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We develop a method for extracting fully differential cross sections for ionization from an impact-parameter
treatment of the collision. The approach uses pseudostates. The method is applied to antiproton-impact ion-
ization of H and He. It is not restricted to antiprotons but can be used with other projectiles. The method
automatically includes the interaction between the projectile and the target nucleus. This interaction is shown
to be very important in low-energy antiproton ionization. Integrated cross sections for elastic scattering,
discrete excitation, ionization, and total scattering are also calculated. For ionization, these are compared with
experimental data on H and He. At impact energies greater than 30 keV there is agreement with these data. At
lower energies the calculated cross sections for He are in disagreement with the trend of the older experimental
data of Andersen et al. and Hvelplund et al. but are in qualitative accord with the recent measurement of
Knudsen et al. However, there is no overall quantitative agreement with the new measurements. First-order
Born calculations are also presented as a benchmark for checking the pseudostate approximation.
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I. INTRODUCTION

The main thrust of this paper is directed towards differen-
tial cross sections for single ionization of atomic hydrogen
and helium and with particular reference to the most detailed
cross section, the triple differential cross section �TDCS�. We
show how, within a coupled pseudostate �CP� formalism, the
TDCS can be extracted from an impact-parameter treatment.
By-products of this work are cross sections for total ioniza-
tion and discrete excitation of the atom. While there is not so
much work on differential ionization �1–8�, there is a large
body of literature on the total ionization cross section
�4–6,8–44�. Here we largely confirm what has gone before
but, we believe, with some significant insights.

In Sec. II we derive an approximation which is fully dif-
ferential in the motion of the “heavy” projectile and the ion-
ized electron. Here, using perturbation theory, we establish a
connection between the wave treatment of projectile motion
and the straight-line impact-parameter method �IPM�. This
enables us to describe the deflection of the heavy projectile
even though the straight-line IPM seemingly does not allow
such. Next we show how differential electron ejection can be
obtained from the pseudostates. Combining this with the re-
sults for projectile deflection we are able to construct an
amplitude that is fully differential in both particles.

As a useful benchmark to judge the coupled pseudostate
results we also calculate first-order Born cross sections in the
wave treatment �Sec. III�. By setting all couplings to zero
except those that connect to the initial atomic state and by
decoupling the initial state from itself, the coupled IPM
equations can be run in first Born mode. Comparison with
the corresponding first Born wave treatment then enables us
to judge how well the pseudostates are performing in repre-
senting the ionized electron continuum as well as the validity
of the IPM, at least at the first Born level. The first Born

calculations also clearly define the asymptotic limit to which
the coupled pseudostate results should converge with in-
creasing impact energy.

Our results are presented in Sec. IV where comparison is
made with the available experimental data on total ioniza-
tion. This gives us the opportunity to assess some very recent
new measurements on helium �45� which show a completely
different trend to the earlier data �46,47� at the lower impact
energies. Conclusions are summarized in Sec. V.

Throughout we use atomic units �a.u.� in which
�=me=e=1.

II. THEORY

We consider a bare charged particle of mass mP and
charge ZP incident with velocity v0 upon an N-electron neu-
tral atom of nuclear mass mT which is at rest in the labora-
tory. It is convenient to work in the relative coordinate sys-
tem in which the target remains at rest throughout the
collision and the projectile has an effective �reduced� mass of

� =
mP�mT + N�

�mP + mT + N� .

We denote by R�ri� the position vector of the projectile �ith
electron� relative to the target nucleus and by r and
X the collective coordinates r��r1 ,r2 , . . . ,rN� and
X��x1 ,x2 , . . . ,xN�, where xi��ri ,si� and si is the spin co-
ordinate of the ith electron. Let HA be the atomic Hamil-
tonian and V�r ,R� the Coulombic interaction between the
projectile and the target:

HA � �
i=1

N �−
1

2
�i

2 −
ZT

ri
� + �

i,j=1

i�j

N
1

	ri − r j	
, �1�
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V�r,R� �
ZpZT

R
− �

i=1

N
ZP

	R − ri	
. �2�

We emphasize that V includes the interaction between the
projectile and target nucleus as well as the interaction be-
tween the projectile and target electrons. Often in treatments
of heavy particle collisions the former is ignored, it being
argued that it can be transformed away as an overall phase
factor.

A. Impact-parameter treatment

In the IPM it is assumed that the projectile moves along a
straight-line path with the incident speed v0 and at perpen-
dicular distance b �the impact parameter� from the stationary
target. Let the z direction be the direction of the path and
write

R = v0tk̂ + b , �3�

where t is the time �t=0 being the time of closest approach�
and k̂ is a unit vector in the z direction. Let � be the wave
function describing the motion of the target electrons. It sat-
isfies the time-dependent Schrödinger equation, i.e.,

�HA + V�� = i
��

�t
. �4�

We expand � in atom states ���X�,

� = �
�

a��t,b�e−i��t���X� , �5�

where we assume that the states �� are orthonormal and
diagonalize the atomic Hamiltonian according to


��	HA	�	� = ��
�	. �6�

The states �� may be discrete eigenstates �HA��=����� or
pseudostates satisfying Eq. �6�. Pseudostates are a way of
representing the atomic continuum in discrete form. Note
that Eq. �5� is a single-center expansion based on the target
atom and so makes no explicit allowance for charge ex-
change to the projectile. This is reasonable when the projec-
tile is a negatively charged antiproton or for a positively
charged projectile at an impact energy high enough for
charge exchange to be negligible. Substitution of Eq. �5� into
Eq. �4� and projection with �� leads to the usual coupled
equations,

i
da�

dt
= �

	

ei���−�	�t
��	V	�	�a	. �7�

If the atom is initially in the state �0 then these equations
must be solved subject to the boundary conditions,

a��− �,b� = 
�0. �8�

If the states �� are quantized along the z direction then it is
not difficult to show that

V�	�R� � 
��	V	�	� = V̄�	�b,Z�ei�m	−m���b, �9�

where Z=v0t is the z coordinate of R, �b is the azimuthal
angle of b �equivalently R� about the z direction, and m� is

the azimuthal �magnetic� quantum number of the state ��.
Defining

ā� � eim��ba�, �10�

Eq. �7� become

i
dā�

dt
= �

	

ei���−�	�tV̄�	�b,Z�ā	. �11�

If these are solved subject to the boundary condition

ā� = 
�0 at t = − � , �12�

then the resulting solutions will have no dependence on �b,
i.e., ā�� ā��t ,b�. Then, from Eq. �10�, the solution of Eq. �7�
subject to Eq. �8� will be

a��t,b� = ei�m0−m���bā��t,b� . �13�

Assuming Condon-Shortley phase conventions �48�, it can
also be shown that

V̄��,−m�;	�,−m	
= �− 1�m	−m�V̄��m�;	�m	

, �14�

where we write ����m�, �� standing for quantum numbers
other than m� needed to label the state ��. From Eqs. �11�
and �14� it follows that

