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Recent studies of singularities in scalar wave fields in Young’s classic experiment are extended to electro-
magnetic fields diffracted by an N-pinhole interferometer. Linearly polarized fields whose direction of polar-
ization may be different at each pinhole are examined. It is shown that for two pinholes, only surfaces of linear
polarization are created. For N larger than two, a rich structure of polarization singularities is found even when
the location of the pinholes is arbitrary. In addition, there can be regions where the spectral density of the field
is zero.
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I. INTRODUCTION

Singular optics �1,2� is a relatively new branch of physical
optics that analyzes topological features in the vicinity of
singular points in wave fields. Originally it dealt with phase
singularities and polarization singularities in monochro-
matic fields �3–8�. Later it expanded to include spatially co-
herent, polychromatic fields in which spectral anomalies can
occur �9�. More recently, coherence singularities in partially
coherent fields have also been studied �10–15�.

Several studies have been dedicated to identifying differ-
ent kinds of field singularities that can occur in Young’s in-
terference experiment. Phase singularities and coherence sin-
gularities of the field resulting from the illumination of a
multipinhole interferometer with a partially coherent field
have been predicted �16–18� and observed �19,20�. Optical
vortices produced in a three-pinhole experiment with mono-
chromatic scalar fields have also been analyzed �21�. Fur-
thermore, the evolution of different types of singularities in a
two-slit configuration—phase singularities of monochro-
matic scalar fields, coherence singularities of partially coher-
ent scalar fields, and polarization singularities of vector
fields—has recently been described �22�.

It is the aim of the present paper to elucidate the different
types of polarization singularities that can occur in an
N-pinhole experiment. Polarization singularities in mono-
chromatic fields occur at positions �typically lines� where the
polarization ellipse is circular and hence its orientation angle
is undefined �C lines�, and at positions �typically surfaces�
where the ellipse has degenerated into a line and therefore its
handedness is undefined �L surfaces� �1�. Often, these singu-
lar structures are examined in a specific plane, which leads to
the identification of C points and L lines. We show that in the
two-pinhole setup, with the field at each pinhole being lin-
early polarized, surfaces of linear polarization are created,
but that circular polarization can only be created on, at most,
a single surface. In the three-pinhole configuration, surfaces
of linear polarization can be created, as can lines of circular

polarization. These results are displayed only for planes per-
pendicular to the interferometer screen, resulting in lines and
points rather than surfaces and lines. We show that for
N=3 a rich polarization topology occurs even when the lo-
cations of the pinholes lack symmetry. The extension to an
N-pinhole setup is also discussed, and field structures for
N=4 and N=7 are presented for symmetric pinhole configu-
rations.

Our analysis does not only shed light on Young’s interfer-
ence experiment, one of the seminal experiments in physics,
but it can also be applied to spatial control of the state of
polarization. Having this capability is essential in quantum
optics �23�, but also in classical optics �24� where many
components and samples �25� are birefringent.

II. TWO-PINHOLE INTERFEROMETER

Consider an opaque screen occupying the plane z=0 that
is perforated by two identical pinholes. The pinholes are lo-
cated at

r1 = �d,0,0�, and r2 = �− d,0,0� . �1�

The field incident upon the pinholes is taken to be mono-
chromatic with frequency �, and linearly polarized. It is also
assumed that the field at each pinhole is of equal amplitude
and co-phasal. Let us write the electric field at the jth pinhole
as

E j��� = E0ei�tê j, �j = 1,2� , �2�

where E0�R, t denotes the time, and ê j is a real unit vector
that denotes the direction of polarization. The field at an
observation point r= �x ,y ,z� then equals �26�

E�r,�� = Ē����
j=1

2
eikRj

Rj
ê j , �3�

where Rj = �r−r j�, Ē���=−iE0dA exp�i�t� /�, dA is the area
of each pinhole, and k=� /c=2� /� is the wave number as-
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sociated with frequency �, with c being the speed of light in
vacuum. Obviously, if ê1 � ê2, the resultant field will be lin-
early polarized everywhere. As is shown in the Appendix, all
polarization choices except ê1 � ê2 result in the same topologi-
cal structure. We will therefore consider the case of two or-
thogonally polarized fields, namely, ê1= x̂ and ê2= ŷ. Using
this choice in Eq. �3�, and by denoting

