
of these different wave modes are treated in detail
in Sec. IV, with particular emphasis placed on
illustrating the influence on stability of collisional
charged-particle-production, energy-transfer, and
transport processes. The influence of auxiliary
ionization and of aerodynamic techniques on dis-
charge-plasma stability are also considered in
this section.

Although the analysis presented here does not
attempt to "solve" the complete plasma stability
problem for high-power electric discharge lasers,
this investigation provides physical insight into
the mechanisms that can lead to the discharge
instability observed in laboratory devices and

suggests areas where further research will prove
most useful in overcoming these problems.

H. PLASMA MODEL

Glow discharges ~ in mixtures of molecular
gases are usually operated at total pressures in
the 10-100-torr range. These plasmas are char-
acterized by values of fractional ionization below
10 ', a mean electron energy of approximately
1 eV, and effective vibrational temperatures that
occasionally exceed 5000 K.""In addition, a
host of positive and negative ions and neutral mi-
nority species are produced in the discharge as
a result of numerous plasma-chemical reactions. "
The general behavior of such a plasma is governed

by an exceedingly complex network of energy-
transfer and particle-conservation interactions,
the most important of which are illustrated by the
processes indicated in Fig. 1. Because of the
highly nonequilibrium nature of the plasma, :sev-
eral sources of instability exist, and a rather ex-
tensive description of the plasma is required in
order to determine the dominant physical process-
es corresponding to a particular combination of
experimentally interesting circumstances. Never-
theless, a detailed computer calculation" of the
stability of N, -CO, -He discharge plasmas has
shown that assumptions are possible which permit
retention of the essential physical features perti-
nent to the present discussion, while greatly re-
ducing the complexity of the analysis. On the basis
of such considerations, in the present analysis the
gas mixture is taken to be composed of a single
diatomic molecular species and an atomic diluent.
In addition, it is assumed that there exists only
one species each of positive and negative ions
and a single electronically excited species. " In
the paragraphs to follow, the particle continuity,
momentum, and energy equations appropriate to
the description of such a plasma are derived and
certain other features of the model discussed.

A. Dynamics of the Heavy Particles

Particle Conservation

When chemical decomposition and diffusive sep-
aration of the initial mixture are small then the
equation of continuity for the gas may be written
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FIG. 1. Energy-transfer processes in molecular-gas discharges.
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L}n—+ nV'u=0y
Dt

where D/Dt=e/et+u V, u is the mass average
velocity, and n is the sum of the atom and mole-
cule densities, n=n, +n .

For conditions typical of low-pressure, weakly
ionized discharges in molecular gases, ion-pro-
duction and -loss processes are generally of im-
portance. m These along arith their respective rate
coefficients are: electron-impaet ionization of
molecules (k, ) and electronically excited species
(kP), "electron-molecule attachment (k, }, electron
excitation of electronic species (k ), quenching
of electronic species (h, }, two-body electron-ion
recombination (k~'~), positive-ion-negative-ion
recombination (k«), and detachmentby neutral
impact (k~). Accordingly, the conservation equa-
tions for the positive-ion, negative-ion, and elec-
tronically-excited-species densities are, respec-
tively,

'+n, V u+V. (n, U, ) =n, nu, (r, )+n, n, u&+(r, )Dt
—n, n, u„"(r.)
-n ~u«'(r)+n "*'

"+n„V-u+V {n„U„)

=n. nu. (r. ) -n, n„n„'"(r) -n„nu, (r),

Dt
"*+n,V u=n. na, (r.) -n. n, &;(r.) -n, n&, (r)

ex't8
n

where the dependence of the rate coefficients A,,
on electron kinetic temperature" T, and gas tem-
perature T is indicated. The density of the elec-
tronically excited species is determined by col-
lisional instead of radiative processes. The effect
of vibrational excitation on the ionization, attach-
ment, detachment, and quenching processes has
been omitted but may be important. In addition,
the existence of an auxiliary, independently con-
trollable source of ionization and excitation has
been assumed and is designated S~,„,. Such a
source may be in the form of an electron beam, '
a photo source, etc. Production of negative ions
by these means is assumed to be relatively un-
important. Consistent with the neglect of diffusion
of neutral species, only the contribution from the
electric field is included in describing the diffu-
sion velocities of the ionic species, i.e., U~ = p~ E
and U„=-p.„E, where p,~ and p,„are the positive-
and negative-ion mobilities.

The momentum equation for the mixture may be
expressed

p = Vp-+ pV u+(p. , +-,'p}V(V u)+p, i, (5)

where p=na, n, +m n, p, =e(n~ -n„-n, ), and

P=n~T are the mass density, charge density, and
pressure of the gas. In the absence of magnetic
effects, the last term in Eg. (5) represents the
transfer of momentum from the electric field to
the ions and electrons. The kinematic and bulk
viscosity coefficients are p. and p.~, respectively.
The bulk viscosity arises as a consequence of the
rapid molecular rotational relaxation~a during
dilatation of fluid elements.

Translation-Rotation and Vibrational Energy
Equations

Since the translational and rotational degrees of
freedom of the heavy particles are closely coupled
and are therefore near equilibrium, it is appropri-
ate to introduce an energy equation governing en-
ergy transfer to and from these coup1ed degrees
of freedom. When the contributions from diffusive
separation, electronic quenching, and ion Joule
heating are small, the translation-rotation energy
equation ~ may be written

D
Dt
—(ng~}+{ng~+P)V u=-V $Ya+g4

+ ""4v(rv) &v(r}]-
~VT

(r.),r
where g~ ={Sn, +5n )dE/(2n) is the average trans-
lation-rotation energy per particle, gv(rv}

1] ' is the average vibrational energy
per molecule, "and ~ is the quantum of vibrational
energy. The characteristic time for vibrational
relaxation, due predominantly to the atomic dilu-
ent, is rvT =[n, k~o(r)(l —e '~" )] ~, where k~o is
the rate coefficient 9 fox deactivation of the first
vibrational level. The quantity v~ is the trans-
lation-rotation contribution to the total electron-
energy-exchange-collision f."equeneyaa x4 z and
4 is the viscous dissipation function. 'o If contri-
butions from Nffusion and vibrational temperature
gradients are small, the translation-rotation ener-
gy Qux ~ is given by

where X~ is the thermal conductivity including
translation and rotation contributions.

To the same degxee of approximation the vibra-
tional energy equation may be written
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D [n $„(Tv)]+n Sv(T„)V.u
D

=-V tj„+n, n " ' er, —~ [8„(T„)-8„(T)],v„(T.}

where v„ is the vibrational contribution to the elec-
tron-energy-exchange-collision frequency and the
contribution from electronic quenching is assumed
to be small. The vibrational energy-flux vector
is"

fir =- XvVTv

and X„" is the vibrational eonduetivity. The relative
contributions to the energy-flux vectors, Eqs. (7)
and (9), due to diffusion will be small when fluc-
tuations in gas and vibrational temperatures are
large relative to fluctuations in mixture partial
pressures.

8. Dynamics of the Electrons and
Electromagnetic Field

ElecA on Cmtinuity and Energy Equations

The electron continuity equation for the plasma
kinetic model under consideration may be written

'+n, V u+V (n, U, )=n, nk, (T, )+n, n„y,*(T )

+n„ne, (T}-n, n, I „"(T.)

-n, na. (T, )+n ""',

where the electron drift velocity U, is given by

n, U, = —V(n, D, ) —n, D, V(inn) —n, p, E.
The diffusion coefficient B, and mobility p,, are
related to the effective electron-momentum-trans-
fer-collision frequency~ '4 v by the relations
D, =(xT, /m, )v ' and p, =(e/m, )v„'.

The corresponding electron energy equation is
expressed

(pe KTq) +(2' IcTq +p~ )V u

=j ~ E-V q, -n n[v (T )/n]aT

where p, =n, ~, is the electron pressure, j,=- en, U, is the electron current density, and v„
is the electron-energy-exchange-collision frequen-
cy.'s For the present purposes the electron-en-
ergy-flux vector may be written approximately as

Q = —X, VT. ——,'(m, /e)j, ,

where A,, = ~en, D, is the effective-electron thermal
conductivity.

II/favell's Equations

For the low-frequency disturbances of interest
in the present investigation, the electromagnetic
field is quasistatic and hence magnetic interactions
are unimportant. Thus the electric field is deter-
mined by

V E = p, /e, and V x E =0.

IH. STABILITY ANALYSIS

A. Small-Amplitude Fluctuations

The equations of motion developed in Sec. II ean
be used to provide a self-consistent locally valid
description of nonlinear-collision-dominated dis-
turbances within the plasma. In large-volume fast-
flow electric discharge devices the transport pro-
cesses are sufficiently slow that large gradients
in plasma properties are confined to relatively
narrow regions adjacent to the walls of the device.
In regions away from the boundaries the plasma
properties vary relatively smoothly. Owing to
electron translation-rotation excitation and vibra-
tiona1 relaxation there exists a gradient in gas
temperature and consequently plasma properties
along the direction of flow through the discharge;
however, the local plasma state for the most part
is determined by collisional rather than transport
processes.

In practice, the interior of a high-energy dis-
charge is never locally steady or uniform, because
of the presence of plasma fluctuations, noise gen-
erated by flow turbulence, ' ' power-supply ripple,
etc. When the amplitude of the fluctuations is suf-
ficiently small, it is useful to decompose plasma
properties into the sum of a nearly spatially in-
variant steady-state value, 4'(x), and a spatially
and temporally varying fluctuation, g'(x, t) nor-
malized by q, i.e., q (x, t) =0(x)[1+p'(x, t)]. The
symbol 4'(x, t) denotes the set of fundamental plas-
ma properties required to describe the behavior
of the plasma, q =[n, n, , n~, . . . , T, T„). Using
this form for the disturbance, the governing con-
servation equations developed in Sec. II may be
decomposed into their zero and first-order linear
components which describe, respectively, the
steady-state and the Quctuating quantities. The
stability of these small-amplitude fluctuations is
the subject of the present analysis.

B. Steady State

As a consequence of the energy deposition within
the gas during its passage through the discharge,
the steady state is governed by a system of differ-
ential equations derivable directly from Eqs. (I)-
(14) by deletion of the partial time derivatives. In
the plasmas of interest for laser application the
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residence time of a Quid element within the dis-
charge region is generally long compared with the
characteristic times (Table I} associated with plas-
ma kinetic processes, and the spatial derivatives
in the steady continuity equations for electrons,
positive ions, negative ions, electronically excited
species, the electron energy, and the vibrational
energy are small and may be neglected. Conse-
quently, the local plasma state is determined by
the local gas temperature, E/n, gas mixture, and
pressure together with

1 1 1 1 n, 1 S„„,—+ — ——+ —"—+ "*' =0 (15}
Tf Tf Tr(e) 7'a ne ~g ne

y

ne1 1 1——=0(f)
n ~c &r ~4

where the spatial variable has been normalized by
the characteristic length l and the velocity fiuctua-
tion has been normalized to the local frozen sound
speed a = (y~T/»n)" with the specific-heat ratio
y =C~/C„. The specific heats at constant volume
C„and pressure C» are given by C„=(3n,+5ngx/
2n and C~=~+C„. The characteristic time v, -=l/a
is a measure of the time for sound to cross the
disturbance.

