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Detailed derivation of the master equation and corresponding time evolution of the cavity radiation of
coherent beat laser in terms of the c-number variables associated with the normal ordering is presented.
Although the obtained expressions in general turn out to have the same form as when dephasing is not taken
into consideration, there is clear evidence that the quantum features of the cavity radiation can be significantly
affected by the rate of dephasing. It is shown based on intuitive argument that the degree of two-mode
squeezing and entanglement decrease with the rate of dephasing. Moreover, a thorough study of the effects of
the rate at which the atomic coherent superposition is decaying is expected to aid in determining the actual
available various quantum properties of the generated radiation.
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I. INTRODUCTION

Nonclassical properties such as squeezing and entangle-
ment of the cavity radiation of the three-level cascade laser
of various forms have received a great deal of attention in
recent years �1–10�. It has been established that the atomic
coherence is accountable for observing the quantum features.
The atomic coherence in the three-level cascade scheme,
where a direct transition from the upper energy level �a� to
the lower energy level �c� is dipole forbidden, can be induced
via coupling these levels by external radiation �1–5� or by
preparing the atoms initially in arbitrary coherent superposi-
tion of these levels �6–9� or by using the two mechanisms
simultaneously �10�. In the nondegenerate configuration,
when the atoms decay from energy level �a� to �c� via inter-
mediate level �b�, two photons with different frequencies are
generated. For the sake of convenience, the amplification of
light when spontaneously emitted photons in the cascade
transitions are correlated by atomic coherence induced by the
initial preparation of the superposition and external driving
mechanism can be taken as coherent beat laser. In order to
demonstrate such a laser, the initially prepared atoms are
assumed to be injected into the cavity at constant rate and
then removed after they spontaneously decay to levels that
are not involved in the lasing process. Moreover, these atoms
are pumped externally with resonant radiation while they are
in the cavity.

In view of the assumption that the injected coherent su-
perposition creates population transfer path way which is a
basis for the correlated two-photon emission, nondegenerate
three-level cascade laser in general has been shown to be a
source of light characterized by strong correlation of radia-
tion modes with two different frequencies. In connection to
the strong correlation between the two modes, the prediction
for substantial degree of two-mode squeezing �6�, entangle-
ment �1,2,11,12�, violation of Cauchy-Schwarz inequality
�3�, and quantum nonlocality �13� in various forms of non-
degenerate three-level cascade laser have been reported. In

these works, the atomic decay �corresponding to every sort
of decay process� from each energy level to any lower en-
ergy level including those involved in establishing the lasing
process is taken to be the same. In the present paper, in
addition to this assumption, the initially prepared atomic co-
herent superposition is believed to decay due to the arising
physical processes such as vacuum fluctuations �14�. This
entails that the quantum properties of the radiation are af-
fected by this decay process since the quantum features of
the generated radiation are by large attributed to the atomic
coherence. In light of this argument, it seems imperative tak-
ing the rate at which the atomic coherent superposition de-
cays due to the changes in the environment �dephasing� into
consideration in order to know the actually realizable quan-
tum features. In this regard despite the expectation that de-
coherence �the process in which quantum properties are de-
graded while the cavity is coupled to the environment via a
coupler mirror� inhibits the manifestation of quantum fea-
tures, dephasing is found to enhance the same by providing
an indirect correlation between totally uncorrelated states as
recently shown in some cases �15,16�. Moreover, the contri-
bution of each decay channel toward establishing correlation
responsible for the appearance of the quantum properties
needs to be investigated by comparing the separate decay
rates with the parameters that describe the initially prepared
and externally induced coherent superposition.

The master equation and expressions that represent the
evolution of the cavity radiation in terms of the c-number
variables associated with the normal ordering are derived. In
order to analyze the effects of dephasing on the quantum
features of the cavity radiation it is presumed, contrary to a
well established approach, that the atomic and coherent su-
perposition decay rates are different. A similar assumption
has been considered earlier, though the contribution of
dephasing has not been thoroughly studied �17,18�. Basi-
cally, taking the two damping rates as different is anticipated
to lead to a considerable deviation in statistical and quantum
properties of the generated radiation. Generally, the atomic
decay rate corresponds directly to the spontaneous emission
of the radiation whereas the coherent superposition decay
rate is related to the process by which the quantum phenom-
enon is destroyed due to the pertinent fluctuations in the
environment. In other words, the spontaneous emission of
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the cavity radiation is responsible for establishing the corre-
lation which, on the other hand, is unfortunately destroyed
by dephasing. No doubt that the competition between these
two processes is profoundly interesting in knowing how the
quantum properties of the radiation are affected. It is worth
noting that the effect of the fluctuations in environment
modes in the form of decoherence on quantum features of
the cavity radiation of various quantum optical systems has
been considerably studied �8,15,19�. But in this paper the
contribution of the environment via coupling the energy lev-
els involved in the lasing process in the form of dephasing
�20� is also taken into consideration. Though the scope of
this paper is restricted to deriving the time evolution of the
cavity variables, it is not difficult to observe that the statisti-
cal and quantum properties of the generated cavity radiation
can be investigated employing the obtained results.

