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We present an analysis of the recent measurements of the light-shift ratio in Ba+ at two different wavelengths
that enables us to reduce the uncertainty of the largest E1 dipole matrix elements of Ba+. These matrix
elements are, for instance, of interest for the proposed parity-nonconservation �PNC� experiment in Ba+. We
show that a new measurement of the light-shift ratio in Ba+ at a wavelength of 350 nm could further reduce the
uncertainty of the �for PNC studies most important� �5D3/2��D��6P1/2� matrix element. Finally, as groundwork
for the planned PNC experiment at KVI, we present relativistic coupled-cluster calculations of the E1 matrix
elements for Ra+, and investigate the potential of similar light-shift ratio measurements in this ion.
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I. INTRODUCTION

Singly ionized barium �Ba+� and radium �Ra+� have been
proposed as candidates for parity-nonconservation �PNC� ex-
periments �1–3�. These ions are also suitable for atomic
clock experiments �4�. Accurate determination of the electric
dipole �E1� matrix elements is essential in achieving sub-1%
PNC amplitudes. In the sum-over-the-states approach, the
E1PNC amplitude for the 7S1/2→6D3/2 transition in Ra+ is
written as

E1PNC = �
n=2

� 	 �7S1/2��HPNC��nP1/2��nP1/2��D��6D3/2�
E7S1/2

− EnP1/2

+
�7S1/2��D��nP3/2��nP3/2��HPNC��6D3/2�

E6D3/2
− EnP3/2


 ,

where HPNC is the PNC Hamiltonian, D is the dipole opera-
tor, and Ei is the energy of state i. As shown in Ref. �3�, by
far the largest contribution to this sum is from the interme-
diate 7P1/2 state. This state contributes around 111%, while
the second largest contributions are from the core orbitals
5P3/2 and 6P3/2 that contribute some 15% and 9%, respec-
tively. This means that being able to accurately calculate the
�7P1/2��D��6D3/2� in Ra+ �and the corresponding 6P1/2 matrix
element in Ba+ �5�� is especially desirable. The E1 matrix
elements are also crucial in determining the dipole polariz-
abilities which are required to estimate shifts due to �stray�
electric fields present in the experiments �6�.

There is no direct method to measure E1 matrix elements,
but they can be derived from a combination of branching
ratio and lifetime measurements. If there are, however, two
or more strong decay channels from a state, it is not possible
to estimate the E1 matrix elements precisely. For instance,
the available branching ratios �7–9� and lifetime �10–12�
measurements of the first excited P states of Ba+ do not
enable an accurate determination of the E1 matrix elements.
For Ra+ no laser-spectroscopy experiments have been carried
out yet.

The E1 matrix elements can be calculated to accurately
using a modern-day many-body method. Since Ba+ and Ra+

are heavy systems, the electron correlation and relativistic
effects are large. A variety of relativistic many-body methods
have already been employed to calculate the E1 matrix ele-

ments for Ba+ and Ra+ �13–17�. The results obtained in these
calculations, however, differ significantly in some cases,
while for the proposed PNC experiments a sub-1% accuracy
is needed. In this work, we have employed the relativistic
coupled-cluster �RCC� method to calculate the pertinent E1
matrix elements in Ba+ and Ra+.

It was proposed recently �18� that the measurement of the
ratio of two light shifts �ac Stark shifts� could provide a way
to accurately determine E1 matrix elements. By choosing a
particular wavelength, the contribution from a specific ma-
trix element to the light shift becomes relatively large. By
taking the ratio of the differential light shift of two different
states, the uncertainty in the laser light intensity is elimi-
nated. Recently, such a light-shift ratio measurement in Ba+

at two different wavelengths was performed �19,20�. In Ref.
�20� the outcomes of the measurements were used to calcu-
late two E1 matrix elements; a more sophisticated analysis is
underway. In this paper, we present a different analysis of
these measurements. We show how they can be used to re-
duce the uncertainty of the most relevant E1 matrix elements
of Ba+. We also calculate the wavelength at which a new
light-shift ratio measurement would be the most informative
for a PNC experiment. Finally, we turn our attention to Ra+.
Using coupled-cluster calculations of the E1 matrix ele-
ments, we analyze if a similar light-shift ratio measurement
in Ra+ is useful, and what the optimal wavelength for such a
measurement would be.