�Ex�r,��� = E0dA/�R1, �4�

�Ey�r,��� = E0dA/�R2, �5�

� = arg�Ey�r,��� − arg�Ex�r,��� ,

=k�R2 − R1� , �6�

the Stokes parameters that characterize the state of polariza-
tion of the field at position r can be expressed as ��26�, Sec.
1.4.2�

S0�r,�� = �Ex�r,���2 + �Ey�r,���2, �7�

S1�r,�� = �Ex�r,���2 − �Ey�r,���2, �8�

S2�r,�� = 2 Re�Ex
��r,��Ey�r,��	 , �9�

S3�r,�� = 2 Im�Ex
��r,��Ey�r,��	 . �10�

The parameter S0�r ,�� is proportional to the spectral density
�or “intensity at frequency �”� of the field. The normalized
Stokes vector �s1 ,s2 ,s3� with si=Si /S0 and i=1,2 ,3 indi-
cates a point on the Poincaré sphere. The North Pole
�s3=1� and South Pole �s3=−1� both correspond to circular
polarization. Points on the Equator �s3=0� correspond to lin-
ear polarization. All other points correspond to elliptical po-
larization. The orientation of the polarization ellipse also fol-
lows from the Stokes parameters.

Linear polarization occurs at positions where s3=0. This
implies that

� = k�R2 − R1� = n� , �11�

with n an integer. Substitution of the definitions of R1 and R2
results in the equation

x2

an
2 −

y2

bn
2 −

z2

bn
2 = 1, �12�

where

an
2 = n2�2/16, �13�

bn
2 = d2 − an

2 �n = 1,2, . . . ,nmax� . �14�

Since �R2−R1��2d it follows that

nmax � 4d/� � nmax + 1, �15�

and hence the coefficients bn
2 are all positive. Equation �12�

represents a set of nmax semihyperboloids of two sheets in the
half-space z�0, with their symmetry axis along the line con-
necting the two pinholes. The distance between the two x

intercepts of each hyperbola equals 2an=n� /2. These inter-
cepts all lie in between the two pinholes. An example of the
first two hyperbolas �n=1,2� is shown in Figs. 1 and 2.
Putting n=0 in Eq. �11� yields an additional surface on
which the field is linearly polarized, namely, the plane x=0.

Circular polarization occurs at positions where both s1
=0 and s2=0. The first condition implies that R1=R2, i.e.,
x=0. From the second condition it follows that

� = k�R2 − R1� = �m + 1/2�� , �16�

with m an integer. Substitution of the definitions of R1 and R2
results in the equation

x2

cm
2 −

y2

dm
2 −

z2

dm
2 = 1, �17�

where

cm
2 = �m + 1

2�2�2/16, �18�
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FIG. 1. �Color online� Semihyperbolas on which the polariza-
tion of the field in a two-pinhole interferometer is linear �L sur-
faces�. In this example �=632.8 nm and 2d=2 mm. Notice that
the horizontal scale is in microns, whereas the vertical scale is in
millimeters.
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FIG. 2. �Color online� Semihyperbolas on which the polariza-
tion of the field in a two-pinhole interferometer is linear �L sur-
faces�. In this example z=0.5 m. All other parameters are as in Fig.
1. Notice that the horizontal scale is in millimeters, whereas the
vertical scale is in meters.
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dm
2 = d2 − cm

2 , �m = 0,1, . . . ,mmax� , �19�

with

mmax �
4d

�
−

1

2
� mmax + 1, �20�

and the coefficients dm
2 therefore all positive. Equation �17�

represents a set of mmax+1 semihyperboloids of two sheets in
the half-space z�0, with their symmetry axis along the line
connecting the two pinholes. The distance between the two x
intercepts of each hyperbola equals 2cm= �m+1 /2�� /2.
These intercepts too all lie in between the two pinholes.
Since the surfaces of Eq. �17� and the plane x=0 do not
intersect, the two conditions for circular polarization cannot
be satisfied simultaneously and so there is no location at
which the field is circularly polarized. It is shown in the
Appendix that under less general conditions than discussed
here, C points can occur in a N=2 configuration.