II. MASTER EQUATION

It has been well known for a long time that the description
of any isolated system can be provided using density opera-
tor where the time evolution is governed by the Liouville
equation. However, as thoroughly discussed recently by dif-
ferent authors, when the system of interest is allowed to ex-
change energy and fluctuations with the surrounding envi-
ronment, the evolution of the system is describable applying
the master equation �21–23�. Though the master equation
generally looks simple and elegant in form, it is usually dif-
ficult to solve the differential equations following from it. In
connection to this, Ficek and Drummond �17� developed a
procedure in which the effect of the environment is system-
atically incorporated when the nondegenerate three-level cas-
cade atom interacts with broadband squeezed vacuum reser-
voir. Although different approaches can be employed, the
master equation is derived following the procedure outlined
in �17,21,24–26�.

In the process of finding the master equation, it is custom-
ary to begin with the interaction Hamiltonian of the system
under consideration. To this effect, the interaction of reso-
nantly pumped nondegenerate three-level cascade atom with
two-mode cavity radiation is describable in the rotating-wave
approximation and interaction picture by the Hamiltonian of
the form

Ĥ = ig�â�a��b� − �b��a�â† + b̂�b��c� − �c��b�b̂†�

+ i
�

2
��c��a� − �a��c�� , �1�

where � is a real-positive constant proportional to the am-
plitude of the driving radiation and g is a coupling constant

chosen to be the same for both transitions. â and b̂ are the
annihilation operators that represent the two cavity modes. In
the cascade configuration, the atomic transitions from upper
energy level �a� to the intermediate energy level �b� and from
level �b� to the lower energy level �c� are presumed to be
resonant with the cavity radiation whereas the direct sponta-
neous transition from �a� to �c� is dipole forbidden.

In addition, it is assumed that the atoms are initially pre-
pared to be in arbitrary coherent superposition of the upper
and lower energy levels; that is, the initial state of the three-
level atom can be taken as

��A�0�� = Ca�0��a� + Cc�0��c� , �2�

where Ca�0�= �a ��A�0�� and Cc�0�= �c ��A�0�� are probabil-
ity amplitudes for the atom to be initially in the upper and
lower energy levels. In line with Eq. �2�, the corresponding
initial density operator would be

�̂A�0� = �aa
�0��a��a� + �ac

�0��a��c� + �ca
�0��c��a� + �cc

�0��c��c� , �3�

where �aa
�0�= �Ca�0��2, �ac

�0�=Ca�0�Cc
��0�, �ca

�0�=Cc�0�Ca
��0�, and

�cc
�0�= �Cc�0��2. Hence it is straight forward to notice that �aa

�0�

and �cc
�0� are the probability for the atom to be initially in the

upper and lower energy levels, whereas �ac
�0� represents the

initial atomic coherence. The review of the ways of prepar-
ing atoms in arbitrary coherent superposition is found, for
instance, in �14�.

It is found advantageous setting

�aa
�0� =

1 − �

2
, �4�

with −1���1. It is not difficult to verify when the three-
level atom is initially prepared in arbitrary atomic superpo-
sition and the relative random phase between the upper and
lower states is neglected that

�cc
�0� =

1 + �

2
, �5�

�ac
�0� =

�1 − �2

2
. �6�

Therefore, one can readily infer that when �=−1, �aa
�0�=1 and

�cc
�0�=�ac

�0�=0. This indicates that the case �=−1 corresponds
to when the atoms are initially prepared to be in the upper
energy level. On the other hand, when �=1, �aa

�0�=�ac
�0�=0 and

�cc
�0�=1 which show that the atoms are initially prepared to be

in the lower energy level, and when �=0, �aa
�0�=�cc

�0�=�ac
�0�

=1 /2. Moreover, it is an obvious matter to see from Eq. �6�
that 0��ac

�0��1 /2. Hence �=0 corresponds to a maximum,
whereas �=−1 and �=1 to a minimum injected atomic co-
herence.

