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Energy gap between highest occupied molecular orbital and lowest unoccupied molecular orbital
in multiwalled fullerenes
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We report on the electronic structure of the Cgy-Copyg multiwalled fullerene (onion) near the Fermi level. The
analytical expressions for the hybridizations of the 7 orbitals on the fullerene shells were derived. The differ-
ence between the Fermi levels of individual fullerenes is obtained. The highest occupied molecular orbital—
lowest unoccupied molecular orbital energy gap for the Cgy-Cyy carbon fullerene onion is calculated. The
charge transfer from the outer shell to the inner shell in the base state of the onion is determined. Splitting and
the shift of the energy levels of the onion as a result of intershell interaction are predicted.
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I. INTRODUCTION

Recently, the problem of low-energy electronic states in
spheroidal fullerenes as well as the influence of a weak uni-
form external magnetic field pointed in the z and x directions
has been considered [1-3]. The main findings were the dis-
covery of the fine structure with a specific shift of the elec-
tronic levels upward due to spheroidal deformation and the
Zeeman splitting of electronic levels due to a weak uniform
magnetic field. In addition, it was shown that the external
magnetic field modified the density of electronic states and
did not change the number of zero modes. It was found that
modification of the electronic spectrum of the spheroidal
fullerenes in the case of the x-directed magnetic field differs
markedly from the case of the z-directed magnetic field [2,3].
This gives an additional possibility for experimental study of
the electronic structure of deformed fullerene molecules.

The field-theory model where the specific structure of car-
bon lattice, geometry, and the topological defects (penta-
gons) were taken into account was explored in [2,3]. As the
result of this approach, it was found in [2] that the zero-
energy states corresponding to the highest occupied molecu-
lar orbital (HOMO) and the highest occupied molecular
orbital-lowest unoccupied molecular orbital (HOMO-
LUMO) energy gap were approximately 1.1 eV for the
YO-C,y fullerene which was in good agreement with data
predicted in [4] (YO denotes the Yoshida-Osawa structure).
The next step is to concentrate on the electronic properties of
the multiwalled carbon structures
(onions). Some attempts to describe the electronic structure
of multiwalled fullerenes were presented in [5-7]. However,
the prediction of the HOMO-LUMO gap of the fullerene
onions is missing in the referred publications. This informa-
tion, in our understanding, could be important and valuable
especially for experimentalists. Accordingly, we were aimed
to find a different theoretical approach for calculation of the
gap.

We used the idea presented in [8,9] where the curvature
effects in carbon nanotubes were studied as a function of
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chirality. The result is that 7 orbitals are found to be signifi-
cantly rehybridized in all nanostructures, so that they are
never situated normally to the fullerene surface (in our case)
but are tilted by the hybridization angle. The tilting of the 7
orbitals should be observable by atomic resolution scanning
tunneling microscopy measurement. We derived the exact
analytical expression for the hybridizations of the 7 orbitals
on the fullerene shells and then used the expressions for
computations of the HOMO-LUMO gap for the fullerene
carbon onion.

At very large fullerenes with several hundred atoms a
transition from single-shell fullerenes to nested multishell
structures was determined in [10]. Accordingly, multishell
fullerenes are locally similar to graphite where similar inter-
shell interactions v, as in the bilayer graphite between shells
can be used. Similar intershell interactions as in graphite
could also be used for the fullerene onion because the spac-
ing between shells in the onion is almost the same as the
interlayer spacing in graphite ~3.4 A [11]. Moreover, the 7
states near the HOMO-LUMO gap and more strongly bound
o states have also a similar character as the corresponding
states in graphite [12].

In the presented paper we focus on Cgy-Cyy fullerene
onion. The paper is organized as follows. The influence of
the curvature on the hybridization of fullerene 7 orbitals is
computed in Sec. II. The model is explained in Sec. III. The
calculated HOMO-LUMO gap and energy splitting are dis-
cussed in Sec. IV. We close the paper with several remarks in
Sec. V.

