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Amplification of fluctuations in a spinor Bose-Einstein condensate
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Dynamical instabilities in a 8Rb F=1 spinor Bose-Einstein condensate are used as a parametric amplifier of
quantum spin fluctuations. We demonstrate the spectrum of this amplifier to be tunable, in quantitative agree-
ment with theory. We quantify the microscopic spin fluctuations of the initially paramagnetic condensate by
applying this amplifier and measuring the resulting macroscopic magnetization. The variance of these fluctua-
tions agrees with predictions of a beyond-mean-field theory. This spin amplifier is thus shown to be nearly

quantum limited at a gain as high as 30 dB.
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Accompanied by a precise theoretical framework and pre-
pared in a highly controlled manner, ultracold atomic sys-
tems serve as a platform for studies of quantum dynamics
and many-body quantum phases, and as a potential resource
for precise sensors. Among these systems, gaseous spinor
Bose-Einstein condensates [1-5], in which atoms may ex-
plore all sublevels of the hyperfine spin F, give access to
interesting static and dynamical properties of a magnetic su-
perfluid [6-9] and can serve as a medium for precise mag-
netometry [10].

Particularly interesting dynamics is associated with a
quantum phase transition between a paramagnetic and a fer-
romagnetic phase in an F=1 spinor Bose-Einstein conden-
sate [8]. This transition is crossed as the quadratic Zeeman
energy term, of the form qF?, is tuned through a critical
value g=g,. Here, F, is the longitudinal (Z axis) projection of
the dimensionless vector spin F. This phase transition is ac-
companied by the onset of dynamical instabilities in a con-
densate prepared in the paramagnetic state, with macroscopic
occupation of the |m,=0) state [11-13]. The instabilities
cause transverse spin perturbations to grow, producing atoms
into the |m.= = 1) sublevels. In contradiction with the mean-
field prediction that the paramagnetic state should remain
stationary because it lacks fluctuations by which to seed the
instability, experiments revealed the spontaneous magnetiza-
tion of such condensates after they were quenched across the
phase transition by a rapid change in g.

Here, we consider making use of dynamical instabilities
in a quenched spinor condensate to realize a mode-by-mode
low-noise parametric amplifier of magnetization. Low-noise
amplifiers have been developed in myriad physical systems
to enable precision measurements and studies of quantum
noise. For example, parametric amplifiers constructed with
Josephson junctions have been used to measure weak micro-
wave signals and to induce squeezing of microwave fields
[14]. Similarly, quantum-limited amplification of spin exci-
tations in spinor condensates could lead to the preparation of
spin-squeezed states, with applications toward metrology.

In this paper, following studies of solid-state low-noise
amplifiers ([14,15], for example), we characterize the spin-
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mixing amplifier by seeding it with broadband noise and
measuring precisely the spectrum of its output. We present
two main results. First, we characterize the spectrum of the
spin-mixing amplifier and demonstrate it to be tunable by
varying the quadratic Zeeman shift. This spectrum compares
well with a theoretical model that accounts for the inhomo-
geneous condensate density and for magnetic dipole interac-
tions. Second, we measure precisely the transverse magneti-
zation produced by this amplifier at various stages of
amplification, up to a gain of 30 dB in the magnetization
variance. Under the assumption that the system performs as a
quantum-limited amplifier with the aforementioned spectral
gain profile, this magnetization signal corresponds to the am-
plification of initial fluctuations with a variance slightly
greater than that expected for zero-point fluctuations of the
quantized spin-excitation modes that become unstable.

Descriptions of the dynamics of initially paramagnetic
spinor condensates [12,13,16—19] have focused on the ef-
fects of the quadratic Zeeman energy and of the spin-
dependent contact interaction. The latter has the mean-field
energy density ¢,n(F)? and, with c,=47%?Aa/3m <0, favors
a ferromagnetic state. Here, Aa=(a;—ay), where ar,_ is the
s-wave scattering length for collisions between particles of
total spin F,, and m is the atomic mass. Excitations of the
uniform condensate include both the scalar density excita-
tions and also two polarizations of spin excitations with a
dispersion relation given as Ef(k) =(g+q)(ex+q—qp), where
g,=h%k*/2m and gy=2|c,|n. For g> ¢, spin excitations are
gapped (Ef>0), and the paramagnetic condensate is stable.
Below this critical value, the paramagnetic phase develops
dynamical instabilities, defined by the condition Ef<0, that
amplify transverse magnetization. The dispersion relation de-
fines the spectrum of this amplification, yielding a wave-
vector-dependent time constant for exponential growth of the
power in the unstable modes, 7=%/ 2\e"|Ef|.