ā��,−m�
= �− 1�maā��,m�

�15�

if m0=0 and where we assume that the sum over 	 in Eq.
�11� includes both 	� ,−m	 and 	�m	. Condition �15� means
that, in this case, we need only concern ourselves with non-
negative values of m� and m	 when solving Eq. �11�:

i
dā��m�

dt
= �

	�m	

�1 −

m	0

2
�ei����−�	��t

�V̄��m�;	�m	
+ �− 1�m	V̄��m�;	�−m	

�ā	�m	
,

m	 � 0, m� � 0, m0 = 0. �16�

B. Extraction of differential scattering of the projectile

It might seem that the straight-line IPM discussed in Sec.
IIA could not describe deflection of the projectile but that
would be to misunderstand the IPM. To see the connection
we go to the wave treatment. In the wave approach, and in
the relative coordinate system in which the target is treated
as if it were at rest, the differential cross section for scatter-
ing of the projectile is given by

d� f0

d�p
= �2 kf

k0
	f f0	2, �17�

where

f f0 = −
1

2�

eikf·R� f�X�	V	�+� , �18�
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�+ ——→
R��

eik0·R�0�X� + �outgoing scattered waves� .

�19�

In Eqs. �17�–�19� d�p is the solid angle into which the pro-
jectile is scattered �in the relative coordinate system�, � f��0�
is the final �initial� state of the atom,

� =
mP�mT + N�

�mP + mT + N�

is the reduced mass of the projectile and target, k0�k f� is the
initial �final� relative momentum of the projectile, and �+ is
the full scattering wave function. Since we assume that in the
laboratory the projectile is incident with velocity v0 upon a
stationary target, k0=�v0. Analogously k f =�v f, where v f is
the velocity of the projectile relative to the target after the
collision.

First let us look at a perturbative solution of the IPM Eqs.
�7� and �8�. The first-order �first Born� approximation gives

a�
B1�t,b� = 
�0 − i

−�

t

ei���−�0�t�
��	V�r,v0t�k̂ + b�	�0�dt�.

�20�

The second-order approximation is a�
B1+a�

B2 where the sec-
ond Born term is given by

a�
B2�t,b� = − �

	


−�

t

dt�ei���−�	�t�
��	V�r,v0t�k̂ + b�

	�	�
−�

t�
dt�ei��	−�0�t�
�		V�r,v0t�k̂ + b�	�0� .

�21�

Now consider the Born series approximation to Eq. �18�. In
first order we have

f f0
B1 = −

1

2�

eikf·R� f	V	eik0·R�0� . �22�

Choosing a z axis in the direction of k0+k f �49� and writing

R = Zk̂ + b , �23�

where

k̂ �
k0 + k f

	k0 + k f	
, k̂ · b = 0, �24�

the plane wave terms in Eq. �22� may be rendered as

eiq·beiq·k̂Z, �25�

where q�k0−k f is the momentum transfer in the collision.
From Eq. �24�

q · k̂ =
k0

2 − kf
2

	k0 + k f	
=

2��� f − �0�
	k0 + k f	

�26�

by conservation of energy. So far, no approximation has been
made. Typically �� f −�0� will be a few a.u., while, if the
projectile is an antiproton or ion, � will be 1000 s of a.u..

Consequently, except at low energies �less than about 1 keV
for antiproton impact� we may assume that kf �k0. Further-
more, in the same situation the deflection of the projectile
will be typically milliradians, and so it is reasonable to ap-
proximate

	k0 + k f	 → 2k0 = 2�v0. �27�

Introducing the variable t= Z
v0

, Eq. �22� under approximation
�27� becomes

f f0
B1 = −

v0

2�
 �

−�

+�

ei��f−�0�t
� f	V�r,v0tk̂ + b�	�0�dt�
eiq·bd2b = −

v0i

2�
 eiq·b�af

B1��,b� − 
 f0�d2b

�28�

using Eq. �20�.
Let us now look at the second Born term in the wave

treatment:

f f0
B2 = −

�

8�4 lim
�→0+

�
	
 dk

k	
2 − k2 + i�


eikf·R� f	V	eik·R�	�


eik·R�		V	eik0·R�0� , �29a�

k	
2 � k0

2 + 2���0 − �	� . �29b�

Consider the propagator

k	
2 − k2 + i� = �k	 + k��k	 − k� + i� . �30�

Typically, k0, kf, and k	 in this work will be of the
order of 1000 s of a.u. but will differ by a few a.u.
�k	=k0+ ���0−�	�/v0�+O� 1

� ��, while the matrix elements
will be negligible beyond a few a.u. about k0 and k f. Under
these circumstances we may approximate �k	+k� by
2k	+O� 1

� �. Also, under the same conditions, with the
z direction along k0+k f, we may approximate �k	−k� by
�k	−kz�+O� 1

� �. Overall, therefore, an appropriate approxi-
mation to Eq. �29� would be

−
�

8�4 lim
�→0+

�
	
 dkzd

2k

2k	�k	 − kz� + i�

eikf·R� f	V	eik·R�	�


eik◅R�		V	eik0·R�0� , �31�

where d2k�dkxdky. Geometrically, approximation �31� in k
space amounts to replacing the �very large� sphere k=k	 cor-
responding to the propagator by a plane kz=k	 in the region
where the matrix elements have significant size, i.e., perpen-
dicular to k0+k f.