Introducing the vorticity Quctuation O' =Vxu',
the momentum equation governing Quctuations may
be replaced by equations governing vorticity and
pressure fluctuations,

DA p, ,-, en' E 1,„8
n 1 1 1 S

+ 4 ext 0
n T 7 f 7 n

[gv(T») gv(T)] =ne n vT,

J', /o, =n, n(v„/n)~T, .

(18)

(19)

Vspg pa+SO Vg &n

nC„l Dt

p l~v, P S '
Dt

The positive-ion density is related to the electron
and negative-ion densities by the charge-neutrality
condition. The characteristic plasma kinetic times
for direct ionization v f, ionization of electronically
excited species v f*, detachment by neutral impact
v„, electron attachment ~, , electron-ion recom-
bination ~„', ion-ion recombination v„', electronic
excitation v, and electronic quenching ~, are de-
fined by the relations given in Table I.

C. Description of the Perturbed State

Mixture Continuity and Momentum Equations

Under these conditions the equation of continuity
for the neutral-gas fluctuations may be written

Dn' 1+ —V u'=0
Dt T

(20)

For the purposes of the present treatment, the
equations governing the temporal and spatial evo-
lution of a disturbance are determined by collecting
the first-order components of the equations ob-
tained by substituting 4 (x, t) into the equations of
Sec. II. If the characteristic dimension l of a spon-
taneous disturbance within the plasma is small
compared to the dimensions of the discharge, the
effects of steady-state gradients are small and
may be neglected in the equations describing the
initial development of the Quctuation. However,
the gradients of the fluctuating quantities must be
retained, since they represent the local spatial
development (i.e. , propagation, diffusion) of a
fluctuation.

(22)

where Q~ is the fluctuation in the volumetric heat-
ing of the translation-rotation degree of freedom of
the neutral gas and

1 DQfg 1
(2p +p )Dn'

y Dt v~ " " Dt

1 Cy(T)T v» DT

1 n C„"(T„)T» DT» PYa Dn,'
+ +

nC~T Dt v& Dt

+ (1+~m}
D

'. (23)

The charge-density Quctuation p,' is normalized
by en~. The quantities P~ and P~ are defined by

n hv(T») @v(T) ne n(—vv/n)W,
J',/o, J', /o,

(24)

n n(v~/n)W,
TR g/o (25)

and consequently are a measure of the fractional
power transfer from electrons into vibration and
into translation-rotation excitation. The time
scales v r —= nC» T/J', /o, and vv = nC»(T»)T»/g', /o, -
(Table 1) represent the characteristic times for
heating the gas and the vibrational degree of free-
dom within the discharge. The vibrational specific
heat is defined by Cv(T„)-=88»(T»)/ST». The
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quantities f~ -=s in~~/6 lnT and vY„-=s lnvra/s lnT,
reQect the sensitivity of the volumetric heating
rate of the gas translation-rotation degree of free-
dom to Quctuations in gas temperature and electron
kinetic temperature, respectively. For the sake
of notational simplicity in the discussion to follow
the logarithmic derivatives will be written using
the caret notation, e.g. , a =s lna/8 lnT~. From
Eq. (21}gradients in charge-density fluctuation
normal to the applied electric field can generate
vorticity in the fluid. However, the vorticity is
also damped by viscous shearing stresses. Note
that the bulk viscosity associated with expansion
and contraction of fluid elements due to rotational

relaxation plays no direct role in vorticity dissipa-
tion. From Eq. (22) pressure fluctuations are
dissipated by viscosity and thermal conduction but
may be amplified by the gradient of the charge-
density Quctuation in the direction of the applied
electric field a,nd by the rate of volumetric heating
of the translation-rotation degree of freedom.

Translation-Rotation and Vibrational Energy
Equations

The translation-rotation and vibrational energy
equations governing small amplitude Quctuations
obtained from Eqs. (6) and (8) may be expressed

DT' D '

n&o(Tv)Tv, yPrR, y&rR, 1+ Tv + ne + &~ + "m&~enC„T 7~ (26)

(27)

where v„reflects the sensitivity of vibrational-
excitation-energy transfer from electrons due to
fluctuations in electron kinetic temperature. From
Eqs. (26) and (27) it can be seen that rr, 7„, and

7~ are the characteristic times for variation of
energy residing in the translation-rotation and
vibrational degrees of freedom during a distur-
bance.

Conservation of Charge

In slowly changing disturbances the charge-den-
sity fluctuation is small, n~=n, +n» and the num-
ber of charged-particle equations can be reduced
by one. It is therefore more convenient to replace
the positive-ion continuity equation with the equa-
tion governing charge-density Quctuations,

IDpc & ~
o' ~oE 0'p

~ Qe ne (7p I 0'ff n 0'p, I Qe & &l „, nq De+ —p + — V —p + —+ ——n'+ —+~—nn-n — ~mTe+ «T +
& ge =

(28)

where ri,
' =n,' +(1-vJT,' and the electrical con-

ductivity of the plasma is o =o, +cr, with the ion
contribution given by e& =a~ +v„. The individual
conductivities are related to the appropriate par-
ticle mobilities by o, =en, p, , o„=en„p,„, and

o~ =en~ g~. The second term in Eq. (28) represents
the relaxation of space charge due to the induced
electric field. For typical discharges where o -o, ,
the characteristic time for space-charge relaxa-
tion, r, = e,/o, is given approximately by v &u~,',
where co~, is the electron-plasma frequency. The
third term in Eq. (28} represents the transport of
charge-density fluctuations due to particle drift.
Typically e,E/en~i«1, and the charge-density
Quctuations do not drift very far during relaxation.

The last term represents the dissipation of charge-
density fluctuations by diffusion and is negligible
compared to the other terms except for very small
disturbances.

Electr on, Negative-Ion, and Electronically-
Excited-Species Conservation

The continuity equations governing Quctuations
in electron, negative-ion, and electronically-ex-
cited-species densities are obtained from the cor-
responding continuity equations for these species
combined with Poisson's equation and the equation
of charge continuity and may be expressed for
electrons,
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+ —V u'- 1-—~V~g,' ——' ~ V ——p,'+ 1-—' ——~ n' —"+—"~ n„'

1-—v T ——82'&e - ] &t ]
t5 8

0'z np Dp& 1
~ nfl 1 nn 1 Sext p nff 1 nfl 1 I p

1 1 Ip' — — + ——+ ' n'+ ————" n' + —n'+ ——n'o, Dt v&&~ ' n~~'" n, v~ n ' n, ~, n~~'" " v. ,* * ~ ~ v. ,*

v) -(,) vg -'t, n„1-
+ —

kg + —kg — k„' ——k,
~
T,' + —"

k~ T—', (29)

for negative ions,

Dna q
0'ft nff Dg g f 0'ft E'pE, '

(Tp f 0'g nff &p nfl 0'f),
+ —V. u'+ ———,V g,' —— ~ V ——p' — —+ ——n' + 1-————n„'

Dt ~, un l' ' e, en' o ' 0 0' ng, CT

+ —vT+o ——oTSt ff 8 0. 'l

r„n , ' 1, Jn, 1 n, 1, n„1 n~1, 1, n, 1-, 1 -(,)
o n„Dt ~," ' (n„~, n~vP' ' n v]& n„v, "

7~&& n„r, '

and for electronically excited species,

(30)

* + —V u' = —— '"' n,' — —' —+ —n' + —' —n'+ ——k~ ——~kf~ T,' ——k, 7',

where the logarithmic derivatives k» of the rate
coefficients k~ represent the sensitivity of elec-
tron, negative-ion, and electronically-excited-
species production and loss to fluctuations in elec-
tron and gas temperature. The term v, 'V u' in
these equations represents the coupling between
the velocity field of the gas and the production and

loss of charged particles. Since volumetric dilata-
tion of Quid elements occurs on a time scale r, ,
the velocity field associated with sound waves can
couple effectively to charged-particle-production
processes only if ~, &~, , v„.. . , etc. In general
this will occur only at low pressure and for dis-
turbances with sufficiently small size. The third
and fourth terms on the left-hand side of the elec-
tron and negative-ion continuity equations (29) and

(30), represent the contributions from ambipolar
diffusion and particle drift due to plasma gradients,
respectively. For electrons the ambipolar diffu-
sion results in a local loss; however, the negative
ions tend to accumulate owing to the direction of
the ambipolar field established between the fast
electrons and slow positive ions. The first term
on the right-hand sides of the electron and nega-
tive-ion continuity equations represents the contri-
bution from space-charge fluctuations and is only
large during the initial stage of evolution of the
disturbance Since o„/o.«1, the contribution of
negative ions to space-charge fluctuation is small.

The remaining terms on the right-hand sides of
these equations are the contributions from fluctua-
tions in particle kinetic processes. In conventional
laser discharges the cross sections" ' for elec-
tronic excitation and ionization have thresholds in
the high-energy portion of the electron-energy
distribution, and consequently the rate coefficients
for electronic excitation (k ) and ionization (k, , k, )
exhibit exceptionally strong dependences on elec-
tron temperature. For example, values of k, k&*,

and k, in the range of 10 to 20 are typical, indicating
that small changes in electron temperature can
produce relatively large fluctuations in the rates
of electron, positive-ion, and electronically-ex-
cited-species production and loss. The electron-
molecule cross sections" 'e for attachment, on
the other hand, may be large for low- as well as
high-energy electrons, and consequently the de-
pendence of the attachment rate on electron tem-
perature depends critically on molecular species.
Values of k, from slightly negative to large posi-
tive values in the range of 10 to 20 are possible. ~

The temperature dependences of the electron-
ion" '9 and ion-ion recombination rates" are
usually relatively small, with values of k„~'~ and
k~' in the range --,' to -1. The gas-temperature
dependences of the electronic quenching and de-
tachment rate coefficients~ vary significantly with
electronic state and type of negative-ion species
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present within the discharge.
Equations (29}-(31)indicate that fluctuations in

the densities of charged particles and electronical-
ly excited species are significantly affected by
electron- and gas-temperature fluctuations due to
the magnitude and the sign of quantities k&. How-

ever, under certain conditions the significance of
some of these quantities can be greatly reduced
by using an independently controllable source of
ionization, such as an e-beam system, 7 to main-
tain the discharge. In this case the volumetric
rate of external ionization S, ,„, may be made large
enough to sustain the plasma against recombination
losses and the discharge E/n ratio can be lowered
thus lowering the electron temperature to the point
where (v, ', r ', v,* ')«(S„„,/n, , S„,„,/n„). Since
in the continuity equations (29)-(31}the temporal
density fluctuations are proportional to the quanti-
ties k& /r&, the ability to sustain the plasma with
arbitrarily large values of 7& negates the other-

wise dominant inQuence of the terms k, . Thus in
the presence of an auxiliary source of particle pro-
duction the Quctuations in charged-particle and
electronically-excited- species densities can be
made virtually insensitive to Quctuations in elec-
tron temperature. It should be noted that the fac-
tors inQuencing the energy-transfer processes and
the production and maintenance of a population
inversion in the case of molecular lasers remain
essentially the same in the presence of e-beam
ionization. The consequences of these conditions
as regards discharge stability will be discussed
in Sec. IV.