II. LIGHT-SHIFT RATIO

The energy shift of an atomic state �� ,J ,m� due to non-
resonant ac light in an average period of light oscillations,
neglecting the mixing of the magnetic sublevels, is given by
�20�

�E��,J,m� = −
�0

2
�E�2 − i

�1

2
m�i�E� � E��

−
�2

2
�3m2 − J�J + 1�

J�2J − 1� �3Ez
2 − �E�2

2
. �2.1�

This is the ac Stark or light shift. In this expression, J rep-
resents the total angular momentum, m is the magnetic quan-
tum number, and � is an additional index representing other
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relevant quantum numbers. E is the applied electric field
vector, and Ez is its magnitude in the z direction. �0, �1, and
�2 are the scalar, vector, and tensor polarizabilities of the
state �� ,J ,m�. They are given by �21,22�

�0��,J� = −
2

3�J� �
K�J

EJ − EK

�EJ − EK�2 − �2

� ����K��D���J��2�0�J,K� ,

�1��,J� = −
1

�J� �
K�J

�

�EJ − EK�2 − �2

� ����K��D���J��2�1�J,K� ,

�2��,J� = −
2

3�J� �
K�J

EJ − EK

�EJ − EK�2 − �2

� ����K��D���J��2�2�J,K� . �2.2�

Here D is the dipole operator and �J�=2J+1 is the degen-
eracy factor. ��� ,K� represents states of opposite parity to
�� ,J�, matrix elements with double bars are reduced matri-
ces, Ei is the energy of state i in the absence of an external
electric field, and � is the frequency of the applied electric
field. The angular factors �i�J ,K� �i=0,1 ,2� are defined as

�0�J,K� = �J−1,K + �J,K + �J+1,K,

�1�J,K� = −
1

J
�J−1,K −

1

J�J + 1�
�J,K +

1

J + 1
�J+1,K,

�2�J,K� = − �J−1,K +
2J − 1

J + 1
�J,K −

J�2J − 1�
�J + 1��2J + 3�

�J+1,K.

�2.3�

When the applied electric field is circularly polarized and
aligned with the magnetic field, the vector shift is at its maxi-
mum value. Also, we can see from Eq. �2.1� that the differ-
ential light shift between 	m Zeeman states, �E�� ,J ,m�
−�E�� ,J ,−m�, depends only on the vector polarizability �1.
Further, if we were to take the ratio of the differential light
shifts of two different states, we see that the dependence on
the electric field cancels.

Hence, we define �18–20�

R 

�E6S1/2,m=1/2 − �E6S1/2,m=−1/2

�E5D3/2,m=1/2 − �E5D3/2,m=−1/2
,

which is the ratio of the differential light shifts of the 6S1/2
and 5D3/2 states of Ba+. Using Eq. �2.1� this can be written as

R =
�1�6S1/2�
�1�5D3/2�

,

where we slightly rewrite the vector polarizability as

�1��,J� = −
1

2�J� �
K�J

� 1

��JK − �
−

1

��JK + �
�

� ����K��D���J��2�1�J,K� . �2.4�

The relative minus sign of the two terms between brackets in
Eq. �2.4� disagrees with Refs. �18–20�; cf. Ref. �21�.

Once the E1 matrix elements are known, calculating the
lifetime of a state is straightforward. The probability coeffi-
cient Af→i

E1 �s−1� for an E1-induced decay between initial state
i and final state f is given by

Af→i
E1 =

2.026 13 � 1021


�2Jf + 1�
��f ��D��i��2.

To find the total decay rate out of state i, one simply adds the
different decay channels. For the nP1/2 and the nP3/2 states
�n=6 and 7 for Ba+ and Ra+, respectively�, we have

AnP1/2
E1 = AnP1/2→�n−1�D3/2

+ AnP1/2→nS1/2
,

AnP3/2
E1 = AnP3/2→�n−1�D3/2

+ AnP3/2→�n−1�D5/2
+ AnP3/2→nS1/2

.

The lifetimes are given by

�nP1/2
= �AnP1/2

E1 �−1,

�nP3/2
= �AnP3/2

E1 �−1.

