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We investigate the effects of acceleration on the energy-level shifts of a hydrogen atom interacting with the
electromagnetic field and in the presence of an infinite perfectly conducting plate. We consider the contribu-
tions of vacuum fluctuations and of the radiation reaction field to the Lamb shift, and we discuss their
dependence from the acceleration of the atom. We show that, because of the presence of the boundary, both
vacuum field fluctuations and radiation reaction field contributions are affected by atomic acceleration. In
particular, the effect of the vacuum field fluctuations on the energy-level shifts is not equivalent to that of a
thermal field. We also discuss the dependence of the Lamb shift from the orientations of the atomic dipole. We
show that, for specific orientations of the atomic dipole, the atomic level shifts contain an extra contribution,
as compared with the case of an atom at rest, suggesting the possibility to detect the effects of the acceleration
for atoms with anisotropic polarizability.
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I. INTRODUCTION

One of the most remarkable consequences of quantum
electrodynamics is the existence of zero-point fluctuations of
electric and magnetic fields. These fluctuations are at the
origin of many observable effects, such as the Lamb shift,
i.e., the shift of the energy levels of an atom interacting with
the radiation field, the Casimir effect, and the Casimir-Polder
forces between neutral atoms �see �1� for a review�. The
Casimir effect �2� refers to the force between macroscopic
objects, such as conducting or dielectric plates in vacuum;
also, the Casimir-Polder forces �3� are long-range interac-
tions between microscopic objects, such as atoms or mol-
ecules or between an atom and a conducting plate. These
effects are of a purely quantum origin and they can be inter-
preted as a manifestation of quantum fluctuations of vacuum
�4�. The Casimir effect, although it is a tiny force, has been
recently measured with remarkable precision for various
geometrical configurations of the objects �5�. Also the atom-
or condensate-plate Casimir-Polder forces have been recently
measured �6�. The increasing interest in this subject is also
connected to possible application in nanotechnologies. For
example, nanoelectromechanical and microelectromechani-
cal systems can be activated by Casimir forces �7,8�. An
intriguing feature of these effects is that they depend on the
presence of external fields or boundaries �9�. For example, it
is well known that the atomic level shifts change if the atom
is located inside a cavity �1,10�. Also, the Casimir-Polder
interaction between atoms changes qualitatively and quanti-
tatively if the atoms are in the presence of a boundary or
immersed in a magnetodielectric medium �11,12�. Generally
speaking the presence of a boundary affects the structure of
the modes of the vacuum and leads to a change in the
energy-level shifts of an atom or of the Casimir-Polder po-
tential of two atoms �13�.

Recently, it has been also investigated how a dynamical
change in the boundary conditions affects the field vacuum
fluctuations, giving rise to observable phenomena such as the
dynamical Casimir effect �14�. This effect consists of the
emission of electromagnetic radiation when the neutral ob-
jects are put in an accelerated motion or when their dielectric
constant is subjected to a change. Similar effects have been
also studied in the case of dynamical Casimir-Polder forces
�15,16�. Although less known than its static counterpart, the
dynamical Casimir effect has attracted much attention, in
particular in connection with the possibility to detect real
photons from vacuum. Also, the dynamical Casimir effect is
closely related to the Unruh effect according to which an
atom �or a charge� that accelerates in a vacuum with uniform
acceleration perceives the vacuum fluctuations as a thermal
field with a temperature proportional to the acceleration a,
TU=�a / �2�ckB�, where kB is the Boltzmann constant
�17–21�. Unfortunately, this is a very small effect: in order to
have Unruh radiation at 1 K, the atomic acceleration has to
be on the order of 1022 cm /s2. Actually, the question of the
appearance of the vacuum in an accelerated frame is a widely
controversial problem �22,23�. All these phenomena under-
line the highly nontrivial nature of quantum vacuum, whose
dynamical properties critically depend on the topological
properties and/or geometry of the system under scrutiny.