Here the situation in which three-level atoms in a cascade
configuration and initially prepared in coherent superposition
of the upper and lower energy levels are injected into reso-
nant cavity at constant rate and removed after sometime T,
that is, long enough for the atoms to spontaneously decay to
levels other than the middle or the lower energy level, is
considered. In this case, the density operator for the cavity
radiation plus a single atom injected into the cavity at time ti
is represented by �̂AR�t , ti� in which t−T� ti� t. Thus the
density operator that describes all the atoms plus radiation in
the cavity when the atoms are continuously injected into it at
constant rate ra can be expressed as
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�̂AR�t� = ra	
t−T

t

�̂AR�t,t��dt�. �7�

It is good to note that replacing the summation over ran-
domly injected atoms to integration in a similar manner is
known for quite a long time �27,28�. It is also a well estab-
lished fact that the density operator ��̂AR�t , t��� evolves in
time according to

�

�t
�̂AR�t,t�� = − i�Ĥ, �̂AR�t,t��� . �8�

With the assumption that the atom-radiation density op-
erator can be decorrelated into the atom and radiation parts at
a time when the atoms are injected into the cavity and when
they just left the cavity, it is possible to write

�̂AR�t,t� = �̂A�t��̂�t� , �9�

�̂AR�t,t − �� = �̂A�t − ���̂�t� . �10�

Now in view of Eqs. �8�–�10�, integration of Eq. �7� results
in

d

dt
�̂AR�t� = ra��̂A�0� − �̂A�t − ����̂�t� − i�Ĥ, �̂AR�t�� , �11�

where �̂A�t�= �̂A�0�. Moreover, taking the trace over the
atomic variables and using the fact that

TrA��̂A�0�� = TrA��̂A�t − ��� = 1 �12�

lead to

d�̂�t�
dt

= − i TrA�Ĥ, �̂AR�t�� . �13�

Furthermore, with the aid of Eq. �1�, one can readily find

d�̂�t�
dt

= g��̂abâ† − â†�̂ab − b̂†�̂bc + �̂bcb̂
†

+ â�̂ba − �̂baâ + b̂�̂cb − �̂cbb̂� , �14�

in which �̂��= ����̂AR���, with � ,�=a ,b ,c.
On the other hand, it is not difficult to see on the basis of

Eq. �11� that

d

dt
�̂���t� = ra����̂A�0�����̂ − ra����̂A�t − ������̂

− i����Ĥ, �̂AR�t����� − 	���̂��, �15�

where the last term is added to account for various atomic
decay processes including the spontaneous emission. Assum-
ing the atoms to be removed from the cavity after they suc-
cessfully decay to energy levels other than the intermediate
or the lower implies that

