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Terahertz �THz� emissions of an isolated atom in an ultrashort �100 fs� laser field are simulated by solving
the time-dependent Schrödinger equation. From numerical calculations with one- and three-dimensional hy-
drogen atom models and a short-range shallow potential model, it can be concluded that continuum THz
emissions occur more readily following transitions involving intermediate states above rather than those well
below the ionization threshold of the system. Line-shaped THz emissions from transitions between high-lying
Rydberg states are also found. The models are also used to describe the observed enhanced terahertz emissions
with a superposed second-order harmonic laser field or a spatially constant electric field. The dependence of the
THz field strength on the intensities of the fundamental laser field and the superposed field is also examined.
Strong field approximation is extended to analyze the general features of THz emissions resulting from
continuum free-free transitions of an electron in strong laser fields. These calculations contribute to an under-
standing of the THz emission processes when strong laser fields interact with atomic and molecular systems
that have larger ionization potentials and where multiphoton processes are involved in order to generate THz
emissions effectively.
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I. INTRODUCTION

During the last decade, the generation and detection of
terahertz �THz� electromagnetic pulses have raised much in-
terest because of applications such as rapid THz imaging,
nonlinear THz spectroscopy, and chemical identification.
Physical processes responsible for THz emissions have been
studied extensively and most of the studies have been de-
signed around a classical model, namely, that transient elec-
tric currents are responsible for THz radiation both for laser-
induced plasmas �1–8� and laser-semiconductor interactions
�9–14�. Electric current density is often interpreted macro-
scopically in terms of the velocity �4,9,15,16� or density �17�
of all electrons together. In these previous studies, THz emis-
sion is interpreted in terms of optical rectification and instan-
taneous polarization �18,19�, the ionization induced plasma
oscillations �20,21�, and asymmetrical double quantum wells
�22,23�. Although the details of the explanations differ, it is
generally accepted that a system with a broken symmetry is
capable of creating a coherent wave packet thereby strength-
ening the THz emissions. The asymmetry can be achieved by
using a nonlinear medium lacking inversion symmetry or by
using an asymmetrical laser pulse. LiNbO3, LiTzO3 �24�,
organic crystal DAST �25,26� and GaAs and ZnTe �27,28�
are the nonlinear media most commonly used and their ac-
tivities in a laser field have usually been described using
second-order polarization �12,14,27�. The amplitude and fre-
quency of the emitted THz electromagnetic pulses are deter-
mined by the parameters of the laser pulse and the properties
of the nonlinear medium. The asymmetrical laser fields most
commonly used include an optical ac bias achieved by su-
perposing a second-order harmonic laser field �1–4,6,7�, an
externally applied dc bias �5,9–11,29�, or an ultrashort laser
pulse �17�. It has also been widely accepted that ionizations

are essential for the THz emissions from laser-excited gases
since Hamster et al. �30� first demonstrated that THz emis-
sions from noble gases were subsequent to the ionization
caused by intense laser fields.

The basic physical processes responsible for radiative
emissions are electron transitions between the electronic en-
ergy levels directly or via intermediate states. When mul-
tiphotons are involved in transition processes, such as a mul-
tiphoton ionization process of an atom in strong laser fields
�20,21,30�, many intermediate states are usually involved.
This kind of nonlinear process is difficult to describe in
terms of second-order and higher-order nonlinear polariza-
tion parameters, which have often been used in the past to
describe the parametric conversion from laser field to THz
emissions.

This study examines the THz emission from an isolated
atom in an ultrashort �100 fs� laser pulse from a quantum-
mechanical perspective by solving the time-dependent
Schrödinger equation �TDSE�. THz emissions with different
laser intensities have been explained relative to electron ac-
tivities in atomic systems. Other nonlinear phenomena such
as high-order harmonic generation �HHG� and above-
threshold ionization �ATI�, along with the interaction be-
tween intense laser pulses and atoms, have been included to
clarify the generation processes of THz emissions and the
correlations between the THz emissions and HHG. An
atomic hydrogen model is used to simulate the THz emis-
sions from intense ultrashort laser ionized gases, and an elec-
tron in a short-range shallow potential model is used to simu-
late the THz emissions of the semiconductor systems
irradiated by less intense laser pulses. Although the TDSE
approach has been used widely for upward parametric con-
versions generating HHGs, no evidence has been found that
this approach has been used in relation to downward para-
metric conversions of THz emissions. The results of this
study, such as the calculated relationship between the THz
field strength and the THz wave bandwidth on the intensity
and pulse width of the incident laser field, compare favorably*Corresponding author: jmyuan@nudt.edu.cn
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to previous studies and the corresponding explanations using
the macroscopical nonlinear effects when the laser intensity
is not too high, although the effects of environment and
propagation are excluded.

Discussion of the findings centers around the superposing
of a second-order harmonic laser field and application of an
external dc bias. Section II of this report comprises a general
description of the methods for solving the TDSE of an atom
in a laser field. Section III explains the transition processes
involved in the generation of THz emissions from the per-
spective of the atomic hydrogen model. Section IV shows the
calculations for the mixing of fundamental and second-order
harmonic laser fields for both atomic hydrogen and short-
range potential models so that THz generation is enriched. In
Sec. V THz emissions resulting from the optical transitions
between continuum states of an electron in strong laser fields
are explained by quantum theory of strong field approxima-
tion, and finally, in Sec. VI, some other results relating to dc
electric bias have been included.

II. THEORETICAL FRAMEWORK

The methods for solving the TDSE are based on the nu-
merical solution of the TDSE �in atomic units �a.u.�� on a set
of discrete grids,

i
�

�t
��r,t� = �Ĥ0 + ĤI���r,t� , �1�

where Ĥ0 is the field-free Hamiltonian and ĤI is the interac-
tion part given in dipole approximation,

ĤI = − E · rf�t�cos��t� . �2�

Throughout this study, a Gaussian-enveloped laser pulse and
linearly polarized laser field is used. The split-operator
method �31,32� is used to derive the wave function from Eq.
�1�. Numerical integrations are carried out at time intervals
of 0.2 a.u. and grid spaces of 0.2 a.u. resulting in a conver-
gence of better than 10−2 for the relative changes in calcu-
lated spectra in the THz region when the intervals are halved.
The expression in momentum space can be easily computed
for the split-operator method, which is realized by the mutual
conversion of the wave function between coordinate and mo-
mentum spaces. Once the wave function is determined, the
induced dipole moment can be computed. Thus, in a one-
dimensional �1D� calculation, the dipole moment in length,
velocity, and acceleration forms can be expressed as

dL�t� = ���x,t��x���x,t�� , �3�

dV�t� = ���p,t��p���p,t�� , �4�

dA�t� = ���x,t��
�V�x�

�x
���x,t�� + ELf�t�cos��t����x,t����x,t�� .

