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Various types of solitary wave pulses are obtained theoretically based on the analytic solutions for the
higher-order nonlinear Schrödinger equation. Different from the previous results, the bright solitons are ob-
served in the normal group-velocity dispersion regime. Depending on the parameters’ values, the properties of
both bright and dark solitons are analyzed. Furthermore, the soliton types are found to be interchangeable after
the collision, and the transfer mode of the solitons can be controlled under certain conditions. This might be of
potential applications in the design of optical switch, pulse signal converters, and optical communication
systems.
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I. INTRODUCTION

Optical solitons have been the objects of extensive theo-
retical and experimental studies in recent years because of
their potential applications to telecommunication and ul-
trafast signal routing systems �1–4�. They evolve from a non-
linear change in the refractive index of a material induced by
the light intensity distribution �5�. Although the nonlinear
effect is extremely weak, its cumulative effect becomes sig-
nificant since the communication distance measured by the
light wavelength is extremely long �6�. When the combined
effects of the group-velocity dispersion �GVD� and the non-
linear change in the refraction index in a fiber exactly com-
pensate each other, the pulse without changes in shape is said
to be self-trapped �7�. In the picosecond regime, the main
nonlinear equation governing the pulse evolution is the non-
linear Schrödinger �NLS� equation �7�, a prototype of the
nonlinear evolution equations �2,8,9�. Depending on the sign
of the GVD, the NLS equation has two distinct types of
localized solutions, bright and dark soliton solutions, which
are, respectively, existent in the anomalous and normal dis-
persion regimes �5�.

The existence of the bright solitons in lossless fibers has
been theoretically demonstrated �1�, and the bright solitons
have been experimentally observed �10�. Since then, the
propagation of the bright solitons has been verified in a num-
ber of well-designed experiments in the anomalous disper-
sion regime of the fiber spectrum �11�. The applications of
various bright solitons can be seen in the aspects of the all-
optical switch �12�, pulse compression �13�, and pulse am-
plification �14�.

In the normal dispersion regime, the existence of the dark
solitons was first predicted in Refs. �1,15�, experimentally
demonstrated in Ref. �16� and confirmed in Ref. �17�. Unlike
the bright soliton, a dark soliton appears as an intensity dip

in an infinitely extended constant background �18�. It has
been investigated in many theoretical and experimental pa-
pers, and the early results in this field were summarized in
three review papers �5,19,20�. The dark solitons have at-
tracted much attention due to their potential applications
�21�. For example, using structures created during the propa-
gation and interaction of the dark solitons, many types of
all-optical switches may be written �22�. Other applications
of the dark solitons involve the optical logic devices �23� and
waveguide optics as dynamic switches and junctions �24�.
They are also considered in signal processing and communi-
cation because of their inherent stability �25�.

Compared with the bright solitons, they have better sta-
bility against various perturbations such as fiber loss, mutual
interaction between neighboring pulses, the Raman effect,
and the superposition of noise emitted from optical amplifi-
ers �26�. However, the results have usually been based on the
NLS equation which can describe the soliton behavior appli-
cable to a picosecond regime �27�. For the channel handling
large capacity and high speed, it is necessary to transmit
solitary waves at a high bit rate of ultrashort pulses �7�.
Therefore, it is very important to take into account a number
of higher-order effects such as the third-order dispersion
�TOD�, self-steepening �SS� �28� and the self-frequency shift
�SFS� �29� in the propagation of femtosecond pulses. Thus,
the NLS equation fails in the physical description of the
soliton behavior under these circumstances �27�, and the
higher-order nonlinear Schrödinger �HNLS� equation �30�,
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has been proposed to describe the soliton behavior in a sub-
picosecond and femtosecond regimes �31�, where q is a com-
plex function and Z and T are the normalized distance and
time, respectively. � is a small parameter, �2 is responsible*Corresponding author; tian.bupt@yahoo.com.cn
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for SS and shock formation, and �3 is responsible for SFS
induced by intrapulse Raman scattering �7,30�.