In this paper, we investigate the effects of acceleration on
energy-level shifts of a hydrogen atom interacting with the
electromagnetic field in the presence of an infinite perfectly
conducting plate. Recently, the energy-level shifts of an ac-
celerated two-level system interacting with a scalar field
have been calculated �24,25�. The interest on this issue was
motivated by the possibility of detecting the effects of the
atomic acceleration on the energy-level shifts of the atom
accelerated. Unfortunately, the results obtained show that the
accelerations required to obtain an appreciable effect are
very large to be experimentally realized �a�1025 cm /s2�.
On the other hand, the model considered consists of a two-
level system interacting with a scalar field. A more realistic
calculation of the effect of the atomic acceleration on the
Lamb shift would require considering a multilevel atom in-
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teracting with the electromagnetic field. Recently Passante
�26� investigated the energy-level shifts of a hydrogen atom
moving with uniform acceleration and interacting with the
electromagnetic field in the multipolar coupling scheme. The
main conclusion of his paper is that the effect of the vacuum
fluctuations on the energy-level shifts of the accelerated atom
is not totally equivalent to that of a thermal field with the
Unruh temperature TU=�a / �2�ckB�. An estimation on the
order of magnitude of the nonthermal correction to the
energy-level shifts shows that it is comparable with the ther-
mal one and it should be in principle observable.

In this paper we shall extend this investigation to the case
when a boundary, such as an infinite perfectly reflecting
plate, is present. As it is well known the presence of a con-
ducting plate changes the structure of field modes and it is
interesting to investigate its effect on energy-level shifts of a
uniformly accelerated atom. Our calculation is carried out
using a generalization of the formalism of Dalibard et al.
�27,28�, according to which it is possible to separate the con-
tributions of vacuum field fluctuations and of the radiation
reaction field to the energy-level shifts of the atom.

In Sec. II we shall introduce the model and the general
formalism developed in �27�. In Sec. III we shall generalize
this approach to the case of an accelerated multilevel atom
interacting with the electromagnetic field in the presence of a
conducting plate and we shall investigate the effects of ac-
celeration on the Lamb shift of the accelerated atom.

II. VACUUM FLUCTUATIONS AND RADIATION
REACTION CONTRIBUTIONS TO THE RADIATIVE

ENERGY SHIFT

Let us consider a uniformly accelerated atom interacting
with the electromagnetic field in the vacuum state and in the
presence of an infinite perfectly conducting plate. The atom
accelerates in the x direction, parallel to the plate. The
Hamiltonian that describes the atom-field interacting system
in the instantaneous inertial frame of the atom and in the
multipolar coupling scheme is ��=c=1� �26,29�

H��� = HA��� + HF��� + HAF��� , �1�

where

HA��� = �
n

�n�nn��� , �2�

HF��� = �
kj

�kakj
† akj

dt

d�
, �3�

HAF��� = − er��� · E„x���… = − e�
mn

rmn · E„x���…�mn��� ,

�4�

where ��m= ���	m� , �n� being a complete set of atomic states
with energy �n and �=er=e��m��m��m is the atomic elec-
tric dipole moment. Also, x= �t ,x� is the space-time coordi-
nate of the atom. Finally,

E�x� = i�
kj


2��k

V
f�kj,x��akj − akj

† � , �5�

where f�kj ,x� are the appropriate mode functions for the
field operators taking into account the presence of the con-
ducting plate at z0=0. The mode functions satisfy the nor-
malization condition

1

V
� d3xf�kj,x�f�k�j�,x� = �kk�� j j�. �6�

Hamiltonian HF��� in Eq. �3� governs the evolution of the
field in terms of the proper time � in the instantaneous iner-
tial frame of the atom. It reduces to the usual free-field
Hamiltonian in the simple case of an atom at rest, where
dt /d�=1.

