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Theory and experiment are compared for the electron-impact single ionization of Mg and Al+. Nonpertur-
bative R matrix with pseudostates �RMPS� and time-dependent close-coupling �TDCC� calculations have been
carried out that exhibit large reductions from perturbative distorted-wave results of 38% for Mg and 20% for
Al+. Experimental single-ionization data available for Mg and Al+ are in reasonable accord with distorted-wave
data and lie substantially above the new theoretical results. Rate coefficients, necessary for the collisional-
radiative modeling of Mg and Al plasmas were generated from the RMPS ionization cross sections. In the
collisional-ionization region near the ionization threshold, the resulting rates were found to be up to two times
lower for Mg and three times lower for Al+ than the rates generated from experimental data.
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I. INTRODUCTION

Electron-impact ionization of atoms and ions has been of
continuing interest for many decades due to its importance in
areas such as controlled fusion plasmas �1� and astrophysics
�2�. For atomic ions that are more than a few times ionized,
perturbative distorted-wave methods have been found to give
accurate results for ground-state ionization. However, for
neutral and near-neutral systems, perturbative methods con-
sistently overestimate the cross section close to the ioniza-
tion peak and it becomes necessary to employ nonperturba-
tive methods to properly account for the long-range
Coulomb interaction between the ejected and scattered elec-
trons. This has spurred the development of nonperturbative
theories such as time-dependent close coupling �TDCC� �3�,
R–matrix with pseudostates �RMPSs� �4�, and convergent
close coupling �CCC� �5�. Agreement between nonperturba-
tive theory and experiment for electron-impact ionization of
ground-state neutrals and near neutrals has been mixed
across the Periodic Table.

For the ground state of noble gases, theory and experi-
ment are in good accord. For He �1s2�, CCC �6�, RMPS �7�,
and TDCC �8� calculations are in excellent agreement with
experiment �9�. For Ne �1s22s22p6�, an RMPS calculation is
currently in progress, but preliminary calculations exhibit
good agreement with experiment. The TDCC method over-
estimates the cross section �10� for neon when compared to
experiment �11� due to the neglect of term dependence in the
ejected-electron continuum. For Ar �1s22s22p63s23p6�, a re-
cent RMPS calculation has been performed �4� and was
found to be in good agreement with experiment �12,13�.

In the case of systems with one valence electron, experi-
ment and theory are often at odds. Starting with lithiumlike
systems �1s22s�, in the case of Li, nonperturbative RMPS,
TDCC, and CCC calculations agree well with each other
�14� but lie well below experiment �15�. A similar trend is
seen for Be+, where again the TDCC and RMPS �16,17�
results along with a CCC calculation �18� are in good agree-
ment with each other but fall substantially below experiment
�19�. For B2+, experiment �20� and theory �20,21� are in good

agreement. Furthermore, for sodiumlike systems �1s22s23s�,
a CCC calculation �22� for neutral Na, which initially dis-
agreed with existing experimental data, prompted a new ex-
perimental measurement �23� to address the discrepancy.
Similarly for Al2+, nonperturbative theory �24� disagreed
with existing experimental data �25�, prompting a new ex-
periment �26� to investigate the difference. Yet for Mg+,
TDCC, RMPS, and CCC results agree well with each other
�24� and experiment �27�.

Nonperturbative calculations for berylliumlike systems
�1s22s2� include TDCC and RMPS studies for Be �17�, B+,
�28� and C2+ �29�. In addition a recent TDCC calculation for
magnesiumlike �1s22s22p63s2� Si2+ �30� has been performed.
For these systems, distorted-wave methods were found to
overestimate the peak of the ionization cross section, with
nonperturbative calculations lying 38% below distorted-
wave values for Be, 14% for B+, 20% for C2+, and 11% for
Si2+. Experiments for B+ �28�, C2+ �29�, and Si2+ �31� appear
to have problems with metastable contamination in the ion
beam. For B+, an experimentally determined metastable frac-
tion of 9% gave good agreement with theory. For C2+, an
assumed metastable fraction of 60% resulted in reasonable
agreement with theory. In the case of Si2+, the metastable
fraction was unknown, which complicates comparison with
theory.