The unstable regime is divided further into two regions.
Near the critical point, reached by a “shallow” quench to
qo/2=qg<gq,, the fastest-growing instability occurs at zero
wave vector, favoring the “light-cone” evolution of magne-
tization correlations at ever longer range [12]. For a “deep”
quench, with ¢<<q,/2, the instabilities reach a maximum
growth rate of 1/7=¢qy/%. The nonzero wave vector of this
dominant instability sets the size of magnetization domains
produced following the quench.
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Similarly as in previous work [8], we produce conden-
sates of Ny=2.0x 10° ®Rb atoms, with a peak density of n
=2.6(1) X 10" c¢cm™ and a kinetic temperature of =50 nK,
trapped in a linearly polarized optical dipole trap character-
ized by trap frequencies (0, 0, w)=27
% (39,440,4.2) s7!. Taking Aa=-1.4(3) ay [20], with ag
being the Bohr radius, the spin healing length §&
=(8mn|Aa|)""?=2.5 um is larger than the condensate radius
ry=1.6 um along the imaging axis (y). Thus, the condensate
is effectively two dimensional with respect to spin dynamics.
For this sample, gy=2|c,|(n)=h>X 15 Hz given the maxi-
mum y-averaged condensate density (n).

The quadratic Zeeman shift arises from the application of
both static and modulated magnetic fields. A constant field of
magnitude B, directed along the long axis of the condensate,
leads to a quadratic shift of gz/h=(70 Hz/G*)B>. In addi-
tion, a linearly polarized microwave field [21], with Rabi
frequency () and detuned by 6/27= =35 kHz from the
|F=1,m,=0) to |[F=2,m,=0) hyperfine transition, induces a
quadratic (ac) Zeeman shift of qﬂz—ﬁﬂz/ 45[22].

The condensate is prepared in the |m,=0) state using rf
pulses followed by application of a 6 G/cm magnetic field
gradient that expels atoms in the |m,= = 1) states from the
trap [8]. This preparation takes place in a static 4 G field and
with no microwave irradiation, setting g=gz+q,> q, so that
the paramagnetic condensate is stable. Next, we increase the
microwave field strength to a constant value, corresponding
to a Rabi frequency in the range of 27X (0—1.5) kHz, to set
qu- To switch on the amplifier, we ramp the magnetic field
over 5 ms to a value of B=230 mG (giving qz/h=7.6 Hz).
During separate repetitions of the experiment (for different
values of g,), the quadratic Zeeman shift at the end of the
ramp was thus brought to final g/h values between —2 and
16 Hz.

Following the quench, the condensate spontaneously de-
velops macroscopic transverse magnetization, saturating
within about 110 ms to a pattern of spin domains, textures,
vortices, and domain walls [8]. Using a 2-ms-long sequence
of phase-contrast images, we obtain a detailed map of the

column-integrated magnetization M at a given time after the
quench [10]. The experiment is then repeated with a new
sample.

The observed transverse magnetization profiles [23] of
spinor condensates (Fig. 1) confirm the salient features pre-
dicted for the spin-mixing amplifier. The variation in the am-
plifier’s spatial spectrum with g, is reflected in the character-
istic size of the spin domains, taken as the minimum distance
from the origin at which the magnetization correlation func-
tion,

> M(r + &r) - M(r)

G(or) = (1)

(8rpp)™> Ai(r + Or)ii(r)

acquires its first minimum. Here grup is the atomic magnetic
moment and 7 is the y-integrated column density. This char-
acteristic size increases with increasing g, (Fig. 2). For
qr/h=9 Hz, the magnetization features become long
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FIG. 1. (Color) Transverse magnetization produced near the
condensate center after 87 ms (top) and 157 ms (bottom) of ampli-
fication at variable g;. Magnetization orientation is indicated by hue
and amplitude is indicated by brightness (color wheel shown). The
characteristic spin-domain size grows as gy increases. The reduced
signal strength for g;/h=9 Hz reveals the diminished gain of the
spin-mixing amplifier.

ranged, as predicted. An exact determination of their charac-
teristic size then becomes limited by residual magnetic field
inhomogeneities (<2 uG).

The data also confirm the distinction between deep and
shallow quenches. The spatially averaged magnetization
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FIG. 2. Characteristic domain size after 87 ms of amplification
at variable g, Data (circles) are averages over five experimental
repetitions; error bars are statistical. Horizontal error bar reflects
systematic uncertainty in gy. Predictions based on numerical simu-
lations for |Aa|=1.45a [7] (squares) and 1.07ay [24] (triangles) are
shown, with error bar reflecting systematic uncertainty in the atomic
density.
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strength during the amplification, quantified by G(0) at ¢
=87 ms after the quench, is found to be constant for O
<qy/h<6 Hz, reflecting the gain of the amplifier being uni-
form over 0=g=g¢,/2 [12]. For shallow quenches, with
qf/h27 Hz, the measured magnetization decreases, reflect-
ing a diminishing gain as g, increases up to the transition
point.