�5�

The corresponding emission amplitude spectrum is ob-
tained from the Fourier transformation of the time-dependent
dipole moment:

PL��� = � �2

tf − ti
	

ti

tf

dL�t�e−i�tdt� , �6�

PV��� = � �

tf − ti
	

ti

tf

dV�t�e−i�tdt� , �7�

PA��� = � 1

tf − ti
	

ti

tf

dA�t�e−i�tdt� . �8�

It has been shown that these three dipole forms, Eqs. �6�–�8�,
are generally not equal to each other, even for an exact wave
function �33–35�. The equality happens only when the dipole
moment and its time derivative at the end of the pulse are
zero, which does not occur when substantial ionization takes
place. The length form of the dipole moment requires dis-
tance from the nucleus while acceleration form requires close
proximity of the wave function to the nucleus. Accurate de-
termination of the wave function, however, is difficult distant
from the nucleus due to the reflection of the wave function
from the integration edge, and difficult very close to the
nucleus due to the depth of the potential well. Velocity form
does not appear to suffer the same constraints so, unless
otherwise specified, the numerical results have been obtained
with the velocity form. The size of the numerical integration
is restricted to �x�=3200 a.u.. A smooth cosine mask func-
tion �36� is applied from �x�=200 a.u. to the edges of the
grids to reduce the influence of the reflected wave function
from the numerical integration edges. Thus, the norm of the
wave function is not conserved and the electron density re-
moved by the mask function is treated as ionization while the
decrease in the norm is considered to be the probability of
ionization.

Three-dimensional �3D� calculations are also made for the
true hydrogen atom with the total wave function being ex-
panded in terms of the Legendre polynomials in the �r ,��
coordinates �37� as

��ri,xj,t� = 

l=0

L
1

r
f l�ri,t�Pl�xj�,xj = cos � j , �9�

and the split-operator method is applied only on the terms of
f l. The dipole velocity is expressed in the form

dV�t� = ���p,t��pz���p,t�� , �10�

where z is the linear polarization direction of the laser field.
Considering the expansion in Eq. �9� and the characteristics
of the Legendre polynomials, one can find

dV�t� = 

l=0

L−1

dVl�t�

= 

l=0

L−1

Cl��f l�p,t��p�f l+1�p,t�� + �f l+1�p,t��p�f l�p,t��� ,

�11�

where Cl is the coupling constant and has the form
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Cl =
2�l + 1�

�2l + 1��2l + 3�
. �12�

Thus, only the transitions between different angular states
with �l= �1 are able to take place and we can calculate
each spectrum produced by transitions between l and l+1
separately from the single dVl�t�,

PVl��� = � �

tf − ti
	

ti

tf

dVl�t�e−i�tdt� . �13�

These different components PVl��� are often called partial
dipole contributions�35�.

III. THZ EMISSION IN A ONE-COMPONENT
LASER PULSE

The accuracy of the numerical calculations is examined
before looking at the dependence of the THz emission on the
ionization potential of the emitting atom using calculations
based on a one-dimensional soft Coulomb potential model
�38�. This in turn, together with a three-dimensional calcula-
tion, leads to a clarification of which transitions contribute
most to the THz emissions from an atomic system,

V�x� = −
1

��x2 + a�
. �14�

This potential is widely used because it eliminates the singu-
larity of the Coulomb potential at the origin by the parameter
a and can simulate the reaction of the true atom under lin-
early polarized laser pulse well. a=2.0 is chosen throughout
this paper unless specially stressed, with the ionization po-
tential equal to that of the true hydrogen atom, 13.6 eV. The
Gaussian-enveloped laser field with 40 optical cycles �o.c.�,
106 fs full width at half maximum �FWHM� pulse width,
1.26�1014 W /cm2 intensity, and 800 nm wavelength is
adopted. In order to get an adequate frequency resolution in
the THz range, we take the calculations extended to about
5.3 ps �2000 o.c.�, in other words, the evolution of the state
continues even the laser pulse has been passed over. Then the
finest calculated spectrum resolution is about 0.188 THz.

In order to examine the accuracy of the numerical inte-
gration, the calculated spectra for length, velocity, and accel-
eration forms are compared �see Fig. 1�. In Fig. 1, the am-
plitude of the THz emissions for the length form is highest
because of the influence of the reflections, while the accel-
eration result is slightly lower than the other two expressions
and is found to be unreliable for very low frequencies. As
mentioned previously in relation to Eqs. �6�–�8�, equality of
the three forms requires both the dipole moment and its time
derivative to be zero at the end of the laser pulse. Compared
to the spectra in the HHG region, agreement between the
THz spectra calculated with three different forms is more
sensitive for the nonzero residual dipole moment and its time
derivative after the laser pulse. About 95% of ionizations is
predicted following the laser pulse given in Fig. 1.

Thus, the results throughout this report have been ex-
pressed in terms of the velocity form and have been con-
verged for the different numerical grids. In Fig. 1, apart from

the strong continuum THz emissions, many sharp peaks cor-
responding to the transitions between the high-lying Rydberg
states are observed. The energy differences between these
states are small enough to fit in the THz range. The Fano-
type shape of these lines may have been due to the interfer-
ence between the resonant transitions and the continuum
background. No matter what parameters of the laser pulse are
chosen or what dipole moment forms are used, these peaks
appear at the same places for the same atomic system. These
lines also provide information about the energy levels of the
atomic system and the dynamics of the atomic state popula-
tion under the laser field. The lowest 20 eigenvalues and the
energy differences between adjacent eigenstates calculated
with the same numerical method are displayed in Table I.
The differences are expressed in THz units for easy compari-
son with the sharp lines seen in Fig. 1. The positions of these
lines correspond to the energy differences between proper
eigenstates with different parities. The following section pro-
vides more details of how these sharp structures are pro-
duced mainly after the laser pulse or more specifically that
they ensue from the automatic radiative transitions after a
prepopulation of the high Rydberg states created by laser
pulses and that their positions are not influenced by the laser
fields.

