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In order to explain discrepancies between theoretical predictions and experimental data for the helium fine
structure, we check and recalculate all theoretical contributions up to orders ma’ and m?/Ma®. The previous
result for the ma’ correction is improved by a more accurate calculation of relativistic corrections to the Bethe
logarithm. The theoretical values of the 2 3P0—2 3Pl and 2 3P1 -2 3P2 fine-structure intervals in helium are,
correspondingly, vy;=29 616 946.2(1.6) kHz and v{,=2 291 177.3(1.6) kHz, with the uncertainties being due
to higher-order effects. For the small interval v,,, the theoretical value agrees with the experimental data,
whereas for the large interval vy, a discrepancy of about three standard deviations is present.
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I. INTRODUCTION

The fine-structure splitting of the 2 *P level in helium has
long been an attractive subject of theoretical and experimen-
tal studies. One of the reasons for this interest is that the fine
structure, being an intrinsically relativistic effect, is propor-
tional to Ry and thus provides an opportunity for the de-
termination of the fine-structure constant a from a compari-
son of theoretical predictions with experimental data. A
series of measurements of the helium fine structure has been
performed during the last decade [1-7], with the current ac-
curacy being on the level of 25 ppb. For theory, to reach an
adequate level of precision in a description of a three-body
system is a challenging problem.

Despite considerable calculational efforts of last years to
provide an accurate theoretical determination of the fine
structure of helium, the current status of theory can hardly be
considered as satisfactory. Recent calculations [8,9] demon-
strated a significant discrepancy with the experimental data,
the difference for the large (small) fine-structure interval be-
ing about ten (six) times larger than the total nonlogarithmic
contribution to order ma’. It seems unlikely that such differ-
ence can be explained only by higher-order effects.

The theory of the helium fine structure up to order ma
has been confirmed by at least two independent calculations
and thus can be considered as established. The logarithmic
part of the ma’ contribution has also been calculated inde-
pendently. The only corrections that are not yet checked by
different evaluations are the recoil contribution to order
m?*/Ma® and the nonlogarithmic correction to order ma’.
These corrections will be the main subject of the present
investigation.

The theoretical description of the fine structure to order
ma’ is a difficult task. Within the logarithmic accuracy, this
was first done by Zhang et al. [10] and later confirmed by
one of the authors (K.P.) [11]. An important part of the non-
logarithmic correction to order ma’ was calculated by K.P.
and Sapirstein [12]. The problem of derivation of the com-
plete set of effective spin-dependent operators to order ma’
was addressed by Zhang in a series of works [13—15] within
the equal-time variant of the Bethe-Salpeter formalism. The
derivation based on the dimensionally regularized nonrela-
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tivistic quantum electrodynamics (NRQED) was reported re-
cently by K.P. [9], who noted several mistakes and inconsis-
tencies in the previous derivation by Zhang.

In the present investigation, we give a detailed account of
the derivation of the total contribution to order ma’, first
reported in Ref. [9], and present a recalculation of all correc-
tions up to orders m>/Ma® and ma’. Particularly, we per-
form an evaluation of the relativistic correction to the Bethe
logarithm, which improves upon the first calculation in Ref.
[12].

The paper is organized as follows. In Secs. II and III we
give a short summary of the general formulas for the helium
fine structure up to order ma®. The derivation of the ma’
correction is presented in Sec. IV. Section V describes the
numerical approach and reports the numerical results. Sec-
tion VI contains the summary of all contributions to the he-
lium fine structure and the discussion of the present status of
theory and experiment. The relativistic units are used in this
paper, i=c=¢€,=1 and e’=47a.

II. LEADING-ORDER FINE STRUCTURE

The dominant contribution to the helium fine structure is
induced by the spin-dependent part of the Breit-Pauli Hamil-
tonian, which is, for an infinitely heavy nucleus,
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where =7, -7, and we have included the effects of the elec-
tron anomalous magnetic moment (amm) a,,
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Expanding the amm prefactors in Eq. (1), Hg can be written
as a sum of operators contributing to different orders in «,
Hyp=HY +HY + HY
S

fs, amm

*H p+ (3)

Here H(4 and Hﬁf yleld the complete fine-structure contn-
butions of order ma* and ma’, respectively, whereas Hfs amm
and Hg)dmm are the amm parts of the corresponding higher-
order operators.

The leading effect of the finite nuclear mass is conve-
niently divided into three parts, termed as the mass scaling,
the mass polarization, and the recoil operators. The effect of
the mass scaling is accounted for by including the prefactor
(m,/m)* into the operator Hy, where m, is the reduced mass
for the electron-nucleus system. The effect of the mass po-
larization can be accounted for to all orders by evaluating
expectation values of all operators on the eigenfunctions of
the Schrodinger Hamiltonian with the mass-polarization op-
erator (m,/M)p,-p, included. The third effect is induced by
the recoil addition to the Breit-Pauli Hamiltonian
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1. ma® CONTRIBUTION

The ma® contribution to the helium fine structure is a sum
of the second-order perturbation corrections induced by the
Breit-Pauli Hamiltonian and the expectation Value of the ef-
fective fine-structure Hamiltonian to this order, HfS ,

1
E® = <H —_— > + 2<H<4>
fs( HO), nfS(

. >
Ey—Hy)' "
+(HY). (5)

Here, 1/(Ey—H,)' is the reduced Green’s function and H'Y is

the spin-independent part of the Breit-Pauli Hamiltonian

Hfés Sm 3(171 +P2) + [53(r1) +8(r)]
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where we omitted a term with 6°(r) since it vanishes for the
triplet states. It is noteworthy that in Eq. (5) we include the
operator Hy, (and not just H%‘S‘)), thus accounting for the amm
correction to the Breit-Pauli Hamiltonian. While this correc-
tion is of order ma’, it is convenient to calculate it together
with the ma® contribution because only simple changes in
the prefactors are required.
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Hﬁf) consists of 15 operators first derived by Douglas and
Kroll (DK) [16] in the framework of the Salpeter equation.
These operators were later rederived in a more simple way
using the effective field theory in Refs. [11,13]. The result is

15
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The finite nuclear mass correction to the ma® contribution
can be divided into the mass scaling, the mass polarization,
and the operator parts. The mass scaling prefactor is (m,/M)*
for the B,, B, B,, and Bs, (m,/ M) for the other B; operators,
(m,/M)® for the second-order corrections involving the first
term in Eq. (6), and (m,/M)> for all other second-order cor-
rections. The mass-polarization effect is most easily ac-
counted for by including the mass-polarization operator into
the zeroth-order Hamiltonian. The operator part comes from
recoil corrections to Hﬁf), Hnﬂ, and H(6 The recoil part of
Hﬁs is given by Eq. (4). The spin- 1ndependent recoil part of
the Breit-Pauli Hamiltonian is

Zm 8 ry . )
4 a'a
Sltgrec 2Ma 12[7 (_a+_2)(p]l+p]2). (23)

Recoil corrections to the DK operators were studied by
Zhang [15] and by K.P. and Sapirstein [17]. The result is
given by the effective Hamiltonian
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IV. DERIVATION OF THE ma’ CONTRIBUTION

In this section we present a detailed derivation of the ma’

contribution to the helium fine structure. The corresponding
results have already been presented in Ref. [9]. The deriva-
tion is based on the dimensionally regularized NRQED [18].
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FIG. 1. The two-photon exchange scattering amplitude.

The general idea is that, in the situation when all relevant
electron momenta are much smaller than the electron mass,
an approximate QED Lagrangian can be used, obtained from
the original full-QED Lagrangian by the Foldy-Wouthuysen
(FW) transformation, as described in the Appendix. The stan-
dard FW transformation is generalized to the extended num-
ber of the space dimensions and also to account for the mag-
netic moment anomaly of the electron a,. The regularization
parameter €, related to the space dimension d=3-2¢, plays
the role of both an infrared and ultraviolet regulator and can-
cels out in the end of calculations.

The fine-structure contribution to order ma’ (aSRy) can
be written as [12]

b e
(Eo—Ho)'H +E;, (33
where H® denotes the effective Hamiltonian to order mda/,
1/(Ey—H,)' is the reduced Coulomb Green’s function, and
E; is the low-energy contribution to be interpreted as the
relativistic correction to the Bethe logarithm.