We are interested in evaluating the contributions of
vacuum field fluctuations and the radiation reaction field to
the energy-level shifts of the accelerated atom in the pres-
ence of the reflecting plate. As discussed in �24,26,27�, these
two contributions can be obtained from an effective Hamil-
tonian, Hef f���, which can be expressed as a sum of two
terms,

Hvf
ef f��� = i

e2

2
�

�0

�

d��C�m
F
„x���,x����…�r�����,rm���� , �7�

Hrr
ef f��� = − i

e2

2
�

�0

�

d����m
F
„x���,x����…�r�����,rm��� , �8�

where we defined the symmetrical correlation function and
the linear susceptibility of the field in the vacuum state,

C�m
F
„x���,x����… = 1

2 	0��E�„x���…,Em„x����…�0� , �9�

��m
F
„x���,x����… = 1

2 	0��E�„x���…,Em„x����…��0� . �10�

�,� and �, denote commutator and anticommutator, respec-
tively. The expectation values of Hvf

ef f��� and Hrr
ef f��� on a

generic atomic state �a� give the vacuum fluctuations and
radiation reaction field contributions to the energy shifts of
the atomic level a at the second order in the coupling con-
stant,

��Ea�vf = − ie2�
�0

�

d��C�m
F
„x���,x����…���m

A �a��,��� , �11�

��Ea�rr = − ie2�
�0

�

d����m
F
„x���,x����…�C�m

A �a��,��� , �12�

where we introduced the atomic statistical functions,

�C�m
A �a��,��� =

1

2
	a��r�����,rm�����a�

=
1

2�
b

�	a�r��0��b�	b�rm�0��b�ei�ab��−���

+ 	a�rm�0��b�	b�r��0��b�e−i�ab��−���� , �13�
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���m
A �a��,��� =

1

2
	a��r�����,rm�����a�

=
1

2�
b

�	a�r��0��b�	b�rm�0��b�ei�ab��−���

− 	a�rm�0��b�	b�r��0��b�e−i�ab��−���� . �14�

In Sec. III we shall apply this formalism to investigate the
effects of acceleration on the energy-level shift of the accel-
erated atom in the presence of the reflecting plate.

III. ENERGY LEVEL SHIFTS OF AN ACCELERATED
HYDROGEN ATOM NEAR A CONDUCTING PLATE

We now calculate the energy-level shifts of an atom ac-
celerating in a parallel direction to an infinite perfectly re-
flecting plate. The plate is located at z=0 and we suppose
that the atom accelerates along the x direction. Our approach
generalizes the method developed by Takagi �19� to the case
when boundary conditions are present. In the laboratory
frame, the trajectory of the atom is described, as a function
of the proper time �, by the equations

t��� =
1

a
sinh�a��, x��� =

1

a
cosh�a�� ,

y��� = 0, z��� = z0, �15�

where a is the proper acceleration.
In order to obtain the statistical functions of the radiation

field �Eqs. �9� and �10��, we first calculate the Wightmann
function for the electromagnetic field

G	
���x,x�� = 	0M�F	
�x�F���x���0M� ,

where F	
�x�=�	A
−�
A	 is the electromagnetic tensor and
�0M� is the Minkowski vacuum. This function can be ob-
tained from the two-point correlation function of the electro-
magnetic four-vector potential A	�x� taking into account the
condition that the transverse components of electric field
vanish on the conducting plate. We have �we introduce x
�x��� and x��x�����

	0M�A	�x�A
�x���0M�

= 	0M�A	�x�A
�x���0M�o + 	0M�A	�x�A
�x���0M�b.

= �	
G�o��x,x�� + ��	
 − 2n	n
�G�b.��x,x�� , �16�

�	
=diag�−1,1 ,1 ,1�, and n	= �0,0 ,0 ,1�= �0,n�, where
n is the unitary normal vector. Also, G�x ,x��
= 	0M��x��x���0M� is the Wightman function of the scalar
field. In the presence of a boundary, it consists of a sum of
two terms—an empty-space contribution G�o��x ,x�� and a
term G�b.��x ,x��—which is the correction induced by the
presence of the plate with Dirichlet boundary conditions
�25,30�,

G�o��x,x�� =
1

4�2

1

„��x�…2 − ��t − i��2 , �17�

G�b.��x,x�� = −
1

4�2

1

���x� �2
− ��t − i��2

, �18�

where �→0+, ��x�= �x���−x����� �the difference between
atomic coordinates x��� taken at two different proper times�,
and ��x�= �x���−�x����� with

� = �1 0 0

0 1 0

0 0 − 1
� . �19�

Finally, �t= t���− t����. As it has been shown in �30�, the
Wightman function obtained satisfies the boundary condition
on the conducting plate.

