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We discuss the complete teleportation of the unknown quantum state of a paraxial single-photon field. The
term complete signifies that the teleportation procedure transmits the entire quantum state, which is codified in
all the degrees of freedom of a paraxial single-photon field: the polarization, the transverse wave vector, and
the frequency. We analyze several illustrative examples and propose a possible experimental scheme.
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I. INTRODUCTION

Quantum teleportation �1� is one of the most popular ap-
plications of quantum entanglement. This is due not only to
the fantasy dreams of science fiction enthusiasts but also to
the fact that quantum teleportation is at the core of many
quantum information tasks. In principle, teleportation can be
used to implement quantum logic operations for quantum
computing �2–4� and to establish long-distance quantum
channels using quantum repeaters �5�. Further interest stems
from the fact that quantum teleportation is also an experi-
mental reality. Photonic qubits have been successfully tele-
ported �6–8� and even over reasonably long distances �9,10�.
The continuous-variable field quadratures of a single mode
of the electromagnetic field have also been transmitted via
teleportation with high fidelities �11,12�. These experiments
demonstrate the possibility to use teleportation to transmit
quantum information between separate quantum computers,
for example.

Of course the teleportation of an object consisting of even
hundreds of atoms seems unrealistic. Still, one might ask,
what is necessary to teleport the entire quantum state of a
simple object? Here we provide an answer to this question
by developing a theoretical framework for the complete tele-
portation of an unknown quantum state of a paraxial single-
photon field. Here complete means that the teleportation pro-
cedure applies to all the degrees of freedom of a paraxial
single-photon field, i.e., the polarization, the transverse wave
vector, and the frequency.

To perform this task, a hyperentangled two-photon state
�13,14�—simultaneously entangled in all degrees of
freedom—is used as the quantum channel. Moreover, a non-
linear process realizes the destructive entangled-state mea-
surement of all the degrees of freedom of the single photon
and a member of the hyperentangled state. The nonlinear
interaction is a necessary part of the protocol since it has
been shown that linear operations alone cannot be used to
establish more than a single ebit of entanglement �15�. In the
present context, this would limit the amount of information
which could be transmitted. As Lamata et al. �15� have
shown, certain nonlinear processes plus detection may func-
tion as an entangling two-photon detector �ETPD�, a device
which can also be used to create a large amount of entangle-

ment between two different systems. With an ETPD one can
use quantum teleportation to send a large quantity of infor-
mation, a necessary requirement if one is interested in trans-
mitting all the degrees of freedom of a single photon. It is
also interesting that the ETPD can be simulated by combin-
ing ancilla systems with linear interactions; however a large
number of ancillas are necessary in principle. Recently, we
have proposed an experimental scheme which implements an
ETPD in the context of spatial degrees of freedom of a
paraxial single-photon field �16� �see also �17� and �18� for
variant proposals�. Here we propose an extended scheme for
all the degrees of freedom of a single-photon field.

This paper is organized as follows. In Sec. II, we discuss
the complete teleportation procedure and the entangled-state
measurement in the most general terms, without reference to
a specific physical implementation. In Sec. III we analyze
several illustrative examples and present numerical results of
obtainable fidelities. In Sec. IV we discuss one possible ex-
perimental scheme which simulates the extended ETPD. Fi-
nally, in Sec. V, we conclude and briefly discuss possible
extensions to other simple quantum systems.

II. COMPLETE TELEPORTATION

A. Initial state

Prior to the discussion of the protocol, let us briefly make
some considerations about the state with which we are con-
cerned. A general single-photon state can be written as

��� = �
s
� dku�k,s��k,s� , �1�

where k and s stands for the wave vector and the polarization
and the s sum corresponding to the values 	0, 1
 of an ortho-
normal polarization basis, which could be, for instance, the
	H ,V
 linear polarization basis. Moreover, the ket �k ,s� is a
Fock state which represents a single photon with well-
defined wave vector and polarization. If the normalized am-
plitude u�k ,s� is peaked around a wave vector which defines
a preferential propagation direction n1, we can make the
paraxial approximation �19�,

k � q +
�

c
�1 −

q2c2

2�2 n1, �2�

and rewrite the above state as*diney@if.ufrj.br
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���1 = �
s
� dq� d�u�q,�,s��q,�,s�1. �3�

Here and below, q is the transverse component of the wave
vector k perpendicular to n1, � is the frequency, and
�q ,� ,s�1��q+ �� /c��1−q2c2 /2�2�n1 ,s�. Moreover, the am-
plitude u�q ,� ,s��u(q+ �� /c��1−q2c2 /2�2�n1 ,s) is the
normalized angular spectrum, and its Fourier transform
U�� , t ,s� at the position � and time t is given by

u�q,�,s� =� � d�dtU��,t,s�e−i�q·�−�t�. �4�

Figure 1 shows a diagram of the complete teleportation
procedure. Suppose that Alice receives the unknown quan-
tum state �3� and wants to transmit it to Bob using quantum
teleportation �1�. In order to do so, Alice and Bob might
share a hyperentangled two-photon state �13,14�,

���23 = �
s
� � dqdq�� � d�d����q,�,s,q�,��,s�

� �q,�,s�2�q�,��,s�3, �5�

where ��q ,� ,s ,q� ,�� ,s� is a normalized amplitude which
we take to be

��q,�,s,q�,��,s� = ��s�F�q,q��G��,��� . �6�

The entanglement in the transverse wave vector, frequency,
and polarization depends on the form of the functions
F�q ,q��, G�� ,���, and ��s�, respectively. Here and below,
we assume ��s�=1 /�2, which means that Alice and Bob
shared a ��+� Bell state in the polarization degree of free-
dom. The initial three-photon state is then given by

��I�123 = ���1���23, �7�

where photons 1 and 2 are in Alice’s possession, and Bob has
photon 3.

B. Joint local measurement

To implement quantum teleportation �1�, Alice performs a
joint local measurement on the initial state and then sends

the measurement results to Bob via a classical communica-
tion channel. In the present case, this local measurement will
be divided into two parts and corresponds to the action of
ETPD �15�.

1. Nonlinear interaction

The first part of Alice’s measurement corresponds to a
nonlinear interaction between fields 1 and 2, which in gen-
eral can be described by the effective Hamiltonian

H = �
i=1

2

Hi, �8�

where

H1 � g1�
s=0

1 � � dqdq�� � d�d��a1�q,�,s�a2�q�,��,s�

� a4
†�q + q�,� + ��,s�� + H.c., �9�

H2 � g2�
s=0

1 � � dqdq�� � d�d��a1�q,�,s�a2�q�,��,s��

�a5
†�q + q�,� + ��,s� + H.c. �10�

In these expressions, ai
†�q ,� ,s� and ai�q ,� ,s� are creation

and annihilation operators of photons with wave vector k
=q+ �� /c��1−q2c2 /2�2�ni and polarization s. These Hamil-
tonians describe nonlinear physical processes in which two
photons are destroyed and another one is created: the Hamil-
tonian H1 destroys photons with the same polarization s and
creates another one with an orthogonal polarization s�.
Moreover, the Hamiltonian H2 destroys photons with or-
thogonal polarizations s and s� and creates another one with
the polarization s. Assuming that the coupling constants g1
and g2 are small, the time evolution of initial state �7� may be
well approximated by

��� = e−iHt/���I�123�vac�45 � �1 − iHt/����I�123�vac�45.

�11�

Considering only the first perturbation correction, which can
be identified by the presence of a photon in direction 4 or 5,
we then have

���1�� = NH��I�123�vac�45, �12�

where N is a normalization constant.

2. Acquisition of information

The second part of Alice’s measurement is the acquisition
of information about the wave vector and the polarization of
the created photon. In order to acquire this information, Alice
uses photoelectric detection, filters, and polarizers, which
implement the action of one of the following annihilation
operators a	
�q0 ,�0� on state �12�,

a00�q0,�0� = a4�q0,�0,0X� ,

a01�q0,�0� = a5�q0,�0,0X� ,

Source

u(q,ω,s)

Φ(q,ω,s,q`,ω`,s)

BOB
UUUαααβββ(qB ,ωB)

Σ aαααβββ(q0 ,ω0)H
classical
communication

1

2

33

u(q,ω,s)

ALICE ETPD

FIG. 1. �Color online� Diagram of complete teleportation proce-
dure. The source produces a pair of hyperentangled photons 2 and
3. Alice measures photons 1 and 2 using the ETPD and communi-
cates her measurement result to Bob, who implements the unitary
operation U	
�qB ,�B�.
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a10�q0,�0� = a4�q0,�0,1X� ,

a11�q0,�0� = a5�q0,�0,1X� . �13�

Each operator a	
�q0 ,�0� destroys a photon with wave vec-
tor k0=q0+ ��0 /c��1−q0

2c2 /2�0
2�n j, where j=4 or 5, and a

polarization 0X or 1X, where 0X �1X� stands for the elements
of a linear polarization basis whose directions make 45°
�135°� with the 0 �1� elements of the standard basis. In the
Appendix, Sec. 1, it is shown that the application of one of
these operators selects only one of the terms of state �12�,
and the state after the measurement will be

��	
� � a	
�q0,�0����1�� . �14�

Alice then sends her measurement results to Bob, who is
in possession of photon 3.