II. TREATMENT OF HYBRIDIZATION OF FULLERENE
7 ORBITALS

We consider the case of the C,-C,, fullerene onion, where
n,m are numbers of atoms on the inner and outer shell, re-
spectively, e.g., n,m=60,240,540... and m>n. The hybrid-
ization of the orbitals of the inner and outer shell is different
in these fullerene onions. Because of the curvature the coor-

dinates of ;: in space are (Fig. 1)
;)1 =d(cos 6;0;—sin 6),
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FIG. 1. Schematic cross section of a bond in a fullerene with
radius R. The angle between the bond 7, and x axis is 6.

n=d(e;—eye), m=d(eseye,), (1)

where sin #=d/2R. We assume that the angle between the

bonds 7,7, and also 7, 75 is 120° [9]. It means that we have
equations for unknown e,, ¢,, e,

cos(2m/3) = (1, - m)/| 71| 7], (2)
cos(2m/3) = (?] . %)/HH% , (3)
with the condition
2, 2, 2
extey+e;=1 4)
From the equations above we get
e,=—(d/2R) tan 6—1/(2 cos 6),
_ 1 d\? 1
&= I - =2\ on | T e |
4(1 - d*/4R?) 2R/ (1-d°/4R")
e.=—d/2R, (5)

where R is the radius of the fullerene molecules and d is the
nearest-neighbor length.

The radii of the inner and outer shell are different thus we
need to calculate the values for the outer fullerene shell e
=(m|H|m) and € for the inner one. First, one needs to con-
struct three hybrids along the three directions of the bonds.
These directions are

:1 = (cos 0;0;—sin ),

er=(e—epse), e3=(egeyse,). (6)

The requirement of orthonormality for the hybrid wave func-
tions determines uniquely the fourth hybrid denoted by |)
which corresponds to the p, orbital in graphite. The hybrid-
ization of the o bonds, therefore, %ges from the uncurved
expression  to |oy)=s|s)+V1—-s3(cos p,)—sin b]p,),
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|O-2gl‘s>+ v 1 _s%(ex|px>_ey|py>+ez pz>)’ |0'3>=S3|S>
+V1=s3(e,/p.)+e,|p,)+e.|p.)). The mixing parameters s,,D;
can be determined by the orthonormality conditions (o;| o)
= 5lj’ <7T| 0-i>:0’ and <7T| 7T>: 1.

We got the analytical expressions for the hybridizations of
the 7 orbital on the fullerene shell in the following form:

|m) = Dys) + Dylp.) + Dylp.), (7)

and for the Fermi level on the fullerene shell

e=(m|H|m) = D(s|H|s) + Dy(p,|H|p,) + Di(p.|H|p.).

(8)
where
d V1-A21-B*(\N1-d%4R*-¢))
TR \1— A1 —/4RB- A1 - B, * Dy,
)
D~ d_ V1-A2B-\1-B%A D= 6D,
2R 1 - A21 - d¥4R*B - AV1 - B2,
(10)
D,=1N1+d+ B, (11)
and

A= \/ (ex\1—d*/4R’ + d*/AR?) (12)
Ve, — 1+ (e - d/AR? + d*/4R??

B=\1-1/2ee,. (13)

Now we can use the above expressions for computation of
the HOMO-LUMO gap for, e.g., C¢)-Coyo fullerene onion.
We obtained the numerical values for the 7 orbital in the
case of the inner Cg fullerene molecule

|7) = 0.289]s) — 0.068|p,) + 0.955|p.), (14)

where it was assumed that R=3.5 A [11]. For the outer Cay
fullerene molecules we have

|7) = 0.144|s) — 0.007|p,) + 0.990|p,), (15)

where it was assumed that R=7.1 A [11]. The value d

=1.44 A [11] as the nearest-neighbor length or average bond

length on the fullerene shell was used in our calculations.
Hence, in the case of the C4y molecules we have

€= (mr|H| ) = 0.083(s|H|s) + 0.005(p,|H|p.)
+0.911(p_|H|p.), (16)

and for the C,4 fullerene we have
€=0.021(s|H|s) + 0.980(p.|H|p.), (17)
In the expressions above we used [13]
(s|H|s) = —-12 eV, (18)

(pdHlp = py|HIp,) ={p |H|p,) =~ -4 eV, (19

thus the energy difference is
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e—€~1.024 eV. (20)

M1 Cgy-Cz49 HOMO, LUMO ENERGIES

To describe the electronic structure of the Cgy-Cyy( onion,
we begin with the tight-binding Hamiltonian

E éclei+ 2 Flclej+ He) + 2 ed]d,
(ij) i

+ 2> yoldid; +He. +E Vi(dic,+He), (21)
(ij)

Where ¥o(¥o) is a hopping integral on the Cg)(Cy49) molecule
and c (d ) creates electrons on the ith atomic orbital of the
inner (outer) shell; Vj; describe the interaction between
shells. We take into account a different curvature of the Cgy
and C,4, molecules. The following formula for dependence
of the hopping integral on curvature was used [14]:

Y(R) = y()[ 1 = 3(a@/R)?]. (22)

Considering the value of ¥, at 2.5 eV [4,15] for the hopping
integral of the Cg, fullerene Eq. (22) resulted in ¥,
=2.675 eV for hopping integral of the C,y, fullerene.