III. THREE-PINHOLE INTERFEROMETER

An example of a symmetric three-pinhole interferometer
configuration is one in which the pinholes are located at the
vertices of an equilateral triangle with sides 
3d,

r1 = d�0,1,0�, r2 = d� −
3
2 , −1

2 ,0�, r3 = d� 
3
2 , −1

2 ,0� .

�21�

The field at each pinhole is taken to have amplitude E0 and to
be linearly polarized along the radial direction, i.e., ê j = r̂ j.
This may be achieved, for example, by illuminating the
screen with a radially polarized beam that propagates along
the z axis �27�. In the region of superposition the field is
given by

E�r,�� = Ē����
j=1

3
eikRj

Rj
ê j . �22�

By inserting Eq. �22� into Eqs. �7�–�10�, one may again ana-
lyze the Stokes parameters of the field in an observation
plane. In Fig. 3, the color-coded spectral density is shown in
the transverse plane z=1 m, with contours of s3=0 �lines of
linear polarization� superposed. A honeycomb pattern with
many locations of near-zero spectral density is clearly vis-
ible. We also note that the line x=y=0 is a so-called V line,
a line on which the total electric field is identically zero �1�.
Both observations are a consequence of the particular choice
of the pinhole positions. The appearance of a V line is remi-
niscent of the complete destructive interference of partially
coherent scalar fields that has been predicted and observed
for the same configuration �17,19,20�.

There are three distinct sets of parallel L lines in the plane
shown in Fig. 3. This structure may be understood as fol-
lows. If we apply the paraxial approximation

eikRj/Rj � eikre−ikr̂·rj/r , �23�

where r= �r� in Eq. �22�, then the Stokes parameter S3�r ,�� is
given by the expression

S3�r,�� =

3�Ē����2

r2 �sin�kr̂ · �r1 − r2�� + sin�kr̂ · �r2 − r3��

+ sin�kr̂ · �r3 − r1��	 . �24�

By using the identity sin u+sin v=2 cos��u−v� /2�sin��u
+v� /2� together with the relation r1+r2+r3=0, the first two
terms on the right-hand side of Eq. �24� can be combined to
give

S3�r,�� =

3�Ē����2

r2 �− 2 cos�3kr̂ · r2/2�sin�kr̂ · �r3 − r1�/2�

+ sin�kr̂ · �r3 − r1��	 . �25�

In this case, S3�r ,�� vanishes when kr̂ · �r3−r1� /2 is a mul-
tiple of �. Any two of the three sine terms in Eq. �24� can be
combined to simplify the equation, and the condition
S3�r ,��=0 can thus be generalized to

r̂ · �ri − r j� = p� �i, j = 1,2,3 and i � j� , �26�

with p an integer. For each value of p this gives us three
equations that approximate lines in a transverse observation
plane z=z0. Consider first the case i=2, j=3, for which
ri−r j =sx̂, with s=−
3d. Inserting this into Eq. �26� yields
the condition

xp
2�1 −

p2�2

s2  =
p2�2

s2 �yp
2 + z0

2� , �27�

where xp and yp are the locations of the pth L-line in the
plane z=z0. The number of L lines is bounded since
�p��s /�. For z0=1 m�yp, and taking d=1 mm,
�=0.6328 	m, Eq. �27� reduces to

xp � p 
 0.365 mm, �28�

the solutions of which correspond to the equidistant vertical
L lines. On setting i=1, j=3 in Eq. �26�, a similar derivation
yields

FIG. 3. �Color online� The spectral density �in arbitrary units�
for the symmetric three-pinhole interferometer in the z=1 m plane.
The solid black curves are lines of linear polarization. In this ex-
ample d=1 mm and �=632.8 nm.
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y0 �
x0


3
+ p 
 0.422 mm. �29�

This expression describes the parallel L lines that run from
the bottom left corner to the top right corner in Fig. 3. It is
easily verified that by setting i=1, j=2 in Eq. �26� one ob-
tains the approximation

y0 � −
x0


3
+ p 
 0.422 mm, �30�

which corresponds to the remaining set of L lines.
Unlike the two-pinhole case, circular polarization states

do exist in the three-pinhole configuration. Right �left�-
handed circular polarization may be thought of as the condi-
tion when the field amplitude in the left �right�-handed po-
larization basis state vanishes. The electric field amplitudes
for any two orthogonal basis states are generally complex,
and so the location of phase singularities of the right �left�-
handed amplitudes correspond to states of complete left
�right�-handed polarization. By decomposing the field as
��28�, Sec. 7.2�

E�r,�� = E+�r,��ĉ+ + E−�r,��ĉ−, �31�

where

E��r,�� =
Ex�r,�� � iEy�r,��


2
, �32�

ĉ� =
x̂ � iŷ


2
, �33�

the phase singularities of E+�r ,�� and E−�r ,�� may be
found. In a color-coded plot of their phase, phase singulari-
ties are points where all colors meet. In Figs. 4 and 5, the
phases are shown in the plane z=1 m. The location of the C
points may be found approximately by again using Eq. �23�

and solving for cases when E�=0. These are points �x ,y� in
the plane z=z0 that simultaneously satisfy the two condi-
tions,

y

z0
=

m�

3d
, �34�

x

z0
=

mn�

�
3d
, �35�

where mn is the nth solution to �
3 sin mn�
= �1− �−1�mcos mn� and m and n are integers. Each m and n
label a C point in the region of interest.

The condition for L lines and C points are trivially met by
the case E=0 �a V point�. In fact, co-location of phase sin-
gularities for both E+ and E− is a necessary and sufficient
condition for the existence of a V point. Likewise, a V point
can be thought of as the intersection of an L line with a C
point. Inspection of Figs. 4 and 5 shows many locations be-
yond �x ,y�= �0,0� that seem likely candidates for a V point.
However, it follows from symmetry considerations that such
a point can only occur on the z axis. Indeed it is found that
the C points are all slightly off to the side of the L lines. The
two types of singularities can only be shown to be co-located
within the validity of the paraxial approximation—when
sin mn=0 in Eq. �35�. The pairs of C points that are adjacent
to the intersection of three L lines are of opposite topological
charge—their phases circulate in opposite directions. This
implies that half of them are “star”-type C points and the
other half are either “lemon”- or “monstar”-type C points
�29�. The C points that are not near an L-line intersection
alternate between being stars and lemons along any of the
three axes of symmetry. The C points closest to the intersec-
tions of multiple L lines are monstar-type polarization singu-
larities. The distinction between monstars and lemons was
made through inspection of plots of the orientation angles of
the major axes of the polarization ellipse in the plane �c.f.

FIG. 4. �Color online� The phase of E+�r ,�� in the z=1 m
plane for the symmetric three-pinhole experiment. In this example
d=1 mm and �=632.8 nm. The phase singularities, points where
all colors meet, correspond to C points, i.e., points of left-handed
circular polarization.

FIG. 5. �Color online� The phase of E−�r ,�� in the z=1 m
plane for the symmetric three-pinhole experiment. In this example
d=1 mm and �=632.8 nm. The phase singularities, points where
all colors meet, correspond to C points, i.e., points of right-handed
circular polarization.
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Fig. 7 of �8��. For example, between the two vertical L lines
located near x=−0.7 mm and x=−0.4 mm, the C point near
y=−0.9 mm is a lemon, the one above it is a star, and they
alternate as the vertical position increases.

An alternative way of locating C points is to plot the
phase of the quantity �=E�r ,�� ·E�r ,�� �3�. This is done in
Fig. 6. The advantage of this approach is that both left-
handed and right-handed C points are now simultaneously
visible as phase singularities of �. These singularities have a
charge that is twice the C-point charge, with the sign of the
charge being indicative of the handedness of the polarization.

The symmetry in the three-pinhole arrangement as pre-
sented above is not necessary to create such a rich topology
of singular structures. As an example of a configuration
where the pinhole locations are not symmetric, we consider
the case where

r1 = d�0.8,1,0�, r2 = d�1,0,0�, r3 = d�0,0,0� �36�

and

ê1 = �0,1,0�, ê2 = �0.8,− 0.6,0�, ê3 = � 
3
2 , −1

2 ,0� .