C. Unitary operation and final state

After receiving Alice’s measurement results, Bob per-
forms on his field the unitary operation U	
�qB ,�B� defined
as

U	
�qB,�B��q,�,s� = �Z
	�X


�q + qB,� + �B,s� , �15�

where �Z
	�X


 corresponds to 1 or the Pauli matrices �Z, �X,
and �Z�X depending on the values 0 and 1 of the labels 	
and 
. This operation corresponds to shifts qB and �B in the
tranverse wave vector and frequency, along with a polariza-
tion rotation �Z

	�X

. Generally, qB and �B depend on q0 and

�0 along as well as the central wave vector qp and central
frequency �p of the amplitude ��q ,� ,s ,q� ,�� ,s� of the hy-
perentangled two-photon state. As a result, applying Eq. �15�
into Eq. �14�, the final state of the system is given by

��F
	
� � U	
�qB,�B���	
� . �16�

To illustrate the above results, let us first consider the
limiting case in which Alice and Bob shared a maximally
hyperentangled two-photon state, i.e., an EPR type state �20�
in the q and � degrees of freedom together with a Bell state
in polarization. In this case, the functions F�q ,q�� and
G�� ,��� in amplitude �6� take the following forms:

F�q,q�� � �2�q + q� − qp� ,

G��,��� � ��� + �� − �p� . �17�

In the Appendix, Sec. 1 it is shown that, for example, in the
case where 	=
=1, we have

��F
11� � �

s
� dq� d�u�q − qB,� − �B,s��q,�,s�3,

�18�

where q�q+q0−qp and ���+�0−�p, and we have
excluded the state of the other fields, which are all in the
vacuum. Using shifts qB=q0−qp and �B=�0−�p, Bob has

��F
11� � ���3, �19�

which corresponds to the perfect teleportation of field 1.

Rather than directly obtaining the final state in this limit-
ing case, suppose that we substitute Eq. �17� in state �14�.
Again, for 	=
=1, we find

��11� � �
s

�− 1�s� dq� d�u�q,�,s��q,�,s��3.

�20�

Using Eq. �4�, we can rewrite this expression as

��11� � �
s

�− 1�s� � dqd�� � d�dtU��,t,s�

� e−i��q�·�−�t��q,�,s��3. �21�

Applying the operation,

U��,t,s� → ei�qB·�−�Bt�U��,t,s� , �22�

where again qB=q0−qp and �B=�0−�p together with the
polarization rotation �q ,� ,s��3→�Z�X�q ,� ,s��3
= �−1�s�q ,� ,s�3, we find ���→ ��F

11�� ���3. Therefore, Bob’s
tranverse wave vector and frequency correction shifts can
also be viewed as an operation which includes in the ampli-
tude U�� , t ,s� a phase dependent term in position and time,
respectively.

The figure of merit of the teleportation procedure success
is quantified by the fidelity, which for two pure states �u� and
�v� is defined as F= ��u �v��2 �21�. In our case, these two
states are the final state of photon 3 and the initial state of
photon 1. However, since final state �16� is conditioned on
Alice’s measurement results, i.e., which operator �13� has
been realized, the fidelity depends on these results,

F	
�q0,�0� = �����F
	
�3�2. �23�

Thus, we also define the average fidelity over these measure-
ment results,

F = �
	,

� dq0� d�0p	
�q0,�0�F	
�q0,�0� , �24�

where p	
�q0 ,�0� is a weight function given by

p	
�q0,�0� = Tr��45�	
�q0,�0�� , �25�

such that �45=Tr123����1�����1���, with ��1� being given by
Eq. �12�, is the system density operator before the annihila-
tion of the created photon and �	
�q0 ,�0�
=a	


† �q0 ,�0��vac��vac�a	
�q0 ,�0� is a one-photon Fock state
projector. This weight function corresponds to the probability
of measuring the created photon with wave vector k0=q0
+ ��0 /c��1−q0

2c2 /2�0
2�n j, where j=4 or 5 and polarization

0X or 1X.