Ionization potential is critical to THz emission output.
The larger the ionization potential, the more photons are
needed to excite an electron to the continuum states, and for
the same degree of excitation, a more intense laser field is
needed. The ionization potential can be changed by taking
different a values for the soft Coulomb potential. For a
=0.4, 1.0, and 2.0, ionization potentials of 26.5, 18.2 and
13.6 eV, respectively are taken. As shown in Fig. 2, without
changes in the laser pulse, the THz amplitude is found to be
inversely proportional to the strength of the attractive poten-
tial or the ionization potential of the atom. This is similar to
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FIG. 1. �Color online� The THz spectrum for the soft Coulomb
potential V�x�=−1 /�x2+2 represented in length �solid line�, veloc-
ity �dashed line�, and acceleration �dotted line� form. The laser
pulse has intensity of 1.26�1014 W /cm2, wavelength of 800 nm,
and is Gaussian-enveloped with 106 fs �FWHM� pulse width.
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the results of previous experiments, which generate THz
pulses from noble gases �1�. Excitations of the atomic system
to states above the ionization threshold also play an impor-
tant role in the THz emissions. With the same laser pulse, the
lower the ionization potential, the greater the possibility of
an electron will be excited to the continuum states. Since
optical transitions among continuum and high Rydberg states

are the main processes to generate THz range emissions, in
order to increase the frequency of these kinds of transitions,
an adequate driving laser pulse is required to create many
repeated loops of excitation from an initial bound state to the
continuum state, followed by optically transiting nearby
states to emit THz range photons, before finally recombining
the parent ion core with emission of a high order harmonic
photon. It should be pointed out that with laser fields that are
too strong, the electrons are likely to escape from the emitter
resulting in the reduction in THz as well as HHG emissions.

Calculations of the three-dimensional Coulomb potential
V�r�=− 1

r are made, as is an examination of the partial dipole
contributions from transitions between different angular mo-
mentum states in this model. Figure 3 shows the HHG spec-
trum of the partial dipole contributions between l=0,1, l
=1,2, l=3,4 states as well as values for the total spectrum.
HHG has often been described as comprising three steps
�39,40�: an electron is first ionized by a laser field and then
accelerated in the field; when the direction of the laser field
is reversed, the electron can be driven back to its parent ion;
it recombines to the ground state, emitting its energy as one
harmonic photon. As demonstrated by Chen et al. �35�, the
l=0,1 partial contribution accounts for the total harmonic
spectrum within the plateau region while other partial dipole
contributions are lowered by several orders compared with
the total. This reinforces the notion that HHG is dominated
by transitions ending in the ground state �l=0�. The THz
emissions seen in the total spectrum denoted in Fig. 3�a� are
not obvious for the partial dipole contributions shown in
Figs. 3�b�–3�d�. Thus, the process of recombining to the
bound state, which is necessary for HHG, does not contribute
to the generation of THz emissions. Only the first two steps
in the three-step process produce THz emissions. The total
wave functions in terms of 82 Legendre polynomials,
namely, L=81 in Eq. �9�, are made; however, only calcula-
tions of 1000 o.c. are made to prevent divergence of the
results. The results of the three-dimensional calculations are
similar to the one-dimensional ones but much more time
consuming so only one-dimensional model simulations have
been included in subsequent discussions.

To distinguish the relative contributions of the radiative
transitions among the continuum intermediate states of THz
range emissions, the time-dependent dipole moment is de-
rived from the calculated wave function when the bound
state components have been subtracted. More specifically,
the dipole moment is calculated from dV�t�
= ��c�p , t��p��c�p , t��, where �c represents the continuum
states. The corresponding spectrum is illustrated in Fig. 4�b�
and the whole wave function spectrum is shown in Fig. 4�a�.
According to the three-step model for HHG spectra, recom-
bining of the returning electron to the ground state is essen-
tial for HHG emissions. Thus, the HHG peaks cannot be seen
clearly when the bound state components are subtracted. The
spectra in the THz emission range �the insets in Figs. 4�a�
and 4�b�� coincide closely for the two cases, not withstand-
ing the lack of transitions between the high Rydberg states as
they cannot exist without bound Rydberg states. The bound
state components are subtracted only in the dipole moment
calculation and not in the process of solving the TDSE, so
this should not be viewed a source of error in the above

TABLE I. Energy �in a.u.� of the first 20 low-lying eigenstates
of the 1D soft Coulomb potential V�x�=−1 /�x2+2 and the energy
differences between the adjacent eigenstates �in THz�.

n
En

�a.u.�
En−En−1

�THz�

0 −0.50000862

1 −0.23291542 1757.19216092

2 −0.13383829 651.82324435

3 −0.08478435 322.72333773

4 −0.05886173 170.54351345

5 −0.04282168 105.52666122

6 −0.03274307 66.30666420

7 −0.02568301 46.44778893

8 −0.02078605 32.21679210

9 −0.01708453 24.35214941

10 −0.01435002 17.99017990

11 −0.01217497 14.30959096

12 −0.01049664 11.04160341

13 −0.00911217 9.10835353

14 −0.00800935 7.25541300

15 −0.00707445 6.15063161

16 −0.00631147 5.01965417

17 −0.00565080 4.34645890

18 −0.00510123 3.61560107

19 −0.00461724 3.18416687
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FIG. 2. �Color online� The velocity form of THz spectrum for
the soft Coulomb potential V�x�=−1 /�x2+a with a=0.4, 1.0, and
2.0, respectively. The laser field is the same as that in Fig. 1.
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analysis. Although the recombining to the bound state con-
tributes little to THz emissions, the closed loop process is
necessary during the laser pulse interaction in order to gen-
erate substantial THz emissions. In other words, if the elec-
tron escapes too quickly to complete the three-step loop, the
THz emission can be very weak.