Now consider the exponentials involving k in Eq. �31�
and write

eik·�R−R�� = eikz·�Z−Z��eikb·�b−b��, �32�

where k=kzk̂+kb with kb · k̂=0. Then, using
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lim
�→0+


−�

+� dkz

2k	�k	 − kz� + i�
eikz�Z−Z��

= �−
�i

k	

eik	�Z−Z�� if Z � Z�

0 if Z � Z�,
� �33�

and

 d2kbeikb·�b−b�� = 4�2
�2��b − b�� , �34�

Eq. �31� may be written as

+
�i

2�
�
	

1

k	
 d2bei�k0b−kfb�·b�

−�

+�

dZei�k	−kfz�Z
� f	V	�	�

 
−�

Z

dZ�ei�k0z−k	�Z�
�		V	�0�� . �35�

Now

k0z = k0 + O� 1

�
�, kfz = kf + O� 1

�
� ,

kf = k0 +
��0 − � f�

v0
+ O� 1

�
� ,

k	 = k0 +
��0 − �	�

v0
+ O� 1

�
� . �36�

Thus, neglecting terms of O� 1
� �, replacing

1

k	

→
1

k0
=

1

�v0
, �37�

and setting Z=v0t, we finally get

f f0
B2 =

v0i

2�
�
	
 d2beiq·b�

−�

+�

dtei��f−�	�t
� f	V�r,v0tk̂ + b�

	�	�
−�

t

dt�ei��	−�0�t�
�		V�r,v0t�k̂ + b�	�0�� . �38�

Comparison of Eq. �38� with Eq. �21� gives

f f0
B2 = −

v0i

2�
 eiq·baf

B2��,b�d2b , �39�

i.e., exactly the same relationship �ignoring the 
 f0 which is
peculiar to the first-order term� as for the first Born term �Eq.
�28��.

Similar approximations in higher-order Born terms lead to
the same relationship as Eq. �39�. We therefore conclude
that, within the given level of approximation, the scattering
amplitude in the wave treatment is related to that in the
impact-parameter method by, see Eqs. �28� and �39�,

f f0 = −
v0i

2�
 eiq·b�af��,b� − 
 f0�d2b . �40�

Using Eq. �13�, Eq. �40� may be written as

f f0 = −
v0i

2�
ei�m0−mf��q

0

2�

d�
0

�

bdb

 eiqtb cos �ei�m0−mf���āf��,b� − 
 f0� , �41�

where �q is the azimuthal angle of the vector q and qt is the
magnitude of its transverse component, i.e., component in
the direction perpendicular to z �equivalently v0 �49��. Em-
ploying the Bessel function result �50�,


0

2�

eiqtb cos �ei�m0−mf��d� = 2�imf−m0J�mf−m0��qtb� ,

�42�

the integral over � in Eq. �41� may be performed to leave the
single integral formula,

f f0 = − v0imf−m0+1ei�m0−mf��q
0

�

J�mf−m0��qtb��āf��,b�

− 
 f0�bdb . �43�

While result �43� is known �see �51� and references therein�,
we believe that the preceding derivation presents some dif-
ferent insights.

C. Extraction of differential electron ejection

We are interested in the case where the final state of the
atom, � f�X�, is singly ionized. We denote it by ��,i

− �X�,
where � is the asymptotic momentum of the ejected electron
and the i labels the final state of the ion. ��,i

− is a scattering
state corresponding to an electron incident with momentum
� upon the ion in the state i with ingoing scattered wave
boundary conditions. We assume that it is normalized ac-
cording to


��,i
− 	���,i

− � = 
�� − ��� . �44�

The amplitude �Eq. �18�� corresponding to ionization is
therefore

f ion = −
1

2�

eikf·R��,i

− �X�	V	�+� . �45�

Let us assume that our set of states ��, consisting of bound
eigenstates and pseudostates, approximates a complete set
for matrix element purposes �52�. Then we may write


eikf·R��,i
− 	V	�+� = �

�


��,i
− 	���
eikf·R��	V	�+� . �46�

We note that the amplitudes 
eikf·R��	V	�+� in Eq. �46� are
in general off-energy shell. Conservation of energy in the
ionization process requires that k0

2=kf
2+���2+2Ii�, where Ii

is the ionization potential of the initial state �0 leading to the
ion state i. Unless deliberately engineered, it is extremely
unlikely that for a particular state �� we shall have conser-
vation of energy, i.e., k0

2+2��0=kf
2+2���. However let us

be deliberate. Let us construct our states �� so that one state
from each symmetry �S-, P-, D-, etc.� has exactly the right
energy for conservation, i.e., ��= �2

2 + Ii+�0. Let us now as-
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sume that only these states make a significant contribution to
the sum in Eq. �46� �we shall deal with this point below, see
discussion of Fig. 1�. We may then write


eikf·R��,i
− 	V	�+� � �

�

��= �2

2
+Ii+�0


��,i
− 	���
eikf·R��	V	�+� .

�47�

Since the amplitudes 
eikf·R��	V	�+� are now on-energy
shell, we may use Eqs. �18� and �43� to relate them to the
impact-parameter coefficients ā��� ,b�.

To proceed further we must address the particular targets
of interest to us.

1. Atomic hydrogen target

Here ��,i
− ���

− �53� is the pure Coulomb wave �54�,

��
− =� 2

�
�
l,m

ile−i�l
c
Ul��,r�Ylm

� ��̂�Ylm�r̂� , �48�

where

Ul��,r� ——→
r�� sin��r −

1

2
l� − � ln 2�r + �l

c�
�r

, �49�

� � −
1

�
, �50�

and �l
c is the Coulomb phase shift given by

�l
c = arg ��l + 1 + i�� . �51�

Using hydrogenic notation �nlm �55� for the states ��, we
separate them into radial and angular components according
to

�nlm�r� = Rnl�r�Ylm�r̂� . �52�

It then follows that


��
−	�nlm� =� 2

�
�− i�lei�l

c
bnl���Ylm��̂� , �53�

where bnl��� is the real quantity,

bnl��� � 
0

�

Ul��,r�Rnl�r�r2dr . �54�

Then, using Eqs. �43�, �45�, �47�, and �53�, we get as our
approximation to the ionization amplitude

f ion = −� 2

�
v0�

l

�− i�lei�l
c
bn̄l���

 �
m=−l

+l

im−m0+1Cn̄lm�qt�ei�m0−m��qYlm��̂� , �55�

where

Cnlm�qt� � 
0

�

J�m−m0��qtb�ānlm��,b�bdb �56�

and n̄ labels those pseudostates which have been constructed
to have energy �2

2 .
At this point it is useful to address the approximation �47�

of restricting the sum in Eq. �46� only to those states �� with
the same energy as ��,i

− . As remarked elsewhere �52,56�,
pseudostates may be considered as “clumps” or “distribu-
tions” of eigenstates. From Eq. �53� the fraction of the state
�nlm lying in the continuum may be calculated as

 	
��
−	�nlm�	2d� = 

0

� 2

�
	bnl���	2�2d� . �57�

The function

fnl��� =
2�2

�
	bnl���	2 �58�

therefore gives the distribution of the state �nlm over the
continuum momentum �. Figure 1�a� shows distributions for
the s pseudostates used in the 165 state calculations of Sec.
IVA for atomic hydrogen. We note first the idea that the
pseudostates divide the continuum up into clumps, but we

0 0.5 1 1.5 2 2.5 3
Continuum momentum κ (a.u.)