����̂A�t − ����� = 0. �16�

Consequently, making use of Eqs. �1�, �3�, �15�, and �16�,
one easily gets

d

dt
�̂���t� = ra��aa

�0�
�a
a� + �ac
�0�
�a
c� + �ca

�0�
�c
a�

+ �cc
�0�
�c
c���̂�t� − g�â†�̂a�
�b + b̂†�̂b�
�c

− â�̂b�
�a − b̂�̂c�
�b + �̂�aâ
b� + �̂�bb̂
c�

− �̂�bâ†
a� − �̂�cb̂
†
b�� −

�

2
��̂c�
a� − �̂a�
c�

− �̂�a
c� + �̂�c
a�� − 	���̂�� �17�

from which follows

d

dt
�̂aa�t� = ra�aa

�0��̂�t� + g�â�̂ba + �̂abâ†� −
�

2
��̂ac + �̂ca�

− �a�̂aa, �18�

d

dt
�̂bb�t� = − g�â†�̂ab + �̂baâ − b̂�̂cb − �̂bcb̂

†� − �b�̂bb,

�19�

d

dt
�̂cc�t� = ra�cc

�0��̂�t� − g�b̂†�̂bc + �̂cbb̂� +
�

2
��̂ac + �̂ca� − �c�̂cc,

�20�

d

dt
�̂ab�t� = g�â�̂bb − �̂aaâ + �̂acb̂

†� −
�

2
�̂cb − 	ab�̂ab,

�21�

d

dt
�̂ac�t� = ra�̂ac

�0��̂ + g�â�̂bc − �̂abb̂� −
�

2
��̂cc − �̂aa� − 	ac�̂ac,

�22�

d

dt
�̂cb�t� = − g��̂caâ − �̂ccb̂

† + b̂†�̂bb� +
�

2
�̂ab − 	cb�̂cb,

�23�

where �i=	ii and 	ij�i�j� with i , j=a ,b ,c stand for the
atomic decay rate and the rate of dephasing �the rate at which
the atomic coherent superposition decays�, respectively.
These coefficients have been defined as radiative
spontaneous-emission rate and generalized decay constant
that arises from the coupling between these transitions in
�17�.

In the good cavity limit, where the cavity damping rate �
is much smaller than atomic decay rates ��i and 	ij�, the
cavity mode variables change slowly when compared to the
atomic variables. In this case, the atomic variables will reach
steady state in relatively short time. The time derivatives of
such variables can be then set to zero while keeping the
remaining atomic and cavity mode variables at time t. This
procedure is usually known as the adiabatic approximation
scheme. Confining to linear analysis, which amounts to drop-
ping the terms containing g in Eqs. �18�–�20� and �22�, and
then applying the adiabatic approximation scheme result in

ROLE OF DEPHASING IN MODIFYING THE EVOLUTION… PHYSICAL REVIEW A 79, 033810 �2009�

033810-3



ra�aa
�0��̂�t� − ��̂ac − �a�̂aa = 0, �24�

�̂bb = 0, �25�

ra�cc
�0��̂�t� + ��̂ac − �c�̂cc = 0, �26�

ra�ac
�0��̂�t� −

�

2
��̂cc − �̂aa� − 	ac�̂ac = 0, �27�

where we set, on the basis of the assumption that, �ac
�0�=�ca

�0�,
in case the random phase between the upper and lower en-
ergy levels is neglected, that �̂ac= �̂ca. Essentially, the linear
analysis is required so that the resulting differential equations
can be analytically solvable. The linearization approach still
holds when the nonclassical properties of the radiation are
studied since the quantum features in this system are associ-
ated with the correlation induced in the cascading process
rather than the nonlinear process as in the other quantum
optical systems.

Moreover, upon setting �a=�b=�c=� and 	ab=	ac=	cb
=	, it is possible to get using Eqs. �24�, �26�, and �27� that

�̂aa =
ra�̂

2��	� + �2�
�	��1 − �� − ���1 − �2 + �2� ,

�28�

�̂cc =
ra�̂

2��	� + �2�
�	��1 + �� + ���1 − �2 + �2� ,

�29�

�̂ac =
ra�̂

2�	� + �2�
���1 − �2 − �2� , �30�

with �̂= �̂�t�. Making use of Eqs. �21�, �23�, �25�, and �28�–
�30� and applying the adiabatic approximation scheme once
again,

�̂ab = −
gra�̂

	2�4 + 2��1 + ��

â�2��2 + �� + ��� − 2��

− �2� + ��1 − �2� + b̂†���1 + �� + 3�

− �2 − ���1 − �2�� , �31�

�̂cb = −
gra�̂

	2�4 + 2��1 + ��

â���1 + �� − 3��

+ �2 − ���1 − �2� − b̂†�2��2 + �� − ��� + 2��

+ �2� + ��1 − �2�� , �32�

where =� /	, �=� /�, and �= 	
� .

Now employing Eqs. �31� and �32�, Eq. �14� can be put in
the form

d�̂

dt
=

AC+

2B
�2â†�̂â − �̂ââ† − ââ†�̂� +

AC−

2B
�2b̂�̂b̂† − �̂b̂†b̂

− b̂†b̂�̂� −
AD+

2B
�â†�̂b̂† − �̂b̂†â† + b̂�̂â − âb̂�̂�

−
AD−

2B
�â†�̂b̂† − b̂†â†�̂ + b̂�̂â − �̂âb̂� , �33�

where

A =
2rag2

	2 , �34�

B = �4 + 2��1 + �� , �35�

C� = 2�2 + 2��1 − �� � ���� − �2� + ��1 − �2�� ,

�36�

D� = �2 − ���1 − �2 − 3� � ��1 + �� . �37�

Besides, the contribution of the cavity damping which corre-
sponds to the coupling of the cavity modes to environment
modes via the coupler mirror can be incorporated following
the usual standard approach �21,24�. Hence the master equa-
tion that describes the cavity radiation of the quantum optical
system under consideration when it is coupled to two-mode
vacuum reservoir can be expressed in the form