IV. WAVE MIXING PROCESS

In a recent study, enhanced THz emissions are observed
when a fundamental and its corresponding second harmonic
laser field are mixed �2�. The underlying mechanism is de-
scribed as the “four-wave mixing” �FWM� process. The mea-
sured third-order nonlinearity ���3�� due to ponderomotive or
thermal effects, however, is too small to explain the ampli-
tude of the observed THz emissions in experiments �3�.
Nonetheless, experiments involving plasma �6,7� and semi-
conductors �9� report THz amplitude scaling in terms of ��3�,
intensities of the fundamental and corresponding second har-
monic laser fields, and their phase difference � �1–3,7,41�

ETHz 	 ��3��I2�I� cos � . �15�

This supports FWM as the principle mechanism for THz
generation. The origin of ��3� is not addressed in these stud-
ies. The THz amplitude scaling premise is also demonstrated
by the calculations herein revealing an amplitude comparable
to previous experiments �4�. As shown in Fig. 5�a�, the in-
troduction of a 2� laser pulse with an intensity of 3.15
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FIG. 3. �Color online� �a� HHG spectrum of the 3D Coulomb
potential under the same laser pulse as Fig. 1. The partial dipole
contributions from the dipole transitions �b� l=0,1, �c� l=1,2, and
�d� l=3,4.
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FIG. 4. The emission spectrum calculated from �a� the whole
wave function and �b� part of the wave function including the con-
tinuum components only for the soft Coulomb potential V�x�
=−1 /�x2+2. The spectrum in THz range is enlarged in the insets.
The laser field is the same as that in Fig. 1.
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�1013 W /cm2 enhances the THz amplitude �about 11.14
kV/cm� by more than 1 order compared to one without. The
calculated results for mixing of the fundamental laser field
with a few higher-order harmonic fields are displayed in Fig.
5�a�. The fundamental laser field does not change and the
intensity of the second laser field is taken to be a quarter of
the fundamental one. The presence of a 4� laser field can
also increase THz emissions. When a minimum of six pho-
tons are involved in the THz emission loop the THz ampli-
tude is found to be smaller than that for the corresponding
four-photon loop in the 2� case. A laser field with a fre-
quency of 3� does not work in accordance with parity con-
servation so it does not change the THz emissions substan-
tially. This conclusion is consistent with the quantum
interference theory �14,42–45�, which relies on interference
between one- and two-photon pathways among the con-
tinuum states of conduction and valence bands of the semi-
conductors. It is found that only the introduction of a 2n�
laser field is able to open the quantum pathway of even
photons.

To explore the detailed spectrum and the temporal THz
emission process, a time-frequency analysis is performed by
means of a wavelet transformation �40�,

A��t0,�� =	 d�t�wt0,��t�dt , �16�

and

wt0,��t� = ��W���t − t0�� , �17�

where W�x�= 1
�


eixe−x2/2
2
to make the width of the time win-

dow increase with the decrease of frequency. In Eq. �16�, 

set at 5 a.u. and d�t� is adopted as the differential of the
dipole velocity, which is equal to the dipole acceleration in
this case. The result changes little when 
 changes by around
5 a.u. Figure 6 shows the 3D time-frequency THz spectra for
the soft Coulomb potential model with �a� the fundamental
laser only and �b� mixing of the fundamental and its second
harmonic laser field. The strength shown on the right of the
figure indicates that with the introduction of 2� laser fields
the THz emissions are much stronger and the intensity
reaches its maximum at about 12 THz, which is consistent
with the value displayed in Fig. 5�a�. The THz emissions
mainly occur from 40 to 80 o.c., which corresponds to the
main period of time when ionization occurs. The correspond-
ing time-dependent ionization probabilities for the two types
of laser fields are shown in Fig. 5�b�. This clarifies the time
relationship between THz emissions and ionization. In the
case of a one-component laser pulse, ionization occurs rela-
tively slowly so the THz emission occurs later than that in
mixed laser fields, as can be seen in Fig. 6�a�. In both cases
the THz emissions, except for the sharp lines due to the
transitions among the Rydberg states, do not occur after the
laser fields. This is in consistent with the conclusion in the
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FIG. 5. �Color online� �a� The THz emission spectrum for the
soft Coulomb potential in the mixing of the fundamental ��� and
n� laser fields whose intensity is a quarter of the fundamental one.
The intensity of the fundamental laser field is 1.26�1014 W /cm2.
�b� The corresponding ionization probability for the fundamental
laser field and the mixing of the fundamental and its second har-
monic laser fields.

FIG. 6. �Color online� The 3D time-frequency spectra for the
THz emissions under �a� the fundamental monochromatic laser field
and �b� mixing of the fundamental and its second harmonic laser
fields. The laser parameters are the same as those in Fig. 5.
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previous section that the transitions among the continuum
and high Rydberg states play an important role in the re-
peated loops of multiphoton optical excitation, THz emis-
sion, and radiative recombination when driven by a funda-
mental laser field and stimulated by its second harmonic
laser field.

Compared to the periodic HHG emission characteristics
following recollision of an electron with its parent ionic core
driven by the laser fields �40�, the wavelet transformation of
THz emissions demonstrates a continuous change with time
for a fixed frequency, namely, THz emissions occur in the
whole acceleration process of electron in the laser fields,
from a classical orbital point of view. Furthermore, the im-
portance of transitions between the intermediate states lying
within the continuum electron energy levels is demonstrated
above. When viewed in combination, these features help to
explain the observed enhancement of THz emissions follow-
ing the mixing of the fundamental and second harmonic laser
fields. Figure 7 shows how the bandwidth of the laser pulse
affects THz emissions along two pathways. In pathway A,
the system first absorbs n��2� fundamental laser photons
with an energy of �� and is then transmitted to an interme-
diate state. It then emits one photon with a frequency in the
THz domain and a photon with an energy of about 2��
before it finally comes back to the initial state. In pathway B,
the system absorbs n−2 fundamental laser photons and one
2�� photon and is then transmitted to an intermediate state.
It then emits one THz photon and n��2��� photons before it
finally comes back to the initial state. In both pathways, the
2� photon’s emission and absorption are stimulated by the
second harmonic laser field. Transition via pathway A is also
possible without this stimulation, but there would be less

likelihood since second-order and other even-order harmon-
ics are generally weaker than odd-order harmonics when pro-
duced by a fundamental laser only. A closed loop of transi-
tions can also be completed with two THz photons without
the second harmonic photons, but with much less likelihood.
In this case, the system will absorb n photons and emit n
photons or absorb n−1 photons and emit n+1 photons in
compliance with the parity and energy conservation require-
ment. Other combinations of fundamental laser photons,
second-order harmonic photons, and a THz photon may be
possible to make a closed loop of transitions, however, the
four-photon process for the mixing of the fundamental and
its second harmonic laser fields is the primary generation
mechanism of THz emissions when n=2, which is the most
likely case if the laser field is not very high.