0

2

4

6

8

10

f nl
(κ

)

6s

7s

8s 9s
10s

11s
12s

13s

14s

15s

16s
17s

18s

(a)

0.525 0.55 0.575 0.6 0.625 0.65 0.675
Continuum momentum κ (a.u.)

0.01

0.1

1

10

f nl
(κ

)

9s 11s

10s (b)

9s

11s

(b)(a)

FIG. 1. �Color online� Distribution functions fnl��� of Eq. �58� for the 6s to 18s states used in the 165 state calculations of this paper for
atomic hydrogen.
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also see a more interesting feature. At a momentum �ns cor-

responding to a state energy, i.e.,
�ns

2

2 =�ns, the distribution
functions for the remaining states are negligible, i.e.,
fn�s��ns��0 for n��n. We have found this also to be true for
nonzero angular momenta and for a much smaller set of H
states generated with a different form of basis �57�, as well as
for the He target discussed in this work. The point is illus-
trated more forcibly in Fig. 1�b� where we show the distri-
butions on a logarithmic scale in the vicinity of the 10 s state
which was constructed to have an energy of 5 eV
��10s=0.6062 a.u.�. The plunging of the distribution func-
tions for the other states at this point is most pronounced. We
are tempted to suggest that, maybe, fnl��n�l� is identically
zero if n��n although, at present, we can see no way to
prove such a result. It is certainly trivially true in the
asymptotic limit where the number of states tends to infinity
and the states become exact continuum eigenstates. For
present purposes, however, the important point is that the
approximation step of Eq. �47� is extremely good �if not
exact were our conjecture correct�. The real approximation in
extracting the differential ejection from �+ is step �46�
where it is assumed that the pseudostates form a complete set
for matrix element purposes.

2. Helium target

For the states �� of He we adopt a frozen-core approxi-
mation in which one of the electrons is frozen into the 1s
orbital, �1s

+ , of He+. Since the total electronic spin of the He
is conserved in the collisions studied here, we need only to
deal with the spatial part of ��:

�� � �nlm�r1,r2� =
1
�2

��nlm�r1��1s
+ �r2�

+ �− 1�S�nlm�r2��1s
+ �r1�� , �59�

where S is the total electronic spin �=0 or 1� and where, since
only one electron can be excited, we may use the hydrogenic
notation nlm to label the state. The states �nlm are orthonor-
mal and satisfy Eq. �6�. Consistent with Eq. �59�, we ap-
proximate the continuum eigenfunction ��,i

− ���
− as

��
− =

1
�2

�F�r1��1s
+ �r2� + �− 1�SF�r2��1s

+ �r1�� . �60�

Substituting Eq. �60� into the Schrödinger equation for He
and projecting with �1s

+ , we obtain a coupled integrodiffer-
ential equation for F�r� which is solved subject to the bound-
ary condition

F�r� ——→
r�� 1

�2��3/2�1 −
�2

i��r + � · r��ei�·r−i� ln��r+�·r�

+ �ingoing scattered waves� . �61�

Approximation �60� corresponds to e−���+He+�1s� scatter-
ing in the static-exchange approximation. Expanding F�r� in
partial waves as in Eqs. �48� and �49�, where now �l

c→�l
se,

where �l
se is the phase shift in the static-exchange approxi-

mation, and writing �nlm as in Eq. �52�, we obtain for


��
− 	�nlm� the same formula as in Eq. �53� but with

�l
c→�l

se and bnl��� now defined as

bnl��� = 
�1s
+ 	�1s

+ �
0

�

Ul��,r�Rnl�r�r2dr

+ �− 1�S
l0
�1s
+ 	�nlm�

0

�

Ul��,r�R+�r�r2dr , �62�

where �1s
+ �r�= R+�r�

�4�
. The formula for the ionization amplitude

is then the same as Eq. �55� but with �l
c→�l

se.
Note that our approximation only allows for ionization

into the He+�1s� state, i.e., there is no contribution from ion-
ization with excitation of the ion.

D. Cross sections

The most detailed cross section for ionization is the
TDCS,

d3�

dEd�ed�p
. �63�

This is the cross section for the electron being ejected with
energy in the range E to E+dE and into the solid angle d�e,
while the antiproton is scattered into the solid angle d�p. It
is important to define the frame of reference to which Eq.
�63� applies. In the relative coordinate system the TDCS �Eq.
�63�� is given by

d3�

dEd�ed�p
=

v f�

v0
�2	f ion	2. �64�

However, as observed in the laboratory, where we assume
that the target is initially at rest, it is

d3�L

dEd�ed�p
=

v f�

v0
mP

2 	f ion	2. �65�

Whereas, under the conditions studied here, dE and d�e are
essentially the same in the relative and laboratory frames,

d�p is different by a factor of
mP

2

�2 .
Also of interest to us are the double differential cross

sections �DDCS� d2�
dEd�e

and d2�
dEdq , where q= 	k0−k f	 is the

magnitude of the momentum transfer in the collision. The
former is defined by

d2�

dEd�e
= d3�

dEd�ed�p
d�p �66�

and is negligibly different between the relative and labora-
tory frames. Using Eq. �55�, it is not difficult to perform the
integration over d�p and to show that

d2�

dEd�e
= 4�

qmin

qmax

qdq�
l,l�

il�−lei��l−�l��

 bn̄l���bn̄l���� �
m=−min�l,l��

+min�l,l��

Cn̄lm�qt�

 Cn̄l�m
� �qt�Plm��e�Pl�m��e� , �67�
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where �e is the polar ejection angle of the electron, Plm is the
associated Legendre function �48�, and �l=�l

c��l
se� for H

�He�. The integral in Eq. �67� is over the magnitude of the
momentum transfer q from qmin= 	k0−kf	 to qmax= 	k0+kf	.
Note that, with the z direction as defined in Eq. �24�, the
magnitude of the transverse momentum transfer qt can be
expressed in terms of q as �58�

qt
2 = q2 −

4�2��0 − � f�2

2k0
2 + 2kf

2 − q2 , �68a�

=q2 −
��0 − � f�2

v0
2 + O� 1

�
� . �68b�

The second DDCS, d2�
dEdq , may be calculated as

d2�

dEdq
=

q

k0kf


0

2� d2�

dEd�p
d�p, �69�

where

d2�

dEd�p
= d3�

dEd�ed�p
d�e �70�

and �p is the azimuthal angle of the outgoing projectile.
Using Eq. �55�, it is easy to show that

d2�

dEdq
= 4q��

l

	bn̄l���	2 �
m=−l

+l

	Cn̄lm�qt�	2. �71�

The result �Eq. �71�� is negligibly different between the rela-
tive and laboratory frames. Indeed, the momentum transfer q
is an invariant, having the same value in the relative and
laboratory frames, i.e., q=��v0−v f�=mP�v0