The most recent experimental data available for both Mg
�32,33� and Al+ �34–36� show reasonable agreement with
distorted-wave calculations. Taking into consideration the
poor performance of distorted-wave calculations for other
near-neutral two valence-electron systems, this agreement is
surprising. In addition, experimental data for near neutrals,
where nonperturbative theoretical results are available, have
been seen to be of varying quality. To help assess the accu-
racy of the existing experimental data, we decided to study
the electron-impact ionization of ground-state Mg and Al+

using the TDCC and RMPS methods. Therefore, the
electron-impact ionization of the 3s subshell of the
1s22s22p63s2 ground configuration for both Mg and Al+ has
been calculated below the threshold for 2p excitation-
autoionization.
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The rest of the paper is structured as follows. In Sec. II,
we provide an overview of the theoretical methods; in Sec.
III, the theoretical ionization cross sections and rate coeffi-
cients for Mg and Al+ are presented and compared to exist-
ing experimental data; and in Sec. IV, we conclude with a
brief summary. Unless otherwise stated, we will use atomic
units.

II. THEORETICAL METHODS

A. Time-dependent close-coupling method

The time-dependent close-coupling method �3� uses a
coupled-channel representation of the time-dependent wave
function to solve the scattering problem of a particle incident
upon a few-body system. Expanding the total wave function
in coupled spherical harmonics yields a set of coupled partial
differential equations for each LS symmetry,

i
�Pl1l2

LS �r1,r2,t�

�t
= Tl1l2

�r1,r2�Pl1l2
LS �r1,r2,t�

+ �
l1�,l2�

Ul1l2,l1�,l2�
L �r1,r2�Pl1�l2�

LS �r1,r2,t� . �1�

Expressions for the kinetic-energy and potential-energy
terms can be found in Ref. �10�. The time-dependent close-
coupled equations are solved by propagating the equations
on a two-dimensional lattice and collision probabilities ex-
tracted at a time t=T after the collision. The initial condition
for the TDCC solution is given by a product of the 3s bound
orbital and a Gaussian radial-wave packet. Parity conserva-
tion acts as a constraint on the possible l1l2 channels with
�−1�l1+l2 = �−1�l+lg, where l is the angular momentum of the
target subshell and lg is the angular momentum of the inci-
dent Gaussian radial-wave packet. The long-range Coulomb
interaction between the ejected and scattered electrons is
fully accounted for by this method. The ionization cross sec-
tion is found via a projection of the radial-wave function
Pl1l2

LS �r1 ,r2 , t� onto bound radial orbitals in order to extract the
partial-scattering probabilities.

In order to avoid the possibility of de-excitation to closed
inner subshells during the time propagation �37�, it is neces-
sary to construct pseudo-orbitals for the target 3s subshell
and orbitals needed for projections. The procedure involves
first diagonalizing the following radial Hamiltonian for Mg+

and Al2+:

H�r� = −
1

2

�2

�r2 −
Z

r
+

l�l + 1�
2r2 + VPP

l �r� , �2�

where Z is the nuclear charge and VPP
l �r� is a pseudopotential

for the inner 1s22s22p6 core. We used the pseudopotentials
generated by Wadt and Hay �38� for the inner cores of Mg+

and Al2+. Then the Mg+ and Al2+ pseudo-orbitals resulting
from the diagonalization are used to construct direct and ex-
change potentials for the 3s subshell of Mg and Al+. Adding
these potentials to the Hamiltonian gives,

H�r� = −
1

2

�2

�r2 −
Z

r
+

l�l + 1�
2r2 + VPP

l �r� + J3s
0 −

�l

2
�24�3s

�
�1/3

,

�3�

where J3s
0 is the direct potential and �3s is the probability

density in the local exchange potential. Diagonalizing with a
value of �=0.4 gave reasonable eigenenergies for the 3s sub-
shells of −7.81 eV for Mg and −19.20 eV for Al+. This
compares to experimental energies of −7.65 and −18.83 eV,
respectively �39�.

