
Understanding the nonlinear phase and frequency shift of an ultrashort light pulse induced
by an inertial third-order optical nonlinearity

A. M. Zheltikov
Physics Department, International Laser Center, M. V. Lomonosov Moscow State University, Vorob’evy gory, Moscow 119992, Russia

�Received 27 September 2008; published 19 February 2009�

Inertia of optical nonlinearity is shown to distort the temporal profile of the intensity-dependent phase shift
of an ultrashort laser pulse relative to the phase induced by the instantaneous optical nonlinearity. We demon-
strate that a weakly inertial optical nonlinearity, whose response time is smaller than the pulse width, tends to
redshift the light field and generates a cubic-phase correction to the quadratic phase, thus complicating the
chirp of the spectrally broadened field. For very short light pulses with pulse widths shorter than the response
times of optical nonlinearity, the redshift and cubic-phase terms often dominate the nonlinear phase shift,
giving rise to phase profiles significantly different from those induced by instantaneous optical nonlinearity.
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I. INTRODUCTION

Methods of ultrafast nonlinear optics are at the heart of
rapidly advancing laser technologies, helping to provide an
unprecedented precision in controlled synthesis of ultrashort
field waveforms �1�. Nonlinear-optical techniques enable
transformation of ultrashort pulses into octave-spanning su-
percontinua �2,3� and offer ways of compressing light fields
to single-cycle and subcycle pulse widths �4�, giving a pow-
erful momentum to the development of ultrafast spectros-
copy �5,6�, optical metrology �7�, microscopy �8�, and bio-
imaging �9�, as well as stimulating experimental and
theoretical studies of basic physical phenomena behind di-
versified regimes of spectral and temporal transformations of
ultrashort light pulses in highly nonlinear dispersive systems
�10–17�.

A standard nonlinear-optical technique of pulse compres-
sion is based on self-phase-modulation due to the fast elec-
tron, Kerr-type optical nonlinearity �18�. Nonlinearity of this
type induces an ultrafast-response change in the refractive
index of a medium, which almost instantaneously follows the
temporal envelope of the pulse intensity. In this regime, the
spectral broadening of a light pulse with a symmetric tem-
poral envelope is symmetric with respect to its central fre-
quency. The related chirp of the laser field is then dominated
by a linear term about the peak of the laser pulse, enabling
efficient pulse compression through linear chirp compensa-
tion by an anomalously dispersive medium or structure. This
method of pulse compression has been successfully used in
ultrafast laser technologies over the past two decades, allow-
ing the generation of light pulses as short as a few field
cycles �19�.

In the case of intense few-cycle light pulses, however,
spectral broadening scenarios tend to become more compli-
cated �20–22�, involving shock-wave formation and
ionization-induced broadening in addition to the Kerr effect,
and often showing an increasing sensitivity to high-order dis-
persion effects. Remarkably, these more involved scenarios
of nonlinear-optical pulse transformation offer unique possi-
bilities for carrier-envelope-phase-controlled compression of
high-intensity laser pulses down to few-cycle pulse widths
�23,24�. While the shock-wave field dynamics and

ionization-related phase shifts typically intensify the high-
frequency wing of the spectrum, giving rise to a noticeable
blueshifting of ultrashort light pulses �20–22,25–27�, the
long-wavelength part of the spectrum can be enhanced by
plasma-defocusing-induced pulse reshaping �28,29� and the
retarded part of optical nonlinearity, related to the nonlinear-
optical response of heavier particles and quasiparticles, such
as molecules in the gas and liquid phase or phonons in solids
�30,31�. Redshifting of light pulses due to the inertia of op-
tical nonlinearity has been intensely studied over the past
two decades for the anomalously dispersive regime of field
evolution, where this effect is manifested as the soliton self-
frequency-shift �32–34�, offering attractive solutions for the
creation of wavelength-tunable soliton fiber light sources.
However, as elegantly explained by Santhanama and
Agrawal �35�, redshifting due to retarded optical nonlinearity
is also effective in the regime of normal dispersion, suggest-
ing ways to intensify the long-wavelength wing of spectrally
transformed optical fields.