III. EXAMPLES

Since an EPR type state corresponds to a limiting case, let
us analyze some more realistic examples. Let us assume that
the functions in Eq. �6� are given by

F�q,q�� = v�q + q����q − q�� ,
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G��,��� = t�� + ������ − ��� , �26�

which are typical in experiments using photons from sponta-
neous parametric down-conversion �SPDC� with pulsed
pump lasers. Moreover, let us suppose that the state of pho-
ton 1 is given by

u�q,�,s� = f�q�g�����s� , �27�

which is also a function with all the degrees of freedom
uncorrelated and corresponds to a field in the quasi-cw
pulsed wave approximation �19�.

Using these expressions in Eq. �16�, together with the
shifts qB=q0−qp and �B=�0−�p, and substituting the result
in Eq. �23�, we find

F	
�q0,�0� = M�q0�T��0� , �28�

where

M�q0� = �C� � dqdq�f��q��f�q�v�q� − q + qp�

���2q0 − q� − q − qp��2

,

T��0� = �D� � d�d��g�����g���t��� − � + �p�

���2�0 − �� − � − �p��2

, �29�

with C and D being normalization constants. Note that Eq.
�28� does not depend on the indices 	 and 
 since the polar-
ization channel, given by Eq. �6�, corresponds to a Bell state.
Furthermore, the average fidelity F �Eq. �24�� is also given
by

F = MT , �30�

where

M =� dq0M�q0� ,

T =� d�0T��0� . �31�

Let us consider that v�q�, ��q�, t���, and ���� are given by
Gaussian functions,

v�q� = J�qX − qpX,0,�q+�J�qY − qpY,0,�q+� ,

��q� = J�qX,0,�q−�J�qY,0,�q−� ,

t��� = J�� − �p,0,��+� ,

���� = J��,0,��−� , �32�

where qp and �p are the central transverse wave vector and
central frequency of the entangled pair, and

J�a,b,� =
�2

��
exp�−

a2

22 − iab . �33�

A. Transverse wave vector and frequency displaced
Gaussian field

As our first example, suppose that amplitude �27� of pho-
ton 1 is described by

f�q� = J�qX − qcX,0,�q�J�qY − qcY,0,�q� ,

g��� = J�� − �c,0,��� , �34�

which correspond to Gaussian functions displaced in the
transverse wave vector and frequency spaces by the central
values qc and �c, respectively.

Figure 2 shows the dependence of the tranverse wave vec-
tor fidelity M on the ratio q0X /�q between the detected
transverse wave-vector X component and the amplitude
width of photon 1 for different central values qcX /�q
=0,2 ,4 and for the parameters qpX=0, �q+ /�q=1 /2, and
�q− /�q=5. For these chosen parameters, we see that fideli-
ties achieve maximum values when the detected transverse
wave vector has precisely the central value qc.

Another important result is given by Fig. 3, which shows
the dependence of the average tranverse wave vector fidelity
M given by Eq. �24� on the parameters �q+ /�q and �q− /�q,
which quantifies the quality of the quantum channel. Plots
are shown for qcx /�q=1, qpx=0. Moreover, the average is
calculated on a detector area of size Q /�q=4.2. We see that
high average fidelities are achieved when the ratios �q+ /�q
and �q− /�q become small and large, respectively. This cor-
responds to a more entangled pair, the limit �q+ /�q→0 and
�q− /�q→� corresponding to an EPR state �20�.

The numerical results for the frequency are similar to the
above results since the tranverse wave vector and frequency
fidelities given by Eq. �29� are nearly equal. Nevertheless, in
Fig. 4 we show the frequency fidelity T dependence with the
ratio �0 /�� of the detected frequency �0 per amplitude
width �� of photon 1 for �c /��=2.5�104 and �p /��=5.0
�104, which correspond to picosecond pulses with central
frequencies �c�2.5�1015 Hz and �p�5.0�1015 Hz, re-
spectively, and spectral widths ���100 GHz. Moreover,

� � � � � �

��	�

��
�

��
�

����

����

����
�

q0x/σq

FIG. 2. �Color online� Transverse wave vector fidelity M de-
pendence on the ratio q0X /�q for the values qcX /�q=0,2 ,4 �solid,
large dashed, and small dashed lines, respectively� and parameters
qpX /�q=0, �q+ /�q=1 /2, and �q− /�q=5. The maximum fidelity is
obtained when q0X=qcX.
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��+ /��=1 /2 and ��− /��=20. We see that high fidelities are
achieved when the detected frequency �0 matches the en-
tangled pair central frequency �p.