We now focus our attention only on the boundary-
dependent term, which is relevant for our calculation of
Lamb shift of the accelerated atom in the presence of a re-
flecting plate. The Wightman function for the fields in the
laboratory frame follows from Eq. �16�. We get

G	
��
�b.� �x,x�� = 	0M�F	
�x�F���x���0M�b.

= ���
��	��� − �
��	��� − �	��
��� + �	��
����

− 2�n
n��	��� − n
n��	��� − n	n��
���

+ n	n��
�����G
�b.��x,x�� , �20�

where ���� /�x�. From this expression we may easily obtain
the two-point correlation function for the electric field,

G0�0m
�b.� �x,x�� = 	0M�E��x�Em�x���0M�b.

= ����m − 2n�nm��0�0� − ���m� �G�b.��x,x�� .

�21�

We are now interested in calculating the two-point corre-
lation function of the electric field in the reference frame
comoving with the atom �that is the Rindler function of the
electric field�,

g�m��,��� = 	0M�Ê����Êm�����0M� , �22�

where we supposed the atom at the origin of the accelerating

frame and where Êi��� indicates a generic component of
electric field operator at the point of the accelerating atom in
the instantaneously inertial frame comoving with atom. The

electric field Ê��� observed at proper time � by the atom
accelerating along the x direction �at a fixed distance z0 from
the plate� is related by a Lorentz transformation to the elec-
tromagnetic field in the laboratory frame by the relation

Êi = F̂i0 = ����i
	����0


F	
, �23�

where
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�� =�
cosh�a�� − sinh�a�� 0 0

− sinh�a�� cosh�a�� 0 0

0 0 1 0

0 0 0 1
� �24�

is the boost relating the laboratory frame to the atomic proper reference frame. Using Lorentz transformation �23� in Eq. �20�,
after some algebra we obtain

g�m
�b.��� − ��� = 	0M�Ê����Êm�����0M�b.

=
a4

16�2���m�sinh2�a

2
�� − �� − i��� + a2z0

2� − 2n�nm sinh2�a

2
�� − �� − i���� 1

�sinh2� a
2 �� − �� − i��� + a2z0

23

−
a4

16�2 �2a2z0
2���m − k�km� + 2az0�n�km + k�nm��

sinh2� a
2 �� − �� − i���

�sinh2� a
2 �� − �� − i��� + a2z0

23 , �25�

where k= �1,0 ,0�, �→0+, and z0 is the atom-plate distance.
From the above expression follows that the only nonzero
components of g�m

�b.��� ,��� are the xx, yy, zz, and xz compo-
nents. In particular, we have

gii
�b.���,��� � gjj

�b.���,��� for any i � j�i, j = x,y,z ,

�26�

which shows that the two parallel directions to the plate, that
is, the x direction �along the acceleration� and the y direction,
are not equivalent since gxx

�b.� is different from gyy
�b.�. Therefore,

in contrast with the case of unbounded space where the cor-
relation function is isotropic, in the present case the function
g�m

�b.���−��� is not isotropic and displays nondiagonal compo-
nents. This anisotropy is due to a cooperative effect of
boundary and atomic acceleration.