In this paper, we show that such an intensification of the
low-frequency part of the spectrum in a medium with an
inertial optical nonlinearity comes at the penalty of phase
profile distortion. We will demonstrate that, in such a me-
dium, the temporal profile of the intensity-dependent phase
shift of an ultrashort laser pulse is distorted with respect to
the phase profile induced by instantaneous optical nonlinear-
ity. It will be shown that a weakly inertial optical nonlinear-
ity, whose response time is smaller than the pulse width,
tends to redshift the light field and generates a cubic-phase
correction to the quadratic phase, thus complicating the chirp
of the spectrally broadened field. For very short light pulses
with pulse widths shorter than the response times of optical
nonlinearity, the redshift and cubic-phase terms often domi-
nate the nonlinear phase shift, giving rise to phase profiles
significantly different from those induced by instantaneous
optical nonlinearity.

II. PHASE SHIFT BY INSTANTANEOUS AND INERTIAL
OPTICAL NONLINEARITIES

We start our analysis with the generic expression for the
phase shift induced by the third-order optical nonlinearity
�30,31,36�
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���,z� = − k0n2z�
−�

�

I���R�� − ��d� , �1�

where k0=2� /�, � is the radiation wavelength, n2 is the
nonlinear refractive index of the medium, z is the propaga-
tion coordinate, � is the retarded time, I��� is the temporal
profile of the field intensity, and R��� is the nonlinear-optical
response of the medium �31,36�,

R��� = �1 − fR����� + fRH��� , �2�

which includes the instantaneous Kerr-type nonlinearity, rep-
resented by the �-function term, and the inertial nonlinear
response H��� which enters into Eq. �2� with its weighing
factor fR, quantifying the fraction of retarded nonlinearity in
the overall nonlinear-optical response.

Substituting Eq. �2� into Eq. �1�, we express the overall
nonlinear phase shift as a sum of the instantaneous Kerr-type
response and the phase induced by the retarded part of opti-
cal nonlinearity:

���,z� = �K��,z� + �R��,z� , �3�

where

�K��,z� = − k0n2z�1 − fR�I��� , �4�

�R��,z� = − k0n2zfR�
−�

�

I���H�� − ��d� . �5�

Equation �4� gives a standard expression for the nonlinear
phase shift related to the instantaneous Kerr-type optical
nonlinearity, which scales linearly with n2, z, and the peak
intensity I0, where I���= I0	��� �	��� is the normalized tem-
poral intensity profile�. In the region around the peak of a
light pulse with an arbitrary temporal envelope, where the
Taylor series expansion

	��� � 1 +
1

2
� �2	

��2�
�=0

�2 �6�

holds true, the Kerr effect induces a purely linear chirp, with
the deviation �
�t�=
�t�−
0 of the instantaneous frequency

�t� from the central frequency 
0 defined by

�
K�t� = ��K/�t = − k0n2zI0�1 − fR��	���/��

� k0n2zI0�1 − fR�� �2	

��2�
�=0

� . �7�

In the particular case of a Gaussian pulse,

	��� = exp�−
�2

�p
2 	 , �8�

the Kerr-effect-induced phase shift �4� takes the form

�K��,z� = − k0n2z�1 − fR�I0 exp�−
�2

�p
2 	 , �9�

generating the linear chirp

�
K�t� � 2k0n2zI0�1 − fR�
�

�p
2 �10�

around the peak of the light pulse, � /�p�1, where 	���
�1−�2 /�p

2.
Evaluation of the phase shift induced by the inertial non-

linearity requires knowledge of the response function H���.
Here, we consider two generic models of the inertial nonlin-
ear response H���. The first model assumes a monoexponen-
tial relaxation of optical nonlinearity with a relaxation time
�nl,

H1��� =
1

�nl
exp�−

�

�nl
	
��� , �11�

where 
�t� is the Heaviside step function, and is often used
to describe the inertial nonlinear-optical response of mol-
ecules in a liquid phase �30�. The second model describes the
retarded part of optical nonlinearity as a damped oscillator,

H2��� =
�1

2 + �2
2

�1�2
2 sin� �

�1
	exp�−

�

�2
	
��� , �12�

and is broadly used to model the Raman response of optical
fibers �31,34,36� and atmospheric air �20,21,37,38� In the
case of a Gaussian pulse �8�, calculation of the integral in Eq.
�5� for the first and second models of the inertial nonlinear-
optical response gives