Electron-Energy and Electromagnetic
Field Equation

The electron-energy equation for Quctuating
quantities is obtained from Eq. (12) and may be
written

(32)

+ ——' ~ V ——p'+ 1 ——-~—n, — —"+—"—n'+ 1 — 1 ——' v T'

o], 1, 1, 1——d T' — n' ———n' ——(1+v )T'
0 ~

'
7 e T

'
1-

"g e
e e e

where v„denotes the sensitivity of electron energy
loss to changes in electron temperature and is
typically in the range of 1 to 5 for most common
molecular gases. The contribution from fluctua-
tions in Joule heating is

(e,E/en~ l)V E' =p,' (34)

E „, 2 o'8 &OEQ' =2 —~ E'+n' —n' —v T' +m3 — ~ Vq' .
E 8 m 8 8 ~ en l 8

0 e

(33)

The time scale 7, —= 2n, aT, /(—J',/o, ) = —2v„' repre-
sents the characteristic time for heating the elec-
tron gas. Typically, r, «v „and the third term
in Eq. (32) representing the coupling to the velocity
field is negligible. The second, third, fourth, and
fifth terms on the right-hand side of the electron-
energy equation represent the combined effect of
electron-energy transfer due, respectively, to
thermal transport, ambipolar diffusion, space-
charge fluctuations, and electron drift. The last
three terms of Eq. (32) constitute the contributions
due to collisional energy losses such as rotation,
vibration, and electronic excitation. Fluctuations
in the electric field are determined by

and

Vx E' =0. (3&)

where P is chosen so that the contour in the (d plane
lies below all singularities of the integrand to guar-
antee causality. In general, for a localized initial
disturbance, 4,(k, v) is analytic. The dispersion
relation for the present plasma model is of the
polynomial form, D(k, v) = g„[&o—v„(k)], where
~„are all distinct. Therefore, the integration
in Eq. (36) over &u is readily completed,

D. Plane-Wave Approximation

Up to this point only arbitrary small amplitude
Quctuations have been considered. However, in
order to proceed further it is necessary to specify
the spatial and temporal nature of the disturbance.
If 4, is the source of the disturbance such that
+,(x, t) =0 for t&0, then, introducing Fourier-
Laplace transforms, the general response of the
plasma to this initial fluctuation may be written

d dk 'j(k, ) [ j.
„&)---i s 2v — (2w)' D(k, (o)

(36)
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+CION„(k) t-h»x j

This result indicates that the low-frequency re-
sponse of the plasma to an arbitrary fluctuation

S1
within the plasma may be decomposed into a
superposition of normal modes determined by
D(R, ru„(k)) =0. Furthermore, studies" ~ 33 of the
asymptotic character of relations similar to Eq.
(3V) indicate that a necessary and sufficient condi-
tion for a normal wave mode to be unstable is co„, =

1m[ra„(R)]&0 for some real value of fc. In addition,
at long times, the system is dominated by the mode
giving the root &u„(k real) with the minimum imag-
inary part (a&„) (,. This corresponds to the slow-

ng

est-decaying mode for a stable plasma [(v„)~
& 0], or the fastest-growing mode for an unstable
plasma [((0„) & 0]. Equation (3V) also indicates
that, although the individual Fourier components
may be unstable, the form of the instability during
development need not be wavelike.

As a, consequence of these results the stability
of a large-volume high-energy electric discharge
plasma is ultimately tied to the stability of the
normal wave modes which may be excited by fluc-
tuations inherent in the discharge. Taking account
of the physical processes associated with their
evolution, these normal modes are identified in
See. IV and ordered according to their characteris-
tic time scales as follows: a space-charge relaxa-
tion mode (10 '0-10 ' sec), an electron thermal
mode (10 '-10 ' sec), an ionization mode (10 '-
10 ' sec) „an electronically-excited-species-pro-
duction mode (10 '-10 ' sec), a sound mode (10 '-
10 ~ sec), a vibrational energy relaxation mode
(10 '-10 ' sec), a heavy-particle thermal mode
(10 '-10 ' sec), and a vorticity mode (10 '-10 '
sec). In equilibrium (i.e., T = T» = T, ), the heavy-
particle thermal, vibrational energy, and electron
thermal modes become the thermal or entropy
mode considered by Chu and Kovasnay. '4 The
splitting is simply a consequence of the nonequilib-
rium between the electron translational, vibration-
al, and heavy-gas translation-rotation degrees of
freedom within the discharge. The electron ther-
mal, ionization, and electronically-excited-species
modes have been considered previously to some
extent in studies of striationss' "observed in
noble-gas discharges. The propagation of sound
and development of the thermal mode in weakly
ionized noble gases has been considered by Schulz
and Ingard 9 and Eeker et a/. , 40'4' respectively.

lV. NORMAL MODES

A. Characteristic Times

Fourier-Laplace analysis of the self-consistent
set of equations (20}-(35)governing the behavior
of the fluctuating quantities leads to a tenth-order
dispersion relation for the complex frequency e,
analytical solution of which is a practical impos-
sibility. However, as displayed in Table I, the
characteristic times associated with the several
processes of importance are spread over a very
large range (10 '0-10 sec}, permitting significant
simplifications of the problem. As a result, the
general dispersion relation can be partitioned into
a set of relatively independent dispersion relations
of order three or less, indicative of the fact that
for a wide range of physical conditions the various
normal modes are effectively decoupled.

As a consequence of the large differences in
characteristic times indicated in Table I, the dis-
sipation or growth of a disturbance involves differ-
ent modes of plasma behavior depending on the
type of disturbance and time scale involved. From
the space-charge continuity equation, Eq. (23),
the relaxation of space-charge fluctuations occurs
on a time scale v, for typical conditions and in-
volves primarily the electrons. Typically, 7, is
the shortest eharacteristie time in the plasma.
The next-shortest time is r, , which measures the
electron-energy relaxation in the electric field.
Usually, 7, is 10 ' -10 sec, whereas r, is 10
10 ' sec, and hence space-charge relaxation oc-
curs faster than or on a time scale comparable
with adjustments in electron energy Somewh. at
longer than the electron-energy relaxation time
are a host of characteristic times (7, , »f, »„
7~, . . . ) which characterize the charged and elec-
tronically-excited-species coBisional kinetic and
transport processes. These times are typically
in the range 10 '-10 ' sec and characterize the
temporal evolution of the particle production
modes. With the possible exception of short-wave-
length sound waves, the longest characteristic
times are those that characterize the response of
the neutral-gas properties, i.e., n, 7, 7„, and u.
The times rT, v~, 7'~, and v„which measure
translation-rotation heating, vibrational heating,
vibrational relaxation, and sound propagation, are
usually in the range 10 '-10 sec.

These considerations suggest that during evolu-
tion of the normal wave modes associated with the
neutral-gas energy and momentum transfer pro-
cesses the charged-particle properties respond
instantaneously. On the other hand, during evolu-
tion of the modes associated with the charged-
particle and electronically-excited-species produc-
tion processes, neutral-gas properties are effec-
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'I(d g ——o~ /60 +f 3 (1 —
7

'v $%' U~ . (38)

Consequently, the Fourier components of this mode
are damped in a time eo/g, and drift relative to
the gas in the general direction of electron flow
with phase velocity

(39)

tively frozen. In addition, the electron energy and
space-charge fiuctuations ad]ust on a quasisteady
basis producing nearly quasineutral plasma mo-
tions. FinaBy, the space-charge relaxation and
electron thermal modes occur on time scales that
are so rapid that charged- and neutral-particle
eollisional kinetic processes remain essentially
frozen. Only electron-energy loss and elastic
scattering collisions are of consequence in this
case. In the following, the physics of the individual
Fourier components of the normal modes is inves-
tigated. The instability criterion is taken to be
Im[s&„(R)]&0 for real k.

8. Space-Charge Relaxation and Electron

Thermal Modes

In considering the charaeteristie wave modes
associated with the space-charge and electron
thermal relaxation processes, since the time
scales for these processes are so short compared
to the other time scales governing plasma process-
es, only fluctuations in electron density and tem-
perature and the electric field vary significantly.
The evolution of these quantities is described by
the charge-conservation equation, Eq. (28), with

p,' = —(n, /n~)n, ', the electron-energy equation,
Eq. (32), and Maxwell's equations, Eqs. (34) and
(35). Upon Fourier analysis of these equations,
it ean be shown that as a result of the electrostatic
nature of the relaxation the 0th Fourier component
of the electric field E& -—-i(k/k)(en, /e, kE)n;„ is in
the direction of the wave vector. Except for quite
large values of k, the quantity (en, /e, kE) is much
greater than unity and the electric field fluctua-
tions are typically large and approximately 3w/2
radians out of phase with electron-density fluctua-
tions. As a consequence of Joule heating by this
field, the corresponding electron-temperature
fluctuations are also relatively large. For condi-
tions of interest in high-power electrically excited
lasers, and again except for quite large values of
k, o, /c, » v, 'a (o, /e, )(q k E/en, ) and the disper-
sion relation for the coupled space-charge and
electron thermal modes may be further simplified.

SPace-Charge Mode

Keeping only first-order terms, under these
conditions the dispersion relation for the space-
charge relaxation mode may be written~

Since o, /eo»k U, , in general the damping occurs
in less than one oscillation period.

Electron Thermal Mode

X84
& -v„' = —(1+P„—v„cos2&) .

2
(41)

Thus the electron thermal mode is unstable if the
quantity v„' is negative, i.e., if v„' decreases with
increasing electron temperature. For most sit-
uations of interest" "

~P ~s1, and the criterion
0„' &0 reduces in practice to the condition 0„&0
regardless of the angle p. If v & 0, the condition
for instability is most easily satisfied for those
Fourier components associated with motion along
the direction of electron flow. For most com-
mon' ' molecular species and their mixtures
the electron-energy-exchange collision frequency
v„ is an i.nereasing function of electron tempera-
ture, indicatiag that for most practical circum-
stances the electron thermal mode is stable.

From Eq. (40) the phase velocity of the electron
thermal mode is

vj, —- (i ~ l i) (
—.U.)

and consequently this mode is transported relative
to the gas by drifting electrons. For discharges
in molecular gases v, ' is generally comparable
with or larger than k.U, , and the waves move only
a short distance during damping or growth. Also
v, ' is small compared with o, /c„and the associ-
ated space-charge fluctuations are relatively
small. In addition, since v, is typically much less
than the characteristic times of other wave modes
with the exception of stable space-charge relaxa-
tion, vrhen the electron thermal wave mode is un-
stable it dominates plasma stability.

It should be noted that this treatment of space-
charge and electron-energy relaxation using ve-
locity moments of the electron distribution function
and neglecting electron inertia effects is only ap-
proximate. In many cases of interest the electron-
momentum-transfer coQision frequency is compa-
rable to the electron plasma frequency, and hence
e,/e, is approximately e~, , for which it follows
that electron-inertia effects are important during
space-charge relaxation. In addition, the charac-
teristic time scales of both of these modes are

To a simQar degree of approximation the dispex-
sion relation for the electron thermal mode is
given by

x JPi&@„=-- —v„'+,' + f(1 +-', v )fcU, ,
8 ~ 8

where v„' =(1+v„)—f cos2P. From this result,
the electron thermal mode is unstable if
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comparable to the characteristic time for evolution
of the electron distribution and a more accurate
treatment of them requires consideration of the
spatially and temporally dependent electron Boltz-
mann equation. A formulation of this problem for
discharges in noble gases, including electron-
distribution-function effects, has been given by
Gentle. " For discharges in noble gases the char-
acteristic time for electron-energy transfer, v, ,
is comparable to the characteristic times for
charged and electronically excited species produc-
tion, and the simplifying assumptions employed in

the present treatment of molecular-gas discharges
are no longer valid.