However, we notice that the previous studies have been
limited to the dynamics of the bright optical solitons propa-
gating in the anomalous dispersion regime and the dark op-
tical solitons propagating in the normal dispersion regime
�1�. In this paper, we consider the theoretical aspects of both
bright and dark soliton propagations in the HNLS equation
including the higher-order effects such as TOD, SS, and
stimulated Raman scattering �SRS�. Hirota’s method based
on the computerized symbolic computation �2,8,9� has made
it exercisable to solve the HNLS equation under investiga-
tion. In particular, some types of soliton solutions are pre-
sented for the HNLS equation under certain parametric con-
ditions.

The structure of the present paper is as follows. In Sec. II,
with the aid of symbolic computation, the bilinear form for
the HNLS equation is acquired in virtue of Hirota’s method.
In Sec. III, �A� the one-soliton solution and �B� the two-
soliton solution are explicitly presented based on its bilinear
form, and the detailed analysis of the solitons via the ob-
tained soliton solutions is performed. Finally, our conclu-
sions are given in Sec. IV.

II. BILINEAR FORM FOR THE HNLS EQUATION

With symbolic computation �2,8,9�, in the normal disper-
sion regime ��2�0�, we present a soliton phenomenon �the
bright solitons in the normal dispersion regime� for the
HNLS equation. Considering �L�1, where L is the fiber
length and � is negligible �7�, the HNLS equation describing
the propagation of femtosecond pulses in optical fibers can
be written in the form �30,32�
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where u is the normalized amplitude, � represents the nor-
malized propagation distance, � is the normalized time, and

L =
LD

LD�
, LD =

T0
2

��2�
, LD� =

T0
3

��3�
, N2 =

LD

LNL
,

LNL =
1

	P0
, s =

1


0T0
, �R =

TR

T0
, �3�

in which, LD is the dispersion length, LD� is a dispersion
length associated with the TOD, and T0 is the half width �at
1 /e intensity point� of the input pulse. In practice, it is cus-
tomary to use the full width at half maximum �FWHM� in
place of T0. For a hyperbolic-secant pulse, the two variables
are related as TFWHM =2 ln�1+�2�T0	1.763T0. �2 repre-
sents the GVD parameter, �3 is the TOD coefficient, N is the
soliton order, LNL is the nonlinear length, 	 is the fiber non-
linearity coefficient in units of W−1 km−1, P0 is the peak
power of the incident pulse, and 
0 is the carrier frequency.
The parameters s and �R account for, respectively, the effects
of SS and SRS.

By introducing the dependent variable transformation �33�

u =
g��,��
f��,��

, �4�

where g�� ,�� is a complex differentiable function and f�� ,��
is a real one, after some symbolic manipulations, the bilinear
form for Eq. �2� is obtained as
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The constraint of the coefficients is s=L=�R /2. Here, � is a
constant to be determined and Hirota’s bilinear operators D�

and D� �34� are defined by
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Equations �5� and �6� can be solved by introducing the fol-
lowing power series expansions for g and f:

g = g0�1 + �g1 + �2g2 + ¯� , �8�

f = 1 + �f1 + �2f2 + ¯ , �9�

where � is a formal expansion parameter and
f1 , f2 , . . . ,g1 ,g2 , . . . are assumed to go to zero as �→−
.
Substituting Eqs. �8� and �9� into Eqs. �5� and �6� and equat-
ing coefficients of the same powers of � to zero can yield the
recursion relations for fn�� ,�� and gn�� ,�� �n=1,2 , . . .�.

III. SOLITON SOLUTIONS FOR THE HNLS
EQUATION

The bilinear form for Eq. �2� is presented in the above
section with the coefficient constraint. Next, the soliton so-
lutions will be obtained, and the effects of the parameters in
the model will be discussed.