B. Position and time displaced Gaussian field

Next we consider the case in which amplitude of photon 1
is given by

f�q� = J�qX,xc,�q�J�qY,yc,�q� ,

g��� = J�� − �c,tc,��� . �35�

These functions describe a Gaussian amplitude which is dis-
placed in position space by rc= �xc ,yc� and also in frequency
and time by �c and tc, respectively. In Fig. 5, we analyze the
averaged tranverse wave vector fidelity M dependence with
the product xc�q for the fixed parameters qpX /�q=qcX /�q
=0, �q+ /�q=1 /2, �q− /�q=10, and Q /�q=4.2. We see that

the more the amplitude of photon 1 is spatially displaced, the
less the average fidelity is. This fidelity deterioration is un-
derstandable since larger displacements correspond to a
small overlap between the amplitude of photons 1 and 2. As
a result, information about the amplitude of photon 1 is lost.

The two examples described above indicate that, given
that the teleportation scheme works for distributions shifted
in Fourier conjugate variables �i.e., transverse position and
transverse wave vector and also time and frequency�, it
should be possible to transmit any single-photon field with a
reasonable fidelity.

IV. PROPOSALS FOR AN EXPERIMENTAL REALIZATION

The complete teleportation procedure requires three main
steps: �i� preparation of a hyperentangled two-photon state,
�ii� implementation of the complete ETPD, and �iii� imple-
mentation of Bob’s unitary operation. In this section, we dis-
cuss a possible experimental realization of these three steps.

A. Preparation of hyperentangled states

Hyperentangled two-photon states have been created with
SPDC �13,14�. The wave vector and frequency entanglement
stem from the momentum and energy conservation and are
inherent in the SPDC process. Polarization entanglement is
generated using either the “crossed cone” �22� or two-crystal
source �23�. As a result, one of these geometries can produce
a hyperentangled two-photon state accurately described by
state �5�.

B. Implementation of an ETPD

The realization of an efficient ETPD presents more of an
experimental challenge. As pointed out in �15�, an entangling
measurement of continuous degrees of freedom can be real-
ized by some nonlinear interaction which couples fields 1
and 2 with fields 4 and 5. For instance, in the sum frequency
generation �SFG� nonlinear process �24�, the fields involved
are constrained by the conservation of energy and momen-
tum, �1+�2=�SFG and ��k1+k2�=�kSFG. Under appropriate

���

���

���

�

�

�

��

���

���

���

��	

���

σq+/σq

σq-/σq

�

FIG. 3. �Color online� Average tranverse wave vector fidelity M
as a function of �q+ /�q and �q− /�q for qcX /�q=1, qpX /�q=0, and
a square detection area of side Q /�q=4.2. Higher average fidelities
are achieved when �q+ /�q→0 and �q− /�q→�.

����� ����� ����� �����

���

���

���

���

	��
�

ω0/σω

FIG. 4. �Color online� Frequency fidelity T as a function of
�0 /��, for �c /��=2.5�104, �p /��=5.0�104, ��+ /��=1 /2, and
��− /��=20. The maximum fidelity is achieved for �0=�p.

� � � � ��

���

���

���

���

���
�

xcσq

FIG. 5. �Color online� Averaged tranverse wave vector fidelity
M as a function of xc�q, for qpX /�q=qcX /�q=0, �q+ /�q=1 /2,
�q− /�q=10, and Q /�q=4.2. The average fidelity decreases as the
displacement xc becomes large.
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experimental conditions �25�, the resulting Hamiltonian de-
scribing this process is approximated by �26–29�

H = A� � dqdq�� � d�d��a1�q,��a2�q�,���

�aSFG
† �q + q�,� + ��� + H.c., �36�

where the factor A is responsible for the conversion effi-
ciency and depends on the susceptibility tensor and dimen-
sions of the crystal, as well as the frequency and polarization
of the fields. This Hamiltonian has the same wave vector and
frequency structure of Hamiltonians �9� and �10�. As a result,
a single SFG crystal is capable of implementing the fre-
quency and wave-vector parts of the ETPD. To create the
polarization dependence and thus completely realize Hamil-
tonians �9� and �10�, one can arrange pairs of crystals of
different types �I or II�, as described in �8� �see the Appen-
dix, Sec. 2 for additional information�.