While the above observations agree with theoretical pre-
dictions, we note the unexpected and unexplained outcome
of quenches to negative values of g,. That is, for quenches to
qr/h=-7T Hz, obtained using stronger microwave-driven
shifts than described above, the growth of magnetization was
greatly suppressed [G(0) =160 ms=1072].

Having characterized the spin-mixing amplifier, let us
consider the source of its input signal. For this, we develop a
quantum field description of the spin-mixing instability

[12,19], working in the polar spin basis, where ¢, is the
annihilation operator for atoms of wave vector k in the zero-
eigenvalue states of F-n. Treating a uniform condensate
within the Bogoliubov approximation, one defines mode op-

erators l;,,’k=qu5,Lk+v<Aﬁl;’_k for the two polarizations of trans-
verse [n € {x,y}] spin excitations. The portion of the spin-
dependent Hamiltonian representing dynamic instabilities,
Hpy, is then approximated as representing a set of parametric
amplifiers:

i .
Hp=- EE |Es(k)|(b)zc,k - bizk + b,%,k - b;,zk)' (2)
k

The parametric amplifiers serve to squeeze the initial state in
each spin-excitation mode, amplifying one quadrature of b,, ;
and deamplifying the other.

The above treatment may be recast in terms of spin fluc-
tuations atop the paramagnetic state: fluctuations in the trans-
verse spin, represented by the observables F, and F,, and
fluctuations in the alignment of the spinor, represented by the
components N, and N,, of the spin quadrupole tensor. We
identify the Bogoliubov operators defined above as linear
combinations of these observables. Based on this identifica-
tion, we draw two conclusions. First, an ideally prepared
paramagnetic condensate is characterized by quantum fluc-
tuations in the Bogoliubov modes. In the linear regime, fluc-
tuations in b, (by,) correspond to projection noise for the
conjugate observables F, (F,) and Ny, (N,,). Second, the
dynamical instabilities lead to a coherent amplification of
these initial shot-noise fluctuations. While in the present
work we observe only the magnetization, in future work both
quadratures of the spin-mixing amplifier may be measured
using optical probes [25] or by using quadratic Zeeman shifts
to rotate the spin quadrature axes.

To test the validity of this description, we evaluate G(0)|,,
the magnetization variance after an interval ¢ of amplifica-
tion, over the central region of the condensate. As shown in
Fig. 3, G(0)|, rises above our detection noise floor for ¢
=40 ms. We consider the linear-amplification theory to be
applicable for =90 ms, and, following Ref. [12], perform a
least-squares fit to a function of the form
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FIG. 3. Temporal evolution of the transverse magnetization vari-
ance G(0)|, at ;=2 Hz, evaluated over the central 16X 124 m?
region of the condensate and averaging over eight experimental
repetitions; error bars are statistical. The contribution to G(0) |, from
imaging noise was subtracted from the data. Predictions from nu-
merical calculations for |Aa|=1.45az and 1.07a; are shown as
black and gray lines, respectively.

G(0)],= G(0)|, X i/t et~ 3)

Here 7 is the time constant characterizing the growth rate of
the magnetization variance and 7,,=77 ms.

To compare our measurements to the amplifier theory out-
lined above, we performed numerical calculations of G(0)|,,
taking into account the inhomogeneous density profile, dipo-
lar interactions, and quantum fluctuations of the initial state
[26]. We simulate the condensate dynamics using the trun-
cated Wigner approximation (TWA); i.e., we evolve classical
spin fluctuations, whose initial variance is quantum limited
in magnitude, according to the Gross-Pitaevskii equation.
This treatment is exact in the linear-amplification regime,
and also provides an approximate description of nonlinear
behavior associated with depletion of the [m=0) population
and with intermode coupling. To solve the Gross-Pitaevskii
equation numerically, we employ a sixth-order Runge-Kutta
method with time and position-space resolutions of 3.5 us
and 0.5 um, respectively. In contrast to the linear homoge-
neous case, which has been previously studied using
momentum-space spin-excitation modes [12,13], the nonlin-
ear inhomogeneous case requires the use of proper position-
space modes. Our calculations show the rate of growth of
magnetization fluctuations to be smaller than that indicated
by the maximum condensate density, owing to the inhomo-
geneous density profile of the trapped gas. The asymmetric
trap potential also causes the calculated magnetization corre-
lations to be stronger along the long axis of the trapping
potential [27], a tendency that is supported by our observa-
tions (Fig. 1). For our experimental settings, the calculation
indicates that dipolar interactions serve to increase slightly
the time constant and decrease the length scale which char-
acterize the formation of transversely magnetized domains in
the condensate.

