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We present a technique to synthesize high-power single-cycle pulses in the visible and ultraviolet ranges by
coherent superposition of a multiband octave-spanning spectrum obtained by highly nondegenerate cascaded
four-wave mixing of femtosecond pulses in bulk isotropic nonresonant media. The generation of coherent
spectra spanning over two octaves in bandwidth is experimentally demonstrated using a thin fused silica slide.
Full characterization of the intervening multicolored fields using frequency-resolved optical gating, where
multiple cascaded orders have been measured simultaneously, supports the possibility of direct synthesis of
near-single-cycle 2.2 fs visible-uv pulses without recurring to complex amplitude or phase control, which
should enable many applications in science and technology.
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Achieving efficient and reproducible generation of intense
carrier-envelope phase �CEP� stabilized single-cycle light
pulses in the visible and ultraviolet �uv� ranges is expected to
have a strong impact in many fields, from time-resolved
spectroscopy and coherent control of molecular dynamics �1�
to the study of phase-sensitive nonlinear phenomena �2� and
the generation of isolated attosecond pulses �3,4�.

To generate single-cycle pulses, a spectral bandwidth of
the same order or larger than the central frequency �usually
called an octave-spanning spectrum� is required, and the ra-
diation must be coherent and properly phase-locked across
this spectrum. For spectra consisting of multiple sidebands,
the frequency of each sideband must also be an integer mul-
tiple of the interband spacing if one wishes to synthesize a
train of identical CEP-stabilized pulses.

Several techniques have been proposed to generate high-
power single-cycle pulses in the near-infrared �NIR� and vis-
ible ranges. Temporal compression of the broadband super-
continuum produced by self-phase modulation �SPM� in gas-
filled hollow fibers �5� has been extensively used as an
efficient source of subterawatt few-cycle pulses. This tech-
nique, combined with adaptive compression, resulted in 1.4
GW pulses as short as 2.6 fs �6�, whereas passive compres-
sion using broadband chirped mirrors has recently allowed
for the generation of CEP stabilized high-power 1.5 cycle
pulses �7�. A different but related approach based on self-
compression by filamentation of ultrashort laser pulses in
gases also holds promise for the generation of high-power
CEP stabilized single-cycle pulses �8,9�.

To our knowledge, the only experimental demonstrations
of single-cycle optical pulse synthesis in the visible range
�10,11� rely on molecular modulation driven in a gas by two
independent nanosecond lasers �12�. This process generates
multioctave spectra composed of very narrow Raman side-
bands separated by the frequency difference between the
driving lasers. By spatially dispersing seven collinear side-
bands generated in Deuterium and adjusting their phases
with a liquid-crystal modulator, a train of �106 single-cycle
1.6 fs pulses separated by 11 fs and with a peak power of 1
MW was obtained �10�. Very recently, trains of identical sub-
cycle optical pulses with constant CEP within the train were
synthesized from commensurate Raman sidebands produced
in hydrogen �11�. However, it remains difficult to isolate a
single pulse from the train and the energy per pulse is very
low.

In this paper we present and describe a technique for syn-
thesizing high-power CEP stabilized single-cycle pulses
based on highly nondegenerate cascaded four-wave mixing
�CFWM�. We will show that by coherently superposing the
multicolored phase-locked pulses produced by CFWM, a
compact train of very short optical pulses can be obtained
even without complex phase control.

The first demonstration of high-order nondegenerate
CFWM in bulk transparent media �13� showed that multiple
broadband ultrashort pulses extending from the NIR to the
uv can be efficiently generated by spatially and temporally
overlapping two intense noncollinear femtosecond pulses
with different frequencies in a nonresonant ��3� nonlinear
medium. This phenomenon corresponds to coherent scatter-
ing of the incident pulses by the rapidly oscillating nonlinear
polarization induced in the medium by the two-color pump
field. More exactly, the two pump pulses with central fre-
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quencies �0 and �1��1��0� drive the ��3� medium at the
modulation �beat� frequency �m=�1−�0, giving rise to mul-
tiple pulses with frequencies �n=�0+n�m, where n is the
beam order and n�1 �n�0� denotes frequency upconverted
�downconverted� pulses. Simultaneous phase matching is
achieved by optimizing the pump interaction angle, and
pulses with near-Gaussian beam profiles are emitted in a
well-defined pattern where higher-frequency shifts corre-
spond to larger emission angles. The use of a 150-�m-thick
glass slide as the nonlinear medium allowed for high conver-
sion efficiencies �10–20 % for Gaussian pumps� and the
generation of frequency-upconverted beams up to the 11th
order while minimizing the linear dispersion and competing
nonlinear optical effects such as SPM, since the optical path
length was simultaneously smaller than the Rayleigh range,
the nonlinear length, and the dispersion length of the femto-
second pump pulses.