The second term in Eq. (33) that involves the second-
order matrix element is the simplest. H® is the Breit-Pauli
Hamiltonian and is the sum of the spin-dependent and the
spin-independent parts, H®= H(4 +H(2 The effective
Hamlltoman to order ma’ is given by the sum H® H(S)
+H®), where the first part is the leading-order amm correc-

nfs>

tion to the Breit-Pauli Hamiltonian defined by Eq. (3) and

702 1 4Zd?| 19
2 7+—i[—+ln(Za)

ED=(HD) + 2<H<4>

nfs — 67Tm P 3 30 :|[53(r1) + 53(r2)]'

(34)

The amm part of H* has already been included into the ma?®

correction described in the previous section. The remaining
part of the second-order perturbation correction will be de-
noted as Eg and is given by

1
Eg= 2<H§g)mf[§2> (35)

The effective operator Hﬁs) consists of two parts: (i) the
exchange terms, in which photons are exchanged between
the two electrons, and (ii) the radiative corrections, in which
one or several photons are emitted and absorbed by the same
electron. They are calculated separately using different com-
putational methods in the following subsections.

A. Photon exchange part

An important feature that leads to a considerable simpli-
fication of the calculation of the photon exchange part is
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the fact that the order being calculated is nonanalytic in o?.

For example, H') consists of the two terms only, which can
be derived from the two-photon exchange scattering ampli-
tude. A similar statement holds for the photon exchange part
of Hg). if HEZ) is an effective Hamiltonian, it has to give
the same scattering amphtude as in full QED. Due to the
simple structure of H. fs , the effective interaction can be un-
ambiguously extracted from this amplitude. The scattering

amplitude is usually much simpler to calculate, than correc-

PHYSICAL REVIEW A 79, 062516 (2009)

tions within effective field approach, such as that used for the
derivation of H®. An important point here is that only the
two-photon exchange diagrams contribute to HI(CZ), the ab-
sence of the three-body effects being a result of an internal
cancellation.

So, we obtain the exchange contribution from the spin-
dependent part of the two-photon scattering amplitude (Fig.
1), which is

et [, 1 1 ., 1 )
o= )Df R r a2 k= qi2)? {”("l)wm Grapp—17 e
’ v 1 — v 1
+ilp})y _k+(ﬁl+pi)/2_1y“u<pl>}u<pz)y Fe g1 (36)
I

where g=p|—p;. There are three scales of the k integral that #(p")Qu(p) =Tr Qu(p) ® i(p')
are responsible for the ma’ corrections: m, ma, and ma?. ,
Only the first two scales are accounted for in Eq. (36), Tr Q(’5 + 1)(”0*'1 )(15 + 1)
whereas the third one, k~ma?, corresponds to a low-energy 4 2 )
contribution and requires a separate treatment. Because of - P11\ +I\d(p +1
the dimensional regularization, the contribution of each en- a’Tr 0 ( )( 5 )T( 5 ),
ergy scale can be obtained separately.

In our calculation, only the spin-dependent part of the (40)

scattering amplitude &;H is needed. It is, however, not obvi-
ous what the spin-dependent part is. In order to be consistent
with the rest of the calculation, we employ the free FW trans-
formation S,

Y =e", (37)
i p+1
e’ s ———, (38)
V2E,(E,+ 1)
which for small momentum takes a simple form
s b1
~—. 39
e 2 (39)

This leads us to the following projection operators:

&H[m] = a{(fl(l q)03(j, Q)[ 36 1oe

} +i[oy(p1.p1) + oa(py, Pz)]{

which identify the spin-independent and spin-dependent
parts of the matrix element of the arbitrary operator Q, re-
spectively, with o defined by

. d=3
.. l . . ..
a”=5[)/,y’]= éko*. (41)
We now perform an expansion of the integrand of the
scattering amplitude 6;H in Eq. (36) for two scales, k~m
and k~ma. Assuming k~m and the external momenta p
~ma and expanding the integrand in «, we obtain

1 1
6 de :|+l[0-l(p27p2)+0-2(p1?p1)]|: :|

1 1 17 )
+o 0'1(IP1+P1)0'2(JP2+P2) 0'1(.]P2+P2)0'2(]P1+P1)+ 0'10171 Pz"‘Pi—Pé)O'z(l,lh—P2+P{_P£)}-

A similar expansion with the assumption that kK~ ma leads to

(42)
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51H[ma]=012{01(]'»61)0'2(]}61){ 2 1)

+ Z[UI(P],PI) + 0’2(172,172)][ 12 12e

The sum of 8 H[m] and 8, H[ma] is

19

51H=a2{01(]',61)02(i,q)[ 18 3 2

11

+l[01(P2,P2)+02(P1’P1)]{ 12 3¢ 3

17
72

where a(j,q)=07"q, and g=\7.

The third scale k~ma? requires a more accurate treat-
ment since any number of the electron-nucleus Coulomb
photon exchanges contribute to the same order. This low-
energy part can be represented in the Coulomb gauge as

A% KK
Ep= . m( & - >5<¢>|P1 P]2|¢>
+(1 <—>2), (45)

where the symbol &...) stands for the first-order perturba-
tion correction of the matrix element (...) by the
(d-dimension generalization of the) Breit-Pauli Hamiltonian
HW, which implies perturbations of the reference-state wave
function ¢, the energy E, and the zeroth-order Hamiltonian
HO.

Expression (45) involves the Coulomb Green’s function,
which is not known for the arbitrary dimension. This prob-
lem is solved by splitting the integral over k into two parts,

o0 A o0
j dk = f dk + f dk, (46)
0 0 A

with A=m(Za)?\ and \ being a dimensionless cutoff param-
eter. The two corresponding parts of Eq. (45) will be referred
to as & p and &E. It is assumed that in these parts the ex-
pansion is performed first in the small € and next in the large
N. The first part &z has a finite limit at d=3. It will be
evaluated in Sec. IV E together with other low-energy con-
tributions.

We now turn to the evaluation of the second part 5,E. The
spin-dependent part of the Breit-Pauli Hamiltonian in d di-
mensions is the sum of the electron-electron part H,, and the
electron-nucleus part H,y,

S6H,, = i 2[lp1p/1( 2(0’%+20’¥)

- akoé’fqqu], (47)

T+ 20%) +ip)

2oLl <q>}

- L + _IH(Q)] + 1[01@2’172) + 02(171’171)][

LEL —ln(q)} +iloy(p1.p) + Uz(Pz’Pz)]{

+——01(j,p1 = P2+ Py = ) 02(j.p1 = P2 + ) —Pé)},
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2
3 —3—+ 3ln(c])}} (43)
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(44)

Zez . djonmij . gjomij

OH, ny=— 4—6]2[101{1)1 Ph+ioipy'phl. (48)
Only the electron-electron part H,, contributes to &,F. Since
k is much larger than H,—E,, we expand the integrand to
yield

SPp\———pilp)+ (1 -2)= 25<¢|P1(H0

Ey-Hy—k

~Egpli )+ (1 2)= §a¢|[p",[Ho—Eo,ﬂz']]|¢>

= PPV Pl 51, )

(Eo—Hy)'
1 . .
The first term in the above expression is the second-order

perturbation correction, which is already included into Ejg,
Eq. (35). The contribution of the second term is

d-1 (" d% . 4
o= fA Gyt P Lot ). (50

After expanding this expression in €=(3—d)/2 and then in «,
the result is represented by the expectation value of the ef-
fective operator 6,H,

5 1 2 2
&5H=a?y =+ — + —In[(Za) 2] - =In(2\) Lioy(p1,p1)
9 3¢ 3 3

+i0y(py.py) + 2i0(p3.pa) + 2i0n(py.py)
- o1(,9)0(j.9)]. (51)

So, the contribution due to the photon exchange is given by
the sum of the expectation values of §;H and &,H and by the
low-energy contribution & .

When calculating expectation values of effective opera-
tors between the triplet P states, some simplifications can be
performed. The first one is that the expectation value of the
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Dirac & function with both momenta on the right- (left-) hand
side vanishes. The second one is that the expectation value of
o is equal to that of 0. As a result, the sum of §;H and 6,H
can be written as

Hp=8,H+ 5H=a*{6 + 4 In[(Za)>] - 4 In(2\)

23 2
+3 Inglio(py.p)) + az{— E - gln[(Za)_z]

+ %111(2)\) + %]n q}al(j,q)oz(j,q). (52)

B. Radiative corrections

The ma’ contribution induced by the radiative corrections
is also split into the high and low-energy parts. We argue that
the high-energy part can be accounted for by using the elec-
tromagnetic form factors F; and F, and the Uehling correc-
tion to the Coulomb potential F'y,

1 1
Fi(-)=1+— <8+6—>”2

. afl 1
PA-4)= 7_r<§ B 12‘12)

al
F(-¢") = 1 Sq (53)
In principle, there are also corrections quadratic in the elec-
tromagnetic field. However, one can demonstrate that such
terms formed out of E é p, and ¢ contribute only to higher
orders and can be neglected.