For most atomic systems, two infrared photons are insuf-
ficient to excite the system to an intermediate state in the
continuum ionized levels of the atom so an intermediate state
well below the ionization threshold is required for the four-
photon process mentioned above. Intermediate levels above
the ionization threshold can only be reached by absorbing a
greater number of photons, which is what is observed in the
intense laser fields seen in Fig. 5. Nevertheless, for many
semiconductor systems, two infrared photons are sufficient
to excite an electron from a valence band to a conduction
band.

Using a model of an electron in a short-range shallow
potential of the form �46,47�

V�x� = − c1e−x2/c2, �18�

a significant increase in the THz emissions produced through
the four-photon process is demonstrated when the position of
the intermediate state is moved across the ionization thresh-
old. For a finite-range potential, the Rydberg series are re-
placed by a few bound states whose number decreases with
the decreasing potential range or strength �48�. The param-
eters in Eq. �18� are set at c1=0.3 and c2=1.202. Only one
bound state exists for this potential and the ionization energy
is Ip=2.428 eV, thereby satisfying ��
 Ip
2��. This level
of ionization potential has often been used in simulating the
semiconductor systems in previous studies �14,42,49,50� and
is found to be convenient for simulating the quantum inter-
ference processes. In this study only the bound state provides
an appropriate initial and final state in the four-photon pro-
cess. The electron is easily ionized by the field with a fre-
quency of � �two-photon ionization� or 2� �one-photon ion-
ization�. The intensities of the laser fields are chosen so that
more than four photon processes would yield negligible dif-
ferences in the results.

To find an increase in the THz emissions when the posi-
tion of the intermediate state crosses the ionization threshold,
the potential parameter c1 in Eq. �18� is changed from 0.17 to
0.4, which results in corresponding changes to the ionization
energy Ip from 0.969 to 3.7763 eV. The intensities of the
fundamental �800 nm� and its second harmonic laser field are
fixed at 3.51�1010 W /cm2 and 1.404�109 W /cm2, re-
spectively. The center photon energy of the fundamental 800
nm laser field is 1.55 eV and � is used to denote the ratio of
Ip /��, which ranges from 0.625 to 2.436. Figure 8�a� shows

ω
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ω
ωTHz

ω2

ω

ω ω

ω

ω2

ωTHz

ω
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n n n−1 n+1

(A) (B)

FIG. 7. Schematic diagrams of multiphoton transition processes
of an atomic system to produce THz emissions. The intermediate
levels are represented by the horizontal dashed lines and the con-
tinuum ionization levels of the atomic system are represented by the
shadowed area. Starting from the same initial state �the ground state
or an intermediate state�, two typical processes are shown here: �a�
two fundamental photons are absorbed and then one THz photon
and a second harmonic photon are emitted; �b� one second har-
monic photon is absorbed and then a THz photon and two funda-
mental photons are emitted.
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the dependence of the THz field amplitude on � with the
corresponding ionization probability displayed in Fig. 8�b�.
Enhanced THz emissions can be seen in the 1.0
�
2.0
range, consistent with the condition of ��
 Ip
2�� found
necessary for enhanced THz emissions above. When �
�2.0, two photons of the fundamental laser field are insuf-
ficient to excite the electron to an intermediate state above
the ionization threshold. Then the four-photon process can
only take place between the ground state and an intermediate
state below the ionization threshold. It can be seen that there
are almost no THz emissions in this case and the THz emis-
sions are understood to be induced by virtual carriers, where
the electrical transient results from a reactive current and is
free from scattering effects �19�. This usually occurs at a
much lower level than that induced by real carriers of the
same laser field. The rapid decrease in excitation near or just
below the band edge is also detected in experiments for
GaAs samples �19� and is interpreted as the exponential de-
crease in optical absorption �51�. When �
1.0, one photon
of the fundamental laser pulse is sufficient to excite the elec-
tron above the ionization threshold. The ionized electron is
then less likely to absorb one photon than the bound electron
and the closed four-photon loop is less likely to be completed
than when 1.0
�
2.0. Moreover, the ionized electron is
apt to be released because of the weak bond of the short-
range potential and is also found to counter THz emissions.
The turn-on effect is obvious when ��1.0.

The bandwidths of the THz spectra are also analyzed us-
ing the parametric potentials with c1=0.3, c2=1.202, and Ip
=2.428 eV. To show the dependence of the THz spectra on

the second harmonic laser frequency, the second harmonic
laser field is specified as a long flat-top envelope with a
frequency of �2 and varying around 2�. This laser field re-
mains constant throughout the calculations so its bandwidth
can be omitted from analysis of the bandwidths of the THz
spectra. The fundamental Gaussian-enveloped laser pulse,
with a � centered frequency and bandwidth �denoted as ���
of about 0.03 �1/o.c.� �11.25 THz� for the 106 fs �FWHM�
Gaussian-enveloped pulse, does not change. Pathway A of
the four-photon process mainly occurs when �2
2�, which
is denoted as �2=2�−��2. Following the excitation that oc-
curs from the absorption of two �1 photons ��−����1
��+��� and emission of one �THz photon, the electron
recombines to the ground state by emitting a �2 photon.
Thus, the THz spectrum is broadened with higher ��, being
the shorter duration of the fundamental laser pulse. Since the
central � photons are found to be the most likely ones ab-
sorbed by the electron, the THz spectra mainly center around
�THz=2�−�2 for different values of �2, as shown in Fig.
9�a�. In this figure, the strength of the THz fields varies ac-
cording to the different �2 values. The strength is determined
by the strength of the incident laser fields and the probability
of absorbing or emitting photons. As the strength of the in-
cident laser field remains constant for these calculations, the
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FIG. 8. �a� Dependence of THz field strength on �= Ip /�, the
ratio of the ionization potential Ip to the center photon energy of the
fundamental laser field. The intensities of the fundamental �800 nm�
and its second harmonic are fixed at 3.51�1010 W /cm2 and
1.404�109 W /cm2 for the short-range shallow potential V�x�=
−c1e−x2/1.202. �b� The corresponding ionization probability for dif-
ferent �.
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FIG. 9. �Color online� The THz emission spectrum of an elec-
tron in a short-range shallow potential model V�x�=−0.3e−x2/1.202