The TDCC calculations were carried out for all LS sym-
metries from L=0 to L=7. The number of coupled channels
per LS symmetry ranged from 9 for L=0 to 28 for L=7 for
Mg and up 36 channels for L=7 for Al+. For both Mg and
Al+, we employed a 384�384 point radial lattice with a
uniform mesh spacing of �r=0.20. Since good agreement
was found between the TDCC and distorted-wave partial
cross sections for l=7, distorted-wave calculations for l=8 to
l=50 were used to “top up” the low-l TDCC results. Con-
vergence checks were made for Mg at 15 eV using a 512
�512 point radial lattice, with a uniform mesh spacing of
�r=0.20. The exchange parameter was varied to �=0.358 to
give the experimental 3s energy of −7.65 eV. No significant
difference was found with the results obtained from the
384�384 lattice.

B. R-matrix with pseudostates method

The RMPS method is an extension of standard R-matrix
theory that employs pseudostates to represent the high-
Rydberg states and the target continuum �40�. Inside the
R-matrix box, the total wave function for a given LS� sym-
metry is expanded in basis states given by

�k
N+1 = A�

i,j
aijk�i

N+1uij�rN+1�
rN+1

+ �
i

bik	i
N+1, �4�

where A is an antisymmetrization operator, �i
N+1 are channel

functions, uij�r� are radial continuum basis functions, and
	i

N+1 are �N+1�-electron bound wave functions, required for
completeness. The coefficients aijk and bik are determined by
direct diagonalization of the total �N+1�-electron Hamil-
tonian. Outside the R-matrix box, the total wave function for
a given LS� symmetry is expanded in basis states given by

�k
N+1 = �

i

�i
N+1vi�rN+1�

rN+1
, �5�

where vi�r� are radial continuum functions obtained by solu-
tion of radial asymptotic coupled differential equations.

The radial orbitals for the spectroscopic and pseudostates
were determined using the atomic structure code AUTO-

STRUCTURE �41�. Due to the large number of orbitals and
configurations involved, we employed the graphical AUTO-

STRUCTURE package �GASP� �42�, a java front end to AUTO-

STRUCTURE. The spectroscopic orbitals included the 1s–5g
subshells, calculated with a local potential that was deter-
mined using Slater-type orbitals. The higher-Rydberg states
and the target continuum were represented using nonor-
thogonal Laguerre pseudo-orbitals for all subshells from

LUDLOW et al. PHYSICAL REVIEW A 79, 032715 �2009�

032715-2



6s–14g. They were subsequently orthogonalized to the spec-
troscopic orbitals and to each other.

Both Mg and Al+ models use a single 3snl pseudostate
expansion outside the closed-shell neon core, with the addi-
tional 3p2, 3p3d, and 3d2 configurations used to improve the
N-electron structure. These configurations give rise to 127
LS� terms, all of which were included in our close-coupling
expansion. In our implementation of the RMPS method, the
basis used to represent the �N+1�-electron continuum was
made orthogonal to the pseudo-orbitals using a method de-
veloped by Gorczyca and Badnell �43�. The scattering calcu-
lation was performed with our set of parallel R-matrix pro-
grams �44–47�, which are extensively modified versions of
the serial RMATRIX I programs �48�. The R-matrix box for
neutral Mg was approximately 105 a.u., whereas for singly
ionized Al this was greatly reduced to approximately 52 a.u.
For the total ionization cross-section calculations, we calcu-
lated partial waves from L=0 to L=13 in the energy range
from the first ionization threshold to just over 40 eV in the
case of Mg and 60 eV for Al+. The contributions from higher
partial waves above L=13 were then estimated for dipole
transitions using the method originally described by Burgess
�49� and for nondipole transitions assuming a geometric se-
ries in L, using energy ratios, with special procedures for
handling transitions between nearly degenerate terms. The
total ground-state ionization cross sections are determined
from the sum of all excitation cross sections from the ground
term to those pseudostate terms above the ionization thresh-
old. The cross sections were fitted using two different fitting
formulas. From threshold to twice the ionization potential a
Rost and Pattard expression �50� was used. This ensured the
right threshold behavior for the cross-section fit. For energies
higher than twice the ionization potential the expression of
Younger �51� was used. A Bethe limit point was generated
using a configuration-average distorted-wave code and used
in the Younger fit, so that the cross section could be extended
to higher energies. A good fit to the raw RMPS data was
achieved for both Mg and Al+, with errors typically less than
5% in the near threshold region and less than 2% for the
Younger fit.