L−v f
L�, where L

labels the velocity in the laboratory frame.
As usual in the impact-parameter method, the total cross

section for scattering to any final state �nlm is given by

�nlm = 2�
0

�

	ānlm��,b� − 
nlm,n0l0m0
	2bdb , �72�

where n0l0m0 in the initial state. To extract the total ioniza-
tion cross section we use the result

�ion = �
all nlm

gnl�nlm, �73�

where gnl is the fraction of the state �nlm lying in the con-
tinuum and is given by Eq. �57�.

Finally, the total cross section, �tot, is calculated from

�tot = �
all nlm

�nlm. �74�

III. CALCULATIONAL DETAILS AND CONVENTIONS

Unless otherwise stated, the calculations reported in this
paper, for both H and He, have been made with a basis of
165 states �l=0–9, n= l+1 to 21, see Eqs. �52� and �59��.
The initial state has been taken to be the ground state �H�1s�
and He�11S�� so that, with m values taken into account, we

must solve 825 complex coupled equations. �equivalently
1650 real coupled equations�. The states have been con-
structed so that the energy of the n=10 states is exactly 5 eV.
All of our differential studies are therefore for an electron
ejected with 5 eV.

The H states have been calculated by diagonalization of
the atomic Hamiltonian in a basis of Laguerre functions �59�,
i.e.,

�klm�r� = ��lr�lLk−1
2l+2��lr�e−�lr/2Ylm�r̂� ,

k = 1 to �21 − l�, l = 0 – 9, �75�

with �l=1.8793,1.9317,2.0221,2.1427,2.2938,2.4808,
2.7162,3.0239,3.4560,4.1643 for l=0–9, respectively �so
that the n=10 states have an energy of 5 eV exactly� �60�.
The He singlet states have been similarly constructed from a
basis �see Eq. �59��,

1
�2

��klm�r1��1s
+ �r2� + �klm�r2��1s

+ �r�� ,

k = 1 to �21 − l�, l = 0 – 9, �76�

where now �l=1.9122,1.9243,2.0217,2.1428 for l=0–3
and is identical to H for l=4–9 �61�. With the above choices
we find that, for H, the n=1 and 2 states are excellent ap-
proximations to the corresponding H eigenstates, while the
n=3 states are very close to the n=3 eigenstates and may be
treated as such. For He we get a ground-state energy of
−2.8725 a.u. which is to be compared with the recom-
mended value of −2.9036 a.u. �62�. This is as good as can be
obtained in the frozen-core approximation and gives an ion-
ization potential which is 96.6% of the recommended value.
For the n=2 and 3 states we get energies �recommended
values �62��, in a.u., of −2.1434 �−2.1460� for 21S, −2.0606
�−2.0613� for 31S, −2.1224 �−2.1238� for 21P, −2.0547
�−2.0551� for 31P, and −2.0555 �−2.0556� for 31D. As in the
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FIG. 2. �Color online� Total ionization cross section for antipro-
ton impact on atomic hydrogen: CP, coupled pseudostate IPM cal-
culation with 165 states; , coupled pseudostate IPM calculation
with 75 states; EXB1, exact first Born cross section; �, IPMB1
cross section using 165 states; CDW-EIS, continuum distorted wave
eikonal initial-state approximation from �15�; solid circles, experi-
mental data from �64�; -.-.-, minimum momentum transfer for
ionization.
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case of H, we therefore feel satisfied in treating excitation of
the n=2 and 3 states as a reasonable approximation to exci-
tation of the exact eigenstates. In our impact-parameter cal-
culations for He we have used our computed energies rather
than the recommended values.

We have also performed calculations for H and He using
a reduced set of 75 states �l=0–5, n= l+1 to 15, with the

n=7 states chosen to have an energy of 5 eV� in order to give
some feeling for convergence.

To illuminate our coupled state results �Eq. �16�� we have
also calculated first Born cross sections. In the case of atomic
hydrogen we are fortunate in having an exact analytic ex-
pression for the first Born TDCS in the full wave treatment.
It is �using results from �63��

d3�L

dEd�ed�p
=

256v fmP
2

v0q2��1 − e−2�/��

exp�− 2
� tan−1� 2�

1+q2−�2���q2 + 2�� · q� +
��2+1�
�2q2 �� · q�2�

��1 + q2 − �2�2 + 4�2��1 + q2 + �2 + 2� · q�4 . �77�

We shall refer to calculations using Eq. �77� as EXB1. Note
that Eq. �77� does not involve the use of partial waves. We
can also calculate the first Born TDCS in the impact-
parameter treatment with pseudostates by using Eq. �55� with
ānlm in Eq. �56� replaced by ānlm

B1 as calculated according to
Eqs. �13� and �20�. We shall refer to results evaluated in this
way as IPMB1. A comparison of EXB1 and IPMB1 triple
differential cross sections will reflect upon the ability of the
pseudostate approximation �Eq. �55�� to represent differential

ionization, upon whether enough angular momenta l have
been included in the pseudostate set for the case considered
and upon the suitability of the impact-parameter approxima-
tion �28� at the first Born level for the given incident energy.
If we integrate Eq. �77� to calculate the first Born total ion-
ization cross section then comparison can also be made with
Eq. �73� at the first Born level, again reflecting upon the
approximations made in Eq. �73�.

For He we do not have a nice exact analytic expression as
in Eq. �77�, but we can calculate the wave version of the first
Born amplitude in the frozen-core approximation by using
Eqs. �59� and �60�. This has to be done numerically, breaking
Eq. �60� down into partial waves. However, we are able to
use as many partial waves as we deem necessary and make
the numerical treatment as accurate as possible so that, in
effect, we have an exact first Born TDCS within the frozen-
core approximation �again we shall call this EXB1�. So, once
more we are able to make comparison with the first Born
treatment in the impact-parameter method �IPMB1� and as-
sess the suitability of the pseudostate basis and the impact-
parameter method at this level.