Corrections induced by the slope of the electromagnetic
form factors are obtained by rederiving the Breit-Pauli
Hamiltonian, Egs. (47) and (48), with employing modified
electromagnetic vertices. The resulting effective operator is

&H = wZa(F| + 2F, + F)iloy(p},p) + 02(p.p))]
- ma(2F| + 2F; + Fy)iloy(p{.p) + 02(p5.p2)]
- 2ma(2F| + Fy + F)il o1(p5.pa2) + 02(p1.p1)]
+ ma(2F | + 2F) + Fy)o(j,q9)o1(j,q) (54)

where p” is the momentum scattered off the Coulomb poten-
tial of the nucleus.

The low-energy part of the radiative contribution is writ-
ten in a form similar to Eq. (45),

e[ dk (517 k'K )
=e _—
Le o (2mh2k K

X Plpi Pl + (1 —2). (55)

E-H-k
Here, & denotes the first-order perturbation correction due to
both parts of the Breit-Pauli Hamiltonian, the electron-
electron part 6H,, in Eq. (47), and the electron-nucleus part
SH,y in Eq. (48). Introducing the splitting parameter A, we
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separate E; into two parts, £z and 8,F, which correspond
to the first and the second term in Eq. (46), respectively.

The evaluation of &,E is similar to that of the photon
exchange part. It yields S,E=(8,H), where the effective
Hamiltonian is

OH =« {g + 3L + —ln[(Za) - —111(2)\)}{ —o(pl.p1)

iz . . .
+ E%(Pg’l’z) —ioy(p1,p1) — io5(p3.pa) = 2i05(p1.p1)

- 2ioy(p3,p2) +U1(1"f])02(/,61)] (56)

The total radiative correction is the sum of &H, d,H, and
the low-energy contribution &; . The sum of &H and &6,H
can be simplified further by using the symmetry 12, with
the result

91 2 2 o
Hp= Zaz{ @ + gln[(Za)_z] - gln(Z)\)}lal(pl,pl)

— az{% +41In[(Za)?]-4 111(2)\)}1'01(!71’1’1)

ra {% + 5111[(25() 2]- —ln(Z)\)}O'l(] 9)02(j.9)-

(57)

C. Q operators

It is convenient to consider the sum of Egs. (52) and (57),
Ho=Hpg+Hp, as several logarithmic terms cancel out. The
result is

91 2 2 o,
Hy=Za {@ + gln[(Za)_z] - 51n(2)\)}10'1(p1,p1)

39
+a B+3 In g |ioy(py.p1)

43
+a2{—

5 Gt (59)

For numerical calculations, we have to obtain the coordi-
nate space representation of Hy, which involves singular op-
erators and requires a proper definition. We introduce the
following operators:

d3q - 1
iG-F _ - —
f (277)36 47(1-1n q) 3 (59)

d’q .,Q4W< .l )( 23) 1<.A & )
ig-Ft ij_Z 2 1 _ )= 1,J__2 .
em?¢ 15\ 11T\ AN

(60)

The coordinate-space representation of these operators is de-
fined through their integrals with the arbitrary function f that
is smooth at origin,
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f d3r% (7) = lim J d3r[%e<r— &) +478(r)(y+1n e)}f(f), 61)
§ e—0 r

(.. & 1§
B | i 2 2= 1; 3 [y I Y B
fdr’j(rr 3r)f(r) lli?)fdr{r7<rr 3

where we assume that r is expressed in atomic units.

7

r2) 0(r—€)+%53(r)(7+1n e)(o”‘ﬁ/—%ﬁzﬂﬂf), (62)

With these definitions, the coordinate-space representation of Hy, is (in atomic units)

91 2 2 . . 83 Inea) . - . =
H, =Za7{@ + gln[(Za)_z] - gln(Z)\)} X [ip; X 8 (r)p, - 1]+ a7<— @ + —2 )(01 -V)(6,-V)&(r)
151 69 3 1
—a7——7(5'1~F)(5‘2~F)+a7<—+31n a)iﬁlx53(")[31‘6:1—047_iﬁl><_3ﬁ1'6'1. (63)
8mr 10 4ar r

The above equation is written in atomic units because defi-
nitions (61) and (62) are formulated in this unit system.
Other formulas in the present paper are written in relativistic
units. The N-dependent term in Eq. (63) cancels with the
corresponding contribution in Eq. (122). The logarithmic in
a part of H, agrees with the results of Refs. [10,11].

D. Anomalous magnetic moment correction
to the ma® operators

The remaining contribution to Hg) is the amm correction
to the spin-dependent ma® operators. It does not lead to any
divergences and therefore can be calculated without any
regularization. The derivation of the amm part of H(fz) is done
with the help of the NRQED Hamiltonian obtained by the
FW transformation of the Dirac Hamiltonian with the elec-
tron magnetic moment anomaly included. The resulting
Hamiltonian, with higher-order spin-independent terms omit-
ted, is [19]

d'k
2 =" ikf,
(oH)=e f (277)41.GW(/<){<¢L15(1«)6 Eo—Hy— K0+ i

where G, is the photon propagator in the Coulomb gauge,

(66)

¢ is an eigenstate of H,, and J# is the operator of the elec-
tromagnetic current for particle a. In the following, we will
consider separately the exchange by the Coulomb G, and
the transverse G;; photons. The expression for the electro-

JU= R)eE o] gy + (k) e* o

>

Hpw=— +eA° €(1+ )&+ B
= eA” — — a,)o - B —
Fw 2 2 e

7—1>_4

e N
Tl +2a)[V-E
g 8( +2a,)[
+&-(Exﬁ—ﬁx1§)]+§({&-§,ﬁl}

(3+4a,)
S
32

-

+a 7 B,i- &) {(PreEX -G}, (64)

We use the opportunity to correct the misprint in Ref. [9]
where the last term was typed with an incorrect prefactor. As
demonstrated in Ref. [20], all spin-dependent operators to
order ma® can be obtained from Hpy. The derivation of the
amm correction to the ma® operators is very much similar.

We start with the general expression for the one-photon
exchange amplitude between the electron a and the electron
b,

Y= k)e 4l ¢>},
(65)

EO—HO—k0+ieJ

magnetic current J# is obtained from the Hamiltonian Hgy as
a coefficient that multiplies the electromagnetic potential A ,.
The first terms of the nonrelativistic expansion of the current
are

R i . 1
PR =1+ G kX okt (67)
4m

for the J° component and

-

(k) =

SIS

i o
+—FXk+ -, (68)
2m

for the j component.
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The main part of the calculation is performed in the non-
retardation approximation, which consists in setting k<°=0 in
the photon propagator G, (k) and in the current j(k); the
retardation corrections are considered separately. Employing
the nonretardation approximation and the symmetry k%«
—k°, the integration over kY is carried out as

_fﬁ[ Lo, ] 1
2) 2mi| —AE-K'+ie -AE+K+ie| 2
(69)

The one-photon exchange amplitude in the nonretardation
approximation thus is

&k -
(¢loH| ) = - ezf @G’W(k)

X (GRS =) ). (70)

To the leading order, the current does not depend on k and
the k integration gives the coordinate-space representation of
the photon propagator in the nonretardation approximation,

> &k ik-F, 7
G,u]/(r):f (277_)38 G,u,V(k)
1
- M=V=O
1 r
Tam| 1 (70
T rr; . .
;(@j"'j), p=iv=j.

One easily recognizes that in the nonrelativistic limit Gy is
the Coulomb interaction. This term is already included in H,
which means that the nonrelativistic Coulomb interaction has
to be excluded from the perturbative expansion. Next-order
terms resulting from the expansion of J° and j lead to the
Breit-Pauli Hamiltonian.

We are interested in the expansion terms that yield effec-
tive operators of order ma®a,. Their derivation is analogous
to that of the ma® Hamiltonian in Ref. [20], the only differ-
ence being that the corresponding amm prefactors should be

e?(1+2a,)?
5H2—EE d*k 6—4
a>b b

b (1+2a,)
=t

PHYSICAL REVIEW A 79, 062516 (2009)

retained. These prefactors will give us the required effective

operator, which will be denoted as Hff). It is expressed as a
e

sum of various contributions

HO=3 5H, (72)
‘=l

which are calculated in the following.