We now calculate the correction induced by the presence
of the plate on the atomic energy-level shifts of the acceler-

ated atom. In order to do that, we express the correlation
function glm�� ,��� in terms of frequency integration. The cal-
culation is sketched in Appendix. From Eqs. �A8� and �A17�
we have

„C�m
F ��,���…�b.� = −

1

8�2

1

�2z0�3�
0

�

d�K�m��;z0,a�coth���

a
�

��ei�u + e−i�u� �27�

and

„��m
F ��,���…�b.� =

1

4�2

1

�2z0�3�
0

�

d�K�m��;z0,a��ei�u − e−i�u� ,

�28�

where u=�−�� and

K�m��;z0,a� =
��n

�1 + a2z0
2�1/2���nm − nnnm�

�2�z0�2

�1 + a2z0
2�

sin�2
�

a
sinh−1�az0��

+ ��nm − 3nnnm�� 2�z0

�1 + a2z0
2�3/2cos�2

�

a
sinh−1�az0�� −

1

�1 + a2z0
2�2sin�2

�

a
sinh−1�az0���

+ a2z0
2���nm + 3�nm�

2�z0

�1 + a2z0
2�3/2cos�2

�

a
sinh−1�az0�� + ��nm − 2�nm�

2

�1 + a2z0
2�2sin�2

�

a
sinh−1�az0���

− �nma4z0
4 4

�1 + a2z0
2�2sin�2

�

a
sinh−1�az0��� + az0���lm − klkm�az0 + nlkm + klnm�

� � �2�z0�2

�1 + a2z0
2�

sin�2
�

a
sinh−1�az0�� −

2�z0

�1 + a2z0
2�3/2cos�2

�

a
sinh−1�az0�� +

1

�1 + a2z0
2�2sin�2

�

a
sinh−1�az0���

+ a3z0
3����m − k�km�az0 + n�km + k�nm�� 4�z0

�1 + a2z0
2�3/2cos�2

�

a
sinh−1�az0�� +

4

�1 + a2z0
2�2sin�2

�

a
sinh−1�az0��� .

�29�
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Let us now calculate the vacuum fluctuations and radia-
tion reaction contributions to the energy-level shifts of the
accelerated atom. Putting Eqs. �13�, �14�, �27�, and �28� in
Eqs. �11� and �12�, we obtain, after some algebraic manipu-
lation,

��Ea�vf
�b.� = −

1

8�2�
b

���
ab�m

ba�
1

�2z0�3P�
0

�

d�K�m��;z0,a�

�coth���

a
�� 1

� + �ab
−

1

� − �ab
� �30�

and

��Ea�rr
�b.� =

1

8�2�
b

���
ab�m

ba�
1

�2z0�3P�
0

�

d�K�m��;z0,a�

�� 1

� + �ab
+

1

� − �ab
� . �31�

Equations �30� and �31� reveal interesting features. Let us
first discuss the contribution of vacuum field fluctuations.
Expression �30� clearly shows that this contribution contains
not only a thermal correction due to the factor coth��� /a�
but also an extra term proportional to the function
K�m�� ;z0 ,a�, which is induced by the presence of the con-
ducting plate. This term does not have the form of a thermal
correction. The presence of nonthermal corrections in the
vacuum fluctuation part of the shift is not a new one. In fact,
as discussed in �26�, the equivalence between uniform accel-
eration and thermal field is lost even in the unbounded space
when considering the case of an accelerated atom interacting
with the electromagnetic field �in multipolar coupling
scheme�. In that case

��Ea�vf
�o� =

1

8�2�
b

���
ab�m

ba�P�
0

�

d��3�1 +
a2

�2�
�coth���

a
�� 1

� + �ab
−

1

� − �ab
� , �32�

which clearly shows the presence of a nonthermal term pro-
portional to a2. We also note that the function K�m�� ;z0 ,a�
modulates the energy shift as a function of the atom-plate
distance z0 and of the atomic acceleration a. This suggests
that for some values of z0 and a, the nonthermal contribution
present in Eq. �30� can be enhanced or weakened. In particu-
lar, we may envisage situations in which the nonthermal cor-
rection present in the vacuum fluctuation part of the shift in
the unbounded space �Eq. �32�� can be canceled by that in-
duced by the boundary for specific values of z0 and a. For
example, for a dipole oriented along a specific direction �x, y,
or z�, it can be found some value of atom-plate distance z0
for acceleration on the order of 1025 cm /s2, such that
a2�ba−1 / �2z0�3K�m��ba ,z0 ,a�=0. We have evaluated some
value of atom-plate distance for the typical transition fre-
quency of a hydrogen atom, �ba�1015 s−1 and a
�1025 cm /s2, obtaining z0�0.01 �m. This means that for
some specific trajectory of the atom, nonthermal effects
could vanish.