with the mixing of the fundamental laser field �800 nm, 3.51
�1010 W /cm2� and the proximal second harmonic laser �2 field
�1.404�109 W /cm2�. The frequency �2 �denoted as a number
times � in the frame� ranges around 2�, twice of the frequency of
the fundamental laser pulse.
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probability of emitting 2�−�2 THz photon accounts for the
strength of the THz emissions here. When the frequency of
the THz emissions is high enough, this probability varies
little and the strength of the THz field remains fixed at 2�
−�2, as is shown in Fig. 9�b�. Pathway B of the four-photon
process mainly occurs when �2=2�+��2 and the peaks of
the THz spectra remain fixed at ��2, as shown in Figs. 9�c�
and 9�d�. The THz emission behavior is similar to when �2
=2�−��2.

As mentioned previously, according to the four-photon
process model involving superposed second harmonic laser
fields over the fundamental one, the emission of THz pho-
tons can be attributed to the transitions between the con-
tinuum states referred to as the intermediate states. When
�2=2�, which pathway of A and B is the predominant case
for the four-photon process relies on the relative intensities
of the two incident laser fields. When different amplitudes of
the 2� laser field are examined, the THz spectra are located
in almost the same place. The dependence of the amplitudes
of THz fields on the amplitude of the second-order harmonic
laser fields, ETHz	E2� as indicated in Eq. �15�, is illustrated
in Fig. 10�a�. Two-photon excitation occurs mainly with
higher intensities of the fundamental laser field. Two photons
of the fundamental laser field are absorbed and one THz
photon and one 2� are emitted when pathway A of four-

photon process is followed. Thus, the amplitude of the fun-
damental harmonic reduces as E2� is increased and is found
to be inversely proportional to the square of the amplitude of
the second harmonic laser fields, as is shown in Fig. 10�b�. In
theory, the amplitude of the second-order harmonics evolves
in the same manner as the THz emissions. As the second
harmonic laser fields have a much longer duration than the
THz emissions or the fundamental laser field, changes in the
second harmonics are not obvious for the different intensities
of the laser fields.

In contrast, when the intensity of the 2� laser field is
higher, under the dominance of one photon excitation pro-
cess the electron tends to absorb one photon of the second
harmonic laser field and emit one THz photon and two pho-
tons of the fundamental laser field. With a fixed intensity of
the 2� laser field, we find that ETHz	E�

2 , as illustrated in
Fig. 10�c�. In the process of emitting one THz photon, two �
photons are also emitted and the amplitude of the fundamen-
tal harmonics changes in proportion to the amplitude of the
fundamental laser field, as is shown in Fig. 10�d�. This rela-
tionship between the THz field amplitude and the intensities
of the two laser fields accords with the scaling law of Eq.
�15� and is implicit in the four-photon process of generating
THz emissions which involves two � photons, one 2� pho-
ton, and one THz photon. Thus the amplitude of THz field is
proportional to the amplitude of the 2� laser field and the
square of the amplitude of the fundamental one. This rela-
tionship can be clearly seen in Fig. 10 where the intensity of
the laser field is fixed so that multiphoton ��3� excitations
can hardly happen.

THz intensity can also be strengthened under a 1D hydro-
gen model for the mixing of the fundamental and its second
harmonic laser fields. Figure 11 shows the THz emission
spectra when the intensities of the fundamental and its sec-
ond harmonic laser fields are 3.51�1012 W /cm2 and
8.775�1011 W /cm2, respectively. There are almost no mul-
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FIG. 10. Dependence of THz amplitude on �a� the amplitude of
the 2� beam and �c� the amplitude of � beam. Dependence of the
fundamental harmonics amplitude on �b� the amplitude of the 2�
beam and �d� the amplitude of � beam. The solid lines are the linear
and square fit and the dots are the calculated values for the short-
range shallow potential model V�x�=−0.3e−x2/1.202.
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tiphoton excitations to the intermediate levels above the ion-
ization threshold for this low intensity. The four-photon pro-
cess can only occur between the ground state and
intermediate levels well below the ionization threshold.
Compared to the process without the second harmonic laser
field, the THz emissions are strengthened as shown in Fig.
11; however, the magnitude is about 4 orders smaller than
the values found in Fig. 5 where laser intensities are higher
by only 2 orders. This result supports the argument above
that THz emissions are more effectively produced by the
transitions between the intermediate states above the ioniza-
tion threshold.

More intense laser fields are also applied to examine their
effects on the THz fields. The calculated results for the soft
Coulomb potential model in Fig. 12 clearly show that the
amplitude of the THz field is proportional to the amplitude of
the second harmonic laser field. When the laser field is
strong enough, saturation is reached and the scaling law be-
comes invalid due to the higher ionization probability and
the lack of dominance of the four-photon process. With re-
gard to the fundamental laser field, however, the relationship
ETHz	 I� is not clear. This is attributed to the existence of
many excited states below the ionization threshold and the
need for more than two photons to excite the electrons to
continuum states over the large ionization potential. More
than eight photons from the fundamental laser pulse are
needed to excite the electron from the ground state to an

intermediate state above the ionization threshold and the fun-
damental laser field is also found to contribute to the escape
of the electron. Thus the bound-bound and bound-free tran-
sitions in the soft Coulomb potential contravened the scaling
law mentioned above and the dependence of THz fields on
the intensity of the fundamental laser field cannot be clearly
identified. This needs further investigation, so in the follow-
ing section only the free-free transitions have been consid-
ered by means of the strong field approximations to simulate
the four-photon process.