OH is the correction due to the last term in Hpy in Eq.
(64). This term involves only A and its gradient, so the
nonretardation approximation is valid here. 6H; includes the
Coulomb interaction between the electron and the nucleus
and between the electrons. We denote by V the nonrelativis-
tic interaction potential

z
y=-3%¢

a r(l

P35 (73)

a>b b Tab

and by &, the static electric field at the position of particle a
eE,=-V, V——Za—+ > “” (74)

ra b#a ab

and write 6H, as

3+4a
OH, = <
! E 32m*

de Za o F
=d,\ — 2p13><p1 0'1+2p13

&a : (piegu X ﬁa + 65 X papa)

pl'0'1>’

(75)
ae
where by = we denote that the equation is valid modulo
terms independent of a,.
OH, is the correction to the Coulomb interaction between
electrons that comes from the fifth term in Hgy, namely,

-2(1 +2a)[V-E+G-(EXj-pxB)].  (76)

If the interaction of both electrons is modified by this term,
the nonretardation approximation holds and Eq. (70) yields

(K2 +2i6, - p, X B)e* (k2 + 2iG, - k X )

P, LetkT -
T d3k(i&1 Py X ke*T— g, - p, X k7&2 kX ﬁ2>

Y | 3] 3a o
=a [2 <FX(F-pa)p, - 0, — 4;r><(VXP1'U1)P2'0'2—ﬁ(ﬁraz)(l?z'fﬁ)}, (77)

fs

where by = we denote the equation that is valid modulo spin-independent terms. To make the comparison with previous
calculations more transparent, we transformed operators to the same form as in the original DK derivation.

OHj is the relativistic correction to the transverse photon exchange. The first electron is coupled to A by the nonrelativistic

term,
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e e -
-—p-A-——7" B, (78)
m 2m

and the second one, by the relativistic correction, i.e., the last
but one term in Eq. (64),

e - > e > >
g({&-B,ﬁl}me{ﬁ.B,ﬁ. 7)) — g[,92215./4 +25 - Ap?
+G-Bp*+p°G-B +a,(p-Bp-G+p-Gp-B)].
(79)

It is sufficient to calculate 6H5 in the nonretardation approxi-

PHYSICAL REVIEW A 79, 062516 (2009)

mation, in which any correction can be simply obtained by
replacing the magnetic field A by the static field A,,

3
2 o

4 o\
eAl = > |:i(3]+rab2ab>p/b+

a(] + ae) (&h X ?ah)i
Tab .

(80)

The result then is

e - - > - > - > - > >
5H3 = 2 g{zpiﬁa ' Aa + zﬁa ' Aapg +p§&a : Va X Aa + &a : Va X Aapi + ae[ﬁa ' (Va X Aa)ﬁa . &a +ﬁa : &aﬁa ' (Va X Aa)]}

DK

e - - - R -
= E[ZP%IH A +pIVI X A G+ ap 6PV XA

e 1 2F><* . 3 ,FeaF-a, 1 s > 5
=a, x| — O+ —pi———=—————"p;- 0O
e 2P1r3 P10y 4P1 S 2171 1P1

DK
where by = we denote the equation that is valid on the level
of the expectation value of the operator on the triplet-state
wave functions. More explicitly, following Douglas and
Kroll, we use the symmetry (1+2) of the wave function to
replace terms involving o, by terms with ;.

The effective operator 6H, originates from the coupling

e*(1+2a,) _ a

o G- (EXA-AXE) (83)

present in the fifth term in Eq. (64). The resulting correction

is obtained by replacing the fields Eand A by the static fields
produced by the other electrons, with the result

2
e’ (1+2a = - -
6H4 = 2 ( e) a [ga X Aa - Aa X ga]
a
DK.a, (3 Zo? 342 Za?
a O FOy T — 70 FOy T — I3
e 42?”3 1 21 601 2 Zr?rl

2 2
Xp_)z'&1+ 7X71&17ﬁ2+—FXﬁ25'1)
2r§r3 214

(84)

The effective operator 6H5 comes from the coupling

(81)

R I S R R
'Pz—ZP1‘01P1'0'2;+ZP1'01P1W§'02 , (82)
|

2

e .

—A? 85

5 (85)

present in the first term of Eq. (64). Again, in the nonretar-

dation approximation, the field Ea can be replaced by the
static field produced by the other electrons,

62 "ZDK 5 zae a2
SHs= >, JAu= A= —a 37X 6. (86)
a

The effective operators 6Hg and 6H- represent the single-
and the double-spin parts of the retardation correction to the
nonrelativistic single transverse photon exchange. To calcu-
late them, we have to return to the general expression for the
one-photon exchange amplitude, Eq. (65), and take the trans-
verse part of the photon propagator,

SEe d*k 1 ( ] kikj)
=—¢ S _—
Q)i (k)2 - + ie 2

i (1) pik-F, (1) p=ik-F,
XA o e )

+(a—b). (87)
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We assume that the product _]fl(k) J{;(—k) contains at most a
single power of k°. This allows one to perform the k° inte-
gration by encircling the only pole k°=|k| on the Re(k%)>0
complex half-plane and obtain

()
(2m)32k k2

X( Bl (k)e o

SE = ¢

mjb( k)e 7| ) + (a — b),

(88)

SE=2 2 (-

a#b b

This is the most complicated term among the amm cor-
rections, so we describe its evaluation in detail. The correc-
tion is split into the double spin part 6E¢ and the single spin
part 6E,

fs
SE=0F + OF;. 1)

The double spin part is

_ Ny [ 5
5E6_02#§(- 8)(1+ae)f(2w)3
X(&axlg)(&bxg)

k4 <eiE-fG(H0 _ EO)Ze—iE-Fh> .

(92)
We use the commutation identity
(™ Ta(Hy - Ep)?e™ ) + (a < b)
= ([ [(Ho ~ o). 1)

AR 93)

st 2o
) amiaut 2 J\\PaT

5H7—E > ell+a) a(l+a

a>b b

. T
{|:a'u><

2
ab Pa N
_7_ ° V?
roh 2} [V.55]

ab2 Tab

bRac Vo2 7 Za?_ F . Zd®_ F

= a, ?Ul-FXp1+—2r0'1-FXp2+—2 al-ﬁx
1

2 = 2 >
r r
+{@{&axrﬂ,”aﬂ a1 |y
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where k=|l€|. The retardation expansion of the electron
propagator yields

1 1 Hy-E, (Hy,-E,)?
- 020_(030)_’_'__. (89)
Ey-Hy—k  k k k

The first term here contributes to the Breit-Pauli Hamil-
tonian and the second term to E®®. Taking the current J in
the nonrelativistic form, the third expansion term is

2\ 1+ SV
a X Va) €lk'r“(H0 —Eo)z(ﬁb + Tae&b X Vb) e_’k'rb>. (90)

to express this correction as the expectation value of the
effective operator 6Hg,

a(l +a,) rirl
5H6—3—2|: 1[1?2,0’0’2 3 ”

%[(V G,)0 + (F- 71) 5,

BEICIRIC R 7} .ﬁz}. (94)

The single spin part is

m_zz( %“ﬂdaﬁw

a#b b
X (N a(Hy~ Eg)e ™G, X K- iy~ P~ G
X kel®Ta(Hy — Eg)2e 7). (95)
With the help of the integral formula
Ak .. iF
dPhk—e* =~ 96
f ¢ Tar Gs)

one obtains

2 - 2
r
_ﬁa : |:%’|:6-a X ab’@:|:|}
Yab 2

7_')1 N o 2l-_) N N
(7 pa) + =p1=61 - pa X P
r r

a5l L N
- —pi=(r- rX o
2 2P1r3( ) p1) - G

(97)
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The effective operator 6Hg represents the retardation correction to the single transverse photon exchange contribution, in
which one vertex is nonrelativistic, Eq. (48), whereas the second comes from the fifth term in Eq. (64),

e(l1+2a o .