Nonresonant nondegenerate CFWM in the femtosecond
regime was subsequently observed and demonstrated in other
nonlinear media and spectral regions from semiconductors
pumped with mid-IR pulses �14� to gases and plasmas
pumped in the NIR to uv. In particular, Misoguti et al. �15�
successfully extended CFWM to the vacuum-uv range �down
to 160 nm� using a gas-filled hollow waveguide pumped with
� and 2� pulses from a Ti:sapphire laser. They obtained a
conversion efficiency of 40% in the first-order pulse �a re-
markably high value for a direct nonresonant ��3� process�
while showing that CFWM allows for upconversion of light
in very large energy steps �1.5 eV, or over 12 000 cm−1�,
unlike resonant processes such as anti-Stokes Raman scatter-
ing, being therefore uniquely suited for generating intense
light beyond the uv. These results evidence the universal
nature of nonresonant CFWM processes, which can occur in
quite different conditions and materials, provided the nonlin-
ear medium is transparent to both the pump and the gener-
ated wavelengths, and the necessary phase-matching condi-
tions can be met over a sufficiently broad range. They also
confirm that frequency conversion using nondegenerate
CFWM exhibits higher efficiencies and broader bandwidths
than other schemes for generating light in the visible and the
uv.

CFWM detains further characteristics of particular inter-
est for pulse synthesis. In the important case of noncollinear
phase matching considered here, the new frequencies are al-
ready emitted at different propagation angles. This may ob-
viate the need for dispersive elements such as the gratings or
prisms used in SLM-based devices �see, e.g., Ref. �10�� in
case additional amplitude and/or phase control is used prior
to beam recombination to synthesize a given pulse shape.
Also, and unlike in Raman-based processes, the central fre-
quency of the total spectrum and the separation between
sidebands can be freely adjusted by tuning the pump fre-
quencies, so in principle it should always be possible to ob-
tain the commensurate sidebands required to synthesize a
train of identical pulses. Furthermore, the multiband spectra
that can be generated by cascaded four-wave mixing comes
to fill the gap between the usual supercontinuum spectra gen-
erated by self-phase modulation of ultrashort pulses in trans-
parent media and the multiline spectra generated by molecu-
lar modulation in Raman media, which also has important

consequences in the time domain. Since the corresponding
octave-spanning spectrum is composed of broad bandwidths
separated by the pump beat frequency, the pump energy can
be channeled into a synthesized field consisting of only a few
pulses or even a single pulse.

A deeper insight into pulse synthesis by coherent addition
of a finite number of CFWM pulses can be obtained with a
simplified theoretical model based on coupled amplitude
equations between the pumps and the generated sidebands
derived from the wave equation in the slowly varying enve-
lope approximation and assuming a cubic nonlinearity �16�.
For two pump fields with complex amplitudes Ẽ0=E0ei�0

and Ẽ1=E1ei�1, frequencies �0 and �1, respectively, neglect-
ing dispersion and pump depletion and assuming perfect
phase-matching and constant coupling coefficients, the solu-

tion for the complex amplitude Ẽn of the field with frequency
�n at the exit of a medium with length L can be written as
�16,17�

Ẽn�s� = inein�Ẽ0Jn�s� − in+1ei�n−1��Ẽ1Jn−1�s� , �1�

where s=�L is a nonlinear phase shift, �=�1−�0 is the ini-
tial phase difference between pumps, Jn are the nth-order
Bessel functions of the first kind, and the nonlinear coeffi-
cient is given by �=3�0��3�E0E1 / �2n0c�, with n0 the linear
refractive index at frequency �0 and c the speed of light in
vacuum. Equation �1� predicts well-defined phase relation-
ships between the several CFWM orders, thus establishing
mutual coherence between the beams. The total field in the
time domain is then

E�t� = Re��n
Ẽn�s�e−i��0+n�m�t� . �2�

From Eq. �2� and using the Jacobi-Anger identity,
�nJn�z�exp�in	�in=exp�iz cos 	�, we obtain

E�t� = Re�ei�0�E0e−i�0t + E1ei�e−i�1t� 
 e−is cos��mt−��� .