d�̂�t�
dt

=
�

2
�2â�̂â† − â†â�̂ − �̂â†â� +

AC+

2B
�2â†�̂â − ââ†�̂

− �̂ââ†� +
1

2
�AC−

B
+ ��2b̂�̂b̂† − b̂†b̂�̂ − �̂b̂†b̂�

−
AD+

2B
�â†�̂b̂† − âb̂�̂ − �̂â†b̂† + b̂�̂â�

−
AD−

2B
�â†�̂b̂† − â†b̂†�̂ − �̂âb̂ + b̂�̂â� . �38�

This master equation is found to have the same form as when
dephasing is not taken into consideration �3� as it should be.
In view of the form of this master equation, it is possible to
infer that C+ stands for the gain of mode a whereas C− for
the lose of mode b. It is also good to note that D� are asso-
ciated with the correlation between the two modes that ac-
counts for the manifestation of nonclassical features. In ear-

lier communications, A=
2rag2

	2 is defined as the linear gain
coefficient where 	 is taken as the atomic decay rate �3,7,29�.
However, it so happens that 	 corresponds to the rate of
dephasing. In this respect, it is worth noting that this study
unequivocally asserts that the linear gain coefficient should
have been directly related to the rate at which the atomic
superposition decays rather than the spontaneous atomic de-
cay rate in the explanation of the effects of the linear gain
coefficient on the quantum properties of the cavity radiation.
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On the basis of recent discussion that the degree of two-
mode squeezing and entanglement increase with the linear
gain coefficient �7�, it can be argued that the nature of the
quantum features of the cavity radiation significantly de-
pends on the rate at which the coherent superposition is de-
caying. Taking the rate at which the atoms are injected into
the cavity �ra� and the coupling constant �g� as constant pa-
rameters, one can readily see that A�

1
	2 . In view of the dis-

cussion presented elsewhere, it is not difficult to infer from
this study that the degree of two-mode squeezing and en-
tanglement increase with decreasing rate of dephasing �7�.
This actually means that the more the rate at which the
atomic coherence is lost, the lesser would be the chance for
demonstrating quantum features of the cavity radiation. This
concurs with the earlier claim that the manifestation of the
quantum property is attributed to the atomic coherent super-
position. Since the actual quantum property of the generated
radiation is determined by the interplay between the initially
prepared and externally induced coherent superpositions �co-
herence beating�, it is basically required to compare 	 with
�, �, and � to get the real picture of the situation.

III. EVOLUTION EQUATIONS

It is, nowadays, common practice deriving the stochastic
differential equations from the Fokker-Planck equation of
one of the quasiprobability distribution functions when the
system interacts with the environment. In this approach, the
effect of the external agent is fundamentally accounted for
via the correlation between the noise forces characterizing
the environment. Particularly, as recent discussion indicates,
the stochastic differential equations corresponding to the
Langevin equations can be applied in studying the quantum
properties of the radiation inside and outside the cavity �30�.
It is good to note that mapping of quantum equations onto
the corresponding c-number stochastic differential equations
relies on a similarity between the partial differential equa-
tions derived from the master equation and Fokker-Planck
equation associated with the Brownian motion. In many in-
stances, the c-number Langevin equations are found to be
easier mathematically to handle than the corresponding op-
erator equations. This is one of the advantages of the sto-
chastic differential equations when compared to the operator
equations that can be derived from the master equation di-
rectly. Moreover, recent works make it clear that the stochas-
tic differential equations associated with the normal ordering
of the cavity mode variables are an important tool in study-
ing the quantum features of the radiation �3,11�.