—%&-(EXﬁ—ﬁXE). (98)

With the help of Eq. (88), one obtains

AW | i D\
SEg = (142 J ( i ) KTap X G+ Py X G et Ta 1—(* -=G xk) ~k7s ) + H.c.
s EE” @ | oy 12 )16\ Pa X GatPaX Gue™ ) T T\ Pom 5 O X k] € ¢

(99)
In the expansion of 1/(Ey—Hy—k) in Eq. (89) the first term vanishes because of the Hermitian conjugation and the second
term contributes to order ma®a,. After commuting (H,—E,) on the left, one obtains the effective operator 6Hs,
2

e > - - > ie - -
5H8 = (1 + 2616)2 {g&a ' (ga X -Aa_ Aa X ga) + E[Aa 'ﬁa X &a"’ﬁa X &a . Aa’pi]}

DK.a . =
e i ,1 9a (6, -7(F,-F) 3Bia [ F N a 7
= 5H5+ae{—3P1;P2XP1'01 2P1 3(” PFXpy) -6+ P A (P - 0'2)—5171;
a ,F
X Py 1= P15 X By o] (100)
I
Finally, after some rearrangement, the total amm correc- VAR
tion can be expressed as the expectation value of 17 opera- Hy=- 4_5 X py- 0y, (109)
tors, 1
UIEY S,
Ey=(H) =3 ("), (101) Ho== P s Pl X pr- G, (110)
¢ =t
where 3i L oL L
H10=EVX(V'P2)P1'0'17 (111)
Z ,F
Hy==pi5 X pr- 6, (102)
4 rl 3
Hn:—gfx(fxﬁl'&l)ﬁz'&z, (112)
3Z7 7 Lo
Hy=— =3 X = - G4(F ), (103)
4 r |
H12=_$p] * 0Py Oy, (113)
3ZrF _ 7oL
Hy=——5 0,730y, (104)
4 r r 21 ,1
13= 16p1 Sr O'lr 0'2, (114)
H ! FX Py G 105
4—2r4r P20y, ( ) 3; 2,7 L
H14=—§P1_3'U1P1'02, (115)
r
3. L.
H5=—ﬁr'(flr'0'2, (106) i 21
H15=§I’1§ PGPy G+ (F-31)(p, - 0r)
1L 3.
H6=—ZP15XP1'U1, (107) —;r-aﬂ?- P Po | (116)
1 ,F_ . . 1 .. Fo.
H7:—ZP1;XP2'0'1, (108) Hig=— 4171 Ulplxﬁ'l—?z, (117)
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1 1 7
Hyz=3p:- 51(‘131 “ Gy 3 +3p; T3 (}2)- (118)
8 r r
The operators above are intentionally written in a form very
similar to that for the DK operators given by Egs. (8)—(22).
For most of H,, there is an one-to-one correspondence with
the DK operators, all the difference being the overall prefac-
tors. There are only three exceptions. The first one is that our
operator Hg cancels out in the DK calculation, while DK
operator Hg cancels out in our calculations. The other two
are related to the different spin structure of the next to last
term in Eq. (64), which leads to the operators H s and M.

E. Low-energy contribution

The low-energy part E; comes from the photon momenta
region k<A, A being the cutoff parameter introduced by Eq.
(46). E, is a sum of the low-energy contributions due to the
photon exchange (&5 in Sec. IV A), due to the radiative
corrections (£, in Sec. IV B), and an additional uv-finite
contribution that was not considered in previous sections. E;,
can be conveniently derived from the low-energy form of the
electromagnetic interaction Hamiltonian [21],

Hy=> <—er E—%O’LJ‘LBI ,-Eaxﬁu>.

a

4m
(119)

This choice of the starting point for the derivation is more
convenient than the general nonrelativistic Hamiltonian in
Eq. (A9) since it makes transparent the high degree of can-
cellation between various terms. Specifically, the contribu-
tions of the second and the third terms in H; cancel each
other and only the first term contributes to E;,

2 (M &k
EL=_ ., 2 )gzkk 5<¢|(”1+”2) (”1+”2)|¢>
(120)
where &...) denotes the correction to the matrix element

(...) due to the Breit-Pauli Hamiltonian H{?). Using the re-
lation

[H,7| + 7] = P1+P2)

1
+m[ﬁl ><5'1+ﬁ2><5'2,H0—E0], (121)

E; can be transformed to the following compact form:

2(H -

Za) )}(P1+P2)|¢’>

2
E == &7 +ﬁ2)(H—E)ln[

2
+ln(2)\)§Za2<iﬁ1 X 8(r))p; - 61)

2 3 ->
L L <¢|< )
’"2

(0'1+0'2) Z(HO—E()) r
X 5 ln{ (Za)2 ](

)I¢> (122)

’"1
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where the term with the second-order matrix element has
been dropped out, as all such terms are included in Eg. The
term with In(2\) in Eq. (122) cancels out with the corre-
sponding contribution in Hy in Eq. (63).

V. NUMERICAL EVALUATION AND THE RESULTS
A. Nonrelativistic wave function

In order to obtain the nonrelativistic wave function, we
use the technique by Korobov [22,23], in which the spatial
part of the triplet P states is represented as

N
(71, Fy) = 2, cl[Fy exp(= agry = Biry = yir) = (1 < 2)],
i=1
(123)

where r=|#,—7,|. Real nonlinear parameters a;, 3;, and 7; are
chosen quasirandomly from the intervals

a; € [A},A,],

Bie [Bl’Bz],

Yi € [Cl,cz], (124)

with the parameters A, ,, B;,, and C,, being subjects of a
variational optimization. In order to enforce the proper be-
havior of wave function (123) in the limits r; — o0, r,— o,
and r— o, the nonlinear parameters are subjected to the con-
dition
N
{aj+ Biai+ v, B; + vit > \2E|,, (125)
where E;, is the ionization energy of the atom. In order to
reproduce the behavior of the exact wave function for small
values of 7y ; and r, the variational parameters A ,, B; ,, and
C,, are allowed to take negative values. To make the basis
set more flexible, multiple sets of the variational parameters
Ay, By, and C;, are introduced. Namely, the double basis
set was used in this work for the determination of the non-
relativistic wave function, and the triple basis set was used in
calculations of corrections to the Bethe logarithm and
second-order corrections.
The calculation of matrix elements of the nonrelativistic
Hamiltonian is performed with the use of the simple formula
for the master integral:

L feafe
16r2) T s T e BBy a)
(126)

Integrals with any additional powers of r; in the numerator
can be obtained by differentiating with respect to the corre-
sponding parameter «, B3, or y. Matrix elements of relativis-
tic corrections involve additional inverse powers of ry, rs,
and r. They can be obtained by integrating with respect to
the corresponding parameter. In fact, all matrix elements re-
quired for the evaluation of the relativistic, QED, and the
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finite nuclear mass corrections can be expressed in terms of
the rational, logarithmic, and dilogarithmic functions of «, B,
and 7.

The procedure of generating the nonrelativistic wave
function looks now as follows. For the initial set of param-
eters Ay 5, By 5, and C ,, the nonlinear parameters «;, 5;, and
v; with i=1, ... ,N are distributed quasirandomly. Then, the
N X N matrix of the nonrelativistic Hamiltonian H,, is evalu-
ated. The linear coefficients c; and the reference-state eigen-
value E, are determined by using the inverse iteration
method, with the LDU decomposition employed for the in-
version of the Hamiltonian matrix. Then the procedure is
repeated for a different set of parameters A », B ,, and C| 5,
looking for the minimum value of the energy E,. The mini-
mization problem is rather noisy, as the functional contains
many local minima. So, the simplest simplexlike algorithms
of minimization are probably the most appropriate for this
task. Our calculations were performed in the quadruple, six-
tuple, and octuple arithmetics, which were implemented in
FORTRAN 95 by libraries written by Korobov [24].

Our result for the nonrelativistic energy of helium for the
triplet P state and the infinite nuclear mass is (in atomic
units)

E(2*P)=-2.133 164 190 779 283 205 146 96",.
(127)

This value is the upper variational bound for the energy ob-
tained with N=6600 basis functions and the uncertainty is
the extrapolated lower bound. The value in Eq. (127) is by
about four decimals more precise than the previously best
result of Ref. [8].

B. Angular momentum algebra

In the approach employed in the present investigation as
well as in the previous studies by K.P. and coauthors [12,25],
all the angular momentum algebra is performed in Cartesian
coordinates. Tensor product of the *P wave functions is rep-
resented [26] in terms of the spatial wave functions and the
spin operator §=(d+0d,)/2 as

“S2 Lo
|3Po><3P0| = |l><l|<5”5 - S]Sl>, (128)
1 3 3 LS,
52 [°P,m)(°Py,m| = |l><]|5.§' s/, (129)
1 3 3 nsg L
22 PPoam)CPym| = [i)(jl— (130)
5 10
X (25287 = 3s's! + 257s"), (131)

where |j) denotes the state with the Cartesian index j and the

normalization of the spatial wave functions is
(ilj) = 8"/3. (132)

For the calculation of the second-order matrix elements one
needs formulas for the spin product

PHYSICAL REVIEW A 79, 062516 (2009)

s'sisk = kst 4+ iejklsisl + iék]sjsl + Leijlsksl, (133)
2 2 2
and for spin traces
Trs'=0, (134)
Trs's/ =26, (135)
Tr s's/sk = i€, (136)
Tr s's/sks! = 87 & + %5 (137)

Using these formulas, all matrix elements can be reduced to
a form involving the spatial wave functions only. For ex-
ample, matrix elements of the operators in the Breit-Pauli
Hamiltonian can be expressed as

(Q-5),=ieulo Du,. (138)

($-0-5),=(0" v, (139)

where Q is an arbitrary symmetric and traceless tensor (Q’!
=04 and Q%*=0) and

u;=(1,1/2,-1/2), (140)

v, =(=1,1/2,- 1/10), (141)

for J=0,1,2, respectively.