III. DIPOLE MATRIX ELEMENTS
OF THE BARIUM ION

To calculate the wave functions of Ba+ and Ra+, we have
employed the RCC theory for the Dirac-Coulomb Hamil-
tonian. We take into account single �S� and double �D� exci-
tations, along with important triple �T� excitations. This is
called the CCSD�T� method. As shown in earlier works �23�,
contributions from higher triple and quadrupole excitations
arise through the nonlinear terms in the CCSD�T� method.
The contributions from these nonlinear terms to the various
properties in heavy systems are significant, which means that
the often-used linear approximation does not work well for
heavy systems.

In order to make an estimate of the errors of the calcu-
lated E1 matrix elements, we used two different gauges for
the calculation, the length and the velocity gauges. We took
the difference in outcome between these two calculation
methods as an estimate of the lower limit of the error. For the
D and F states, however, the velocity gauge did not converge
well. Consequently, for these states we took the difference
between the CCSD, i.e., without triple excitations, and the
CCSD�T� calculation as the error.

We present our results for the dipole matrix elements of
Ba+ in Table I. Also shown are the results from other groups.
As the table shows, the different calculations disagree due to
the different many-body theories used. We will briefly dis-
cuss the main differences.

Gopakumar et al. �14� used a method similar to ours.
They, however, used a mix of numerical orbitals from
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GRASP �24�, and Gaussian-type analytical orbitals �GTOs�.
In the present work, we use purely analytical GTOs. Das �25�
also truncated at the effective one-body terms, while we con-
sider higher-order terms. The main difference between the
method of Dzuba et al. �13� and our method was in detail
discussed in Ref. �14�. Briefly, Dzuba et al. �13� employed
the Green’s-function technique, also an all-order perturbative
method using purely analytical orbitals. However, compared
to this method, our RCC method incorporates more excita-
tions through its nonlinear terms.

Iskrenova-Tchoukova and Safronova �15� used the linear-
ized CCSD method, with important triple excitations. The
orbitals have been constructed using B splines. As discussed
above, the nonlinear terms can incorporate higher-order cor-

relation effects, which can contribute significantly in these
heavy systems �23�. Also, the procedure we use to incorpo-
rate partial triple excitations differs from the method used in
Ref. �15�. We consider effects of partial triple excitations by
estimating at each iteration their contribution to the energy of
the corresponding valence state. Next, we solve the CCSD
method amplitudes self-consistently, while Ref. �15� includes
them directly in the amplitude-determining equations. Guet
and Johnson �16� used the relativistic many-body method to
second order �MBPT�2� method�, using a B-spline basis.

IV. ANALYSIS OF THE LIGHT-SHIFT METHOD
FOR THE BARIUM ION

Table II shows an overview of all the experimental values
for the matrix elements we could find in the literature. In the
rightmost column, the weighted averages of the experimental
data are shown. Using these data, we have calculated the
differential light shifts of the m=1 /2 and the m=−1 /2 levels
of the 6S1/2 and 5D3/2 states. The results are shown in Fig. 1.
The plot starts at 250 nm, while all the transitions to the
higher-lying states are at lower wavelengths. Since we are
not interested in these transitions, we left them out of the
plot. As the plot shows, the light shift of the D state goes
through zero at a wavelength of 590 nm. Clearly visible in
the plot are the peaks at the different transitions. For the
6S1/2 state, these are the transitions to the 6P3/2 state at 456
nm, and the 6P1/2 state at 494 nm. For the 5D3/2 state there is
at 230 nm, just outside the plot, the transition to the 4F5/2
state, at 586 nm the transition to the 6P3/2 state, and at 650
nm the transition to the 6P1/2 state. Shown in the plot are the
contributions from these different states to the D-state light
shift.

Next, we write the ratio of the differential light shifts of
the above states in the sum-over-the-states approach, where
we take the 6P1/2, 7P1/2, 8P1/2, 6P3/2, 7P3/2, 8P3/2, 4F5/2,
5F5/2, and 6F5/2 states into account as the intermediate states.
Using the MBPT�2� method we estimate the total contribu-
tion of the thus neglected core �C�, core-valence �CV�, and
higher-lying valence �V� states. The largest contribution,
more than 90%, to the core, core valence, and valence
�CCVV� total comes from the core states. Further, we found
that for energies lower than 0.13 Ry �corresponding to wave-
lengths higher than 350 nm�, these contributions show al-
most perfect linear behavior in the frequency of the laser
light. Looking at Eq. �2.2� this makes sense. For �→0 and
the energy difference between the valence and the interme-
diate states �EJ−EK� becoming larger, a linear dependence
on � emerges. Using these linear dependencies, R can be
rewritten as

R�
� = 2

�
i=1

6
aipi

2

�
/�
i�2 − 1
− � ��6S1/2�



�2

�
i=7

15
aipi

2

�
/�
i�2 − 1
− � ��5D3/2�



�2

, �4.1�

where 
 is the frequency of the laser field in nm, ai are
constants calculated using Eq. �2.3�, pi are the dipole matrix

TABLE I. Absolute magnitudes of the reduced electric dipole
matrix elements in Ba+. Estimated error bars are given inside
parentheses.