In showing our differential results we have adopted the
following conventions. We take the Z direction to be the
direction of the incident antiproton. The incident and scat-
tered antiprotons define the X-Z plane with the scattered an-
tiproton coming out on the negative X side. The Cartesian
coordinate system is completed with a Y axis to form a right-
handed set. In describing the DDCS d2� /dEd�e we measure
the angle of ejection �0° –180°� from the incident antiproton
direction.

Finally, all of our differential cross sections are as ob-
served in the laboratory frame of reference.

IV. RESULTS

A. Atomic hydrogen target

In Fig. 2 we show our results for the total ionization cross
section in atomic hydrogen. While we have chosen to exhibit
the energy range 0.1–500 keV, we would not consider the
IPM numbers to be reliable below 1 keV where the approxi-
mations inherent in the method become dubious and where
trajectory curvature effects appear to be important �27,29�.
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FIG. 3. �Color online� Laboratory frame cross sections �in a.u.�
for antiproton ionization of atomic hydrogen at 500 keV and for an
ejected electron energy of 5 eV: �a� polar plot of TDCS in scattering
plane �q=0.25 a.u.�; �b� three-dimensional �3D� plot of TDCS
�q=0.25 a.u.�; �c� d2� /dEd�e. In �a� and �c�: CP=coupled pseu-
dostate approximation; solid curve B1=exact first Born cross sec-
tion; dashed curve=IPMB1. In �b�: solid surface=CP; wire
surface=exact first Born. Except for the exact first Born numbers,
all calculations are in the 165 state approximation.
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Rather our purpose is to see what happens in the IPM
coupled pseudostate �CP� approximation in the low-energy
limit irrespective of its validity there.

We note the following points from Fig. 2: �i� the good
agreement between the IPMB1 and EXB1 results, justifying
the IPM pseudostate approach at least at the first Born level;
�ii� the rapid decline in the first Born cross section at low
energies, similar to that seen for CDW-EIS; �iii� the contrast-
ing much larger CP cross section in the low-energy region;
�iv� the increasing difference between the 165 and 75 state
CP approximations with reducing energy, reflecting upon
convergence with respect to the number of pseudostates; �v�
the convergence of the theories and the experiment to the
first Born limit with increasing energy, adding confidence to
all of the results in the high-energy region; �vi� the equally
good agreement of the CP and CDW-EIS approximations
with experiment within the quoted error bars, showing the
need for measurements at lower energies �below about 10
keV� where there are substantial differences between CP and
CDW-EIS. Let us look at some of these points in more detail.

To understand the sharp decline in the first Born cross
section with reducing energy we must examine its physical
content. Because of the orthogonality of the initial and final
states, �0 and � f, for ionization, the interaction of the anti-
proton with the atomic nucleus, ZPZT /R of Eq. �2�, does not
contribute to the first Born amplitude �Eq. �22��. Conse-
quently, in this approximation the antiproton can only be
scattered by the atomic electron. In Fig. 2 we show the mini-
mum momentum transfer �qmin� that is required for ioniza-
tion at each impact energy. We observe that in the low-

energy region, where the first Born cross section is small,
qmin becomes large �greater than about 1.5 a.u., say�. Clearly,
it is the inability of the light target electron to provide suffi-
ciently large momentum transfer to the much heavier anti-
proton that causes the rapid reduction in the first Born cross
section. By contrast, the CP approximation retains the
antiproton-nucleus interaction and so is able to sustain a sub-
stantial low-energy cross section. This explanation is further
supported by the d2� /dEdq cross sections shown in Figs.
5�b� and 10�b�. It is likely, but not absolutely clear, that the
same criticism applies to the CDW-EIS approximation. We
note that this approximation reduces to a product of factors
multiplying the first Born term 	B1R���	2 in formulas �41�
and �50� of �65�. Further analysis is needed.

Let us now look at convergence of the CP approximation.
Above 10 keV there is very good agreement between the 165
and 75 state approximations, better than 3%. By 1 keV the
difference is 12% and by 0.1 keV it is a factor of 2 �see Fig.
2�. With allowance for different weighting schemes, to be
discussed below, the 165 state approximation is in good
agreement with the single center B spline calculations of
Azuma et al. �31� and Sahoo et al. �38� and with the two-
center pseudostate calculations of Toshima �30� at 1 keV and
above. We therefore have considerable confidence in the con-
vergence of the 165 state approximation for the total ioniza-
tion cross section at energies above 1 keV. However, as
Toshima �30� has shown, there is a rapid deterioration in the
rate of convergence of single-center pseudostate expansions,
similar to that used here, at energies below 1 keV. At 0.1 keV
Azuma et al. �31�, Sahoo et al. �38�, and Toshima �30� get
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cross sections almost twice as large as the 165 state CP ap-
proximation shown in Fig. 2.

Different from other coupled state calculations which
evaluate the ionization cross section by giving unit weight
to each pseudostate with energy above the ionization
threshold and zero weight to those below �see, for example,
�4,6,31,38��, we use the prescription �73� which weights ac-
cording to the fraction of the pseudostate lying in the con-
tinuum. For the 165 state CP approximation Eq. �73� always
gives a lower cross section than the unit weighting, by about
5% at impact energies above 2 keV but increasing to 18% at
0.1 keV. Unfortunately, the first Born approximation, for
which we have exact numbers, does not give unambiguous
guidance as to which is the better choice. If anything, it
suggests that an average of the two options might be best at
energies of 10 keV and above.

Let us now look at differential cross sections. Figure 3
shows results at the high impact energy of 500 keV and for
an ejected electron energy of 5 eV. Figure 3�a� illustrates the
TDCS in the scattering plane for a momentum transfer q
=0.25 a.u. which is close to the minimum momentum trans-
fer of qmin=0.15 a.u.. Here we see almost perfect agreement
between EXB1 and the 165 state IPMB1. Similar agreement
is also seen in Figs. 3�c�, 4�b�, and 4�c� where the two results
are essentially indistinguishable. Indeed, we get the same
almost perfect accord with the 75 state approximation in
these cases. One small exception is the d2� /dEdq cross sec-
tion of Fig. 5�b� where the 165 state IPMB1 cross section is
a little bit larger than EXB1 at the minimum momentum
transfer qmin=2.43 a.u. but otherwise indistinguishable.
Where the distinction between EXB1 and IPMB1 is small,
we shall refer to them generically simply as B1. This excel-
lent agreement between EXB1 and IPMB1 considerably

strengthens our confidence in the impact-parameter pseu-
dostate approach.