C. Leading-order fine structure

The dominant contribution to the fine structure comes
from the spin-dependent part of the Breit-Pauli Hamiltonian
H;, given by Eq. (1). With including the nuclear recoil effect,
the leading-order contribution to the fine structure in helium
is

m, 3ot
Eq(J) =(Hg); = (; Z -E(1+ ae)ZUJ+E2(1 +2a,)u;

4 m
+ E5 1+§a6 u;+ ME4(1+ae)uJ . (142)

The corresponding results for the large and the small fine-
structure interval are
3
m, 3E E
Yoy = (—) aszc[—l(l +a,)+—2(1+2a,)
m 4 4

+%<l+iae>+mé(l+a6)}, (143)

4 3 M 4

3
3E E
vy, = (ﬂ) aszc{— 1—01(1 +a,)’+ ?2(1 +2a,)

4 E
(1 +—ae)+ﬂ—4(l +a,) |,
3 M 2

m
E;5

+? (144)
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where the constants E; are given by (in atomic units)

P o
E =2(j3—5 - i), (145)
r r
NIV
E2= ZZEjki<./| E X Vl |l>, (146)
1
’7 N R k
Ey =3¢/l 3 X (Vi=Vy) | D), (147)
N U L
E4=4Zij,»<]| F X (VI + Vz) |l> (148)
1
Our numerical results for the constants E; are
E,=0.180 220 618 632 744(10), (149)
E,=-0.277 401 358 712 829(10), (150)
E;=0.411999 963 626 094(25), (151)
E,=0.241945 125 695 21(6). (152)

These results are obtained with including the mass-
polarization term into the zeroth-order Hamiltonian and thus
contain effects of the second and higher orders in m/M.

D. ma® contribution

The contribution of order ma® to the fine structure of
helium is represented by Eq. (5). The most difficult part of its
numerical evaluation is associated with the second-order
contributions. First calculations of the second-order correc-
tions to the helium fine structure were performed by Hambro
[27] and Lewis and Serafino [28]. Two decades later, Yan
and Drake [29] did these calculations to a much higher ac-
curacy and demonstrated that the first results were much less
accurate than it was claimed. The nuclear recoil and the amm
effects were included into the second-order corrections in
Ref. [8]. An independent evaluation of the second-order cor-
rections (including the amm part but not the recoil effect)
was performed by K.P. and Sapirstein [25]. In the present
work, we recalculate all ma® corrections, with the intention
to independently check the numerical convergence of the
previous results and, more importantly, to check the nuclear
recoil effect on the second-order corrections, which was pre-
viously calculated only by Drake.

s S g ) (1 i)
<47T[5(rl)+5(r2)](E0_H0),Hts>_< r1+r2 4f0
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The second-order corrections in Eq. (5) are of two kinds:
the symmetric and the nonsymmetric one. The symmetric
contributions are the most numerous ones since they involve
the 3P, 1P, 3D, lD, and °F intermediate states. The deriva-
tion of the calculational formulas for them is relatively
straightforward along the lines presented in Sec. V B.

The numerical evaluation of the symmetric second-order
contributions was performed by employing the variational
optimization of the nonlinear parameters of the basis set for
the Green’s function. Convergence of numerical results is
rather slow for the *P intermediate states because of the sin-
gular character of the Breit interaction. The convergence can
be improved by introducing singular functions into the basis
set, as in Ref. [29]. We, however, prefer to exploit the flex-
ibility of basis set (123) and emulate the missing basis func-
tions by using very large exponents. In order to effectively
span large regions of nonlinear parameters, we used nonuni-
form distributions of the kind [30]

with a=2 and 3, where the variable #; has a uniform quasir-
andom distribution over the interval (0,1).

The nonsymmetric second-order contributions involve
only the *P intermediate states. Care should be taken in the
numerical calculation of this part due to the presence of sin-
gular operators, namely, the Dirac § and the j* operators.
While a straightforward numerical evaluation is possible, a
much better convergence is obtained by transforming the sin-
gular operators to a more regular form.

The treatment of the second-order correction involving
the & operator is based on the global representation of the &
function introduced by Drachman [31],

2 = 2
048 (r)|n) = O =(fy + fo) + 2 Vo —Vilm),
1 1

a=1,2
(154)

where

fk=Ek—V+nﬁ€l’v)2, (155)

M
and V=-Z/r;—Z/r,+1/r. Noting that f,=FE,—Ey+f,, one
can cancel the E,—E; factor with the denominator of the
reduced Green’s function in the second-order matrix ele-
ment. Using the completeness of the eigenfunctions, we ob-
tain the regularized expression for the second-order correc-
tion,

1 - 2 2\ 1
,Hfs>+ 2 <Va' <_+_)Va ;Hfs>
(Eo— Hy) a=12 ry 1y} “(Ey—Hp)

<<2 2) > <2 2>
-\ |\ =+ |H ) +\ —+— )(Hp).
o n ry n

(156)
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TABLE 1. Second-order contributions to order ma® for the large (vy;) and small (v,) fine-structure
intervals in helium including the recoil and the amm corrections. Units are kHz.

Vo1 Y12

State Recoil amm Recoil amm

3p —4894.29(2) -1.09 ~14.40 ~1569.62 0.21 -3.20
'p 6595.64 -9.29 23.28 ~6595.64 9.29 -23.28
3D 26.33 -0.01 0.07 50.50 -0.03 0.16
'D 22.20 0.05 0.05
3F 52.24 -0.01 0.24
Sum 1727.68(2) -10.39 8.96 -8040.32 9.51 -26.02
Drake [8] 1727.58(4) -10.81(4) 8.95 -8040.38(5) 10.19(11) -26.02

A regularized expression for the second-order correction
with the operator —1/8(51+53) can be derived by using the
identity

_)2 )

_Plpz (157)

1
- 8(.54 64 _(Pl +P2)2
and employing the Schrodinger equation to transform the
first term, as described in Ref. [8].

For the numerical evaluation of the nonsymmetric contri-
butions we used the set of nonlinear parameters obtained by
merging two subsets, one obtained by the variational optimi-
zation of the symmetric second-order Breit correction and
another by an optimization of the symmetric correction for
the model perturbation 6V=1/r7+1/r5. The model potential
oV corresponds to the most singular part of the regularized &
operator.

The numerical results for the ma® second-order correc-
tions are presented in Table I. Our values for these correc-
tions in the nonrecoil limit (both with and without the amm
part) agree well with the results by Drake [8]. In the recoil
part of the second-order corrections, we observe some devia-
tion from Drake’s results. To localize the source of the dis-
crepancy, we separate the recoil contributions into three
parts, which are induced by the mass scaling, the mass po-
larization, and the recoil operators. The corresponding con-
tributions to the vy, interval from the *P intermediate states
are 3.26-3.66—-0.69=-1.09 kHz, to be compared with
Drake’s values of 3.25-3.66—-0.06=-0.47 kHz. Analogous
contributions to the vy, interval are 1.17-1.87+0.91
=0.21 kHz, to be compared with Drake’s values of 1.17
—2.1540.91=-0.07 kHz. The contributions to the v, inter-
val from the 'P intermediate states are —4.54—7.68+2.93=
-9.29 kHz, to be compared with Drake’s values of —4.52
—7.66+1.87=-10.31 kHz. The total difference between our
results and those by Drake is rather small numerically and
does not influence significantly the comparison of theory
with the experimental data.

6

E. Relativistic correction to the Bethe logarithm

The relativistic correction to the Bethe logarithm is given
by Eq. (122). The two \-independent parts in the right-hand
side of this equation will be referred to as the E;; and E;,

corrections, respectively. We will start our discussion with
the simpler part E;,. For the numerical evaluation, it is con-
venient to transform this correction to the equivalent form,

15L2=_3i J dk[K*Ly(k) — A, (158)
m™J 0

where

1
Ly(k) =- i<(171 +py) X m([ﬂ +P) §>
(159)

and A, is the leading term of the large-k asymptotic expan-
sion of k’L,(k), which has the form

B, Clnk D

KLy (k) =Ay) + =5 oAt o o

E
+W+ (160)

The two leading asymptotic constants are evaluated to be
s

A2=Z<<_3 ) X (Py+Pa) - S>
il r 2

7
—I_E<P1 X 8N(r))py -5+ Py X 8(r)p, - §).