V. FREE-FREE TRANSITIONS IN STRONG FIELD
APPROXIMATION

As shown in Fig. 4, with only free-free transitions being
included, the continuum THz emission spectra of an atom in
strong laser field can be calculated very well. Therefore, the
main features of the THz emission of an atom in strong laser
field may be obtained using adequate analytic model of free
electron in strong laser fields. The strong field approximation
theory, which is extended here to calculate the THz emis-
sions, is developed by Lewenstein et al. �52� to calculate the
HHG. Under this theory, the time-dependent wave function
is expanded in terms of the ground state and the continuum
states; in other words, the contributions of all the excited
bound states are ignored �53,54�. The continuum states are
approximated by the Volkov states and the influence of
atomic potential is neglected �53�. The amplitude of the elec-
tron being excited from the ground state to a continuum state
by the laser field is given by

b�v,t� = i	
0

t

dt�E�t��dx�v + A�t� − A�t���

�exp�− i	
t�

t 
 �v + A�t� − A�t���2

2
+ Ip�dt�� ,

�19�

where d�v� is the transition dipole moment from the ground
state to the continuum state with momentum v and dx�v� is
the component parallel to the polarization axis, which is cho-
sen to be the x axis. A�t�= �−E sin��t� ,0 ,0� and E�t�
=E cos��t� are the vector potential and the electric field of
the laser field. If the canonical momentum p=v+A�t� is in-
troduced, the amplitude can be rewritten as

b�p,t� = i	
0

t

dt�E�t��dx�p − A�t���

�exp�− i	
t�

t 
 �p − A�t���2

2
+ Ip�dt�� . �20�

The strong field approximation theory is used here to exam-
ine the contributions of the free-free transitions to THz emis-
sions. Note that the x component of the dipole moment be-
tween two continuum states �v� and �v�� is given in length
gauge by
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�v�x�v�� = i�v��v − v�� . �21�

Then the x component of the integral dipole moment induced
by the whole free-free transitions in the laser field is thus
given in length gauge by

dx�t� =	 dv	 dv�bv
��v�x�v��bv�

=	 dv	 dv�bv
�i�v��v − v��bv�

= i	 dvbv
�dbv

dv
, �22�

where

dbv

dv
= 	

t�

t

dt��p − A�t���	
0

t

dt�E�t��dx�p − A�t���e−iS�t,t��

+ i	
0

t

dt�E�t���pdx�p − A�t���e−iS�t,t��. �23�

For convenience, the following has been denoted S�t , t��
=�t�

t � �p−A�t���2

2 + Ip�dt�. When the second term in Eq. �23� is
neglected and Eqs. �19� and �23� are substituted into Eq.
�22�, the result is

dx�t� = 	
0

t

dt1�	
0

t

dt2�	 dp�E�t1��dx�p − A�t1���E
��t2��dx

�

��p − A�t2���e
−iS�t2�,t1��	

t2�

t

dt��p − A�t���� + c.c.

�24�

The saddle-point method is then applied to the integration
over momentum space. The saddle-point momentum is given
by

pst =
x�t2�� − x�t1��

t2� − t1�
. �25�

The equation is reduced to

dx�t� = 	
0

t

dt1�	
0

t

dt2��� �

� + i
/2�
3/2

E�t1���
�dx�pst − Ax�t1���E

��t2��dx
��pst − Ax�t2����e

−iS�t2�,t1��

�	
t2�

t

dt��pst − Ax�t���� + c.c.. �26�

Using a similar method, the x component of the integral
dipole moment in velocity form dv�t� can be defined by

dv�t� = 	
0

t

dt1�	
0

t

dt2��� �

� + i
/2�
3/2

E�t1��dx

��pst − Ax�t1���E
��t2��dx

��pst − Ax�t2���e
−iS�t2�,t1��

��pst − Ax�t��� + c.c.. �27�

The only difference between Eqs. �26� and �27� is that the
displacement �t2�

t dt��pst−Ax�t��� in Eq. �26� is replaced by the

momentum pst−Ax�t�. As expected, the time differential of
Eq. �26� is found to be an accurate reproduction of Eq. �27�
for the length and velocity gauge relationships. The emission
strengths calculated with Eqs. �26� and �27� relative to Eqs.
�6� and �7�, respectively, are almost the same. In Eq. �27�, the
term pst is related to the process of the electron born at t1

jumping to another state at t2 by the dipole transition under
the influence of the laser field. The results obtained using this
method are found to be in qualitative agreement with the
numerical results. Further explanations will be given in the
ensuing paragraphs.

The dependence of the THz amplitude on the intensities
of the fundamental and its second harmonic laser fields and
the phase differences between them, calculated with Eq. �27�
for the hydrogen atom model, is illustrated in Fig. 13. The
scaling law of Eq. �15� is evident in this case. The results
further support the notion that free-free transitions are the
main sources of THz emissions. The saturation phenomenon
is not observed as electron depletion is not considered in this
approximation.

The strength dependence of the THz field on the phase
difference between the two lasers pulses � is explained by
the change in the asymmetric laser field with � across an
individual optical cycle �4�, and in this case, the dependence
can be associated with the ATI spectrum. It is proposed that
in mixed laser fields the peak intensity, which means absorb-
ing 2�� photons in the continuum states of the ATI spec-
trum, as a function of the phase shift � is periodic and ap-
proximately proportional to cos � �55�. The tunneling of the
electron in one optical cycle is seen to depend on the mo-
ment when the laser field reaches its peak value which is
affected by the value of �. This result is consistent with the
mechanism for THz generation postulated herein and with
the scaling law.

The strong field approximation results are found to be
more regular than the results obtained from solving the
TDSE. The center frequencies and widths of the THz spectra
are found to be inversely proportional to the duration time of
the laser pulses, as shown in Fig. 14�a�. Since the continuum
states in the numerical calculations are closely related to the
potential model type, the emitted THz photon energy distri-
bution is found to be different quantitatively to that of the
strong field approximation. The TDSE results for the short-
range potential model shown in Fig. 14�b� reveal that the
frequency of the THz emissions also increases when the du-
ration of the laser pulses is reduced, as in the case of the
strong field approximation. Compared to the strong field ap-
proximation, however, there is a deviation of the inverse pro-
portion due to the more complex continuum states. Consis-
tent with our calculations, a previous study �6� shows that the
center frequencies of the THz spectra decrease by increasing
the length of the incident laser pulses. The frequency distri-
butions of the THz emissions in the results of this study,
however, differ quantitatively from those observed in the
previous study, because of the greater complexity of true
atoms, but as the generation mechanisms are the same, the
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variations in the THz strength relative to the parameters of
the incident laser fields follow the same pattern.