C. Quasineutral Modes

On the basis of the previous results, the treat-
ment of the remaining normal wave modes of the
plasma may be significantly simplified. In partic-
ular, space-charge effects dissipate on a time
scale that is very much faster than other time
scales of the plasma. Consequently, for wave
processes other than space-charge relaxation and
electron thermal modes, the time derivative of the
charge-density fluctuation is small compared to
other terms in the charge-density [Eq. (28)], elec-
tron [Eq. (29)], and negative-ion [Eq. (30}]conti-
nuity equations, and the electron-energy equation
[Eq. (32)]. Thus when

are of relatively little significance.
For most discharges of interest, the mass of the

ions is very much greater than the mass of the
electrons, and the electron temperature is signif-
icantly elevated above the gas temperature. In
this limit, o~/o and o„/o are vanishingly small,
and ion transport effects disappear. In fact, the
presence of massive ions is destabilizing in the
sense that the transport terms become ineffective
for much smaller values of L In the following
calculations, this heavy-ion or no-ion-slip approx-
imation is adopted and ion transport effects are
not treated in any further detail, i.e., o„/o
=oe /o =0.

In addition to the condition of quasineutrality,
for normal modes other than space-charge relaxa-
tion and electron thermal, the rate of change of
electron energy with time in the electron-energy
equation, Eq. (32}, is small compared to the Joule
heating, transport, and collisional energy-loss
terms and may therefore be neglected in the anal-
ysis of all modes which develop over a longer time
scale. This quasisteady electron-energy equation
and the electric field equations can be used to de-
termine the relations among the Fourier compo-
nents of the electron-temperature, electron-den-
sity, and gas-density fluctuations. These relation-
ships are defined by the equation

e,Z/en~i «I, (43)
d lnT, d lnT,
d inn, ~]t d inn

(45}

the space-charge-density Quctuations rapidly relax
to a relatively small value,

0'g 8 ~0'

where if v„"=v„' +r, [X,k'/(-, n, ~}]then

d lnT, 2 cos'p +i ', (r, R U-,).
dlnn, v„"-i(r,&C, )(1+39$ (46)

) &e- (—Pl ——V Te

&p~eDe g (q(0n l'

+ (Tg TQg „)
0

(44)

and the plasma becomes quasineutral. The corre-
sponding irrotational electric field fluctuation is
determined by substituting Eq. (44) into Poisson's
equation, Eq. (34). The effect of this quasineutral-
plasma condition is to reduce the effectiveness of
particle transport processes; i.e., particle trans-
port is inhibited by the space-charge electric field
that maintains quasineutrality. Although the trans-
port terms in Eqs. (29)-(33) are of importance in
many cases of practical importance, their com-
plexity prevents a simple treatment. However,
transport phenomena generally produce a stabiliz-
ing effect, and their omission for the sake of clar-
ity is not of qualitative significance. In addition,
for characteristic disturbance dimensions suffi-
ciently large (I& 1-10 cm), transport processes

d lnT, -2 sin'p
dlnn f„"—i(r, R 0, )(1+—', 9 )

' (47)

in which p is the angle between the wave vector
% and the direction of the applied electric field.
For wavelengths greater than a millimeter, r, /r „,
and (r, % U, )'-O(r, /Yr, ) are small compared to
unity for the plasma conditions under consideration
and therefore dlnT, /dlnn, and dlnT, /dlnn may
be written

dlnT, -2cos*g . (v, k U, }, 2cos~p(1

(48)

dlnTe 2 sin Q ~ (~eR'Ue)
2 ' a (1+—") (49)11'

The quantities dlnT, /dlnn, and dlnT/dlnn are a
measure of the magnitude and phase of the elec-
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tron-temperature Quctuations due to electron-
density and gas-density fluctuations, respectively.
Since the electron thermal mode is unstable and
dominates plasma behavior only if v„' & 0, a situa-
tion not often realized in practice, in the following
analysis of the charged-particle-production and
neutral-gas modes it is assumed that v„' &0. Con-
sequently from Eqs. (48) and (49), the electron-
temperature Quctuations increase mhen the elec-
tron- and gas-density Quctuations are decreasing.
In the following, conditions such that r, /v r, is
small compared to unity are considered in detail.

D. Ionization, Negative-Ion, and BectronicaHy-
Excited-Species Modes

During the characteristic motions of the charged
particles and electronically excited species the
neutral degrees of freedom xemain nearly fxozen
and the equations describing these motions in the
heavy-ion approximation are obtained from the
previous results by neglecting terms involving
Quctuations in gas density, temperature, and ve-
locity in Eqs. (29)-(33). Under these conditions
the dispersion relation for the charged-particle-
production modes is a complicated cubic polyno-
mial. To illustrate some of the important physics
associated with the ionization, negative-ion-pro-
duction, and electronically-excited-species-pro-
duction modes characterized by the roots of this
polynomial, three relatively simple cases are
considered+

Ionization Mode

In the absence of negative ions and electronically
excited species, only positive ions and electrons
constitute the plasma, and the dispersion relation
for the resulting ionization mode associated with
them is given by

8 Tf g

For most molecular gases ~P„'~~ is less than k,
and ~v„' ( and therefore the contribution due to the
electron-temperature dependence of the two-body
recombination coefficient is neglected here and in
the remainder of this paper. Examination of the
right-hand side of Eq. (50) shows that the ionization
mode is always stable and decays on a time scale
comparable to the ionization and electron-positive-
ion recombination times. The contribution to the
electron-production rate due to electron-tempera-
ture fluctuations is out of phase with the electron-
density Quctuations and represents an effective
loss in addition to the recombination loss associa-
ated with electron-density Quctuations. From

Eq. (50), the phase velocity of the 4th component
is given by

Tr ng Td np T nN T+ n8{e) {i)

k(d nr(r- (- (,),
f 6 lnne To

(53)

n11
nfl TN Tr{e)

4& dlnT,
Tq dlnn,

~n 1 1 n 1 ~n1 ~emt
n T Tg np Tr nff Tg Pl4}l

+

(54)

and the individual components move relative to
the gas in the direction of current Qow at a veloc-
ity mhich is small compared to the electron drift
velocity.

When an external source is used to maintain the
discharge and E/n is lowered, thereby substantial-
ly increasing the ionization time, the effect of
electron-temperature Quctuations on the particle-
production process and the phase velocity of the
waves may be significantly reduced. In this limit
the dispersion relation becomes fury - -2/v„',
damping by recombination dominates, and the
phase velocity is very small.

Summarizing previous results, the ionization
mode is stable in the absence of negative ions and
electronically excited species for conditions of
interest. Transport processes, within the heavy-
ion limit, have a negligible effect on wave damping
except for very small wavelengths.

Coupled Ionization and ¹gative-Ion Modes

If collisional attachment is important and sub-
stantial numbers of negative ions are present rel-
ative to the electron density, essential features of
the ionization mode are modified and an additional
wave mode associated with the negative ions ap-
pears. The first-order dispersion relation govern-
ing the evolution of these modes is obtained from
the combined negative-ion [Eq. (30)] and electron
[Eq. (29)] continuity equations, the quasisteady-
electron-energy equation, and the electric field
equations [Eqs. (34) and (35)] using the quasineutral
approximation [Eq. (44)]. This dispersion relation
is quadratic with solutions given by

7'(u„= —,'[- b.+ (b' —4c)"'],
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The complexity of these results prohibits a simple
general treatment such as was given in the previ-
ous subsection for the ionization mode alone. How-
ever, for very long wavelengths propagation and
transport effects are small; b and c are real. For
these situations consideration of the physical pro-
cesses contributing to the coefficients b and c
indicates that when b&0 and c&0 the negative-ion
mode is unstable. When b& 0 the ionization mode
is unstable and, if c)0, the negative-ion mode is
unstable as well. To examine the dispersion re-
lations for the ionization and negative-ion modes
in more detail, suppose that detachment dominates

negative-ion collisional loss. Then the effect of
negative-ion formation on the steady-state elec-
tron kinetics vanishes, i.e. , n, /n„=r, /r~ and

~, '+~," ' —S, , /n, =0. In addition, under many
cases of practical importance, k, » v„', and the
ionization and negative-ion dispersion relations
are decoupled.

Ionization Mode

When detachment dominates negative-ion loss
and k&» v„', the dispersion relation for the ioniza-
tion mode, from Eqs. (52)-(54), may be expressed

~ 2 7 - ~
g kf g +p 1 ng 1 $+~t . 2 2cosp

iarg= ——1 —~k, (k, )
' —, cos'p — ——+ —'

& &

+ '~' -z —, + „, (1+3 v )

x1-~k k,
-' ~ -L U, . (55)

From Eq. (55) the ionization mode will be unstable
if

2 ~]- -, - np1 n 1 S„„,—1 ——k, (k, ) ' k, + ——+-a
&,&

+ "*' 0„'&0,
Tg 7a nn T~ n~ Tr ne

(56)
the characteristic growth time is faster than the
ionization time, and the phase velocity of the kth

component is given by

x 1 ——k', k] ~ —„,'-U, . 57

The instability criterion, Eq. (56), indicates that
in the absence of an external source the ionization
instability does not depend directly on the dis-
charge power density and gas pressure because of
the relative importance of kinetic processes in-
volving the electron-temperature dependence of the
ionization and attachment rate coefficients of the
electrons. A necessary, but not sufficient, con-
dition for instability is [1—(~, /r, )k, (k, ) ']& 0,
which requires that the electron attachment rate
increase with electron temperature. In addition
since k, is typically large, 10 to 20, the condition
for instability will be satisfied only if ~, » r, or
if k, R k, when the ionization and attachment times

are comparable in magnitude. As the negative-ion
density increases, the second term in Eq. (56)
tends to decrease and the recombination processes
are reduced in importance compared with detach-
ment. The instability occurs because the electron-
density and temperature fluctuations are out of
phase, as displayed by Eq. (48). Under these con-
ditions, instability appears when the loss of elec-
trons due to recombination, attachment, etc. , is
less than the effective electron-production rate
due to electron-temperature fluctuations. Nega-
tive-ion-density fluctuations are relatively small.
From Eq. (5V) when the ionization mode is stable
the phase velocity is in the direction of current
flow; however, as the instability boundary is ap-
proached the phase velocity reverses direction
and unstable Fourier components drift in the di-
rection of electron flow. When an external source
is employed to maintain the discharge the contri-
bution due to electron-temperature fluctuations,
the first term in Eq. (56), is unimportant and the
ionization mode is damped by recombination pro-
cesses.