(161)

Bzz

(162)

Here we correct the overall sign in Egs. (159) and (161) as
compared to Ref. [12]. It is noteworthy that the k=2
asymptotic behavior of L,(k) arises through an internal can-
cellation of the three angular-momentum contributions (°S¢,
3P", and 3De, where e stands for the even parity), since each
of them separately falls off as k! only.

In order to accurately perform the integration in Eq.
(158), we transform this expression to the following form:

o K * B,
Ejp=—— dkk’L k+f dk| K*L,(k) — A }
L2 3 fo 2( ) . |: 2( ) 2= k3/2

28,

—Agk+ 228, (163)
‘K

where « is a free parameter.
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In the numerical evaluation of E;,, we exploit the fact that
the integrand L,(k) obeys the variational principle, similarly
to that for the Bethe logarithm [32]. In fact, each angular-
momentum contribution to L,(k) has the same form as for
the Bethe logarithm, the difference being only the prefactors
coming from the angular-momentum algebra. [It is important
that the difference in the prefactors leads to the disappear-
ance of the k™! term in the large-k asymptotics of L,(k).] In
order to perform the integration over k in Eq. (163), one
needs to know the function L,(k) for a wide region of k. As
noted in Ref. [33], there is no need to perform the full varia-
tional optimization of the basis for each value of k. The idea
is that, having got the optimized set of nonlinear parameters
for the basis at k=k; and k=k,, for all k in between one can
use the basis obtained by merging together the two optimized
sets. The asymptotic behavior of the integrand L, (k) for large
k, together with its value at k=0, L,(0)=—((F,+7,) X (p;
+p,)-5), served as useful tests of the numerical procedure.

The general evaluation scheme is as follows. First, we
perform a careful optimization of nonlinear basis-set param-
eters for several distinct scales of k: k;=10', with i
=1,...,in. and i, =4. The optimization is carried out with
incrementing the size of the basis, until the prescribed accu-
racy is achieved. The size of the optimized basis employed in
actual calculations varied from N=600 for k=10 to N
=1600 for the D¢ wave and k,=10" yielding the numerical
accuracy of about ten digits for L,(k). For each particular
value of k=10m, the calculational basis is obtained by
merging the optimized bases for the two closest k; points,
thus essentially doubling the number of the basis functions.
According to our experience, such merging usually yields an
additional digit of accuracy.

The integral over k € [0, «] in Eq. (163) was calculated
analytically, after performing the full diagonalization of the
Hamiltonian matrix and using the spectral representation of
the propagator. This allowed us to avoid problems associated
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with the pole on the real axis coming from the 2 S state. The
parameter k was set to k=10. The integral over k € [x,®)
was separated into two parts, k<<10max and k> 10/max, The
first part was evaluated by using the Gauss-Legendre quadra-
tures, after the change in variables r=1/k. The second part
was evaluated by fitting the integrand to the form

K*Ly(k) — Ay — B _ ﬁW1 1. lWz(ir .
k3/2 k2 k k2 \’k

(164)

where W(x) denotes a polynomial of x. For fitting, we used
the function L,(k) stored on the interval k=1,...,100. The
total number of fitting parameters in the above expression
was about 9-11. The optimal form of the fitting function was
selected by demanding it to reproduce the known asymptotic
constants A, and B, for the function L,(k). The error due to
the fitting procedure was estimated by comparing the inte-
gration results for the fitted function and for the numerical
integrand outside the fitting region, i.e., for k € [10?,10*].
Our results for the asymptotic constants A, and B, are

A, =0.120 944 339 354 433(8)uy, (165)

B,=-0.982 581 108(2)u,. (166)

The final result for the E;, correction to the helium fine
structure is (in units ma’)

E;,=0.067 682 1(5)u;, (167)

This is in reasonable agreement with the value obtained pre-
viously in Refs. [12,25], which is =0.067 75(5)u;, except for
the overall sign, which we correct here.

We now turn to the evaluation of the E;; correction. In
terms of the integral over the photon momentum, it is written
as

) K
E“:_—“nmU dkkL,(k) - A,K - B, an}, (168)
37TK~>00 0
where
LK) = 2 s 0220 )+ (014 P ) — (ol ) ).
* (Eg—Hy)' Hy+k-E, Hy+k—E,  ° *"Hy+k-E,
(169)
and A; and B, are the leading terms of the large-k asymptotic expansion of the integrand,
B, C DIk E
kLl(k)zAl"'I‘i'W"' 2 tat (170)
with
A1—2<H£;” (P +P2) > (171)
(Eo— H,)
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B, =— H(4)—
! < 8 (Ey-Hy)'

At k=0, the integrand L; can be evaluated analytically to
yield L;(0)=0.

For the numerical evaluation, Eq. (168) is written in the
form similar to Eq. (163),

a0 K * B]
EL1=_3_ dkkLl(k)+ dk kLl(k)—Al—_ —AIK
| Jo p k

_Bl In K}.

The main difference of the numerical evaluation of E;; from
that of E;, is that the integrand L;(k), contrary to L,(k), does
not obey the variational principle [i.e., there is no functional
whose minimum yields the exact value of L,(k)]. Because of
this, in evaluation of E;; we have to use the variational op-
timization results for the nonlinear basis-set parameters ob-
tained for E;,. This is a serious drawback since it is clear that
the optimal set of parameters for the integrand L,(k) is not
exactly optimal for L;(k) because of an additional singularity
introduced by the perturbing Hamiltonian Hg). After some
numerical experimenting, we found that this additional sin-
gularity can be well accounted for if the calculational basis
for each k is not just doubled by merging two sets optimized
for two scales k; and k,, but tripled, with the third part ob-
tained from the second one by (alternatively) scaling the pa-
rameters «; and B3; by a factor g=10. This trick was inspired
by the method described in Ref. [34].

With this modification, our numerical evaluation of E;;
was done similarly to that for E;,. Because of the tripling of
the basis set, we used the optimized parameters with some-
what smaller number of the basis functions but increased the
high-energy cutoff parameter up to ks=10°. Our results for
the asymptotic constants A; and B, are

(173)

A;=-0.028 038 047 8(10)u; + 0.054 037 866(4)v,,
(174)

B, =-0.169 127 85(20)u; + 0.146 477 680(2)v,.
(175)

The final result for the E;; correction to the helium fine
splitting is (in units ma’)

E; =-0.107 664(6)u, +0.118 404 4(4)v,.  (176)

The spin-orbit part of the above result is by about 25% larger
than the previously reported value of Ref. [12] of
—0.081 7(20)u,, whereas the spin-spin part is by about 10%
larger that the previous value of 0.095 9(4)v,. The reason for
this deviation lies in the insufficient accuracy of the previous
calculations.

12
4mZ[ 8 (r)) + 63(r2)]> - 7@1 X 8(r)py - §+py X 8(r)ps - 3).
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(172)

VI. SUMMARY AND DISCUSSION

The summary of all contributions available for the fine
structure of helium is given in Table II. Numerical results are
presented for the large vy, and the small v, intervals, de-
fined by

vo1=[EQ *Py) - EQ2 *P)1h, (177)

v, =[EQ23P,) - EQ 3P,)]/h. (178)

The parameters used in our calculations are o

=137.035 999 679(94), c¢R..=3 289 841960 361(22) kHz,
and m/M=1.370 933 555 70X 10~*. In the table, the correc-
tion E® is given by Eqgs. (143) and (144) and the correction
E© by Eq. (5). E7 [log] denotes the sum of the logarithmic
parts of Eg and E. The corrections Eg, Ey, and E are given
by Egs. (63), (101), and (35), respectively. The complete
listing of numerical results for individual terms contributing
to Ey and Ey can be found in Ref. [9] and is not repeated
here. The relativistic corrections to the Bethe logarithm E;
and E,, are given by Egs. (168) and (158), respectively.
The result for E® in Table II is consistent with that of
Ref. [9] after accounting for the newer value of the fine-
structure constant. The result for E© differs slightly from the
corresponding value in Ref. [9] mainly because of the
change in the recoil second-order Breit correction, which
was previously calculated only by Drake [8]. As can be seen
from the table, different theoretical predictions that include

TABLE II. Summary of individual contributions to the helium
fine structure. Units are kHz.