This result is similar to the FM solution by Harris et al. �12�
for coherent addition of Raman sidebands in the approxima-
tion of negligible dispersion and limited modulation band-
width with the important difference that in CFWM the syn-
thesized pulse envelope strongly depends on the initial phase
difference �. In molecular modulation, the detuning between
the driving frequency and the Raman transition dictates the
preparation of a phased or an antiphased molecular state, the
latter resulting in a negative effective nonlinear coefficient �
for which the synthesized pulses could have an approxi-
mately negative chirp and hence could be further compressed
by simple propagation in a normally dispersive medium �12�.
In the present case of CFWM, the sign of � is independent of
the pump field �and usually positive for most optically trans-
parent ��3� media�, but the chirp of the synthesized pulses
can nevertheless be controlled by adjusting � alone. From
Eq. �3� we see that �0 only affects the CEP for the pulse train
defined with respect to the two-color beat envelope, whereas
� is associated with net temporal shifts and also determines
the pulse chirp as given by the oscillating nonlinear phase
term. In particular, when �= �� /2, the synthesized pulses
can have a negative chirp. In practice, a given phase differ-
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ence can be introduced by slightly adjusting the delay be-
tween the two phase-locked pump pulses without signifi-
cantly affecting their temporal overlap. Also, if the pump
frequencies are commensurate, this will result in the genera-
tion of identical pulses that are CEP stabilized within each
train �although their CEP may change from shot-to-shot�,
since even though each CFWM step is not self-CEP-
stabilized, the total recombined field will be. The corre-
sponding pulse envelopes will also be identical from shot to
shot provided that only the relative phase difference � re-
mains constant, which is a far less stringent requirement than
the need of CEP stabilized pump pulses.

To demonstrate the feasibility of the proposed technique,
we implemented the experimental setup in Fig. 1, which
comprises generation of the CFWM beams �I�, pulse synthe-
sis �II�, and diagnostics �III�. As in previous work �13�, two
horizontally polarized visible femtosecond pulses from a
dual-wavelength �orange pulse: 
0=615 nm, �80 fs, 2 mJ;
green pulse: 
1=569 nm, �60 fs, 200 �J� 10 Hz dye laser
amplifier are used as pumps. In this laser system, the green
pump beam is directly �optically� derived from the orange
pump beam: a small portion of the orange beam is first used
to generate supercontinuum in a cell filled with deuterated
water, and then the green portion of this supercontinuum is
amplified using green laser dyes. Even though supercon-
tinuum generation and laser action are coherent processes,
the relative phase between the two pulses is not actively
locked and can fluctuate due to normal thermal and mechani-
cal perturbations in the system. The system is not tunable
since the two colors are fixed by the gain bandwidths of the
respective laser dyes, but the two visible pump wavelengths
spaced by some tens of nanometers are nevertheless quite
adequate to generate CFWM spectra composed of many
closely spaced broad bandwidths in the visible and uv, which
are useful for synthesizing short pulse trains in these impor-
tant spectral regions.

The pulses, which are commensurate to within 0.2% �well
within their �5 nm bandwidths�, are passed through Glan-
Taylor polarizers �GTPs� �100 000:1 extinction ratio� and
diaphragms �D� prior to focusing with a best-form lens �L1�,
at an external noncollinear interaction angle ��3°, onto a
150-�m-thick fused-silica slide �FS1� oriented at 45°. The
tilt angle is important to prevent total internal reflection of

the generated higher-order CFWM beams and also contrib-
utes to equalizing the optical path differences between the
angularly dispersed beams. Fused-silica was chosen as the
nonlinear medium because its transparency in the uv �down
to 180 nm� and low dispersion favor noncollinearly phase-
matched CFWM over broader bandwidths than standard op-
tical glass �18�.