Let us now discuss the contribution of radiation reaction
field. Expression �31� reveals that this contribution is modi-
fied by the atomic acceleration. This behavior is expected; in
fact, this term is essentially the field radiated by the atom.
When a boundary is present, this field can act back on the
atom after a reflection on the conducting plate. Since the
atom accelerates, in the time-interval between the emission
and the subsequent absorption of the reflected field, the atom
has moved from its position for a stretch depending on its
acceleration �see Eq. �15��. This gives rise to a dependence
of the radiation reaction part of the shift from the atomic
acceleration. This is obviously in contrast with the case of
unbounded space, where the contribution of radiation reac-
tion does not depend on atomic acceleration, being

��Ea�rr
�o� = −

1

8�2�
b

���
ab�m

ba�P�
0

�

d��3

�� 1

� + �ab
+

1

� − �ab
� . �33�

Similar features have been already discussed in the case of
an accelerated two-level system interacting with scalar field
in the presence of a plate �25�.

Summing the contributions of vacuum field fluctuations
and of radiation reaction field to the Lamb shift in the pres-
ence of the reflecting plate �Eqs. �30� and �31��, we obtain
the energy-level shifts of the accelerated atom in the pres-
ence of the plate. We get

��Ea�b. = ��Ea�vf
�b.� + ��Ea�rr

�b.�. �34�

In Fig. 1 we have plotted the result obtained as a function
of distance z0 for a ground-state atom with isotropic polariz-
ability and for different values of atomic acceleration. The
distances considered are on the order of microns, which are
the typical distances in experimental setup for measurements
of Lamb shift in the presence of a conducting plate. A com-
parison between the different curves shows that, in order to
reveal effects of acceleration on the energy-level shifts, it is
necessary to consider accelerations on the order of
1024–1025 cm /s2. These are the typical accelerations neces-
sary to observe the Unruh effect. In other words, as in the
case of unbounded space, in the presence of a reflecting plate
the effects of atomic acceleration on the Lamb shift become
appreciable for accelerations on the order of 1024 cm /s2. We
have also considered the ratio between the energy-level shifts
of an atom at rest in front of the plate and the energy-level
shift of the accelerated atom �Eb.�a=0� /�Eb.�a�0� with a
=1025 cm /s2. Figure 2 shows the behavior of this quantity as
a function of the distance z0. We observe that this quantity
decreases, increasing z0. This suggests that the effects of
atomic acceleration on the energy-level shifts become more
relevant for distances on the order of 10−4 cm.

We also stress that our calculation concerns with an ac-
celerated atom in the ground state. Although we do not have
performed explicit calculations, we expect that in the case of
an atom in the excited state, resonant terms could appear due
to the resonant atom-field interaction, in analogy with the
case of an excited atom at rest near a conducting plate.
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It is interesting to observe that because of the anisotropy
of the function K�m�� ;z0 ,a�, the energy-level shift in Eq.
�34� depends on the direction of the atomic polarizability.
For example, for a dipole oriented in a direction parallel
to the x-z plane, the energy shift contains an extra term,
compared with the case of an atom at rest, which is as-
sociated with nondiagonal component xz of the function
K�m�� ;z0 ,a�. This contribution, which is proportional to the
atomic acceleration a, is not present in the case of an atom at
rest. This suggests the possibility to make the effects of ac-
celeration on the Lamb shift easier to observe for anisotropic
polarizability.