C. Distorted-wave method

The configuration-average distorted-wave method is a
perturbative method that can be used to calculate total cross
sections for electron-impact excitation, ionization, and re-
combination of atoms and their ions �52�. Contributions to
the direct ionization cross section are made by the transitions
as follows:

�nl�wkili → �nl�w−1kelekflf , �6�

where w is a subshell occupation number and kili, kele, and
kflf are quantum numbers for the incident, ejected, and final
continuum electrons, respectively. The configuration-average
ionization cross section is given by


ion =
32w

ki
3 �

0

E/2 d�ke
2/2�

kekf
�

li,le,lf

�2li + 1��2le + 1��2lf + 1�

�P�nlkili → kelekflf� , �7�

where E=ke
2 /2+kf

2 /2 and P is the first-order perturbation-
theory scattering probability.

The bound radial orbitals for Mg and Al+ were calculated
using Cowan’s Hartree-Fock �HF� atomic structure code
�53�. For direct ionization of the 3s subshell of Mg and Al+,
we included li=0–50, le=0–8, and lf =0–50 in the partial-
wave sums in Eq. �7�.

III. RESULTS

Theoretical ionization cross sections for Mg have been
reported by Peach �54� and McGuire �55� using variants of
the Born approximation, and Jha and Roy �56� have carried
out a binary-encounter model calculation. Experimentally,
there has been a wide variation in the absolute value of the
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FIG. 1. �Color online� Electron-impact ionization cross section
for Mg. Dotted curve: distorted-wave, solid squares: TDCC, solid
curve: RMPS, solid circles: experiment �32�, solid diamonds:
experiment �33�, and solid triangles: experiment �60� �1.0 Mb
=1.0�10−18 cm2�.
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FIG. 2. �Color online� Electron-impact ionization cross section
for Al+. Dotted curve: distorted-wave, solid squares: TDCC, solid
curve: RMPS, solid circles: experiment �35�, solid diamonds: ex-
periment �34�, and solid triangles: experiment �36� �1.0 Mb=1.0
�10−18 cm2�.
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reported cross sections. Experiments by Karstensen and
Schneider �57�, Okudaira et al. �58�, and Okuno et al. �59�
lie substantially above more recent experiments by Boivin
and Srivastava �32� and Freund et al. �33� who are in rea-
sonable agreement with perturbative theories. Vainshtein et
al. �60� measured an ionization cross section that was below
any of the other experiments and theoretical results. An ex-
periment by McCallion et al. �61� normalized their cross
section to the data of Freund et al. �33� and so will not be
considered here.

Electron-impact ionization cross sections for Mg are pre-
sented in Fig. 1. The nonperturbative TDCC and RMPS re-
sults are in good agreement with each other. The RMPS re-
sults lie about 38% below the peak of the distorted-wave
cross section. This behavior is very similar to that observed
for Be �17�. The distorted-wave cross section is in reasonable
agreement with the previous theoretical calculations by
Peach �54� and McGuire �55�. The peak of the nonperturba-
tive RMPS results is 27% lower than the experiment of
Boivin �32�, 30% lower than Freund et al. �33�, and 13%
lower than Vainshtein et al. �60�.