A. One-soliton solution

To obtain the dark one-soliton solution for Eq. �2�, we
assume that

g0 = �e�, g1 = − e�, f1 = �e�, �10�

where � is an arbitrary complex parameter, �= ia�+ ib� with
a ,b as real constants, and �=k�+
�+� with k ,
 as arbi-
trary complex parameters and � and � as real constants. Sub-
stituting g�� ,�� into the resulting set of linear partial differ-
ential equations, we can get

a =
1

6
�Lb3 + 3b2 − 6N2s���b + 6N2���� ,

k =
1

6
�− L
3 + 6b
 + 3b2L
 − 18N2s���
 + 12N2����R
� ,
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2 =
4�N2��� − bN2s����

1 + bL
,

b =
− L − 3s + 2�R

2L�s − �R�
, � = 1, � = − iN2���,

and

gn��,�� = 0, fn��,�� = 0 �n = 2,3,4, . . .� .

Here, the asterisk denotes the complex conjugate. Without
loss of generality, we set �=1. Thus, the one-soliton solution
can be explicitly expressed as

u =
g

f
=

g0�1 + g1�
1 + f1

=
�e��1 − e��

1 + e� = �e� tanh
−
�

2
� .

�11�

According to Eq. �11�, the dark soliton propagating in the
normal dispersion regime is presented in Fig. 1.

Figure 1 shows that the dark soliton is remarkably stable
during the propagation. The effects of GVD can be counter-
balanced perfectly by the nonlinear effects without changing
in shape. If the effects of TOD, SS, and SRS are changed in
the above circumstance, the propagation speed of the soliton
will be influenced. When the effects of TOD, SS, and SRS
are enhanced in Fig. 1�a�, the soliton speed becomes faster
correspondingly. Because the effects of TOD, SS, and SRS
are associated with the pulse power, the greater the pulse
power is, the more obvious the nonlinear effects will be.
Moreover, the pulse speed increases accompanied by an in-
crease in the pulse energy. Hence, by increasing the value of
s ,�R and L, the pulse speed can become faster. In Fig. 1�b�,
the conclusion that we have derived from Fig. 1�a� is further
conformed. In fact, the pulse speed in Fig. 1 can be ex-
pressed as �=3 / �2L���+9s���−6�R����. Thus, the speed

of the pulse is related to s ,L ,�R and �. In the next part, we
will change the value of � and discuss its influence.

Compared with Fig. 1, the value of � is replaced by 2i in
Fig. 2�a�. Not only dose the speed of the pulse increase, but
also the intensity of the pulse is enhanced. This phenomenon
can be explained by solution �11�. The pulse intensity is pro-
portional to �. On the contrary, the pulse intensity and the
pulse speed will decrease if the value of � is reduced.
Among the parameters in solution �11�, the effects of s ,L ,�R
and � are discussed. When changing the value of � in solu-
tion �11�, the pulse will go through the phase shift. There is
a right shift of the phase when the value of � is increased,
while the left shift appears when � is decreased. From solu-
tion �11�, we can find that the pulse phase is equal to −� /2.
Thus, the pulse phase is determined by �.

B. Two-soliton solution

In the following, in order to find the two-soliton solution,
we can assume

g0 = �e�,

g1 = �	1 + i�1�e�1 + �	2 + i�2�e�2,

g2 = A�	1 + i�1��	2 + i�2�e�1+�2,

f1 = B1e�1 + B2e�2, f2 = Be�1+�2, �12�

where �= i��, � j =kj�+
 j��j=1,2� with �, kj, and 
 j as real
constants, Bj is an arbitrary real constant, and 	 j ,� j ,A and B
are all complex parameters to be determined. Then, by solv-
ing the resulting linear partial differential equations recur-
sively, we can write the two-soliton solution explicitly as