Transition Present Ref. �13� Ref. �14� Ref. �15� Ref. �16�

6P1/2→6S1/2 3.36�1� 3.310 3.3266 3.3357 3.300

7P1/2→6S1/2 0.10�1� 0.099 0.1193 0.0621

8P1/2→6S1/2 0.11�5� 0.115 0.4696

6P3/2→6S1/2 4.73�3� 4.674 4.6982 4.7065 4.658

7P3/2→6S1/2 0.17�5� 0.035 0.3610 0.0868

8P3/2→6S1/2 0.11�5� 0.073 0.5710

6P1/2→7S1/2 2.44�4� 2.493 2.3220

6P1/2→8S1/2 0.66�5� 0.705 0.7283

6P3/2→7S1/2 3.80�2� 3.882 3.6482

6P3/2→8S1/2 0.97�5� 1.025 1.0518

6P1/2→5D3/2 3.11�3� 3.055 2.9449 3.009

7P1/2→5D3/2 0.28�2� 0.261 0.3050

8P1/2→5D3/2 0.13�2� 0.119 0.1121

6P3/2→5D3/2 1.34�2� 1.334 1.2836 1.312

7P3/2→5D3/2 0.16�1� 1.472 0.1645

8P3/2→5D3/2 0.07�2� 0.070 0.0650

4F5/2→5D3/2 3.75�11�
5F5/2→5D3/2 1.59�8�
6F5/2→5D3/2 0.17�2�
6P3/2→5D5/2 4.02�7� 4.118 3.9876 4.057

7P3/2→5D5/2 0.46�1� 0.432 0.4788

8P3/2→5D5/2 0.21�2� 0.206 0.1926

4F5/2→5D5/2 1.08�4�
5F5/2→5D5/2 0.45�7�
6F5/2→5D5/2 0.15�2�
4F7/2→5D5/2 4.84�5�
5F7/2→5D5/2 2.47�6�
6F7/2→5D5/2 1.04�7�
6P1/2→6D3/2 4.89�10�
6P1/2→7D3/2 1.50�8�
6P3/2→6D3/2 2.33�7�
6P3/2→7D3/2 0.67�4�
6P3/2→6D5/2 6.91�21�
6P3/2→7D5/2 2.01�5�
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elements, and �
i are the corresponding frequency differ-
ences. The constants ��6S1/2� and ��5D3/2� give the CCVV
contributions, and take values of ��6S1/2��170.8 and
��5D3/2��136.8. The energy differences �
i in Ba+ are
known to rather high precision �26�, so we will take these
values as given.

Figure 2 shows the light-shift ratios for Ba+ calculated
using Eq. �4.1� and the average experimental values from
Table II. Clearly visible in the plot are the two peaks �infini-
ties� corresponding to the 6S1/2↔6P1/2 and 6S1/2↔6P3/2
transitions. Since the transitions to the 5D3/2 states are in the
denominator, we expect the ratio to go through zero in those
points. This is indeed the case. Since the D-state shift goes
through zero at 590 nm, an extra peak appears there.

By choosing a specific wavelength, the importance of a
contribution from a particular state to the light-shift ratio can
be maximized. Experimental values of this light-shift ratio
can therefore be a powerful tool in the analysis of certain
dipole matrix elements. In Ref. �20� such a measurement for
138Ba+ was done, for two different wavelengths. The results
were

R�
1 = 514.53 nm� = − 11.494�13� ,

R�
2 = 1111.68 nm� = 0.4176�8� .

The uncertainties in these measurements are at impressive
0.1% and 0.2%, respectively. These errors are sufficiently
small to be neglected for our purpose. We will now use these
results to put constraints on the values of the E1 matrix ele-
ments in Ba+.