We conclude our analysis by comparing the results ob-
tained with the case of an atom at rest in front a perfectly
reflecting plate at a temperature different from zero �31�. We
have considered the ratio between the energy shifts of an
accelerated atom in the presence of a reflecting plate with
those obtained for an atom at rest immersed in a thermal bath
at a temperature T. In Fig. 3 we have plotted as a function of
the distance z0 the quantity �Eb.�T�0� /�Eb.�a�0� for an
atom with isotropic polarizability for two different values of

temperature �T=100 K and T=300 K� and for acceleration
on the order of 1024 cm /s2 �corresponding to the Unruh
temperature TU�102 K�. The curves obtained show that
for distances on the order of 10−4 cm, the ratio �Eb.�T
�0� /�Eb.�a�0� is equal to 1. This suggests that there exist
some distances z0 for specific values of atomic accelera-
tion such that the effect of the atomic acceleration on the
energy-level shifts becomes equivalent to a thermal effect.
Moreover, Figs. 3 and 4 show that when the temperature or
the atomic acceleration increase, the range of distances in
which �Eb.�T�0� /�Eb.�a�0��1 decreases. In particular, as
shown in Fig. 4, for acceleration on the order of 1025 cm /s2,
the effect of acceleration on the energy-level shifts becomes
equivalent to the thermal one in the limit of small distances
�z0�0.1 �m�.

IV. CONCLUSIONS

In this paper we have investigated the Lamb shift of a
uniformly accelerated hydrogen atom interacting with the
electromagnetic field in the presence of a perfectly conduct-

2x10

δE

z0

a=1025 cm/s2
a=1024 cm/s2
a=0 cm/s2

-5 4x10-5 6x10-5 8x10-5 1x10-4 (cm)

FIG. 1. �Color online� Energy
level shifts as a function of the
atom-plate distance z0 and for
different values of atomic accel-
eration. Blue, red, and black
curves �long-dashed, dashed, and
solid lines, respectively� represent
the shifts for a=1025 cm /s2,
a=1024 cm /s2, and a=0 cm /s2,
respectively.

0.005

0.010

0.015

1x10-4 2x10-4 3x10-4 4x10-4 5x10-4 z0 (cm)

FIG. 2. �Color online� Ratio
between the energy-level shift of
an atom at rest in front a reflecting
plate and the energy-level shift
of the atom accelerating along
x direction parallel to the plate
�a=1025 cm /s2�. The effects of
acceleration become important
when the atom-plate distance z0

increases.
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ing plate. The atom accelerates in a parallel direction to the
plate. We have evaluated the contribution of vacuum field
fluctuations and radiation reaction field to the energy-level
shifts of the accelerated atom. We have shown that, due to
the presence of the boundary, both these contributions are
affected by the atomic acceleration. We have also discussed
that the corrections induced by the presence of the boundary
are essentially nonthermal. It is argued that for specific val-
ues of the atom-plate distance and/or acceleration, nonther-
mal terms may cancel that already present in the unbounded
space. Finally, we have shown that because of the anisotropy
of the electric correlation function, the energy-level shifts
depend in a significantly way from the orientation of atomic
dipole. This suggests that effects of acceleration on the
atomic level shifts can become appreciable for atoms with
anisotropic polarizability.
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APPENDIX: CORRELATION FUNCTION AND LINEAR
SUSCEPTIBILITY AS INTEGRALS OVER

FREQUENCIES

In this appendix we outline the calculation of the sym-
metrical and antisymmetrical correlation functions as inte-
grals over frequencies. We first focus on the symmetrical
correlation function

C�m
F �x,x�� = 1

2 	0��E�„x���…,Em„x����…�0� , �A1�

From Eq. �25� we obtain

�C�m
F �x,x����b.� = −

a4

16�2���m�sinh2�a

2
�� − �� − i��� + a2z2�

− 2n�nm sinh2�a

2
�� − �� − i����

�
1

�sinh2� a
2 �� − �� − i��� + a2z23 −

a4

16�2

��2a2z2���m − k�km� + 2az�n�km + k�nm��

�
sinh2� a

2 �� − �� − i���
�sinh2� a

2 �� − �� − i��� + a2z23 . �A2�

Observing that ��m−2n�nm=��m and defining ��m
=az0���m−k�km�+ �n�km+k�nm�, expression �A2� can be writ-
ten as