u =
g

f
=

g0�1 + g1 + g2�
1 + f1 + f2

= �e�1 + �	1 + i�1�e�1 + �	2 + i�2�e�2 + A�	1 + i�1��	2 + i�2�e�1+�2

1 + B1e�1 + B2e�2 + Be�1+�2
, �13�

where

	 j = Bj cos�� j�, � j = Bj sin�� j�, � = N2���, 
 j
2 = 2�1 − cos�� j��N2���,
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FIG. 1. �Color online� Intensity profile of the dark soliton solu-
tion expressed via solution �11�. The parameters adopted here are
N=1, �= i , �=4 with �a� s=2, �R=4, L=2, �b� s=0.5, �R=1, and
L=0.5.
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FIG. 2. �Color online� Intensity profile of the dark soliton solu-
tion expressed via solution �11�. The parameters adopted here are
N=1, s=1, �R=2, L=1, �=4, and �=2i: �a� temporal evolution
for the dark soliton and �b� comparison between �= i �in the solid
curve� and �=2i �in the dashed curve�.
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gn��,�� = 0, fn��,�� = 0 �n = 3,4,5, . . .� , �14�

with � j as arbitrary angles.

1. B1=B2=1

Solution �13� is the usual two-soliton solution shown in
Fig. 3�a�. We can get the dark solitons when the values of B1
and B2 are both positive. The two dark solitons interact with
each other and propagate stably before and after collision. In
Fig. 3�a�, the two pulses are incidented with an angle when
�1=� /2 and �2=−� /2. As long as �1 and �2 have the
opposite sign, the solitons expressed by solution �13� will
always have the two dark solitons properties. However, if �1
and �2 have the same sign, they will show different intrigu-
ing characteristics owing to the different choices of 
1 and

2.

�i� �
1�= �
2�. When �1=�2=−� /2 and 
1=
2=2�2, the
two dark solitons degenerate into the fundamental soliton
shown in Fig. 3�b�. The two solitons have the exactly same
parameters, so Fig. 3�a� turns into Fig. 3�b�. If 
1 and 
2
have the opposite signs, the solitons show an interesting phe-
nomenon. The transfer mode of the two dark solitons evolves
into the one-way transfer mode in Fig. 4. It is strange that the
propagation directions of the two pulses are different when

they spread to both sides of �. Their dissemination deter-
mined by the values of �1 and �2 is only in one direction
and has been accompanied by a certain angle, but they will
never intersect with each other. To our knowledge, this phe-
nomenon has not been reported in previous studies. We hope
this result will be valuable to the design of optical switch and
optical communication systems.

�ii� �
1�� �
2�. The above analysis is based on the condi-
tion that �
1�= �
2�. In this case, we will discuss the changes
when �
1�� �
2�. Compared with Fig. 3�a�, there are only
angle changes between the incident pulses on the condition
that �1�2�0. When �1�2�0, the soliton type is deter-
mined by the value of 
2. If 
2 is negative, we can also get
the two dark solitons which are in parallel as shown in Fig.
5. Interestingly, they do not interact with each other even if
they are overlapped with each other during the propagation.
This might be a potential application in communication sys-
tems which can enhance the capacity of the systems.

In contrast, when 
2 is positive, the bright solitons are
observed in Fig. 6 no matter the value of 
1 is positive or
negative. This result is very surprising as it is well known
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FIG. 3. �Color online� Intensity profiles of the two-soliton solu-
tion expressed via solution �13�. The parameters adopted here are as
follows: B1=B2=1, N=2, L=1, �= i, and 
1=
2=2�2 with �a�
�1=� /2, �2=−� /2 and �b� �1=�2=−� /2.
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FIG. 4. �Color online� Intensity profiles of the two-soliton solu-
tion expressed via solution �13�. The parameters adopted here are as
follows: B1=B2=1, N=2, L=1, �= i, 
1=2�2, and 
2=−2�2 with
�a� �1=� /2, �2=� /2 and �b� the contour plot of �a�.
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that the bright solitons cannot propagate in the normal GVD
regime. From Fig. 6�b�, we can find that the solitons interact
with each other. Moreover, they can propagate without inter-
action if the incidence angle is chosen appropriately.