�37�

Again, the field at each pinhole is taken to be of equal am-
plitude and co-phasal, and so Eq. �22� still applies. In Fig. 7,
the spectral density of the field is shown in the plane
z=1 m. The V point �a point of zero spectral density� has
disappeared. Also, the pattern of L lines is changed as com-
pared to the symmetric case, with the lines no longer cross-
ing each other. In Fig. 8, the phases of E+�r ,�� and E−�r ,��
are shown. Breaking the symmetry in pinhole locations
changes the number of C points and L lines in a region, but
it does not result in their disappearance. The occurrence of L
lines and C points may therefore be said to be generic. Note
that the two figures are no longer mirror images of one
another—the location of a phase singularity of E+�r ,�� is no

longer indicative of a location of a phase singularity of
E−�r ,��. It is seen that linear polarization and both types of
circular polarization can all occur in the vicinity of points of
near-zero spectral density.

IV. N-PINHOLE INTERFEROMETER

Young’s experiment can be easily generalized from Eqs.
�3� and �22� by changing the bound on the summation to N.
The number of free parameters �e.g., the state of polarization
of the electric field at each pinhole, and the location of the
pinholes� make any absolute statement about the scalability
of the previous analysis impossible. However, if the phase
and amplitude of the field at each pinhole are the same, and
the direction of linear polarization and the location of the
pinholes are radially symmetric, a pattern does emerge. The
V line x=0, y=0 is present for all N�3. In any transverse
observation plane, an N-fold symmetry exists in the location
of L lines and C points. This is illustrated in Fig. 9 where
plots of S0 and the phase of E−�r ,�� are shown for the cases
N=4 and N=7. The phase of E+�r ,�� can be inferred from
the phase of E− through symmetry considerations.

V. CONCLUSION

We have studied the superposition of N linearly polarized
fields in an N-pinhole interferometer. Despite the absence of
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FIG. 6. �Color online� The phase of �=E ·E. All C points coin-
cide with phase singularities of the quantity �. In this example
d=1 mm and �=632.8 nm.

FIG. 7. �Color online� The spectral density in the z=1 m plane
for an asymmetric three-pinhole experiment. The solid black curves
are lines of linear polarization. In this example d=1 mm and
�=632.8 nm.

FIG. 8. �Color online� The phase of �a� E−�r ,��, and the phase
of �b� E+�r ,�� in the z=1 m plane for an asymmetric three-pinhole
configuration with d=1 mm and �=632.8 nm.
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interference fringes when fields with two orthogonal polar-
ization states are used, the two-pinhole case still yields an
interesting structure of a finite number of semihyperboloids
on which the state of polarization is linear. The three-pinhole
interferometer gives a much richer topological behavior. L
lines and C points were identified, and their occurrence was
found to be generic. The generalization to an N-pinhole con-
figuration was discussed for the case of a radially symmetric
system.
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APPENDIX: DEGENERACY OF LINEAR POLARIZATION
STATES FOR THE TWO-PINHOLE INTERFEROMETER

Any choice for the direction of linear polarization of the
electric field at the two pinholes may, without loss of gener-
ality, be described as

ê1 = x̂, ê2 = cos �x̂ + sin �ŷ . �A1�

On substitution in Eqs. �3� and �10�, and imposing the con-
dition for linear polarization �i.e., S3=0�, we obtain the ex-
pression

sin � sin�k�R2 − R1�� = 0. �A2�

This condition can be satisfied when �=0, which is the
trivial case in which the field at both pinholes is x polarized.
The second solution, k�R2−R1�=m�, with n an integer, is
identical to Eq. �11�, and results in surfaces of linear polar-
ization. Note that relaxing the condition that the field in each
pinhole is co-phasal with each other changes the condition
for linear polarization to kR1−kR2=n�+, where  is the
relative phase. This equation still yields a collection of hy-
perboloids, although the plane at x=0 is now no longer an L
surface.

For circular polarization to occur, the field must satisfy
Ex�r ,��= � iEy�r ,��. Again using Eq. �A1�, a simple calcu-
lation yields the conditions R1=R2 and �=�. These two con-
ditions actually result in E=0 on the plane x=0. A surface of
circular polarization can be created by relaxing the condition
that the field in each pinhole is of equal amplitude. Instead, if
the field amplitudes in the two pinholes have a ratio
�Ex� / �Ey�=� such that � simultaneously solves R1=�R2 and
��−1�kR2= �2n+1�� /2 for some integer n at a point r, then
the conditions for circular polarization can be met on, at
most, a single hyperboloid.
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