Negative-Ion Mode

When detachment is the dominant negative-ion
collisional loss and k, » v„' the dispersion relation
for the negative-ion mode, from Eqs. (52)-(54),
is

n, 1 2[1 —(n„/n~)(v&/v„')k, (k, ) ']'k, cos'P+[(r~ /v, ')+r, S„„/n, ]v„'

n„v, 2[1 —(v, /r, )k, (k, ) '] 0, cos*P+[(n~/n„)(v, /r, ) (n+, /n~)(~, /r~")+r, S, ,„,/n, ]v„'

.n 1 [—,+2 cos P(1+~v//0„'][1 —(s„/n~)(g, /v, ' )k, (k, ) ] (v, /v, )(k, /v„')
n„r, 2[1 —(v, /r, )k, (k, ) ']k, cos'&p+[(s~/n„)(r, /r, )+(n, /n~)(T, /r„')+v, S„„,/n, ]P„'

(58)
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From Eq. (58) the negative mode will be unstable if

&.(&, )- ) &, -"&
7g 7g

+ +—+~ + p')0 59
1 n 1 S„„

nyf 7 g np 7 yI ne

1 ——
~'& &, (k, j ') k, cos & ~ ( & &

~ '"') 1'„' 0,
(60)

or vice versa When the latter instability condition
holds, i.e., the inequality signs are reversed in
Eqs. (59) and (60), the ionization mode is also un-
stable, has the largest growth rate, and mill
evolve sufficiently rapidly to dominate plasma
temporal behavior. Therefore, this case is not
discussed further. The phase velocity of the kth
component of the negative-ion mode is much less
than the phase velocity of the ionization mode and
is given by

n, 1 [—', +icos'&t&(1+ —',f& )/v„'][1 —(n„/n&)(v& /r&'~)k, (k&) '] (r, /r& )(5& /v„'} k
n„v, 2[1 —(v&/r, )f&, (k&) ']k, cos'p+[(n~/n„)(r& /r, ) +(n, / n~)(v &/v&«}+v&S„„&/n, ]p„' k

(61)

From Eqs. (59) and (60) the negative-ion mode may
be unstable because of the relative importance of
the electron-temperature dependences of the ion-
ization and attachment rate coefficients. Under
many cases of practical importance k, is suffi-
ciently greater than v„' that the negative-ion mode
is convected with the gas flow, and the stability
criteria, in the absence of an external source,
become simply

[1—(~&/r, )k, (k& } ']&0

[1—(n„/n~ )(r &
/7„")k. (k& ) . ']& 0,

which may be combined to yield the condition

~ (e)
'k, (k, ) '—&1.

nff Tg

Therefore when (v&/7, }k,(k&) '& 1 and the nega-
tive-ion density exceeds n~(v&'/v&)k& (k, ) ', the
negative-ion mode will be unstable. The physical
reason for this result may best be understood by
noting that, under these conditions, the negative-
ion mode evolves sufficiently slowly that the elec-
tron continuity equation is quasisteady and thus
the Fourier components of the electron-tempera-
ture, electron-density, and negative-ion-density
fluctuations are related by

(62)

2 cos'&t& r ( (n„/n&, )(7./~„" ) —1
v„' k 7, [1—(v&/v, )k, (k&) ']k,

(63)

Consequently the electron-temperature fluctuations
and negative-ion-density fluctuations are in phase
and the electron-temperature fluctuations increase
relative to the negative-ion-density fluctuations
with increasing negative-ion density when (n~ /n„)
x(g&'&/y, )&1 provided [1—(r&/v, )k, (k&) ']&0.
According to Eq. (30), these electron-temperature
fluctuations may produce large fluctuations in neg-
ative-ion density if 5, is large. Further, when

Eq. (62) holds, these fluctuations are sufficient
to overcome detachment losses and the negative-
ion-density fluctuations may increase thereby
further increasing the electron temperature, etc.
Thus, the stability of the negative-ion mode is
intimately related to the negative-ion density and
the relative importance of ionization and attach-
ment kinetics with no direct dependence on dis-
charge power density or gas pressure.

As in the case with the ionization mode, an ex-
ternal source may be employed to significantly
reduce the effect of electron-temperature fluctua-
tions on electron-density and negative-ion-density
fluctuations and, from Eqs. (59) and (60), thereby
stabilize the negative-ion mode. When k, is not
sufficiently greater than v„' to justify the previous
approximations, the ionization and negative-ion
modes may couple together, ' however, the essen-
tial physical features just described remain im-
portant. In either case, application of an external
source will eliminate these instabilities.

In summary, the presence of negative ions within
the discharge significantly degrades plasma stabil-
ity for long-wavelength disturbances under condi-
tions of interest to high-power lasers. Under
these circumstances, the growth times for the
ionization and negative-ion modes are comparable
to the characteristic times for charged-particle
production and loss by collision processes and
therefore short compared to characteristic times
of the neutral modes. Consequently, when they
occur, the negative-ion and ionization instabilities
dominate plasma behavior. However, maintenance
of the plasma ionization processes by application
of an external source and subsequent 1owering of
E/n will stabilize these modes.

CouPled Ionization and Electronically -Excited-
Species Modes

If collisiona1 attachment is unimportant, within
the context of the present plasma model the density
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of negative ions and consequently their effect on
discharge stability will be negligible. Under these
conditions, in addition to the ionization mode a
wave mode associated with the metastable elec-
tronic species appears. Using the quasineutral-
charge-density fluctuation [Eq. (44)], the first-
order quadratic dispersion relation governing
evolution of these modes is obtained from the com-
bined electronically-excited-species [Eq. (31)] and
electron [Eq. (29)] continuity equations, the quasi-
steady-electron-energy equation, and the electric
field equations [Eqs. (34} and (35)]. Examination
of the roots of this dispersion relation shows that
the conditions for instability are generally not
satisfied for conditions of interest in molecular-
gas-laser discharges. Therefore, in the absence
of negative ions, independent metastable electronic
species present in molecular-gas discharges exert
no destabilizing inQuence on particle-production
wave modes. It should be noted, however, that
this result does not imply that cumulative or multi-
step ionization processes involving several elec-
tronically excited species cannot lead to particle-
production instabilities. Indeed, the importance
of the electron-temperature dependence of the
ionization-rate coefficient in the stability criteria
for the ionization and negative-ion modes suggests
that, in the presence of negative ions, electron-
ically excited species may be important as regards
discharge stability. 4

E. Vorticity, Sound, Thermal, and Vibrational

Relaxation Modes

With the possible exception of the sound mode at
low pressure, the evolution of the neutral-gas
translation, rotation, and vibrational degrees of
freedom occurs on time scales that are long com-
pared to the characteristic times associated with
charged-particle and electronically-excited-
species dynamics. Consequently, charged-particle
properties adjust in a quasisteady fashion to
changes in gas properties, i.e., the time deriv-
atives in the charged-particle [Eqs. (29) and (30)]
and electronically-excited-species [Eq. (31)] con-
tinuity equations, and the electron-energy equa-
tion [Eq. (32)] are vanishingly small compared to
the other terms in these equations. In addition,
the contribution from volumetric dilatation of the
fluid due to fluctuations in the velocity field is also
small. Under these conditions, fluctuations in the
properties of the neutral gas couple to the charged-
particle kinetics and energy transfer primarily
through changes in gas temperature and density.

Using the quasisteady electron, negative-ion,
and electronically-excited-species continuity equa-
tions, the quasisteady-electron-energy equation,
and the quasineutrality condition [Eq. (44)], the

Fourier components of the electron density,
gas density, and gas temperature can be expressed
as

dlnn, d inn,
dlnn ~ dlnT (64)

The quantities dlnn, /dlnn and dlnn, /dlnT are a
measure of the magnitude and phase of electron-
density fluctuations due to fluctuations in gas
density and temperature, respectively. Examining
the effects of negative ions and electronically ex-
cited species separately, it can be shown that

d1nn, —2g, sin'@k&+ g, v„'

dlnn 2&, cos' pk(+ &,v„'
(65)

d inn, g4P„'

d lnT 2&, cos' gk( + g, S„' '

where if negative ions are present

(66)

1+~ (, )
+~ (,)

—k, (k,) ', (6'l)
1 n 1 '

np Tr np Tr' Ta

n 1 1 n 1 1
2 (e) (i)

+n Ta Tr ne
(68)

n 1 S.,„,
Tr nyf Ta ne

(69)

ne Td - np Tr np Tr'-

1 ~n 1 Td ~(,)
T n T(e) T(4)

d P r
(70}

1 S+ext n 1 2 e ext n 1 1 1 1

(73)
1 1-

a
a

provided the wave number is such that electron
thermal conduction and transport effects are un-
important, i.e., the imaginary parts of Eqs. (48)

(74)

and if independent electronically excited species"
dominate char ged-particle kinetics,

n 1 1 1 1 n 1 - 1
t., = ~—+——+—~—k +—k((' (k, ) ',

Pl(, Tf Tq T( T( ((~ T T

(71)

(72)
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dlnn, -2k& sing +(r, /v', ')v„'
dlnn 2k~ cos'P+(r&/r„' + r& S„„,/n, ) v„' ' (75)

i.e., the electron density responds only to gas-
@%

density changes. For a conventional discharge k,
is generally much greater than v„'. Then, from
Eq. (75), except for propagation in the direction
of current flow where the response is weak, the
electron density in a fluctuation increases with
decreasing gas density. The maximum response
occurs for propagation nearly normal to the di-

and (49) are neglected.
Before proceeding with further analysis of the

neutral-gas modes using these results, their con-
sequences are addressed. If negative ions and
electronically excited species are not present
within the discharge, then d inn, /dlnT = 0 and

rection of current flow where dlns, /dlnn-
-2k, /v„'. The magnitude of this response is due
to the rapid increase of the ionization rate with
electron temperature and the sensitivity of elec-
tron temperature to gas-density fluctuations ex-
pressed by Eqs. (47) and (49).

When an external source is employed, the sig-
nificance of the rapid increase of the ionization
rate with electron temperature can be neutralized
and, from Eq. (75), dlnn, /dlnn approaches one-
half. Consequently, the application of an external
source significantly reduces the sensitivity and
changes the sign of the dependence of electron-
density fluctuations on gas-density fluctuations.

To examine the effect of negative ions, suppose
that detachment dominates the negative-ion colli-
sional loss. Under these conditions, Eqs. (65} and
(66) become

and

d Inn, —2[1 —(n„/n~)(rq/rP~)k, (k~) ]k& sin'g+(v&/rP~) v„''

dlnn 2[1 —(n„/n )(r&/r„' ) k, (k~) '] k& cos'p+[(r&/r't'~)+ && S, ,„,/n, ] v„'

d inn, (~/n, )(7,/~P&)k, v„
dlnT 2[1 —(n„/n )(r,/r„")k, (k, ) '] k, cos'P+[(7,/r„") + r, S„„,/n, ] v„'

(76)

(7V)

For a conventional discharge k& is generally much
greater than v„' and therefore, except for values
of p near zero or integral multiples of —,'w, d Inn, /
dlnn = —tan'p and dlnn, /dlnT =(n„/n~)k~ v„'/(2[I
—(n„/n~)k, (k,) '] k, cos'P}. In this limit, the de-
pendence of electron-density fluctuations on gas-
density fluctuations is unaffected by the presence
of the negative ions. However, the presence of
negative ions can have a pronounced effect on the
response of the electron density to changes in
gas temperature due to the increase of the de-
tachment rate with gas temperature. When the
gas temperature increases, the production rate
of electrons due to detachment increases. If in
addition [1—(n„/~)k, (k, ) '] &0, the quasisteady
electron kinetics condition requires the electron
temperature to decrease, thereby reducing the
production rate of electrons due to electron tem-
perature variations. Accordingly from Eq. (48),
the electron density must necessarily increase.
On the other hand, when the negative-ion density
becomes sufficiently large that [1—(n„/n~)k, (k;) ']
&0, the electron temperature must increase as
the gas temperature increases in order to increase
the loss rate of electrons due to attachment pro-
cesses. Under these circumstances, from Eq.
(48), the electron density must necessarily de-
crease. For Fourier components oriented along
the direction of the applied electric field, the ex-

pression for dlnn, /dlnT remains unchanged and

' = v„'/(2[I —(n„/n~)k, (k, ) '] k, cos'P}.