It is important to note that the solitons exchange their
energy and types during the collision. Figure 6�b� shows that
the solitons have a phase shift after collision. However, un-
like those previously observed, the bright soliton �before col-
lision� is transformed into the dark one �after collision�, and
the dark soliton �before collision� is changed into the bright
one �after collision�. In order to understand the collision in a
more explicit manner, we analyze the asymptotic limits of
two-soliton solution �13� as follows:

�1� Before collision ��→−
�,

�a� �1 + �1
� � 0, �2 + �2

� → − 
:

u1
− →

�e��1 + �	1 + i�1�e�1�
1 + B1e�1

, �15�

�b� �2 + �2
� � 0, �1 + �1

� → + 
:

u2
− →

�e��	1 + i�1��1 + �	2 + i�2�Ae�2�
B1 + Be�2

. �16�

�2� After collision ��→+
�,

�a� �1 + �1
� � 0, �2 + �2

� → + 
:

u1
+ →

�e��	2 + i�2��1 + �	1 + i�1�Ae�1�
B2 + Be�1

, �17�

�b� �2 + �2
� � 0, �1 + �1

� → − 
:

u2
+ →

�e��1 + �	2 + i�2�e�2�
1 + B2e�2

. �18�

According to the above expressions, it has been proved
that the total energy of the solitons is conserved before and
after collision, that is,

�u1
−�2 + �u2

−�2 = �u1
+�2 + �u2

+�2. �19�

Furthermore, u1
− and u2

+ have the same soliton type and so
do u1

+ and u2
−. Therefore, the soliton type is interchanged

during the collision. This result might have potential appli-
cations in the study of pulse signal converters.

�iii� �
1�� �
2�. In this case, the two dark solitons can be
obtained when �1�2�0 which is similar to the above sec-
tion. But the soliton type is determined by 
1 instead of 
2 if
�1�2�0. When 
1 is positive, the two dark solitons �such
as Fig. 3�a�� can be observed. Figure 6 can also be obtained
if 
1 is chosen to be negative.

Subsequently, we mainly focus on the phenomena when
B1 and B2 are given in other cases: �1� B1B2�0; �2� B1�0
and B2�0. By virtue of solution �13�, the different combi-
nations of B1, B2, �1, �2, 
1, and 
2 are investigated, with
the corresponding parameters chosen as N=2, �= i, and L
=1.

2. B1= ±B2 and B1= ±1

�i� �
1�= �
2�. Under the above precondition, the dark and
bright solitons are presented in Fig. 7 when �1�2�0. The
collision between the solitons is elastic, and there is only the
shift of the soliton phase. If �1�2�0 and 
1=
2, solution
�13� evolves into a constant. Otherwise, if �1�2�0 and

1=−
2, other types of peculiar phenomena will appear.

Similar to Fig. 4, the transfer mode of the bright and dark
solitons evolves into the one-way transfer mode. Interchang-
ing the signs of 
1 and 
2, we can control the soliton types
along the direction of �. Correspondingly, the soliton propa-
gation direction can also be controlled by changing the signs
of �1 and �2.
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FIG. 5. �Color online� Intensity profiles of the two-soliton solu-
tion expressed via solution �13�. The parameters adopted here are as
follows: �a� B1=B2=1, N=2, L=1, �= i, �1=−� /3, �2=−� /2,

1=−2, 
2=−2�2 and �b� the cross section plot of �a�.
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FIG. 6. �Color online� Intensity profiles of the two-soliton solu-
tion expressed via solution �13�. The parameters adopted here are as
follows: B1=B2=1, N=2, L=1, and �= i with �a� �1=� /3, �2

=� /2, 
1=−2, 
2=2�2 and �b� the contour plot of �a�.
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FIG. 7. �Color online� Intensity profiles of the two-soliton solu-
tion expressed via solution �13�. The parameters adopted here are as
follows: �a� B1=1, B2=−1, 
1=2�2, 
2=2�2, �1=−� /2, �2

=� /2 and �b� the contour plot of �a�.
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�ii� �
1�� �
2�. In this section, the dark and bright solitons
can also be obtained �such as Fig. 7� in two cases: �1�
�1�2�0; �2� �1�2�0 and 
2�0. If �1�2�0 and 
2
�0, the similar situation in Fig. 6 appears again in Fig. 8.
The bright and dark solitons interchange their soliton types
and energy after collision.