Figure 6 illustrates an experimental scheme of an ETPD.
NL1 and NL2 are nonlinear SFG interactions, which are re-
alized by two type-I and -II crystals with perpendicular op-
tical axes. After these interactions, the generated fields 4 and
5 are sent through a Fourier lens system, a half-wave plate
�HWP�, a polarizing beam splitter �PBS�, and a two-
dimensional array of optical fibers. The lens systems map the
transverse wave vector at the output of the crystals to the
transverse position at the plane containing the fibers. Thus,
the wave-vector measurement is performed by determining
through which fiber the photon passes. The HWP, which is
aligned at 22,5°, together with the PBS allows for the sepa-
ration of the 0X and 1X polarization components and thus
permits the complete Bell-state polarization measurement
�8�. Each fiber leads to a spectrometer for frequency mea-
surement. The fibers are of significantly different length, so

that the detection time of the photon corresponds to which
fiber it passed through and thus also to the result of the
wave-vector measurement. To measure the frequency of a
single photon, the spectrometer will require an array of de-
tectors or optical fibers. When a single detector finally clicks
at time �, it contains information about all degrees of free-
dom. Alice then sends the information about her measure-
ment results �q0, �0, 	, and 
� to Bob.

SFG of single photons in bulk crystals has been demon-
strated experimentally in Ref. �8�; however the efficiency is
typically very low. We expect that a more promising alterna-
tive is to use a stimulated four-wave mixing �FWM� process
of the type �p1+�p2→�s+�i, in which mode s is seeded
with an intense laser field. As shown recently by Ou �30�,
this “two-photon annihilator” can be constructed to have
near unity efficiency, provided the seed laser is sufficiently
intense.

C. Bob’s unitary operation

After receiving information from Alice, Bob must per-
form a unitary operation U	
�qB ,�B�, which is composed of
three parts: a polarization rotation, a transverse wave vector
and frequency shifts. The polarization rotation can be imple-
mented trivially by a pair of wave plates or Pockells cells. As
explained in Sec. II, the tranverse wave vector correction
shift can also be viewed as an inclusion of a phase dependent
term exp�iqB ·�� in the field profile, which can be easily
implemented by a spatial light modulator. Finally, the fre-
quency shift can be realized by performing another SFG of
photon 3 with an intense laser beam of frequency �B so that
�3+�B→�1. High efficiencies of 93% have been recently
achieved in this process �31�.

V. CONCLUSION

We propose a general scheme for the complete teleporta-
tion of the unknown quantum state of a paraxial single-
photon field. The term complete means that information en-
coded in all photon’s degrees of freedom, i.e., polarization,
transverse wave vector, and frequency, are teleported. To per-
form this task, a hyperentangled two-photon state together
with a nonlinear device is required. We have examined sev-
eral illustrative examples, which show that high fidelities are
achieved, and discussed a possible experimental scheme.
Moreover, our general scheme is also valid for mixture states
of a single-photon field. We also remark that the idea of a
complete teleportation should be applicable to more complex
systems, such as atoms or Bose-Einstein condensates �32�.
For instance, nonlinear interactions between Bose-Einstein
condensates have already been realized �33�, together with
theoretical proposal of entanglement creation between Bose-
Einstein condensates �34�. Combining these two resources
together with an appropriate unitary operation, it might be
possible to realize the complete teleportation of a Bose-
Einstein condensate.

Recently, we became aware of a similar scheme which
has been proposed recently �35�.

2-D
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array

2

1 5
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PBS
spectrometer
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f

NL2NL1
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FIG. 6. �Color online� A possible implementation of Alice’s
ETPD on photons 1 and 2. NL represents one of the nonlinear
processes discussed in the text. The HWP, set at 22,5°, together
with the PBS allows the complete Bell-state polarization analysis.
The Fourier transform lens system and two-dimensional �2D� opti-
cal fiber bundle perform the wave-vector measurement. The fibers
are time multiplexed to a spectrometer, which performs the fre-
quency measurement. The detection time determines through which
fiber the photon passed. The final information is given by q0, �0,
and the indices 	 and 
.
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APPENDIX

In this Appendix we have shown some calculations which
have been omitted in the text but may help the reader.