In the following, we use the shorthand notation pi for the
E1 dipole elements, where the numbering is shown in Table
II. The values between brackets are the uncertainties, which
we will interpret as 1
p values. Also shown in this table is
the light-shift ratio calculated with Eq. �4.1�, where we have
used the theoretical values for the p13 matrix element and
included the CCVV contribution.

We will now study what the experimentally determined
light-shift ratios can say about the values and the uncertain-
ties of the dipole matrix element. For the two wavelengths at
which the experiments have been performed, and in view of
the size of the different pi, we focus on the parameters p
= �p1 , p4 , p7 , p10, p13�. We have an initial set of values �p̄�, but
we also have more information about these values, namely,
two measurements of the light-shift ratio �R�. How does this
extra information influence our data? This problem is conve-
niently addressed by using the properties of the conditional
normal distribution. The details of the method are in the
Appendix. As input for the initial values p̄ we took the av-
eraged experimental values; see Table II. For the experimen-
tally unknown matrix element p13= �5D3/2��D��F5/2� we take
our calculated value of 3.75, but we take a larger uncertainty
of 0.5 to be on the safe side. This results in

p1 = �6S1/2��D��6P1/2� = 3.32�2� �3.36�4�� ,

p4 = �6S1/2��D��6P3/2� = 4.70�3� �4.69�4�� ,

p7 = �5D3/2��D��6P1/2� = 3.02�4� �2.97�6�� ,

p10 = �5D3/2��D��6P3/2� = 1.36�3� �1.36�3�� ,

TABLE II. Theoretical and experimental �absolute� values of the reduced dipole matrix elements of
Ba+.

Transition
�


�nm�

Experimental values

Ref. �7� Ref. �9� Refs. �27,28� Ref. �29� Average

6S1/2-6P1/2 493.545 p1 3.36�16� 3.36�12� 3.36�4� 3.36�4�
6S1/2-7P1/2 202.471 p2 0.24�3� 0.24�3�
6S1/2-8P1/2 163.040 p3 0.10�1� 0.10�1�
6S1/2-6P3/2 455.531 p4 4.45�19� 4.69�16� 4.55�10� 4.72�4� 4.69�4�
6S1/2-7P3/2 199.952 p5 0.33�4� 0.33�4�
6S1/2-8P3/2 162.200 p6 0.15�2� 0.15�2�
5D3/2-6P1/2 649.869 p7 3.03�9� 2.99�18� 2.90�9� 2.97�6�
5D3/2-7P1/2 224.638 p8 0.42�11� 0.42�11�
5D3/2-8P1/2 177.103 p9 0.23�6� 0.23�6�
5D3/2-6P3/2 585.530 p10 1.36�4� 1.38�9� 1.54�19� 1.349�36� 1.36�3�
5D3/2-7P3/2 221.545 p11 0.19�5� 0.19�5�
5D3/2-8P3/2 176.175 p12 0.10�3� 0.10�3�
5D3/2-4F5/2 230.496 p13

5D3/2-5F5/2 190.414 p14

5D3/2-6F5/2 167.451 p15

R�514.53� −12.07�33�
R�1111.68� 0.495�46�
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p13 = �5D3/2��D��4F5/2� = 3.94�33� �4.0�5�� �4.2�

for our recommended values for the matrix elements. Be-
tween the square brackets, the initial values and uncertainties
are shown. We see that because of the two light-shift ratio
measurements, the values of the dipole matrix elements have
shifted. The largest shifts are in the p1 and p7 matrix ele-
ments, but the changes are not bigger than 1 standard devia-
tion. As expected, the uncertainties in the matrix elements
have decreased, except for the p10 element. The reason is that
the sensitivity of the light-shift ratio at the experimental
wavelengths to this matrix element is simply too small.
Comparing to Table I, we conclude that in general the theo-
retical values for the matrix elements differ from these rec-
ommended values by at most 2 standard deviations. The out-
come is rather insensitive to the starting value of the

�experimentally� unknown p13= �5D3/2��D��F5/2� matrix ele-
ment. Varying p13 from 3.25 to 4.5 with an uncertainty of 0.5
gives for p7 a range of 2.99�5�–3.04�5� and for its own value
a range of 3.85�33�–4.30�33�. p1, p4, and p7 do not change.