The electronic wave function has the form [15]

[0h) = [ + [0, (23)
where
o 2T
|y = 52 exp z?mn (24)
n=1
combination
: 12
/EE a;cl[vacuum). (25)
i=1

Here the sum is over 12 atomic orbitals localized at site i of
the nth slice of the icosahedron of the inner shell and simi-
larly for the outer shell

5

5 2 exp(zz?wmn) (|n,outer)), (26)

n=1

| lp_Oll[)

where
s
TZ b, |vacuum). 27)

i=1

The possible values of m are m=0, 1, *2. Now we use
the values of the highest occupied molecular orbital
HOMO(H) and the lowest unoccupied molecular orbital
LUMO(L) for Cgy and C,yy, as computed in [4]. We have
HOMO(Cgg)=—1.545 eV, LUMO(Cq,)=0.346 eV, it means
that

(¥ | Hlgih ) =~ 1.545, (28)

and
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(o |Hy ) = 0.346. (29)

The values HOMO, LUMO of the C,y, isolated fullerene
were corrected within our model. Formula (22) was used in
order to consider the influence of the rehybridization on the
hopping integral 7, of fullerenes with different radius. The
HOMO(C,,4) equals —1.168 eV, LUMO(C,,) is 0.160 eV
for isolated fullerenes. The HOMO states of both fullerenes
are fivefold degenerate. The LUMO states are threefold de-
generate. The quantum numbers of HOMO states are m
=0, =1, =2 and the quantum numbers of LUMO states are
m=0, *1[15].

In the Cg)-C,yo onion we must add the value 1.024 eV to
the C,y fullerene energies. The values HOMO(C,,,) equal
—0.144 eV and LUMO(C,,,) equal 1.184 eV were obtained
when the interaction between shells was not taken into ac-
count. This leads to

W H gy == 0.144, (30)

and

(s | H gy =1.184. (31)

Thus we finally obtained the gap between HOMO(C,,,) and
LUMO(Cy¢,) which is about 0.490 eV in the Cg;-Cyyg Onion.
The interaction between shells shall be included into our
model. If the position of the shells in the onion does not
change the symmetry of individual shells, the interaction be-
tween shells mixes only the states with the same symmetry.
We suppose that the states which are mainly affected by this
interaction are the HOMO(C,,) and LUMO(Cy) states be-
cause they are the closest to each other. The HOMO state of
the outer shell with quantum numbers m= %2 will not be
affected by interaction between shells. The states which are
affected are HOMO states of the outer shell and LUMO
states of the inner shell with quantum numbers m=0, * 1.
However, there is a mixing only between states with the
same quantum number m. We assume that all 12 atoms of nth
slice of the inner shell have approximatively the same inter-
action with nth slice of the outer shell

48

(vacuum|a;c;V>, bjdﬂvacuum} =y,i=1,2,...,12, (32)
=1

where

‘>= Vk,l(dZCZ+H-C-) (33)

is the interaction Hamiltonian. So we approximatively have

(Wi VIR,
12 48
— > (vacuuml|a; ;¢; V= b;. Hd '|vacuum)
VI2i5 V48 -1
= /2. (34)

We look for the solution in the form [16]
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TABLE I. The values of HOMO, LUMO, and HOMO-LUMO energy gaps for isolated fullerenes and
fullerene onion; d (A), nearest neighbor length; R (A), radius of fullerene; v), intershell interaction; HOMO,
LUMO and HOMO-LUMO gaps are calculated in electron volts.