Since (v„'/k, ) is small, the corresponding elec-
tron-density fluctuation is relatively small. This
is a consequence of the fact that for these values
of p, again from Eq. (49), electron-temperature
fluctuations due to gas-density fluctuations are
negligible. When 2[1 —(n„/n~)k, (k, ) '] is less than
—v„', the denominator in Eqs. (76) and (77) van-
ishes at certain values of P, determined by

2[1 —(n„/n~)k, (k&) ']k& cos'p, +(I+ v„—v cos'y, }=0,

owing to the quasisteady and long-wavelength
approximations made in the derivation of these
equations. Although a more complete treatment
removes this singular behavior the electron den-
sity remains very sensitive to fluctuations in gas
density and temperature for Q near P„and there-
fore the present results are sufficient for the pur-
poses of this paper. As P approaches g, such that
cos'(Qf) & cos'Q„ the response of the electron density
to changes in gas density and temperature in-
creases rapidly. Small decreases in gas density
and temperature during a fluctuation produce large
increases in electron density. Correspondingly,
for values of Q approaching odd integral multiples
of n/2 such that cos'g & cos'P, the response of the
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d inn,' =-2[1-(n„/n )k, (k)) '] sin'y(k)/i„') .
The electron density continues to respond strongly
to changes in gas density and temperature. In
particular, the electron density increases with in-
creasing gas temperature due to detachment. When
the gas density decreases, from Eq. (49), the
electron temperature increases. If, in addition,
[2 -(n„/n~)k, (k, ) '] &0, the production rate of elec-
trons due to the electron-temperature variation
also increases, and the quasisteady condition re-
quires both the electron density and the recombi-
nation loss to increase as well. Correspondingly,
if [1—(n„/~)k, (k~) '] &0, the electron density de-
creases with decreasing gas density.

From these results, the presence of negative
ions can have a pronounced effect on electron-
density fluctuations produced by changes in gas
density and temperature which accompany the
development of the sound, thermal, and vibra-
tional relaxation modes. This response of the
electron density to gas-temperature and -density
changes may be quite large for discharge operating
conditions in which k„k~, and k~ are large, the
response being greatest for propagation nearly
normal to the direction of current flow.

If an external souce is employed to sustain the
discharge ionization process, then Eqs. (76) and
(VV) become

and

dlnn, 2(n„/n~)k, sin'P+ v„'

din» —2(n„/n~) k, cos'P + 2 v„'
(V8)

din», (n„/n, )k, v„'

dlnT —2(»„/n )k, cos'p+2v„''

If k, is large and positive as the electron tem-
perature is reduced by lowering the discharge
E/n, (n„/n ) becomes small, and the sensitivity
of the electron density to changes in gas density
and temperature may be significantly reduced. If
k, is small compared to v„', the effect of negative
ions on dlnn, /din» is eliminated. However, the
response of the electron density to gas-tempera-

(79)

electron density to changes in gas density and tem-
perature reverses sign and consequently small. de-
creases in gas density and temperature produce
large decreases in electron density due to en-
hanced attachment loss resulting from the corre-
sponding electron-temperature r ise. From Eqs.
(76) and (77), for propagation nearly normal to the
direction of the applied electric field

d inn,' =(n„/n~)k~

ture fluctuations is enhanced if the detachment
rate is a strong function of gas temperature. If
k, is large and negative, the effectiveness of the
external source is greatly reduced, since (- k,)
behaves similarly to k, and n„/n tends toward
unity.

In summary, under certain conditions the use
of an external ionization source, e' such as an
electron-beam sustainer, ' significantly reduces
the dependence of electron-density fluctuations
on gas-density and -temperature fluctuations.

When electronic species" play a significant role
in electron kinetics and negative ions are absent,
from Eqs. (65), (66), and (71)-(74), i„f„and is
are generally positive and d inn, /din» behaves sim-
ilar to the way it behaves in the absence of the
electronically excited species. On the other hand,
since the quenching rate tends to increase with
increasing gas temperature, the electron density
decreases with increasing gas temperature within
a fluctuation. This is a consequence of the reduc-
tion in ionizable electronically excited species due
to quenching as the gas temperature rises. If an
external source is employed and the electron tem-
perature is lowered significantly (a few tenths of
an electron volt, or more) the ionization and elec-
tronic excitation times increase sufficiently that
the sensitivity of electron density to gas-density
and -temperature fluctuations is greatly reduced.

Sound Mode

From the quasineutrality condition [Eq. 44], the
normalized charge-density fluctuation p,' is on the
order of eQ/en~i, and consequently for molecular-
laser discharge conditions

g2 $ P ~~ E pe)

Space-charge fluctuations have no direct effect on
the evolution of gas-pressure fluctuations, i.e.,
sound waves, within these discharges. In addition,
when the characteristic time associated with the
sound disturbance r, is much less than the charac-
teristic times associated with gas heating 7~ vibra-
tional relaxation, v~, and dissipation of vorticity,
v„, the motion of the gas is nearly irrotational,
isentropic, and the vibrational degree of freedom
is nearly frozen. This condition is satisfied if the
characteristic dimension of the disturbance is
bounded from above and below,

where the bounds depend on the appropriate vis-
cosity, conductivities, gas density, gas tempera-
ture, degree of vibrational excitation, and dis-
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charge electrical power density. Consistent with
this condition, electron transport effects in the
quasisteady-electron-energy equation are small,
i.e., r, /vr «1. When these conditions are not
satisfied, the sound, vorticity, thermal, and vibra-

tional relaxation modes couple strongly together,
severely complicating the analysis.

When coupling effects are unimportant the dis-
persion relation for sound waves may be written
i~&-—o. z ~iak, where

2ug —— + y-1 k +—Py 2 —y-1 r~ —y-1

dlnn, dlnn, dlnT,
d inn dlnT d inn,

d lnT~
+ '(1+v R)d inn (8o)

The sound propagation velocity is essentially un-
affected by the weakly ionized plasma and the
damping or growth of sound waves is the same for
propagation in directions separated by w radians.

In the absence of a discharge plasma the gas and
vibrational temperatures are equal,

-1 k'

1)n C„"(T)
2 nCq7~ (81)

—f2 —I2 —l)2 1 ( ) (y —I)( & ) 2'

n„C„"(T)
+ y —1

nC~ tv
' (82)

A necessary but not sufficient condition for in-
stability is [2 —(y —1)r~ ]& 0. When Eg. (82) holds,
the waves are destabilized if energy transfer due
to vibrational relaxation exceeds the ability of

and the sound waves are damped by viscous and
thermal transport processes and energy absorption
by molecular vibration.

In the presence of a discharge plasma the elec-
tron temperature exceeds the vibrational temper-
ature which, in turn, is elevated above the gas
temperature, and the sound waves will be unstable
if u], & 0. This instability appears when the rate of
heating of the coupled translational-rotational de-
gree of freedom due to vibrational relaxation and
electron excitation of translation-rotation is in
phase with pressure fluctuations in the sound wave.
For conditions of interest in electrically excited
molecular lasers, the fractional electron power
transfer into vibration and electronic excitation
significantly exceeds that into rotation and trans-
lation and the condition for instability may be writ-
ten

thermal conduction and the thermal capacity of the
vibrational degree of freedom to dissipate this en-
ergy. The growth time of the instability is on the
order of r~, the characteristic time for gas heat-
ing. If rr&L, /a, where L, is the discharge length,
the sound waves may propagate out of the system
before they are amplified sufficiently to disturb
the plasma. In supersonic flows, the possibility
of standing waves and convection must be consid-
ered.

In terms of more fundamental physical param-
eters, Eq. (82) may be written

v& — —2- y —1 T~

+ y-1 k'2

n C„"(T)
+ (y —1)

nCp TERY

(83)

For discharge conditions of interest in molecular
lasers, «» KT. Then from the vibrational relax-
ation data of Taylor and Bitterman' and the corre-
lations of Millikan and White for many diatomic-
molecule-noble-gas mixtures, r~ is approximate-
ly -5 to -10 for gas temperatures in the 300-
600 'K range. In addition r~ - -T ' ', and becomes
more negative as the discharge-gas temperature is
lowered. Therefore, as the degree of nonequilibri-
um, such as the fractional ionization and/or the
ratio of electron to gas temperature, is increased,
the condition, Eq. (83), for sound wave instability
is eventually satisfied. At higher pressures and
lower gas temperatures, the right-hand side, as-
sociated primarily with transport processes, de-
creases rapidly while the left-hand side increases,
and the sound mode becomes less stable. Provided
(n, /n) vr(K/C~)(T, /T) [2 —(y —1)r~ ]& (y —1)(n /n)
x(C„"/C~)r ', from Eg. (83) a critical wavelength
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"'- =*).(" ") ( — )(.";) (-.""(-:)
T,

) )
(y —1)n C„"(T) ''

(84)

exists such that if A.) A.„;,the sound mode is un-
stable.

When an external source is used to maintain the
discharge ionization process the left-hand side of
Eq. (83) may be reduced. However, for discharge
conditions of interest, v„ is on the order of unity,
and this reduction is not very large. Consequently,
the use of an external source is expected to have
only a small effect on sound-mode stability.

When electron excitation of rotation and trans-
lation dominates the electron-energy loss during
a disturbance, for instance when plasma proper-
ties are very sensitive to changes in gas density
and temperature or at very low molecular frac-
tions, it can be seen from Eq. (80), and from Eqs.
(85)-(87) in the next subsection, that charged-par-
ticle kinetics play a fundamental role in the evolu-
tion of the sound and thermal modes. However,
these conditions are not considered in any detail
in this paper.

CouPled Thermal and Vibrational
Relaxation Modes

As indicated in Sec. I local heating of the gas is
due predominantly to vibrational relaxation and
rotation-translation excitation by electron impact,
whereas the vibrational mode of the molecules is
excited by electron collisions and deexcited by
collisions with the atoms of the diluent. The char-
acteristic wave modes associated with the evolu-
tion of these degrees of freedom of the plasma are

fW = kl-&+ (f) —4c) 1, (85)

where

referred to as the thermal and vibrational relax-
ation modes, respectively. In general, these
modes couple together with sound waves to repre-
sent the relaxation of the neutral gas following a
disturbance. In the following, for the purpose of
illustrating the fundamental physical processes
which influence the evolution of these modes, con-
ditions are considered such that these modes are
decoupled from the sound mode. These conditions
are often satisfied in practice.

When the characteristic time 7, associated with
the sound disturbance is much less than the char-
acteristic times for the thermal, ~~, and vibra-
tional, v.

v and 7~, relaxation modes, from Eq.
(22) 7, 'V'p'= 0. Consequently, these phenomena
do not generate pressure fluctuations and, to first
order, n'= -T'. Thus, while the density varies,
only a weak irrotational velocity field necessary
for the conservation of mass is generated.