The results in Eq. �4.2� differ from the findings of Ref.
�20�. There the light-shift ratio equation and the two experi-
mental results were used to solve for two of the unknown
dipole matrix elements. The results were

p7 = �5D3/2��D��6P1/2� = 3.14�8� ,

p13 = �5D3/2��D��4F5/2� = 4.36�36� .

The reason for the discrepancy between this and our result
lies again in the extra minus sign in Eq. �2.4� and the fact
that we took CCVV contributions into account.

Using the values in Eq. �4.2�, we can also calculate the
lifetimes of the 6P1/2 and 6P3/2 states and compare them to
experimental values. The lifetime of the 6P1/2 state only de-
pends on p1 and p7. Therefore, from a PNC point of view,
this lifetime is a good test of our method. The lifetime of the
6P3/2 state depends on p4 and p10, and on the matrix element
�6D5/2��D��6P3/2�, which we take from Table I. The resulting
lifetimes are given in Table III. The agreement between our
results and the experimental values is very good.

A nice feature of our approach is that we can use it to find
that wavelength at which a new measurement would give the
largest decrease in the variance of the matrix elements. Sup-
pose that before the measurement, we have a matrix S with
the variances of the dipole matrix elements on the diagonal.
In the Appendix we show that after the measurement, the
matrix with variances is given by S�=S−W�
 ,S�, where
W�
 ,S� is positive semidefinite. This means that after a mea-
surement, the variances of the matrix elements decrease by
an amount W�
 ,S�, which only depends on the current vari-
ance matrix and the wavelength of a measurement, but not
on the outcome of the measurement. So now we can plot the
�square root of the� diagonal elements of the new variance
matrix S� as a function of the wavelength, and see where the
biggest reduction in the uncertainty of the dipole matrix el-
ements occurs. The result is given in Fig. 3. As explained in
the Appendix, the result is not reliable for 580�

�610 nm. In the light of the PNC experiments, we are es-
pecially interested in the �5D3/2��D��6P1/2� matrix element,
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FIG. 1. �Color online� The differential light shifts between the
m1/2 and m−1/2 states of the 6S1/2 �dash-dotted blue line� and 5D3/2
�thick solid red line� levels of Ba+. We used the averaged experi-
mental data from Table II and assumed a laser focused on a spot
with radius of 50 �m. Also shown are the individual contributions
from �5D3/2��D��6P1/2� �dashed red line�, �5D3/2��D��6P3/2� �dotted
red line�, and �5D3/2��D��4F5/2� �thin red line�. The two vertical lines
indicate the wavelengths at which the two experiments were
performed.
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FIG. 2. �Color online� The light-shift ratios of Ba+.

TABLE III. The lifetimes of the 6P1/2 and 5P3/2 states of Ba+.
The probability coefficients A are given in MHz, and the lifetimes
in ns.

6P1/2 6P3/2

A�→6S1/2� 92.9�1.1� A�→6S1/2� 118.9�3.6�
A�→5D3/2� 33.4�1.1� A�→5D3/2� 4.7�1�

A�→5D5/2� 35.3�2.5�
AE1�6P1/2� 126.3�1.6� AE1�7P1/2� 158.8�4.3�
��6P1/2� 7.92�10� ��7P3/2� 6.30�17�
Expt. �10� 7.92�8� Expt. �11� 6.32�10�
Expt. �11� 7.90�10� Expt. �12� 6.312�16�
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p7. Therefore, the best wavelength to perform a new ratio
measurement would be around 350 nm. Provided it is accu-
rate enough, such a measurement could reduce the uncer-
tainty in this matrix element further from 0.05 down to 0.02.

V. DIPOLE MATRIX ELEMENTS FOR THE RADIUM
ION

In the same way as for Ba+, we have used the CCSD�T�
method to calculate the dipole matrix elements of Ra+. The

results are shown in Table IV. The error bars of different
matrix elements are estimated in the same way as for Ba+.
We also show the other available calculations �17,30,31�.
Most of our results agree with them, up to the first decimal
place. Using our theoretical values, we have calculated the
transition probabilities and the lifetimes of the 7P1/2 and
7P3/2 states. These are given in Table V. Using the average
of the theoretical values in Table IV, viz.,

p1 = �7S1/2��D��7P1/2� = 3.25�3� ,

p4 = �7S1/2��D��7P3/2� = 4.51�3� ,

p7 = �6D3/2��D��7P1/2� = 3.58�4� ,

p10 = �6D3/2��D��7P3/2� = 1.52�2� ,

p13 = �6D3/2��D��5F5/2� = 4.56�16� , �5.1�

we have calculated the differential light shifts between the
m1/2 and m−1/2 states of the 7S1/2 and 6D3/2 levels. The result
is shown in Fig. 4. As the plot shows, the light shift of the D

TABLE IV. Theoretical �absolute� values of the reduced dipole matrix elements of Ra+. Estimated error
bars are given inside parentheses.