Vo1 [4¥)

E® 29618 418.54 2297717.82
E© -1556.97(2) -6544.93
E7 [log] 82.59 -10.09
Subtotal 29 616 944.16(2) 2291 162.80
Drake [8] 29 616 943.40(6) 2291 163.40(13)
E [nolog] 21.73 7.42
Ey —4.21 4.05
E [nolog] 11.42 -1.21
E;, -31.51 -4.99
Ep, 4.61 9.22
E [nolog] 2.04 14.48
Higher orders *1.6 *1.6

29616 946.20*+ 1.6 2291177.28%1.6
2291 177.53(35)

2291 175.59(51)

Total theory
Experiment [7]
29 616 951.66(70)
29 616 950.9(9)
29 616 952.7(1.0)

Experiment [5]
Experiment [4]

Experiment [6] 2291 168(11)
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contributions up to order ma’log @ and m*/Ma® (entry
“Subtotal”) agree at a sub-kHz level with each other.

The nonlogarithmic correction to order ma’ has not been
checked independently. The compilation of results presented
for this correction in Ref. [8] is in part based on the deriva-
tion by Zhang [13-15], which was shown to be not entirely
consistent [9], and in part includes calculational results by
K.P. and Sapirstein [12].

Table II shows that the calculational error of our results is
almost negligible as compared to the experimental uncer-
tainty. There is, however, a much larger theoretical error in-
duced by the higher-order corrections. It was believed previ-
ously [10,12] that the higher-order ma® effects contribute
well under the 1 kHz level. Particularly, the analysis pre-
sented in Ref. [12] identified several ma® corrections that are
enhanced by In(Za) but nevertheless contribute only about
0.1 kHz. In the present investigation, we found several non-
logarithmic corrections that might contribute at the 1 kHz
level.

The first contribution comes from the mixing between the
3P, and P, levels. The nonrelativistic 2 'P,—2 3P, energy
difference of 61.3X 10° MHz acquires the relativistic cor-
rection of —17.1 X 10> MHz. If we consider the ma® second-
order Breit correction to the energy of the 2 P, state with
the 2 'P, intermediate states, the modification of the 2 'P,
—23P, energy difference by relativistic effects alters the
value of the correction by about 1 kHz. We thus estimate the
theoretical uncertainty of the v, and v, fine-structure inter-
vals due to the mixing between the P, and 'P, levels as
*+1.0 kHz. It should be mentioned, however, that all correc-
tions due to the mixing cancel identically in the sum of the
large and small intervals, vy, = vy + V5. It is, therefore, likely
that the theoretical value for the interval v, is more accurate
than that for the interval vy, and v, separately.

The largest identified ma® contribution to the interval v,
comes from the one-photon exchange diagram, which was
evaluated to all orders in Za but to the leading order in 1/Z
in Ref. [35]. The result obtained in that work for vy, is
0.1033ma3Z’. Because of the Z7 enhancement, the numerical
contribution for helium is quite large, 13.1 kHz. This is,
however, only the leading term of the 1/Z expansion; the
complete contribution for helium is going to be much smaller
because of the screening. In order to estimate the screening
effect, we compare the complete contribution to order ma®
for vy, in helium, which is —8.11 MHz, with the correspond-
ing one-photon exchange term, which gives 86.4 MHz. The
resulting estimate is =1.2 kHz.

The total theoretical error due to the higher-order effects
specified in Table II for the vy, and v, intervals is obtained
by adding quadratically the two error estimates discussed
above. We observe that for the small interval, the theoretical
value agrees well with the experimental results, whereas for
the large interval, a disagreement of about three standard
deviations is present. It should be noted that the present the-
oretical uncertainties are much larger than those specified in
previous investigations, the reason being that in most previ-
ous cases, the uncertainties represented the calculational er-
rors only.

Commenting on the situation when theory agrees with
experiment for one fine-structure interval and disagrees for
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another, we have to state that we do not have any satisfactory
explanation for it. All effects contributing to one interval
contribute also to the other, both contributions being compa-
rable in magnitude. We thus see no reason why a theoretical
prediction for one interval should be significantly more ac-
curate than for the other. Presuming that the experimental
value for the vy, interval is correct, we have to conclude that
the excellent agreement of our theoretical value for the v,
interval with the latest measurement by Borbely et al. [7] is
probably accidental.

Finally, we present separately the theoretical result for the
sum of the large and the small fine-structure intervals in he-
lium, vy,(theo)=31 908 123.5(1.2) kHz. For the reason dis-
cussed above, its uncertainty is smaller than for the vy, and
vy, intervals. The theoretical value disagrees with the experi-
mental result of vy,(exp)=31908 126.78(94) kHz [5] by
about two standard deviations.

To conclude, we performed an evaluation of the helium
fine structure that is complete to orders ma’ and m?/Ma®.
Our results for the ma*, ma®, and ma® contributions agree
with those reported in previous investigations at a sub-kHz
level. The present evaluation of the relativistic corrections to
the Bethe logarithm significantly improves upon the original
calculation. The corresponding results reduce the previously
reported discrepancy between the theoretical predictions and
the experimental results. However, the remaining difference
for the v, interval is larger than the estimated contribution
of the higher-order effects. This discrepancy needs to be re-
solved in order to make possible the determination of the
fine-structure constant by means of the helium spectroscopy.
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APPENDIX: FOLDY-WOUTHUYSEN TRANSFORMATION
IN d DIMENSIONS

The Foldy-Wouthuysen (FW) transformation [36] is the
nonrelativistic expansion of the Dirac Hamiltonian in an ex-
ternal electromagnetic field. Following Ref. [37] we extend
this transformation to the case where the dimension d of
space is arbitrary. The Dirac Hamiltonian in an external elec-
tromagnetic field is

H=a- 7+ fm+eA°, (A1)
where ﬁ:ﬁ—eAi
af=<0. O'i>’ B=<I 0)’ (A2)
ad 0 0 -1
and
{o/,07}=28"I. (A3)

The FW transformation S [36] leads to a new Hamiltonian
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Hpy = eS(H - id)e™™, (A4)

which decouples the upper and the lower component of the
Dirac wave function up to a specified order in the 1/m ex-
pansion. Here we calculate Hgyw up to terms contributing to
the ma® correction to the energy. We use a convenient form
of the FW operator S, which can be written as
L P Y WL I J S
S=—_——\Ba-i-=pa- #)°+_—[a- ieA’-id,]
2m 3m 2m

ie

24m?

B

B s Pe o oz
+5m4(a-7'r) —4m2a~E+

[a-#[a-a-E]]

- %{(&- )2, - E}}. (A5)

The FW Hamiltonian is expanded in a power series in S,

6

HFW=2HU)+”" (A6)
j=0
where
HO=H,
H(l) — [iS,H(O) _ i(?t],
N | )

HY = —[iS,HYV], for j=2...6, (A7)

J

and higher-order terms with j>6 are neglected. The calcu-
lation of nested commutators is rather tedious but the result
is simply
P O Gk Al M Gk /b
=e =+ -
FW 2m 8m’ 16m°
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ie
16m*

+ {(¢-#>2[¢- 77 E]. (A8)

There is some arbitrariness in the operator S, which means
that Hgy is not unique. The standard approach [36] relies on
the subsequent use of several FW transformations and yields
a result that agrees with the d=3 limit of Eq. (A8) up to a
transformation with an additional even operator.

Our aim is to obtain a Hamiltonian suitable for calcula-
tions of the ma’ contributions to energy levels of an arbitrary
light atom. In this case one can neglect the vector potential A
in all terms having m* and m> in the denominator. Less ob-

viously, one can also neglect terms with G-AG-E and B2.
This is because they are of second order in electromagnetic
fields, which additionally contain derivatives, and thus con-
tribute only to higher orders. After these simplifications, Hgy
takes the form

4

772 e P ' e N
Hpyw=eA’+ — - —¢/Bi - — - — (V- E
W =€ 2m  4m 8m> 8m2(
+ HE, 1Y) + ——{0I1BY,p%) - ——1{p,0,E}
’ 16m* ’ 16m>" "
3e PP e
+ JIE! , 2 + 2’ 2,A0
32m4{ P.r} 128m4[p [p°,A"]]
3e e
2 v7240
— VA% + , A9
64m4{p ’ 16m° (A9)
where
U
dl=—[o,0], (A10)
2i
B = JAl - JA, (A11)
E=-ViA"— Al (A12)
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