�C�m
F �x,x����b.�

= −
a4

16�2���n

�nm sinh2�a�u − i��

2
� + �nma2z0

2

�sinh2� a�u − i��

2 � − a2z0
2�3 �

−
a4

16�2
��m

sinh2�a�u − i��

2
�

�sinh2� a�u − i��

2 � − a2z0
2�3

, �A3�

where u=�−��. In order to express this function as integral
over frequencies we first observe that

�
0

�

d� sin�2�

a
sinh−1���

a
��coth���

a
��ei�u + e−i�u�

=
a2z0�1 + a2z0

2�1/2

a2z0
2 − sinh2�au/2�

, �A4�
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T= 300 K
T= 100 K

(cm)z0

FIG. 3. �Color online� Ratio between the energy-level shift of an
atom at rest in front the reflecting plate at temperature T and the
energy-level shift of the accelerated atom �a=1024 cm /s2�. Red and
blue curves �dashed and solid lines, respectively� represent this ratio
for two different temperatures, T=300 K and T=100 K,
respectively.
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FIG. 4. �Color online� Ratio between the energy shift of an atom
at rest in front the plate at temperature T and the energy-level shift
of the accelerated atom �a=1025 cm /s2�. Note that the curves ob-
tained for two different temperatures �T=100 K and T=300 K�
coincide.
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�
0

�

d�� cos�2�

a
sinh−1���

a
��coth���

a
��ei�u + e−i�u� = −

a

2
� 2a2z0

2�1 + a2z0
2�

�a2z0
2 − sinh2�au/2��2 −

1 + 2a2z2

a2z0
2 − sinh2�au/2�� , �A5�
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0
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d��2 sin�2�

a
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a
��coth���

a
��ei�u + e−i�u�

= −
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3�1 + 2a2z0

2�
�a2z0

2 − sinh2�au/2��2 +
2

a2z0
2 − sinh2�au/2�� . �A6�

Using these expressions in Eq. �A3�, after some algebraic manipulation, we obtain

C�m
F �x,x���b.� = −

1

8�2

1

�2z0�3�1 + a2z0
2�1/2�

0

�

d�K�m��;z0,a�coth���

a
��ei�u + e−i�u� , �A7�

where we defined
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�A8�

Let us now consider the linear susceptibility

��m
F �x,x�� = 1

2 	0��E�„x���…,Em„x����…��0� . �A9�

From Eq. �25� we obtain

���m
F �x,x����b.� = − i

a4

16�2 ��2��n��nm − nnnm� + 2az0��m��1�u;z0,a�
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where we defined

�1�u;z0,a� =
i�

4az0
� 4

�1 + a2z0
2�3/2 ���„au − 2 sinh−1�az0�… − ��„au + 2 sinh−1�az0�…� +

6az0

�1 + a2z0
2�2 ���„au − 2 sinh−1�az0�…

− ��„au + 2 sinh−1�az0�…� −
1 − 2a2z0

2

�1 + a2z0
2�5/2 ��„au − 2 sinh−1�az0�… − �„au + 2 sinh−1�az0�…�� , �A11�

�2�u;z0,a� =
i�

8a2z0
2�−

4

�1 + a2z0
2�

���„au − 2 sinh−1�az0�… + ��„au + 2 sinh−1�az0�…�

−
2az0

�1 + a2z0
2�3/2 ��„au − 2 sinh−1�az0�… − �„au + 2 sinh−1�az0�…�� , �A12�

L. RIZZUTO AND S. SPAGNOLO PHYSICAL REVIEW A 79, 062110 �2009�

062110-8



�3�u;z0,a� =
i�

8a3z0
3� 2

�1 + a2z0
2�1/2 ��„au − 2 sinh−1�az0�…

− �„au + 2 sinh−1�az0�…�� , �A13�

where ���x� and ���x� are the first and the second derivatives
of the Dirac’s function, ��x�, respectively.

Observing that

��x� =
1

2�
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0

�

d��ei�u + e−i�u� , �A14�
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we, finally, obtain
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