Transition
�


�nm� Present Ref. �13� Ref. �17� Ref. �31�

7S1/2→7P1/2 468.358 p1 3.28�2� 3.224 3.2545 3.254

7S1/2→8P1/2 197.605 p2 0.04�4� 0.088 0.047

7S1/2→9P1/2 p3 0.09�3� 0.116

7S1/2→7P3/2 381.550 p4 4.54�2� 4.477 4.5106 4.511

7S1/2→8P3/2 190.869 p5 0.49�2� 0.339 0.395

7S1/2→9P3/2 157.703 p6 0.30�2� 0.095

6D3/2→7P1/2 1079.119 p7 3.62�5� 3.550 3.5659 3.566

6D3/2→8P1/2 259.594 p8 0.06�2� 0.013 0.049

6D3/2→9P1/2 p9 0.02�1� 0.013

6D3/2→7P3/2 707.991 p10 1.54�2� 1.504 1.5117 1.512

6D3/2→8P3/2 248.092 p11 0.15�2� 0.127 0.144

6D3/2→9P3/2 194.833 p12 0.07�2� 0.057

6D3/2→5F5/2 270.976 p13 4.67�2� 4.4491

6D3/2→5F5/2 210.832 p14 0.86�4�
6D3/2→5F5/2 183.697 p15 0.48�11�
7P3/2→5D5/2 4.83�8� 4.816 4.8232
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FIG. 3. �Color online� The expected uncertainties of the relevant
matrix elements of Ba+ after a measurement of the light-shift ratio
at wavelength 
. In this plot, the information from the first two
experiments has been taken into account. The following elements
are plotted: �6S1/2��D��6P1/2� �solid red line�, �6S1/2��D��6P3/2� �dot-
ted green line�, �5D3/2��D��6P1/2� �dash-dotted black line�,
�5D3/2��D��6P3/2� �dashed blue line�, and �5D3/2��D��4F5/2� �thin ma-
genta line�. To plot the elements in the same figure, we divided the
�5D3/2��D��4F5/2� uncertainty by a factor of 10.

TABLE V. The lifetimes of the 7P1/2 and 7P3/2 states of Ra+.
The probability coefficients A are given in MHz, and the lifetimes
in ns.

7P1/2 7P3/2

A�→7S1/2� 106.8�1.3� A�→7S1/2� 188.0�3.8�
A�→6D3/2� 10.6�3� A�→6D3/2� 3.4�1�

A�→6D5/2� 22.9�1.8�
AE1�7P1/2� 116.7�1.3� AE1�7P1/2� 214.2�4.2�
��7P1/2� 8.57�10� ��7P3/2� 4.67�9�
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state goes through zero at a wavelength of 721 nm. Clearly
visible again in the plot are the peaks at the different transi-
tions. For the 7S1 /2 state, these are the transitions to the
7P3/2 state at 382 nm, and to the 6P1/2 state at 468 nm. For
the 6D3/2 state, we have at 271 nm the transition to the 5F5/2
state, at 708 nm the transition to the 7P3/2 state, and at 1080
nm the transition to the 7P1/2 state. Shown in the plot are the
contributions from these different states to the total light
shift.

Since Ra+ has been proposed for PNC �3� and atomic
clock �4� experiments, knowledge of the accuracies of the
above E1 matrix elements are essential. This means that a
similar measurement of the light-shift ratio in Ra+ might be
very useful. We will use the same method as for Ba+ to find
the optimal wavelength for such a measurement. We take as
initial values the values in Eq. �5.1�, where again the uncer-
tainties are estimates. Figure 5 shows the attainable uncer-
tainties using the current theoretical uncertainties, in order to
assess good wavelengths for a light-shift ratio measurement
in Ra+. The results are not reliable for 710�
�730, as ex-
plained in the Appendix. Based on this figure, the most in-
teresting wavelength for the �6D3/2��D��7P1/2� matrix element
is either around 500 nm or above the zero crossing at a
wavelength of 750 nm.