Comparing the B1 results of Fig. 3�a� with CP, we see a
pattern that is familiar from �e ,2e� �66,67�. Compared with
B1, the binary peak of CP is reduced and the recoil peak is
enhanced and both are rotated away from the outgoing pro-
jectile. This pattern is also seen in the CDW-EIS calculations
of Voitkiv and Ullrich �7�. In �e ,2e� this behavior is under-
stood as postcollisional interaction �PCI� between the fast
outgoing scattered electron and the slow ejected target elec-
tron �67�. The only difference in the present case is that the
projectile is much heavier but the PCI with the target elec-
tron is the same. Figure 3�b� shows the TDCS of Fig. 3�a� in
full three dimensions. Note that the B1 TDCS is rotationally
symmetric about the direction of momentum transfer q.

Figure 3�c� shows the DDCS d2� /dEd�e. This cross sec-
tion samples the TDCS over all angles �equivalently, allowed
momentum transfers� of the scattered antiproton. In the fig-
ure we see one main peak which in the CP approximation is
smaller than B1 and displaced to larger angles. This peak is
the “average” of the binary peak seen in Figs. 3�a� and 3�b�.
Beyond 85° the CP approximation gives a larger cross sec-
tion than B1, reflecting the enhanced recoil ejection seen in
Figs. 3�a� and 3�c�. The pattern of Fig. 3�c� bears a resem-
blance to the single differential cross section d� /d�e �which
is an average of d2� /dEd�e over all ejected electron ener-
gies� calculated by Igarashi et al. �6� for H and Barna et al.
�8� for He, as one might expect.

Figure 4 shows differential cross sections at 30 keV. This
is close to where the B1 and CP total ionization cross sec-
tions have their maxima but are significantly different in size,
see Fig. 2. Figure 4�a� illustrates the TDCS in three dimen-
sions for q=0.7 a.u. �qmin=0.62 a.u.�. The CP cross section
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FIG. 5. �Color online� Same as Fig. 3 but for an impact energy of 2 keV: �a� TDCS for q=2.5 a.u.; �b� d2� /dEdq; �c� TDCS for
q=5.0 a.u.. In �c� the first Born cross section is negligible.
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shows the 5 eV ejected electron being strongly repelled by
the outgoing antiproton. By contrast, the B1 cross section,
which does not contain PCI, points in the opposite direction.
The same is seen in Fig. 4�b� for d2� /dEd�e where the B1
cross section peaks at the forward direction, while the CP
cross section maximizes at backward angles. Figure 4�c� il-
lustrates d2� /dEdq. Here we see a rapid decrease in cross
section with increasing q. This pattern of behavior is identi-
fied with the high-energy regime. The rapid change in cross
section is a warning to experimentalists.

We next pick the impact energy of 2 keV where Fig. 2
shows the B1 cross section to be almost negligible but the
CP cross section to be still close to its maximum value. The
differential results at this energy are shown in Fig. 5. Figure
5�a� shows the TDCS at q=2.5 a.u. �qmin=2.43 a.u.�. Here
the B1 cross section is smaller than CP but still of compa-
rable size. However, its orientation is completely different
from CP which, following Fig. 4�a�, continues to show
strong repulsion of the ejected electron away from the out-
going antiproton. Figure 5�b� shows the DDCS d2� /dEdq.
For the CP cross section the picture here is entirely different
from the high-energy regime illustrated in Fig. 4�c�. While
the B1 cross section continues to fall rapidly with increasing
q, the CP cross section exhibits a much more sustained varia-
tion with q. Initially, like B1, it begins to fall rapidly from
q=qmin but then quickly reaches a minimum at q=2.6 a.u. It
then starts to rise toward a maximum at q=4.3 a.u., being
there larger even than its value at qmin. Even at q
=25.0 a.u. the CP cross section continues to be non-
negligible. The sustained CP cross section with increasing q

reinforces our earlier statement concerning the importance of
the projectile-nucleus interaction. Figure 5�c� shows the CP
TDCS at q=5.0 a.u., i.e., near the maximum in Fig. 5�b�.
Again we see the effect of Coulomb repulsion on the ejected
electron although a larger fraction of the ejected electrons
have a component of motion in the incident direction than at
q=2.5 a.u. We note also the more structured nature of the
CP TDCS as compared with Fig. 5�a� and the protrusion in
the binary direction.

As remarked elsewhere �56�, a great virtue of a coupled
pseudostate approach is that it gives a complete picture of all
the main processes. In Figs. 6�a� and 6�b� we show the n
=2 and n=3 excitation cross sections that come out of our
165 state CP calculations. Except for some small deviations
there is a very good measure of agreement with earlier cal-
culations �6,17,19,24,28�. The agreement with the corre-
sponding 75 state numbers is also impressive, within 1.5%
for the n=2 excitations above 0.5 keV, within 5% �13%�
with the n=3 excitations above 10 keV �1 keV�. As judged
from the first Born approximation, part of the reason �about
3%� for the poorer agreement for the n=3 excitations is the
more approximate nature of the n=3 “eigenstates.” Also
shown in Figs. 6�a� and 6�b� is the first Born approximation
�165 state IPMB1�. Here we see substantial differences with
the CP calculations but convergence with increasing impact
energy. Figure 6�c� shows the 165 state CP elastic cross sec-
tion and total cross section �Eq. �74��. In the energy range up
to 20 keV elastic scattering greatly outweighs other scatter-
ings. By 500 keV ionization and 2p excitation are the domi-
nant contributions to the total cross section and are of com-
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FIG. 6. �Color online� Elastic, excitation and total cross sections: solid curves, 165 state CP approximation; dashed curves, 165 state
IPMB1 approximation.
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parable size. The CP elastic and total cross sections in the
165 and 75 state approximations are in very good agreement.

B. Helium target

Of the two targets He is experimentally much more fea-
sible. It is therefore important to have results for this case in
the literature. They are shown in Figs. 7–11.

Figure 7 shows the total ionization cross section. Here we
compare our 165 state CP cross section with the previous
CDW-EIS calculation of �10� and with the available experi-
mental data �45–47�. The CDW-EIS cross section follows
the older experimental data �46,47� to perfection, in particu-
lar it supports the rapid turndown in the measurements at low
energies. Very recently, however, new measurements have
appeared in the energy range 3.42–24.9 keV �45�. These
measurements merge with the older data at the upper end of
their energy range but predict a much larger cross section at
lower energies, qualitatively in agreement with CP. Quanti-
tatively, the CP cross section agrees with the new measure-
ments between 10 and 17 keV but not at the two highest
points and is in equally good agreement as CDW-EIS with
the older data above 30 keV. Also shown in Fig. 7 is the
IPMB1 approximation. The relative behavior between CP
and IPMB1 is similar to that seen in Fig. 2 for H and, again,
demonstrates the importance of the projectile-target nucleus
interaction in sustaining the ionization cross section at low
energies �see also Fig. 10�b��.