HOMO-LUMO HOMO-LUMO
d R Co0-Caso Co0-Cato
(A)  (A) HOMO LUMO HOMO-LUMO (y,=0) (y,=0.35)
Ceo 1.44 35 —-1.545 0.346 1.891
0.490 0.505
Coso 144 71  -1.168  0.160 1.328
W, =c 0+ Q%‘; . (35) ments. The influence of the rehybridization on the hopping

where ¢}, is a HOMO state of the C,y, fullerene and W,fl , is
a LUMO state of the Cg fullerene. We are mainly interested
in HOMO, LUMO states of the Cgy-C,y4 fullerene onion. We
have secular equations

eHc1+%ylc2=Ecl, (36)
SVC1+ €y =Ecy, (37)
where
(Gl H W) = € == 0.144 eV, (38)
(U |HlY ) = .= 0346 eV, (39)
il =2 (40)

The solutions can be expressed in the form

W, =0.94540%, — 0.3274)) (41)
with energy E;=-0.159 eV and
W,,0=0.996¢ , +0.08545,, (42)

with energy E,=0.361 eV. The HOMO state of the outer
shell with quantum numbers m=*2 remains also the
HOMO state of the Cg(-Cyyy fullerene onion. The LUMO
state of the onion is threefold degenerate and is a mixing of
HOMO C,4y and LUMO Cg states (¥, , state). This mixed
state has energy 0.361 eV. The value of the HOMO-LUMO
gap for the Cg-Cyyg fullerene onion is 0.505 eV when the
interaction between shells is taken into account. The interac-
tion energy of y;=0.35 eV close to the value presented in
[17,18] was used in our calculations. The values of the
HOMO, LUMO and HOMO-LUMO gaps are summarized in
Table I.

IV. DISCUSSION

We assume that all the atoms of the inner shell have a
similar interaction with atoms on the outer shell. Although
this is a rough approximation it gives good results in the case
of double wall carbon nanotubes [19]. The rehybridization of
the 7 orbital method was used in order to compute the influ-
ence of a curvature of the fullerene shell on the matrix ele-

integral vy, was taken into account according to relation (22).
We obtained the 1.024 eV difference between the “Fermi
levels” of individual fullerenes in the Cgy-C,yy onion. There-
fore, we got a gap between HOMO(C,4,) and LUMO(Cy)
which is about 0.490 eV when the interaction between shells
is not taken into account. When the interaction between the
inner and outer shell is taken into account, the HOMO state
is doublefold degenerate (it is HOMO state of the outer shell
with quantum number m= = 2). The LUMO state of this on-
ion is a superposition of the HOMO state of the C,y
fullerene and the LUMO state of the Cg fullerene with quan-
tum numbers m=0, + 1(¥, , states). The result is about
0.505 eV HOMO-LUMO gap in the Cgy-C,yq fullerene on-
ion. There is a charge transfer from the outer shell to the
inner shell in the base state of the onion. W, | are bonding
states of fullerene onion with energy —0.159 eV. In these
states electrons are delocalized with probability 0.89 at the
outer shell and 0.11 at the inner shell. These electrons are
localized at the outer shell when interaction between shells is
not taken into account. We can see that in the first excitation
state the electron is localized mainly in the inner shell and
the hole is localized in the outer shell. If the mutual positions
of the shells in this double wall system do not preserve the
symmetry of the individual fullerenes, the lifting of degen-
eracy can be different. Generally m will not be a good quan-
tum number; consequently HOMO and LUMO states of
double wall system will be a mixture of the HOMO states of
Cyyp with m=0, *=1, =2 and LUMO states of Cgy with m
=0,* 1. In this case the HOMO and LUMO Ilevels of
Cgo-Coy onion will have one single degenerate state.

V. CONCLUSION

We found a HOMO-LUMO gap reduction in Cgy-Cyyg
system in comparison with individual fullerenes. The HOMO
level is doubly degenerate and LUMO level is threefold de-
generate in this double wall spherical system. There is a
delocalization of electrons between the outer and inner
shells. The probability to find electrons on the inner shell is
larger than the probability to find electrons on the outer shell.
The approach described in the paper can also be used for
calculations of HOMO-LUMO gaps of the other fullerene
onions and moreover for the multiwalled fullerenes. The pa-
rameters required for computations of the HOMO-LUMO
gaps using our exact analytical expressions, Egs. (7)—(13),
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are the following: the radius, the nearest-neighbor length of
the isolated fullerenes, and the intershell interaction. This
information about fullerenes can be found in several articles,
e.g., [4,11,20]. The experimental determination of the
HOMO-LUMO gap for the Cg,-C,y fullerene onion we con-
sider is an important forthcoming step for verification of our
prediction.
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