Therefore, in this section, the stochastic differential equa-
tions associated with the normal ordering for the cavity mode
variables would be determined applying the pertinent master
equation. To this end, employing Eq. �38� and the fact that

d

dt
�Ô�t�� = Tr�d�̂

dt
Ô , �39�

where Ô is any operator, it can be verified that

d

dt
�â�t�� = −

�+

2
�â�t�� −

AD+

2B
�b̂†�t�� , �40�

d

dt
�b̂�t�� = −

�−

2
�b̂�t�� +

AD−

2B
�â†�t�� , �41�

d

dt
�â†�t�â�t�� = − �+�â†�t�â�t�� −

AD+

2B
��â†�t�b̂†�t��

+ �â�t�b̂�t��� +
AC+

B
+ �N , �42�

d

dt
�b̂†�t�b̂�t�� = − �−�b̂†�t�b̂�t�� +

AD−

2B
��â†�t�b̂†�t��

+ �â�t�b̂�t��� + �N , �43�

d

dt
�â�t�b̂�t�� = −

�− + �+

2
�â�t�b̂�t�� +

AD−

2B
�â†�t�â�t��

−
AD+

2B
�b̂†�t�b̂�t�� +

AD−

2B
+ �M , �44�

in which ��=
�B�AC�

B . It is not difficult to notice that the
operators in the above equations are already put in the nor-
mal order. Hence the corresponding expressions in terms of
c-number variables associated with normal ordering are

d

dt
���t�� = −

�+

2
���t�� −

AD+

2B
����t�� , �45�

d

dt
����t�� = −

�−

2
����t�� +

AD−

2B
���t�� , �46�

d

dt
����t���t�� = − �+����t���t�� −

AD+

2B
�„����t����t��

+ ���t���t��‡

+
AC+

B
+ �N , �47�

d

dt
����t���t�� = − �−����t���t�� +

AD−

2B
�����t����t��

+ ���t���t��� + �N , �48�

d

dt
���t���t�� = −

�− + �+

2
���t���t�� +

AD−

2B
����t���t��

−
AD+

2B
����t���t�� +

AD−

2B
+ �M . �49�

On the basis of Eqs. �45� and �46�, one can write

d

dt
��t� = − a+��t� − b+���t� + fa�t� , �50�

d

dt
��t� = − a−��t� − b−���t� + fb�t� , �51�
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where

a� =
�

2
+

A

2B
��2� + ��1 − �2 − ��� � 2�� � 2��2 + ��� ,

�52�

b� = −
A

2B

��1 + �� � �3� − �2 − ���1 − �2�� .

�53�

Moreover, fa�t� and fb�t� are the noise forces the properties
of which remain to be determined. For instance, the expec-
tation values of Eqs. �50� and �51� would be identical to Eqs.
�45� and �46� provided that �fa�t��=0 and �fb�t��=0 which
indicate that the noise forces have stochastic nature.

Furthermore, the correlations of these noise forces are
found by comparing the expressions following from Eqs.
�50� and �51� with the corresponding equations obtained
from the master equation to be

�fa�t��fa
��t�� =

AC+

B

�t − t�� , �54�

�fb�t��fb
��t�� = 0, �55�

�fb�t��fa�t�� =
AD−

2B

�t − t�� , �56�

�fb
��t��fa�t�� = �fa�t��fa�t�� = �fb�t��fb�t�� = 0. �57�

It is evident that the effect of the noise source appears in
these c-number equations just as it does in the corresponding
quantum description. The properties of the correlations of
these noise forces are related to the operator ordering which
directly associated with the vacuum fluctuations in the envi-
ronment and cavity modes. Comparing Eqs. �54� and �55�
reveals that the correlation properties of the noise associated
with mode a and mode b are different unlike the other quan-
tum optical systems. This disparity is basically due to the
difference in the number of photons in mode a and mode b
�11,12�. It can also be deduced from Eq. �56� that the non-
classical properties of the radiation depend on

AD−

B . As clearly
indicated in previous discussion A, D−, and B are expressed
in terms of the rate of dephasing �	�. Hence it is possible to
conclude that the quantum properties of the radiation depend
on dephasing one way or the other.

It is straight forward to see that Eqs. �50� and �51� form
coupled differential equations. In order to solve these differ-
ential equations, one can construct a matrix equation of the
form