VI. OPTICAL BIASED POTENTIAL

The evidence above supports the notion that an atom can
absorb one photon and emit two photons, one of which is in
the THz frequency range, if the symmetry of the atom is
broken. Unlike the FWM process, this three-photon process
may be interpreted as a second-order nonlinearity that can
produce a very large coefficient by itself �12,14,26�. This
section discusses the simulation of this kind of process. The
introduction of a spatially constant electric field E0 is widely

used to break the system symmetry and enhance THz emis-
sions. Equation �2� is replaced by

ĤI = − �E0 + Ef�t�cos��t�� · r . �28�

When noble gases are used, it is possible to apply higher
biased fields with an increased dielectric breakdown field of
the gas by raising the absolute gas pressure. It is reported that
the amplitude of the emitted THz field exhibits a linear rela-
tionship with the biased field strength and is almost indepen-
dent of the absolute gas pressure �5�. This method is more
often applied to semiconductors as the ionization potential is
much lower and the system symmetry can be broken more
easily. It has also been reported that electrons accelerated by
a surface biased field result in an electric current that gener-
ates THz emissions with amplitudes demonstrating a linear
relationship with the biased electric field �9–11�. Generally,
biased electric fields in a range of 10–50 kV/cm can be ap-
plied for gases at normal pressures. In atomic systems, this
value is negligible compared with the strength of nuclear
electric field. So simulations are made for the short-range
shallow potential model expressed by Eq. �18� with intensity
of the fundamental 800 nm laser field to be 3.51
�1012 W /cm2. The THz field amplitude demonstrates a lin-
ear relationship with the biased field as shown in Fig. 15�a�.

0 0.5 1 1.5 2
ϕ(π)

−1.0

−0.5

0.0

0.5

1.0

T
H

z
A

m
pl

it
ud

e(
ar

b.
un

it
s)

0 10 20 30 40
E400(x10

3
kV/cm)

0

0.5

1

T
H

z
A

m
pl

it
ud

e(
ar

b.
un

it
s)

0 0.5 1 1.5 2
I800(x10

14
W/cm

2
)

0

0.5

1
T

H
z

A
m

pl
it

ud
e(

ar
b.

un
it

s)

I400=2.5x10
13

W/cm
2

I800=1.26x10
14

W/cm
2

(a)

(b)

(c)

FIG. 13. Dependence of THz amplitude on �a� the intensity of
the � laser, �b� the amplitude of the 2� laser, and �c� the phase
difference ��� between the two lasers. The dots are the values cal-
culated using the strong field approximation for the free-free tran-
sitions, and the solid lines are, respectively, the linear and cosine
fittings to the corresponding dots.
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FIG. 14. �Color online� THz emissions upon mixing the funda-
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Only three photons are involved in this THz emission pro-
cess: two photons from the fundamental laser pulse and one
photon of THz, so the amplitude of the THz fields is in
proportion to the intensity of the laser pulse as shown in Fig.
15�b�.

According to the four-photon THz emission process for
the mixing of the fundamental and its second harmonic laser
fields, the introduction of a field with THz frequency ��3�
also induces the second-order and other even-order harmon-
ics. When two photons of the fundamental laser field are
absorbed, a photon with ��3 of energy and a photon with a
frequency of 2�−�3 located close to the second-order har-
monic line are emitted as a result of applying a THz fre-
quency laser field. Similarly, when the system absorbs two
photons from the fundamental laser field and one THz pho-
ton, then a photon with a frequency of 2�+�3 is emitted.
The corresponding peaks at 2���3 are evident in the emis-
sion spectrum. When the frequency of the incident field is
low enough, its optical cycle is found to be longer than the
duration time of the fundamental laser pulse. In this way, it
acts like a spatial electrical field and the system symmetry is
broken by the THz field. The emission spectrum around the
second harmonics for �3=5 THz=0.013 33� depicted in the
inset of Fig. 16�a� clearly shows the peaks at 2���3 and
2�. Thus, both the three- and four-photon process models
operate for the superposition of the fundamental and the THz
frequency fields when �3=0.013 33�. No matter which
model is adopted to describe the physical process, the rela-

tionship of ETHz	�I�3
I� holds, as shown in Figs. 16�b� and

16�c�. With a stronger THz field, the three peaks at 2���3
and 2� are all increased. The amplitudes of these peaks are
also in proportion to the amplitude of the THz field in accor-
dance with the THz emission generation mechanism. This
relationship, in accordance with previous studies �56,57�, is
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FIG. 16. �Color online� �a� Strength dependence of the three
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THz field for the mixing of the fundamental and a 5 THz frequency
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chosen to be 3.51�1012 W /cm2 and the amplitude of the THz field
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line�, and 51.4 kV/cm �dotted line�, respectively. Dependence of the
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illustrated in Fig. 16�a� and supports the validity of the
three-or four-photon process in describing THz generation.

VII. CONCLUSION

In this study THz emissions from atoms in intense fs
Gaussian-enveloped laser pulses are investigated by solving
TDSE. It is first deduced from results with one-component
laser fields that the excitations of electrons to continuum and
high Rydberg states are essential for the generation of THz
emissions. Transitions between the intermediate states lying
above the ionization threshold of the atomic system are
found to be much more effective for generating THz emis-
sions than those states below the ionization threshold. This
finding serves to enhance understanding of the behavior of
an atom in intense laser fields since previous investigations
often omit these continuum free-free transitions in the three-
step model of HHG. Herein, an explanation based on multi-
photon transition processes of how to substantially enhance
THz emissions by mixing fundamental and second-order har-
monic laser fields has been postulated. This mechanism, in
light of a short-range shallow potential model, is shown to
have all the usual low intensity four-photon mixing charac-
teristics. In support of the TDSE predictions about the THz
emission processes, an analytical strong field approximation

is used to calculate the optical transition amplitudes between
the continuum states. The results obtained from solving the
TDSE and from the strong field approximation are found to
be in accordance with the scaling law observed in previous
studies. A biased electric field is also used to break the sym-
metry of the atomic system to facilitate the predominance of
three-photon processes. This process enhances the THz emis-
sions substantially and, consistent with previous studies, the
dependence of the THz field strength on the applied electric
fields is also predicted. Finally, a 5 THz frequency laser field
is superposed on the fundamental laser field to induce the
generation of second-order and other even-order harmonics
as an inverse multiphoton process of the THz emissions dis-
cussed in the present study.
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