�iii� �
1�� �
2�. This case is the same as �
1�� �
2� when
�1�2�0. If �1�2�0, the soliton collision situation is
mainly determined by 
1. When 
1�0, we can get the elas-
tic collision phenomena shown in Fig. 7. On the contrary,
when 
1�0, the similar situation is presented in Fig. 9. Al-
though the incidence angle and direction are different owing
to the different values of 
1, 
2, �1, and �2, the soliton
collision is quite similar to Fig. 8 essentially.

3. B1=B2=−1

�i� �
1�= �
2�. If the signs of B1 and B2 are both negative
and �1�2�0, the bright two solitons can be observed in the
normal GVD regime. There is a large phase shift between
them after collision. The two bright solitons are both stable
before and after collision in the normal regime. If �1�2
�0 and 
1=
2, the two bright solitons can be simplified as
the fundamental bright soliton. This case is similar to Fig.
3�b�. Because �1=�2 in expression �12�, solution �13� has
the same form with solution �11�. If �1�2�0 and 
1=−
2,
the transfer mode of the bright solitons is also changed,
shown in Fig. 10. Through changing the signs of �1, �2, 
1,
and 
2, the propagation direction can be controlled.

�ii� �
1�� �
2�. We can get the two bright solitons under
both of the following conditions: �1� �1�2�0; �2� �1�2
�0 and 
2�0. The two conditions are similar to those when
B1= �B2. What is different is that the two bright solitons are
obtained in this case while the bright and dark solitons are

observed in another case. When �1�2�0 and 
2�0, fur-
ther validation of the peculiar changes of the soliton types
are presented in Fig. 11. Similar to Fig. 6, the solitons un-
dergo the conversion of the soliton types.

�iii� �
1�� �
2�. The two bright solitons can also be ob-
served in the following two cases: �1� �1�2�0; �2� �1�2
�0 and 
1�0. The only difference with �
1�� �
2� is that

2 is replaced by 
1. Correspondingly, the phenomena in
Fig. 11 appear again when 
1�0.

IV. CONCLUSIONS

In conclusion, we have investigated the HNLS equation,
which can be used to describe the solitons propagating in the
subpicosecond or femtosecond regime. With the aid of sym-
bolic computation, we have carried out our study from an
analytical viewpoint. By directly applying Hirota’s method,
the analytic one- and two-soliton solutions of this model
have been obtained. Of physical and optical interests, rel-
evant properties of the solitons have been analyzed and
graphically discussed in details depending on the parameters’
values �192 kinds of combinations in total�. Among them, the
bright solitons have been observed in the normal GVD re-
gime. In addition, an interesting phenomenon has been found
that the transfer mode of the two solitons can evolve into the
one-way transfer mode during the propagation. Moreover,
through an asymptotic analysis for the two-soliton solution,
we have found that the soliton types can be interchanged
after collision. Attention should be emphasized as below:

�1� In the normal GVD regime, the bright and dark soli-
tons have both been displayed by changing the values of the
parameters. This conclusion may provide a reference for the
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FIG. 9. �Color online� Intensity profiles of the two-soliton solu-
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FIG. 11. �Color online� Intensity profiles of the two-soliton so-
lution expressed via Solution �13�. The parameters adopted here are
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FIG. 8. �Color online� Intensity profiles of the two-soliton solu-
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optical communication system design which is expected to
produce the bright and dark solitons simultaneously.

�2� It is worth noting that, to our knowledge, the conver-
sion of the soliton transfer mode has almost not been re-
ported. This result can be used in the design of optical switch
and optical communication systems. This is why we are in-
terested in the study and the ultimate goal of our research.

�3� After collision, the solitons can alter their types, which
is promising in the potential applications in the design of
pulse signal converters and high-speed optical devices in ul-
tralarge capacity transmission systems. This means that we
are able to control the soliton types with suitably selected
values of the parameters. We expect that the above phenom-
ena could be observed in the experiments.

The obtained results are of certain applications in control-
ling the information sequences of ultrashort pulses in fiber
communications lines through controlling the incidence

angle between the solitons. We believe that those results will
be useful for the future study in optical communications.
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