d

dt
U�t� = − MU�t� + W�t� , �58�

where

U�t� = � ��t�
���t�

 , �59�

M = �a+ b+

b− a−
 , �60�

W�t� = � fa�t�
fb

��t�
 . �61�

The formal solution of Eq. �58� can be written as

U�t� = Ve−RtV−1U�0� + 	
0

t

Ve−R�t−t��V−1W�t��dt�, �62�

where V is the eigenvector of matrix M which is found to be

V =�
b+

�b+
2 + ��+ − a+�2

b+

�b+
2 + ��− − a+�2

�+ − a+

�b+
2 + ��+ − a+�2

�− − a+

�b+
2 + ��− − a+�2

� �63�

and

e−R� = �e−�+� 0

0 e−�−�  , �64�

in which �� are the corresponding eigenvalues,

�� =
�

2
+

A

2B
„��2� + ��1 − �2 − �� � 
�2�1 + ��2

+ 4��2 + ��2 − �3� − �2 − ���1 − �2�2�1/2
… . �65�

Finally, carrying out the required algebra leads to

��t� = E+�t���0� + F+�t����0� + G+�t� + H+�t� , �66�

��t� = E−�t���0� + F−�t����0� + G−�t� + H−�t� , �67�

where

E��t� = 1
2 ��1 � p�e−�−t + �1 � p�e−�+t� , �68�

F��t� =
q�

2
�e−�+t − e−�−t� , �69�

G+�t� =
1

2
	

0

t

��1 + p�e−�−�t−t�� + �1 − p�e−�+�t−t���fa�t��dt�,

�70�

G−�t� =
1

2
	

0

t

��1 − p�e−�−�t−t�� + �1 + p�e−�+�t−t���fb�t��dt�,

�71�

H+�t� =
q+

2
	

0

t

�e−�+�t−t�� − e−�−�t−t���fb
��t��dt�, �72�

H−�t� =
q−

2
	

0

t

�e−�+�t−t�� − e−�−�t−t���fa
��t��dt�, �73�

with
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p =
2��2 + ��


�2�1 + ��2 + 4��2 + ��2 − �3� − �2 − ���1 − �2�2�1/2 , �74�

q� =
− ��1 + �� � �3� − �2 − ���1 − �2�


�2�1 + ��2 + 4��2 + ��2 − �3� − �2 − ���1 − �2�2�1/2 . �75�

It is perhaps worth mentioning that Eqs. �66� and �67� are
used to calculate various quantities of interest. It is notice-
able that these solutions are well behaved functions at steady
state provided that ���0. As a result, the case for which
��=0 is designated as threshold condition. As critical scru-
tiny of the expressions following from the master equation
reveals that this mathematical condition is directly related to
the uncertainty condition �3�.

It has been argued that the form of the solution of Eqs.
�50� and �51� is independent of the reservoir to which the
cavity is coupled, but the corresponding correlations of the
stochastic noise forces considerably affected by it �11�. As
clearly discussed elsewhere the parameters in Eqs. �68�–�75�
strongly depend on the amplitude of the driving radiation and
the way in which the atoms are initially prepared, but the
form of the solution in general remains the same under vari-
ous conditions �3�. It is also shown in this study that though
the form of the solution still remains the same, the involved
parameters ��� , p ,q�� are significantly reliant on the rate of
dephasing. As a result, it would not be wrong if one expects
that the degree of the resulting quantum features of the ra-
diation is affected by the rate of dephasing. It may not be
difficult to observe that this result complements what has
been discussed in relation to A�

1
	2 . Ironically, the investiga-

tion of the actual dependence of the quantum features of the
cavity radiation on dephasing is quite an involving task.
Since the property of the radiation is associated with the rate
at which the atoms are injected into the cavity, the way in
which they are initially prepared, the atomic damping rate,
the cavity damping rate, the amplitude of the driving radia-
tion, and of course the rate of dephasing, it appears that even

considering some cases of interest is not an easy task. In
light of this, for the sake of clarity, the detailed study of the
quantum properties of the cavity radiation is differed to sub-
sequent communications.

IV. CONCLUSION

In this contribution, detailed derivation of the evolution of
the cavity radiation in terms of c-number variables associ-
ated with the normal ordering for coherent beat laser is pre-
sented. The master equation and the solution of the corre-
sponding stochastic differential equations are found to have
the same form as when dephasing is not taken into consid-
eration. However, the parameters closely related to the quan-
tum properties of the radiation turn out to be strongly depen-
dent on the rate of dephasing. Though the detailed analysis in
this respect is not provided due to the formidable complica-
tions associated with the number of involved parameters, set-
ting some of these parameters as constant indicates that the
degree of two-mode squeezing and entanglement decrease
with increasing rate of dephasing. This result agrees with
earlier claim that the coherent superposition is responsible
for the appearance of two-mode squeezing and entangle-
ment. Consequently, it is possible to observe that the detailed
study of the effects of dephasing on quantum features of the
radiation under various conditions is required.
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