Previous theoretical work for the direct ionization of Al+

has been confined to the scaled Born work of McGuire �62�
and distorted-wave calculations by Tayal and Henry �63�,
who also carried out R-matrix calculations for excitation-
autoionization. The three sets of experimental data we could
find for Al+ were those measured by Montague and Harrison
�34�, Belic et al. �35�, and Hayton and Peart �36�. The ex-
perimental results of Montague and Harrison and Belic et al.
are in good agreement with each other around the peak of the
cross section, both peaking slightly higher than distorted
wave, with the results of Hayton and Peart peaking slightly
lower than distorted wave. Electron-impact ionization cross
sections for Al+ are presented in Fig. 2. The RMPS and
TDCC results are in good agreement with each other, lying
about 20% below distorted-wave data at the peak. The
TDCC results are higher than the RMPS data at larger ener-
gies. Previous perturbative calculations by McGuire �62� and
Tayal and Henry �63�, in reasonable agreement with the
present distorted-wave results, overestimate the cross section
in comparison to the nonperturbative results.
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FIG. 3. �Color online� Upper graph: rate co-
efficients for Mg. Solid curve: RMPS, long-
dashed curve: Dere �64�, and dotted-dashed
curve: Mattioli et al. �65�. Lower graph: ratio of
other rate coefficients to RMPS rate coefficients.
Long-dashed curve: Dere �64� and dotted-dashed
curve: Mattioli et al. �65�.
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FIG. 4. �Color online� Upper graph: rate co-
efficients for Al+. Solid curve: RMPS, long-
dashed curve: Dere �64�, and dotted-dashed
curve: Mattioli et al. �65�. Lower graph: ratio of
other rate coefficients to RMPS rate coefficients.
Long-dashed curve: Dere �64� and dotted-dashed
curve: Mattioli et al. �65�.
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The present results for Mg and Al+ are consistent with
trends observed in the Be sequence �17� and are not unex-
pected. The existing experimental data for both Mg and Al+

should be reassessed in the light of the present nonperturba-
tive calculations.

Rate coefficients were determined from the fitted RMPS
cross-section data. The cross-section fits were convolved
with Maxwellian free-electron distributions to make rate co-
efficients. The results can be seen in Fig. 3 for Mg and in
Fig. 4 for Al+ and are compared with the data of Dere �64�
and Mattioli et al. �65�. For both Mg and Al+, Dere and
Mattioli et al. use fits to the experimentally measured cross
sections. Our rate coefficients are up to a factor of 2 smaller
than both of these data sets near the ionization threshold.
This is due to the factor-of-2 difference in the ionization
cross sections in the near threshold region. By 10 eV our rate
coefficients are a factor of 1.4 smaller than the Dere and
Mattioli et al. data due to differences near the peak of the
cross section. This difference persists up to 1000 eV. For Al+

we see similar differences between our RMPS rate coeffi-
cients and the data of Dere �64� and Mattioli et al. �65�. At
low temperatures, our rate coefficients are up to a factor of 3
smaller and by 10 eV the difference is about a factor of 1.5,
again due to differences in the underlying cross section.

IV. SUMMARY

Electron-impact ionization cross sections for Mg and Al+

have been calculated using the nonperturbative TDCC and
RMPS methods and the perturbative distorted-wave method.
For Mg, the nonperturbative calculations were 38%, and for
Al+, 20% below distorted-wave results, showing the impor-
tance of properly accounting for the long-range Coulomb
interaction. Existing experimental data, in reasonable accord
with perturbative distorted-wave theory, are found to
strongly overestimate the cross section. Maxwellian-
averaged ionization rates based on experimental data are up
to two times larger for Mg and three times larger for Al+ in
the collisional ionization region near the ionization threshold
than rates generated using the nonperturbative ionization
cross sections. This should encourage renewed experimental
efforts to help to resolve these discrepancies.
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