1. Complete teleportation

First of all, let us rewrite in Eq. �12� in a more detailed
way,

���1�� = N�
i=1

2

Hi��I�123�vac�45 � ��� + ��� , �A1�

where we define

��� � NH1��I�123�vac�45,

��� � NH2��I�123�vac�45. �A2�

Using Eqs. �3�, �5�, �9�, and �10�, we find

��� = Ng1�
s
� � � dqdq�dq�� � � d�d��d��

� u�q,�,s���q�,��,s,q�,��,s��q�,��,s�3

��q + q�,� + ��,s��4,

��� = Ng2�
s
� � � dqdq�dq�� � � d�d��d��

� u�q,�,s���q�,��,s�,q�,��,s���q�,��,s��3

��q + q�,� + ��,s�5, �A3�

where, for simplicity, we have excluded the other fields,
which are all in the vacuum state. Next we perform the po-
larization change of basis in photons 4 and 5 subspaces,

�q,�,0� =
1
�2

��q,�,0X� + �q,�,1X�� ,

�q,�,1� =
1
�2

��q,�,0X� − �q,�,1X�� , �A4�

which allow us to rewrite the above states as

��� =
Ng1

�2
�

s
� � � dqdq�dq�� � � d�d��d��

� u�q,�,s���q�,��,s,q�,��,s��q�,��,s�3

���q + q�,� + ��,0X�4 + �− 1�s+1�q + q�,� + ��,1X�4� ,

��� =
Ng2

�2
�

s
� � � dqdq�dq�� � � d�d��d��

� u�q,�,s���q�,��,s�,q�,��,s���q�,��,s��3

���q + q�,� + ��,0X�5 + �− 1�s�q + q�,� + ��,1X�5� .

�A5�

It is clear from these expressions that a measurement of the
transverse wave vector, polarization, and frequency observ-
ables of photons 4 and 5 projects photon 3 in a state which is
correlated with these measurement results. For instance, if
we perform a destructive measurement which corresponds to
the application of the annihilation operator a11�q0 ,�0�
=a5�q0 ,�0 ,1X� on the state given by Eq. �A1�, we find

��11� � a11�q0,�0����1�� � �
s
� � dqdq�� � d�d��

��− 1�su�q,�,s���q0 − q,�0 − �,s�,q�,��,s��

� �q�,��,s��3. �A6�

Next, Bob applies in photon 3 the unitary operation
U11�qB ,�B� defined as

U11�qB,�B��q,�,s� = �Z�X�q + qB,� + �B,s� , �A7�

which gives

��F
11� � U11�qB,�B���11�

� �
s
� � dqdq�� � d�d��u�q,�,s�

���q0 − q,�0 − �,s�,q� − qB,�� − �B,s��

� �q�,��,s�3, �A8�

where we have used

�Z�X�− 1�s�q�,��,s��3 = �− 1�s�q�,��,��Z�X��s���3

= �− 1�s�q�,��,��Z��s��3 = �q�,��,s�3.

If, for instance,

��q,�,s,q�,��,s� =
1
�2

F�q,q��G��,��� , �A9�

where

F�q,q�� � �2�q + q� − qp� ,

G��,��� � ��� + �� − �p� . �A10�

we then find

��F
11� � �

s
� dq� d�u�q − qB,� − �B,s��q,�,s�3,

�A11�

where q�q+q0−qp and ���+�0−�p. Using the shifts
qB=q0−qp and �B=�0−�p, we finally obtain

��F
11� � ���3 �A12�

which corresponds to a perfect teleportation.
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2. SFG in type-I (II) crystals

Equation �36� describes in certain approximations the ef-
fective Hamiltonian governing the process of SFG in nonlin-
ear crystals. If it is a type-I crystal, two photons with the
same polarization are destroyed, and another one with an
orthogonal polarization related to the destroyed one is cre-
ated, the polarization orientation being given by the crystal
axis. As result, if two crystals with orthogonal axis are com-
bined, the Hamiltonian which describes SFG will be

H = A �
s=H,V

� � dqdq�� � d�d��a1�q,�,s�a2�q�,��,s�

� a4
†�q + q�,� + ��,s�� + H.c., �A13�

which is precisely the form of Eq. �9�. An equivalent argu-
ment shows that Eq. �10� is obtained when two type-II non-
linear crystals cut for SFG are combined.
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