Our 75 state CP results are also shown in Fig. 7. They are
in very good agreement with the 165 state calculations above
6 keV, being within 2.5%, but deteriorate to 4, 12, and 28%
at 3, 1, and 0.5 keV, respectively. With allowance for differ-
ent pseudostate weightings �see below� there is good agree-
ment between the 165 state cross sections and similar calcu-
lations �at 10 keV and above� of Igarashi et al. �26� where, as
here, one electron is frozen into the He+�1s� orbital. We
therefore feel that, within the context of the frozen He+�1s�

model, our 165 state calculations of the total ionization cross
section are well converged, at the very least in the energy
range from 3 keV upwards. Instead of employing Eq. �73�,
using a weighting of unity for pseudostates with energies
above −2.0 a.u., and zero for those below, raises our CP
ionization cross section by about 3% above 12 keV and by 5,
8, and 11% at 3, 1, and 0.5 keV, respectively. This is insuf-
ficient to explain the differences with the most recent experi-
mental data �45� shown in Fig. 7. Igarashi et al. �26� also
made calculations with states which include the n=2 and n
=3 He+ orbitals. Compared with the frozen He+�1s� results,
their ionization cross section at 10 keV is raised by about
30%, reducing to 20% and 7% at 20 and 50 keV, respec-
tively, and being negligibly different at still higher energies.
These cross sections are shown in Fig. 7. At 50 keV and
below these cross sections are in good agreement with the
very recent calculations of Foster et al. �44� who solved the
time-dependent Schrödinger equation on a grid treating both
electrons equally. The results of Igarashi et al. �26� and Fos-
ter et al. �44� imply that the frozen He+�1s� model, as used
here, is not so reliable below about 50 keV. However, as we
see from Fig. 7, the cross sections of Igarashi et al. �26� �and
so also Foster et al. �44�� are in even worse agreement with
the new experimental data of �45� than our present CP re-
sults. It is not clear whether it is experiment or theory which
is at fault.
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In Figs. 8–10 we show a selection of differential cross
sections in the 165 state approximation for He. Following
Figs. 3–5 for H, we have chosen a high energy �500 keV, Fig.
8�, an energy near the maximum in the CP total ionization
cross section �60 keV, Fig. 9�, and a low energy where the
first Born approximation to the total ionization cross section
is negligible �3 keV, Fig. 10�. Although our frozen He+�1s�
approximation is not valid at 3 keV, see remarks above, we
think it worthwhile to see what happens in this model, if only
to compare against H. From Figs. 8–10 we see the same
pattern of behavior as for H but with some differences in
detail. Following the case of H, we note the sustained CP
cross section d2� /dEdq at 3 keV �Fig. 10�b��, showing, once
more, the importance of large momentum-transfer scattering
at low energies, and the excellent agreement of the exact first
Born approximation EXB1 with the corresponding impact-
parameter results IPMB1 �and also with the 75 state IPMB1,
not shown� at 500 and 60 keV.

Finally, for completeness, we show in Fig. 11 the 165
state cross sections, CP and IPMB1, for elastic scattering and
for the discrete excitations 21S ,21P ,31S ,31P ,31D, as well as
the total cross section Eq. �74�. Our results are in good agree-
ment with the earlier work of Igarashi et al. �26� in the
frozen-core approximation. With the exception of the n=3
excitations, there is also excellent agreement with the 75
state approximation. For the n=3 transitions there can be
differences between the 75 and 165 state calculations of up
to 4% at energies above 10 keV, with larger excursions up to

20% at energies down to 1 keV. Igarashi et al. �26� have
shown to what extent the discrete excitation cross sections
can be affected by the frozen-core assumption, for the P and
D transitions generally not that much, for the S transitions
more substantially.

V. CONCLUSIONS

In this paper we have developed a method for extracting
fully differential cross sections for ionization from an
impact-parameter treatment of the collision. The approach
uses pseudostates to represent the ionized continuum. We
have employed the first Born approximation in the wave
form as a check on the method and found excellent agree-
ment at the first Born level. However, the first Born approxi-
mation cannot tell us the whole story; it provides a necessary
but not sufficient test. The method is, of course, not restricted
to antiprotons and may be used with other projectiles, e.g.,
C6+, Au24+, and Au53+, for which we hope to announce re-
sults soon. An important aspect of the method is that it au-
tomatically includes the interaction between the projectile
and the target nucleus in a natural way and without further
approximation. We have seen the importance of this interac-
tion in the low-energy antiproton ionization �Figs. 5�b� and
10�b��. This feature of the method is relevant to ongoing
questions concerning the importance of projectile-nucleus
scattering in differential ionization studies �68�. The present
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approach should be able to answer these questions in a con-
vincing way.

As a by-product of the differential calculations we have
also evaluated the total cross sections for ionization and
some important discrete excitations. As remarked elsewhere
�56�, this is a strength of the pseudostate approach, namely,
that it is able to give a complete and internally consistent
picture of all the main processes. Until very recently, the
experimental data for total single ionization of He �46,47�
gave a much smaller cross section at the lower energies than
was predicted by the more sophisticated theories �41� but,
paradoxically, were in almost perfect agreement with a sim-
pler CDW-EIS approximation. The present work supports the
earlier sophisticated theories and suggests that, like the first
Born approximation, the CDW-EIS results are too low be-
cause they fail to take adequate account of the interaction of
the projectile with the atomic nucleus. The most recent ex-
perimental data on He �45� give a larger cross section at low
energies than the older measurements but still fail to provide
convincing agreement with the available theories. It is un-
clear as to what extent it is theory and/or experiment that is
at fault.

The experimental and theoretical situations for ionization
at the higher energies appear to be essentially satisfactory for
both H and He. This energy range therefore provides a good
test bed for new experimental developments, e.g., differential
measurements. However the really interesting region lies at
lower energies, below 30 keV. Here total ionization measure-
ments for H would be particularly welcome, see Fig. 2, but
what would be really enlightening, in this energy region,
would be differential measurements on H and/or He. These,
we believe, would probe some very interesting mechanisms
involving the relative interplay of the interactions between
the antiproton, ionized electron, and nucleus as the impact
energy is changed.
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