VI. CONCLUSION

We have employed the relativistic coupled-cluster theory
to calculate the electric dipole matrix elements in Ba+ and
Ra+. Next, we have used the results of the recent measure-
ment of the light-shift ratios in Ba+ �20� to reduce the uncer-
tainty of the most important matrix elements. Our recom-
mended values are given in Eq. �4.2�. These values agree
with our CCSD�T� calculations to within 2 standard devia-
tions. They result in ��6P1/2�=7.92�10� ns and ��6P3/2�

=6.30�17� ns, in excellent agreement with experimental re-
sults. We further demonstrated that a new measurement of
the light-shift ratio in Ba+ around 350 nm could further re-
duce the uncertainty of the �for PNC studies, important�
�5D3/2��D��6P1/2� matrix element from 1.7% to 0.7%. For
Ra+, where no experimental data are available, we discussed
what the most informative wavelength would be for a similar
light-shift ratio measurement. For the �6D3/2��D��7P1/2�
�PNC� matrix element, a measurement of either around 500
or 750 nm would be optimal.
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APPENDIX

We indicate the initial values of p by p̄. We start by as-
suming that the matrix elements p are distributed normally,

p � N�p̄,S� ,

where S is a 5�5 matrix with the variances of pi on the
diagonal. Next, we approximate R by a Taylor series around
p= p̄,

R�
;p� = R�
; p̄� + �p − p̄�T · � �R�
;p�
�p

�
p=p̄

+ O�p2�

� c + pT · � ,

where
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FIG. 4. �Color online� The differential light shifts between the
m1/2 and m−1/2 states of the 7S1/2 �dash-dotted blue line� and 6D3/2
�thick solid red line� levels of Ra+. We used the averaged theoretical
results and assumed a laser focused on a spot with radius of
50 �m. Also shown are the individual contributions from
�6D3/2��D��7P1/2� �dashed red line�, �6D3/2��D��7P3/2� �dotted red
line�, and �6D3/2��D��5F5/2� �thin red line�.
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FIG. 5. �Color online� The expected uncertainties of the relevant
matrix elements of Ra+ after a measurement of the light-shift ratio
at wavelength 
: �7S1/2��D��7P1/2� �solid red line�, �7S1/2��D��7P3/2�
�dotted green line�, �6D3/2��D��7P1/2� �dash-dotted black line�,
�6D3/2��D��7P3/2� �dashed blue line�, and �6D3/2��D��5F5/2� �thin ma-
genta line�. To plot the elements in the same figure, we divided the
�6D3/2��D��5F5/2� uncertainty by a factor of 10.
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� = ��
; p̄� = � �R�
;p�
�p

�
p=p̄

,

and

c = c�
; p̄� = R�
; p̄� − p̄T · � �R�
;p�
�p

�
p=p̄

,

and T indicates the transpose. We are interested in the values
of p, given that �Tp+c=q, where q is the measured value of
the light-shift ratio. Using the properties of the conditional
normal distribution �32� we find that

� p

�Tp + c
� � N�� p̄

�Tp̄ + c
�,� S S�

�TS �TS�
�� ,

which leads to

p���Tp + c = q� � N„p̄ + S���TS��−1�q − c − �Tp̄�,S − W… ,

with W=W�
 ,S�
S���TS��−1�TS, a positive semidefinite
matrix.

The above formula can be interpreted as follows. The ini-
tial values p̄ of the matrix elements are, due to the outcome
of the ratio measurement, changed by an amount
S���TS��−1�q−c−�T · p̄�. More interestingly, however, the
variance of the matrix elements is reduced by a factor of
W�
 ,S�. Since W is a function of the wavelength 
 and does
not depend on the outcome of the measurement �provided it
is “accurate enough”�, we can use it to find that wavelength
at which a measurement of the ratio gives the largest reduc-
tion in the variance.

The accuracy of this approach depends of course on the
accuracy of the Taylor approximation. We found that the
linear fit is a very good approximation �better than 2%�, ex-
cept in the region where the light-shift ratio goes through
zero. For Ba+, this means that in the narrow window 580
�
�610 nm, our method is not reliable. For Ra+, the
method fails between 710 and 730 nm.
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