From such simulations, we determined theoretical values
of G(0)|, for several values of the scattering length differ-
ence Aa within the range of recent measurements [7,24]. As
shown in Figs. 3 and 4, our data are consistent with the
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FIG. 4. The magnetization variance G(0)|, at #,,=77 ms and
exponential time constant 7 of the amplifier, obtained by fitting data
in Fig. 3 corresponding to 57=¢=87 ms, are indicated by contours
of the 1, 2, and 3 o confidence regions using a x> test. Predictions
from numerical calculations of the quantum amplification theory,
assuming different values of |Aal, are shown (circles and interpo-
lating line). Error bars reflect systematic uncertainties in the con-
densate density, by which the time constant is related to the value of
Aa, and in g;. Time constants corresponding to reported values for
|Aq| are indicated at bottom.

quantum-limited amplification of zero-point quantum fluc-
tuations in the case that |Aa/| lies in the upper range of its
reported values. Alternatively, under the assumption that the
observed amplification of spin fluctuations is quantum lim-
ited, taking the best-fit value of 7=12 ms, the variance of
initial spin fluctuations in our paramagnetic sample is mea-
sured to be roughly five times larger than that of purely
quantum fluctuations.

We performed several investigations to identify possible
technical or thermal contributions to the spin fluctuations of
our samples. A bound on such noise was obtained by per-
forming a Stern-Gerlach analysis of populations N. in the
lm,= = 1) states just after the quench. Our measurements
were found to be insensitive to variations in the gradient
strength, duration, and orientation used during the initial-
state preparation, and also to the delay (varied between 0 and
110 ms) between this preparation and the initiation of the
spin amplifier. Obtaining N.. =3 X 10 and assuming an in-
coherent admixture of Zeeman sublevels, the thermal contri-
bution to G(0) | is 2N+ /Ny=3 X 10™*. We checked also for
technical noise that would induce extrinsic Zeeman transi-
tions during the experiment. For the experimental conditions
used for the measurements reported here, we found that a
condensate starting in the |m_,=—1) state remained so for evo-
lution times up to 400 ms following the quench, confirming
the absence of noise-induced spin flips. For comparison, we
also performed tests of the spin-mixing amplifier under ex-
perimental conditions in which noise-induced flips were in-
deed observed. Under these noisier conditions, the increased
spin fluctuations input to the spin-mixing amplifier indeed
yielded stronger magnetization outputs at early times follow-
ing the quench.

Altogether, these results suggest that the state-purified
paramagnetic samples were prepared with a near-zero spin
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temperature. Nevertheless, it remains uncertain whether the
zero-temperature amplifier theory should remain accurate out
to a gain in the magnetization variance as high as 30 dB in a
nonzero-temperature gas subject to constant heating and
evaporation from the finite-depth optical trap. Indeed, previ-
ous work showed a strong influence of the noncondensed gas
on spin dynamics in a two-component gaseous mixture [28].
We examined the role of thermal effects by comparing the
amplification of magnetization at kinetic temperatures of 50
and 85 nK, obtained for different optical trap depths. We
observed no variation, but note that the condensate fraction
was not substantially varied in this comparison.

As indicated by the experimental uncertainties presented
in Fig. 4, the comparison between a quantum amplification
theory and experimental observations could be further con-
strained by an independent measure of the amplifier gain.
The theoretical value for the amplifier gain is uncertain as a
result of the uncertainty in Aa. In a future study, one could
empirically determine the gain of the amplifier by studying
the amplification of a coherent seed at a given k, e.g., a
finite-k spin modulation produced by Raman scattering or a
k=0 seed produced by tipping the condensate spinor before
the quench to 0<<g<gq,.

In conclusion, we have demonstrated the use of the spinor
condensate as an amplifier of magnetization. Two tests of the
amplifier have been performed simultaneously. First, assum-
ing the input to the amplifier to have a white spatial spectrum
and an initial variance consistent with quantum noise, we
measure the tunable spatial spectrum and gain of the ampli-
fier and find good agreement with predictions of a quantum
linear-amplification theory. Second, assuming the amplifier
to be described well by our theory, we find the magnitude
and spatial distribution of magnetization fluctuations in the
initial paramagnetic sample to be consistent with quantum
noise. This demonstration of a low-noise spin amplifier holds
promise for a host of applications and for future studies of
quantum magnetism.

Moreover, by performing rapid quenches of paramagnetic
condensates to variable qs we characterize the variation in
the spin-mixing instability spectrum as one approaches the
critical value of the quadratic shift, g,, from below. As dis-
cussed in several theoretical works, the nature of this varia-
tion determines the dynamical scaling behavior expected for
variable-rate quenches across a phase transition between
paramagnetic and ferromagnetic states [12,13,16,17]. The
observation that paramagnetic gases are prepared with nearly
quantum-limited spin fluctuations supports the possibility of
quantitative investigations of quantum phase transitions with
spinor gases.
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