At the entrance plane of slide FS1, the synchronized or-
ange and green pulses have energies of 32 and 38 �J, re-
spectively, near-transform-limited durations and similar in-
tensities on the order of 2
1012 W /cm2, generating two
frequency downshifted and a fan of frequency-upshifted
CFWM beams up to the 20th order or 209 nm, as shown
in Fig. 2�a�. The total measured energy in the cascaded
beams �excluding orders 0 and 1� is �6 �J so approxi-
mately 10% of the incident energy is transferred to the newly
generated frequencies. Pulse recombination and coherent
addition of the cascaded orders was implemented with a
low-dispersion setup �Fig. 1�II�� based on two carefully
aligned 
 /8 aluminum-coated off-axis parabolic mirrors
P1 �f =2.54 cm� and P2 �f =5.08 cm� to first collimate and
then focus the angularly separated multicolored pulses into a
small ��100 �m� white-light spot. Figure 2�b� shows the
corresponding spectrum measured with an intensity cali-
brated uv-NIR �200–1100 nm� fiber-coupled spectrometer,
where only 15 frequency upconverted orders could be de-
tected due to the limited bandwidth of the mirrors. The spec-
trum nevertheless spans over two octaves and could poten-
tially support �with proper amplitude and phase control�
subcycle pulse durations.

Since CFWM results from a fast nonresonant nonlinearity
of electronic origin, simultaneous phase matching ensures
that all pulses are phase locked when exiting slide FS1. The
short �30 cm� air path from FS1 up to the focal plane of
mirror P2 contributes only a small amount of second-order
dispersion with negligible higher-order dispersion, and the
surface figure of the mirrors minimizes phase distortions; an
apertured screen placed between mirrors P1 and P2 allows us
to eliminate most of the residual pumps by transmitting only
their more intense central portions. Hence, we expect a train
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FIG. 1. �Color online� Experimental setup: �I� generation of
CFWM pulses; �II� pulse recombination and synthesis; and �III�
pulse characterization by PG-XFROG �see text for details�.
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FIG. 2. �Color online� �a� Direct �unfiltered� image of the fan of
CFWM pulses showing a series of multicolored spots ranging from
blue-violet �left� to red �right�, as seen projected on a phosphor-
coated paper screen �the dark arrows denote the pump beams�. �b�
Corresponding two-octave spectrum measured at the focal plane of
mirror P2.
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of few-cycle pulses to be Fourier-synthesized at the focus of
P2.

Temporal characterization of the pulses �Fig. 1�III�� was
performed with a broadband polarization-gated cross-
correlation frequency-resolved optical gating �PG-XFROG�
technique. A portion of the orange pulses was extracted with
a 50/50 beamsplitter �BS�, polarization rotated by 45° with a
half-wave plate and delayed with a motorized stage to serve
as gate by inducing birefringence in a second fused-silica
slide FS2 �similar to FS1� placed at the focal plane of mirror
P2, where recombination of the CFWM beams and pulse
synthesis take place. The reference and the generation arms
have practically the same �precompensated� dispersion. Mea-
surement of the gated CFWM field required a second set of
parabolic mirrors, where mirror P3 �f =2.54 cm� collimated
and directed the gated beams through a crossed uv Glan-
Thompson analyzer �GTA� and mirror P4 �f =5.08 cm�
launched the transmitted pulses into a 400-�m-core intensity
calibrated fiber-coupled spectrometer �FCS�. In this low-
dispersion setup, the high degree of pump polarization pro-
vided by the Glan-Taylor polarizers was directly transferred
to the CFWM beams, unlike in standard polarization-gated
setups where signals must first cross a dispersive polarizing
element prior to gating. To increase the signal-to-noise ratio,
PG-XFROG traces were registered by averaging ten gated
spectra for each time delay �6.7 fs time steps�. A typical
PG-XFROG trace is shown in Fig. 3�a� clearly revealing
multiply synchronized near-chirpless pulses produced by
nondegenerate CFWM of the transform-limited pumps. This
is a time-resolved measurement of multiple CFWM pro-
cesses, comprising 13 simultaneously gated pulses. From the
measured cross-correlation frequency-resolved optical gating
�XFROG� trace, we see that near-dispersionless focus-to-
focus imaging between slides FS1 and FS2 was achieved. To
test the sensitivity of the setup, a 450 �m glass plate was
placed between mirrors P1 and P2, resulting in clearly ob-
servable delays between the consecutive CFWM pulses, in
agreement with the known dispersion of the plate. Because
this particular laser system is not CEP stabilized, the pump
phases �0 and �1=�0+� will be different in each shot al-
though fluctuations in the relative phase difference � are