Since for many conditions of practical interest
r~, 7„,and 7~ are of comparable magnitudes, the
relaxation of the gas and vibration temperatures is
coupled. Under these circumstances, the disper-
sion relation for the coupled thermal and vibration-
al relaxation modes is obtained from the transla-
tion-rotation, Eq. (26), and vibrational internal,
Eq. (27), energy equations using the constant-
pressure condition. As in the case with the treat-
ment of other neutral-gas modes, the charged-
particle dynamics is quasisteady and quasineutral.
Then the dispersion relation for the coupled ther-
mal and vibrational relaxation modes is a quadratic
with solutions given by

nCp n C„Tv nCp

1 dlnTe " dlnne dlnne dlnTe
(86)

and

n C„" Tv nC~ nC~ v~

1 dlnT, „d]nn, d inn, dlnT,
+—P„(2+0~)+P~ 1+ (1+v~a)+ ' — 1+ (1+vra)dlnn dlnT dlnn,

1 &z, 1 dlnT, d inn, d inn,
+ k'+ —P +P„+ '

[P~ (1+v~) +P„(1+v„)]+
~
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In the absence of a discharge, from Egs. (85)-
(8V), the thermal-mode dispersion relation is
simply

g(cp g k' + (88)

and the thermal mode is associated with the dif-
fusion of hot spots in a heat-conducting-Quid medi-
um. The dispersion relation for the vibrational
relaxation mode is

and it characterizes the dissipation of internal en-
ergy concentrations within the Quid by diffusion and
V-T relaxation. For many cases of interest in
molecular-discharge-laser technology, electron
rotation-translation excitation is insignificant.
Thus, owing to the presence of the atomic diluent,
(A~/n C~)k' is much less than [(Xrr/nC~)k', r ~],
and consequently

n~C„"(T)
5= k + 2+ +—2+v'~

pumping of vibration is inefficient in reabsorbing
this energy, the gas temperature will continue to
rise, producing a runaway condition. The char-
acteristic time for evolution of the instability is
r~, generally 20 '-20 ' sec. Since to first order
the pressure remains nearly constant during the
linear stage of the instability, the gas density de-
creases and the local electrical conductivity rises
sharply producing local concentrations in the cur-
rent flow. From Eq. (92) it can be seen that dis-
charges with high degree of ionization and high
electron-temperature-to-gas-temperature ratio,
associated with high electrical power density, are
most likely to be unstable to the thermal mode.
Furthermore, at low gas temperature and high
pressure the left-hand side of Eg. (92) is large
while the right-hand side is decreased, and these
conditions also favor instability. Provided

-(n, /n) v„(a/C~)(T, /T)(2+ vv )

& (1+ [n C„"(T)/(nC~)])v~,
a critical wavelength

d lnT@c= 0'+—1+ '(1+ v„)T~ nCp Tg linn (93)

(91)

From Eg. (85), taking account of the physical pro-
cesses contributing to the coefficients 5 and c in-
dicates that, if 5& 0 and e& 0, the plasma is un-
stable because of the vibrational relaxation mode.
If b&0, the thermal mode is unstable, and, if e&0,
the vibrational relaxation mode is unstable also.

From the previous results, the thermal mode is
unstable if

P~ ——2+ 7vY

$5 0 92

A necessary condition for instability is (2+ r~)& 0,
i.e., the V-T relaxation time must decrease rapidly
with increasing gas temperature. The instability
in this case is driven by local thermal heating due
to vibrational relaxation. As the gas temperature
rises the V-T relaxation time T~ decreases, in-
creasing the energy release within the gas due to
vibrational relaxation. If thermal conduction is
unable to transport this energy away and back

exists such that if A. & A ., the thermaL mode is un-
stable. As the degree of nonequilibrium increases
the ability of thermal conduction to dissipate local
hot spots decreases and the critical wavelength
decreases.

An external source is expected to be relatively
ineffective in. stabilizing this mode. It should be
noted, however, thai if the gas temperature is in-
creased at constant pressure and E/n, r~, and

T,/T are decreased, the gas thermal conductivity
is increased, 7~ and n are decreased and, from
E|I. (92), this mode and the sound mode can be
stabilized. The temperature rise required, how-
ever, may exceed acceptable conditions for effi-
cient laser operation.

Vibrations/ Relaxation Mode

If electron vibrational excitation exceeds electron
translation-rotation excitation, P„»PTR, from
Egs. (85)-(8V) the vibrational relation mode is
unstable when

02 94
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and

v„——' 1+
d

' 1+v~

dlnn dlnn, ding,
dlnn dlnT dlnn,

(95)

If the plasma conditions are such that the upper in-
equality signs in Eqs. (94) and (95) are satisfied the
unstable vibrational relaxation mode is convected
with the gas flow. However, when the lower in-
equality conditions in Eqs. (94) and (95) hold, and
if the electron-density and -temperature fluctu-
ations are sufficiently large, coupling between the
unstable thermal and vibrational relaxation modes
results in equal and oppositely directed phase
velocities, relative to the gas, for the Fourier
components of the two modes. In this case the
vibrational relaxation mode drifts relative to the
gas in the direction of electron flow.

The vibrational-relaxation-mode instability is

driven by electron vibrational excitation. As the
vibrational temperature increases during the in-
stability, the gas temperature increases when the
upper inequality signs hold in Eqs. (94) and (95),
and decreases when the lower inequality signs hold.
The changing gas density and temperature, at near-
ly constant pressure, produce fluctuations in elec-
tron temperature and electron density which, in
turn, lead to enhanced vibrational excitation.
Vibrational energy relaxation, due to collisions
with the atomic diluent, is insufficient to compen-
sate for the enhanced pumping of vibration by
electrons during the disturbance. The vibrational
degree of freedom becomes a bottleneck, and the
energy stored in molecular vibration increases.
As a consequence of the variation in gas density,
electron density, and temperature, the local con-
ductivity increases usually producing local con-
centrations -in the current flow.

To consider the physical conditions leading to
the appearance of vibrational-relaxation-mode in-
stability, Eq. (95) is rewritten using Eqs. (65) and

(66) to give

sv s s T 22 kgcos22-2[(2, -2Jcos'2 ~ 2, sio'2](1+v )+(4 ~ 2, -2,)v„')
Rf,k, cos'Q+ f,v„'

(96}

where the f&'s have been defined previously, Eqs.
(67)-(74). For a conventional discharge, in the
absence of negative iona and electronically ex-
cited species, Eq. (96) becomes

or

——'vv ——~ k

e g Te k$ cos2 + vu 1 p'

(97}

This expression may be further simplified by not-
ing that the upper and lower inequality signs in Eq.
(97) are first satisfied for Q equal to odd multiples
of v/2 and even multiples of w, respectively, since
k, » v„' and v„) v„ in most molecular-gas dis-
charges. Combining these results with Eq. (94),
the vibrational mode is unstable for a bounded
range of wave numbers in the absence of negative
ions and electronically excited species when

v ——2+7 — 1+

(98)

vv 2+ 7' 1+ ~

(99)

The possibility of instability exists because of
enhanced electron pumping of vibration. When Eq.
(98) is satisfied, this enhanced electron pumping
is due to the large variations in electron density
produced by the electron-temperature Quctuations
generated by the decreasing gas density during the
evolution of the vibrational relaxation mode. Cor-
respondingly, when Eq. (99) is satisfied the en-
hanced electron pumping is due to the increase in
electron density generated by the increasing gas
density.

When the discharge is maintained using an ex-
ternal source, the dependence of electron-density
fluctuations and, hence, fluctuations in vibrational
excitation on gas-density fluctuations can be sig-
nificantly reduced, and the instability conditions,
Eqs. (94) and (95), become
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or
(100}

vy ——1+3v —3v 2vy & k
P P

vy ——2+ T~ 1+

(101}

1 n a T T

v ——'(1+4v —3v —Sv )& k~
2 n "C& T ~ '" ~

nC&

C T
v~ ——2+ VvT

— 1+

Under these conditions the possibility of instability
is significantly reduced but not eliminated. A nec-
essary, but not sufficient, condition for Eq. (100}to
be sa, tisfied is [1+4vr —3(v„+v„)]&0, which is usu-
ally satisfied when vibrational excitation dominates
electron collisional energy loss and v„ is la.rge
compared to v„. When Eq. (101)is satisfied the
thermal mode is also unstable.

When negative ions are present within the dis-
cimrge in sufficient quantity, from Eqs. (67)-(70)
it is clear that the instability condition Eq. (96)
becomes very complicated. To simplify the dis-
cussion, suppose detachment dominates negative-
ion collisional loss. Then Eq. (96) for a conven-
tional discharge becomes

(102}

From Eqs. (94) and (102) it is clear that when negative ions are present the possibility of vibrational-relax-
ation-mode instability depends on the relative magnitudes of k„

k„k~, (2+ivT), and (n„/n~) Whe. n [1—(n„/s~)k, (k, ) ] 0 the instability first appears for P near odd in-
tegral multiples of r/2 when

n, s T[1—(n„/n, )k,(k, ) ']k, +(1 ~ v ) ~ [(n„/2n )k —1](1+v, ~ 2„))v

k' ——' „——' 2 7'„- 1+

(103)
and for Q near even multiples of w when

II s T, [1—(n„/nv)k (k~ } ]k~ (i„—v —v ) + (n„/nv}2 [v ~ (1 —v„v )/2]
)Cp T [1 —(n„/n~}k, (k() ']k(+ (1+v„—v„)/2

k & vv —2+rvT — 1+

(104)

Since k, is usually positive, the attachment pro-
cess has a stabilizing influence as the negative-
ion density increases. Correspondingly detach-
ment destabilizes the vibrational relaxation mode.
If 5, is much greater than 1, this may be a very
significant effect according to Eqs. (103) and (104).

If -(1+v„+ v„)& [1-(n„/n~)k, (k, ) ']k, &0 the treat-
ment of the conditions for vibrational-relaxation-
mode instability is complicated and requires de-
tailed consideration of Eqs. (94) and (102). How-
ever, if [1—(n„/n~)k, (k, ) ']k, & -(1+v„+ v ) the
denominator in Eq. (102) vanishes at (j}, owing to
the singular behavior, discussed previously, of
d inn, /dlnT and dlns, /dlnn at (j},. Under these
conditions Eqs. (94) and (102) are readily satisfied

I

for all wavelengths. Since typically k, » v„' the
just mentioned condition reduces to [1 —(n„/n~)
xk, (k, ) ']& 0 and the instability first appears when

,P is equal to (])}„which is near an integral multi-
ple of w/2.

When an external source is employed to sustain
the discharge if k, is large and positive, as the
electron temperature is reduced (n„/n~) becomes
small and the conditions for instability are given
by Eqs. (100) and (101). The effect of the negative
ions is eliminated; however, the vibrational relax-
ation mode is not necessarily stabilized. If k, is
small compared to v„' and v„when an external ion-
ization source is used the instability first appears
for Q near integral multiples of m/2 when
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n, z T, 2(l+ vr)+ [(n„/n~)k~ —3](1+v„+ v )/2
V k2

and for P near even multiples of v when

V& ——2+T~ — 1+
.(105)

(
n, z T, [v„+(1 —v„+ P )/2][1 —(n„/n~)kz J —(1+v„- v )

Pg ——2+ T~ — 1+

(106)

The importance of the gas-temperature dependence
of the detachment-rate constant is evident. If k,
is large and negative no improvement in the stabil-
ity of the vibrational relaxation mode is possible
through the use of auxiliary ionization.

When electronic species play a significant role
in electron kinetics and negative ions are absent,
Eq. (96) remains valid if the g&'s are calculated
using Eqs. ('ll)-(V4). Since g„g„and g, are posi-
tive, the vibrational relaxation mode behaves in

the absence of quenching in a manner similar to
its behavior in the absence of electronically ex-
cited species and negative ions. The presence of
quenching tends to stabilize the plasma vibrational
relaxation process as a consequence of the reduc-
tion in ionizable electronically excited species.
The electron density decreases with increasing
gas temperature during evolution of this mode
because k, & 0. If an external source is employed
and the electron temperature is lowered signifi-
cantly, the ionization and electronic excitation
times increase sufficiently that the sensitivity of
electron density to gas-density and -temperature
fluctuations is greatly reduced, and Eqs. (100) and

(101)hold.