mostly due to thermal drifts and should evolve at a relatively
slow rate. Absolute phase changes should not affect the en-
velopes of the individual CFWM pulses, but possible
changes in � will nevertheless cause the coherently synthe-
sized pulses to be shifted in time within the train and their
shape to change from shot to shot, resulting in smearing of
the temporal structure in the acquired PG-XFROG traces.
More importantly however, the long duration of the available
gate pulses prevents direct observation of fine temporal
structure in the traces and also hinders the direct retrieval of
a complete trace starting from initial noise even though the
frequency-resolved optical gating �FROG� algorithm con-
verges to a field containing two main 2.7 fs pulses if a short
��10 fs� pulse is given as initial condition �18�. The com-
plete electric field of each of the 13 gated pulses can never-
theless be retrieved unambiguously, as illustrated in Figs.
3�b�–3�d� for the first frequency-upconverted order for which
we obtained a 30.6 fs �full width at half maximum �FWHM��
transform-limited pulse with a time-bandwidth product
�TBP� of 0.37 and a XFROG error of 0.012 �128
128 grid
size�. The transform-limited orange reference pulses �87 fs
FWHM� were characterized with a standard FROG tech-
nique, implemented by removing slide FS1 from the XFROG
setup. All retrievals were performed using commercial soft-
ware �FEMTOSOFT FROG�, and TBPs between 3.3 and 4.7 with
XFROG errors between 0.01 and 0.02 were consistently ob-
tained for all but the last three �and much less intense� uv
orders. The gated CFWM field was therefore fully character-
ized apart from the unknown but fixed �assuming a constant
�� phase differences between the cascaded pulses. By setting
these phases to zero �performed by introducing small, fixed
time delays between each cascaded pulse� we obtain a syn-
thesized field composed of a main transform-limited 2.2 fs
�FWHM� pulse—less than 1.3 optical cycles at the center
wavelength of 513 nm—and two smaller side pulses at a
distance of 25 fs �the pump beat period�, as shown in Fig. 4.
Since most of the energy in the total field is concentrated in
a single main pulse, CEP stable pulses can be synthesized
even for noncommensurate pumps pulses provided they are
CEP stabilized. The energy in the pulse is �5 �J, corre-
sponding to a peak power of �2 GW.

These results have been further corroborated by recent
numerical simulations based on solving a generalized nonlin-
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ear propagation equation in two longitudinal dimensions
�19�. This numerical model is capable of capturing the main
characteristics of highly nondegenerate CFWM of femtosec-
ond pulses in the spectral, spatial, and temporal domains,
evidencing the importance of two-dimensional interaction
geometries for the efficient generation of frequency-
converted beams and octave-spanning spectra. By numeri-
cally recombining the generated CFWM pulses, even with-
out attenuation of the more intense pumps �whereas in the
present experimental work these beams have been attenu-
ated�, a train of 3.1 fs pulses was nevertheless directly syn-
thesized without recurring to additional amplitude or phase
control �19�.

We would like to point out that even if beam recombina-
tion and pulse synthesis take place at a small region within
the focal plane of mirror P2, it should be possible to synthe-
size a collimated pulse by using a diffraction grating placed
at the focal plane of mirror P2 to cancel the angular separa-
tion of the CFWM beams although at the expense of band-
width since gratings are limited to one octave.

In conclusion, we have presented and demonstrated a
technique to efficiently Fourier-synthesize high-power few-
to single-cycle pulses in the visible-uv range from the multi-
band coherent spectra generated by cascaded nondegenerate
four-wave mixing of femtosecond pulses in bulk nonresonant

��3� media. Broadband PG-XFROG measurements were per-
formed for the multiple CFWM orders for the first time,
showing the possibility of synthesizing 2.2 fs 1.3 cycle
pulses with multigigawatt peak powers without significant
manipulation of the intermediate cascaded beams. The use of
phase-stable transform-limited pump and gate pulses with
durations in the 25–30 fs range, such as those provided by a
CEP-stabilized Ti:sapphire laser amplifier �possibly coupled
to an optical parametric amplifier or hollow-fiber compressor
to obtain two phase-locked pump pulses with a given fre-
quency separation� will significantly improve the generation
and measurement �through the shorter gate pulses� of near-
single-cycle trains of identical pulses and CEP-stabilized iso-
lated single-cycle pulses using this technique, which should
have a strong impact in many fields of science and technol-
ogy.
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