Vo~ticity Mode

From Eq. (21), the vorticity fluctuations associ-
ated with a disturbance in the plasma are damped

by a diffusion process associated with viscous dis-
sipation and interact with charged-particle pro-
cesses through the gradient in charge-density fluc-
tuation. From the quasineutrality condition, Eq.
(44), p,' is on the order of (e+/en~I) Consequ. ent-
ly the last term in Eq. (21) is

2
E + ~c

and viscous dissipation dominates the evolution of
vorticity fluctuations. Thus Eq. (21) becomes ex-

sentially identical to the equation describing the
production, convection, and dissipation of weak
vorticity fluctuations in a viscous incompressible
medium. Such a flow field does not generate pres-
sure fluctuations of the same order, since the
pressure fluctuation is proportional to the square
of the velocity fluctuation and hence is negligible
when the vorticity fluctuation is weak. For a sim-
ilar reason there is no heating of the gas or vibra-
tional mode; viscous dissipation is again second
order, and the velocity field is essentially sole-
noidal as it should be for an incompressible mo-
tion. Consequently, coupling to charged-particle
kinetics, which occurs through volumetric dila-
tation and gas-density and -temperature fluctua-
tions, is necessarily negligible, and the dispersion
relation for vorticity fluctuations is simply i&u

= -(V/p)k'.

Influence of Aerodynamic Techniques

Several investigators" have observed that aero-
dynamic conditioning, such as introduction of tur-
bulence generators upstream of the discharge, has
a significant stabilizing effect on molecular-laser
discharges at low pressure. Experiments by
Qarosi, Bekefi, and Schulz ' on a constricted
argon arc discharge have shown that the plasma
of a weakly ionized gas cannot appreciably change
the turbulent field of the neutral gas, although ion-
neutral collisions readily transfer turbulent mo-
tions from the uncharged to the charged particles.
Therefore, in addition to enhancing neutral-parti-
cle transport processes, the small-scale (high-
frequency) eddies of the turbulence were observed~
to significantly increase the transport properties
of the plasma medium. The resulting increase in
particle loss was also observed to increase the
electron temperature. Qn the basis of the results
of the stability analysis of this paper, these effects
under certain conditions should lead to improved
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stability. The enhanced transport properties in-
crease the critical wavelength for instabilities of
all types. In addition, under many conditions of
practical interest an increase in electron temper-
ature can significantly reduce the ratio r,k,/(7', k, ).
Therefore the increased electron temperature pro-
duced by the turbulent flow should favorably alter
the conditions for instability onset of the ionization,
negative-ion, and vibrational relaxation modes
when negative ions are present within the dis-
charge.

The explanation of high-power-laser-discharge
results" in this fashion, however, is complicated
by several other possible effects. Firstly, Garosi
et af.43 also observed that the large-scale (low-
freguency) eddies present within the turbulence
produced large-scale fluctuations of the constrict-
ed column, causing an expansion of the effective
radius of the plasma column with increased gas
flow. This effect would complicate the interpre-
tations of high-power laser experiments" since
the observed improvement in stability could simply
be due to the thrashing of the discharge column in
the turbulent gas flow. Finally, the observed im-
provements in discharge performance" may
simply be that induced turbulence compensates for
nonuniformities produced by the discrete electrode
sets used in these discharges, thereby improving
discharge uniformity and stability. Therefore,
although on the basis of the stability theory de-
veloped in this paper gas dynamic turbulence
should lead to improved stability, in the absence
of detailed measurements the interpretation of
experimental results" in this fashion is compli-
cated by other possible effects.

In addition to gas turbulence, aerodynamic ex-
pansion should also produce a stabilizing effect on
the discharge plasma. Aerodynamic expansion is
more effective at high pressures. In the equations
of motion, the effect of aerodynamic expansion
enters through the volumetric dilatation V ~ u. The
characteristic time for local volume change of a
fluid element during expansion is r=(V u) '. For
practical discharge conditions and flow expansion,
7 is much larger than the characteristic times as-
sociated with charged-particle kinetics, and under
these conditions fluid expansion has little effect on
the ionization and negative-ion modes of instabil-
ity. On the other hand, values of r«rr, 7~ are
possible, and under these conditions it can be
shown that aerodynamic expansion could be em-
ployed to stabilize the thermal, vibrational relax-
ation, and possibly the sound modes. Finally, as
a consequence of the slow growth rates of the ther-
mal and vibrational relaxation modes, the possibil-
ity exists that they may be convected out of the dis-
charge region by simply increasing the flow speed.

V. SUMMARY AND COMMENTS

The development of high-power-density, large-
volume electric-discharge-excited molecular la-
sers has been impeded by the appearance of bulk-
plasma instability. The results of the stability
analysis of See. IV suggest that as a consequence
of the highly nonequilibrium nature of the discharge
plasma, several different instabilities are possi-
ble. The conditions for onset and the driving mech-
anisms of these instabilities are directly related
to fundamental charged- and neutral-particle col-
lisional-particle-production, energy-transfer, and
transport processes.

It has been shown that for a locally uniform plas-
ma, fluctuations within the plasma excite several
fundamental wave modes. The physical character-
istics of these different wave modes have been
analyzed using the self-consistent, tenth-order,
dispersion relation for the Fourier-Laplace com-
ponents of an arbitrary disturbance. However, the
characteristic time scales (Table I) associated
with plasma processes of importance cover a very
large range (10 '0-10 ' sec), permitting signifi-
cant simplifieations in the analysis of this disper-
sion relation. Taking account of the physical pro-
cesses associated with their evolution, these nor-
mal wave modes have been identified and ordered
according to their characteristic time scales as
follows: a space-charge relaxation mode (10 "-
10 ' sec), an electron thermal mode (10 '-10 '
sec), an ionization mode (10 e-10 ' sec), a nega, -
tive-ion-production mode (10 6-10 ' sec), an elec-
tronic-species-production mode (10 '-10 ' sec),
a sound mode (10 '-10 ' sec), a vibrational ener-
gy relaxation mode (10 ~-10 ' sec), a heavy-par-
ticle thermal mode (10 '-10 ' sec), and a vortic-
ity mode (10 '-10 ' sec).

The stability criteria derived from this study
indicate that the space-charge relaxation, electron
thermal, and vorticity modes are stable for plasma
conditions of interest in high-power electrically
excited molecular lasers. However, the stability
of the ionization, negative-ion production, and
vibrational relaxation modes is critically depen-
dent on: (i) the electron- and gas-temperature
dependences of the rate coefficients for all the
charged-particle production and loss processes,
particularly those involving ionization, attachment,
and detachment; (ii) the electron-temperature de-
pendence of the electron-energy-loss collision fre-
quency due to vibrational and electronic excitation;
(iii) the gas-temperature dependence of the V-T
relaxation rate coefficient and the magnitude of the
gas thermal conductivity (vibrational relaxation
mode only); and (iv) the steady-state-plasma prop-
erties such as the gas mixture, the degree of ion-
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ization (which is related to the discharge power
density), the discharge E/n or equivalently the
electron temperature, the relative negative-ion
density which is sensitive to minority-species le-
vels, and the ratios of electron and vibxational to
gas temperature. In the absence of negative ions,
the presence of a metastable electronically excited
species'8 has been found to have no significant ef-
fect on discharge stability; i.e., the ionization and
electronic species production modes are stable.
however, the sensitivity of the stability of these
modes to ionization kinetics in the presence of
negative ions suggests'4 that the existence of e&ec-
tronically excited species may be important when
negative ions are produced within the discharge.
In general, for sufficiently small wavelengths,
the ionization, negative-ion, and vibrational re-
laxation modes are stabilized by transport pro-
cesses. In addition, it has been shown that, for
a wide range of physical conditions, the application
of an external source of alter steady-state-plasma
conditions significantly reduces the sensitivity of
electron-density fluctuations to electron-temper-
ature, gas-density, and gas-temperature fiuctu-
ations, and thereby has a stabilizing influence on
the ionization, negative-ion, and vibrational re-
laxation modes. The stability of the thermal and

sound modes is shown in the analysis to be criti-
cally dependent on: (i) the gas-temperature de-
pendence of the V-T relaxation rate coefficient,
(ii) the magnitude of the gas viscosity and thermal
conductivity, and (iii) the steady-state-plasma
propex'ties, such as the gas mixture, the degree
of ionization, the gas temperature, and the ratios
of electron and vibrational to gas temperature.
When the thermal and sound modes are unstable,
a critical wavelength exists below which these
modes are stabilized by gas tx'ansport processes.
These modes are often relatively insensitive to
the details of the charged- and electronic-species
kinetics. Consequently, their stability has been
found to be insensitive to the application of exter-
nal-source techniques, and they therefore con-
stitute a general limitation to e-beam and other
auxiliary ionization devices."The approximations
used in the present analysis of the dispersion re-
lation have been evaluated by comparison with de-
tailed computer solutions of the complete disper-
sion relation for the N, -CQ, -He system obtained
by Haas and Guckel. " Good agreement has been
obta1ned.

The purpose of the present investigation has been
to provide a physical understanding of the mech-
anisms that can lead to the instabilities observed
in laboratory electrically excited molecular la.-
sers. The accuracy and usefulness of this anal-
ysis depends on several fundamental experimental

and theoretica1 considerations. The present lack
of experimental data necessary for the calculation
of charged-particle and electronically-excited-
species rate coefficients and their temperature
dependenees limits the quantitative evaluation of
some of the criteria and the assessment of the sig-
nificance of certain kinetic processes such as de-
tachment, quenching, ete. Evaluation of the im-
portance of electronically excited species in the
ionization, vibrational excitation, and gas-heating
processes requires additional experimental data.
Direct and detailed measurements of instability
characteristics, such as onset conditions and ini-
tial growth rates under controlled discharge con-
ditions, and comparison with analytical results
are clearly needed since several types of instabil-
ities may be present simultaneously. The instabil-
ities occur on significantly different time scales,
and hence experimental measurements of dis-
charge temporal behavior should provide the de-
termination of the class of instability.

Although the present analysis describes certain
essential physical characteristics of the local
behavior of molecular-gas discharge plasmas, the
possibility exists that the presence of boundaries
and plasma-flow gradients introduce effects of
equal or greater significance as regards stability''
In addition, it is known that the instabilities ob;
served manifest themselves in the form of a con-
striction of the discharge column. Precisely hom
the instabilities discussed here lead to constric-
tion, particularly the charged-particle modes
which are unstable only along or opposite to the
direction of current flow, is not fully understood
and requires asymptotic analysis of the complete
integral representation, Eq. (3V). Such an anal-
ysis would determine hom and under what condi-
tions constriction develops from an axbitrary dis-
turbance. In addition to these considerations, non-
linear effects associated mith the initial develop-
ment of instability may quench certain modes of
irjstability or destabilize the plasma in the pres-
e'nce of finite-amplitude fluctuations. The resolu-
tion of these theoretical and experimental questions
by comparison of the previous analytical results,
or an extension of them to include additional kine-

/
tie processes where appropriate, with experimen-
tal measurements for specific gas-discharge con-
ditions represents a most important area for fur-
ther research.
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