�R1��,z� = − k0n2zfRI0


�

2

�p

�nl

�exp� �p
2

4�nl
2 	exp�−

�

�nl
	erfc� �p

2�nl
−

�

�p
	 ,

�13�

�R2��,z� = − k0n2zfRiI0


�

4

�p��1
2 + �2

2�
�1�2

2

��exp� �p
2

4
� 1

�2
−

2�

�p
2 +

i

�1
	2


�erfc� �p

2
� 1

�2
−

2�

�p
2 +

i

�1
	


− exp� �p
2

4
� 1

�2
−

2�

�p
2 −

i

�1
	2


�erfc� �p

2
� 1

�2
−

2�

�p
2 −

i

�1
	
� , �14�

where erfc���=1−2���−1/2�0
� exp�−�2�d� is the complemen-

tary error function.
In the following sections, we will consider in greater de-

tail two limiting regimes corresponding to weakly and
strongly inertial optical nonlinearities. In the former regime,
the pulse width �p is much larger than the response times of
optical nonlinearity, while in the latter case, the opposite in-
equalities, �p��nl ,�1 ,�2 hold true. It is instructive to apply
these relations between the pulse width and the times char-
acterizing the inertia of optical nonlinearity to define the lim-
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its of weak and strong inertia of optical nonlinearity for ma-
terials widely used in optical science and technology. The
damped-oscillator model of Eq. �12� provides a reasonable
approximation for the description of the rotational Raman
response of the atmospheric air, as well as the inertial non-
linearity related to optical phonons in fused silica, silicon,
diamond and many other materials. For the rotational Raman
response of the atmospheric air, for example, �1�62.5 fs and
�2�77 fs, implying that, for light pulses with �p�10 fs, this
type of optical nonlinearity qualifies as strongly inertial,
while for pulses with �p�300 fs, this nonlinearity can be
considered as weakly inertial. In the case of a Raman re-
sponse of fused silica, �1�12.5 fs and �2�32 fs, such a
nonlinearity can be treated as weakly inertial for �p
�100 fs and strongly inertial for sub-5-fs pulses. For the
longitudinal optical phonon of silicon, �1�10 fs and �2
�3 ps, the inertia of the nonlinear-optical response is weak
for pulses longer than 50–60 fs. Finally, for the 1331 cm−1

optical phonon of diamond, �1�4 fs and �2�6.7 ps, and the
nonlinear-optical response is weakly inertial even for pulses
as short as 20–30 fs. Equation �11�, on the other hand, is
often used to describe the Raman response of molecules in
the liquid phase. The orientation relaxation time for such
molecules typically lies in the picosecond range �e.g., a good
fit for the spectra of picosecond laser pulses broadened in
CS2 is achieved with �nl�9 ps �30��. The inertia of such a
nonlinearity qualifies as strong everywhere in the femtosec-
ond range of pulse widths and can only be regarded as weak
when pulses become longer than tens of picoseconds.

III. WEAKLY INERTIAL OPTICAL NONLINEARITY

For a weakly inertial response, with �nl ,�1 ,�2��p, an as-
ymptotical expression erfc ���−1�−1/2 exp�−�2�, which is
valid for large �, reduces Eqs. �13� and �14� to

�R1,2��,z� � − k0n2zfRI0 exp�−
�2

�p
2 	�1 + 2�1,2

�

�p
	 ,

�15�

where �1=�nl /�p and �2=�p
−1�2

−1��1
−2+�2

−2�−1 are small pa-
rameters. It is straightforward to verify that, in the case when
�1��2, i.e., when an exponential decay dominates the re-
sponse function H2���, Eq. �15� gives identical results for
�R1�� ,z� and �R2�� ,z� with �nl=�2. In Fig. 1, we compare
the nonlinear phase shift �R1�� ,z� calculated with the use of
Eq. �13� �open circles� and Eq. �15� �dashed line� for �nl /�p
=0.1. This comparison shows that Eq. �15� provides an ex-
cellent approximation for the phase shifts �R1,2�� ,z� induced
by a weakly inertial optical nonlinearity near the peak of a
light pulse.

As can be seen from comparison of Eqs. �9� and �15�, in a
linear approximation in a small parameter �1=�nl /�p or �2
=�p

−1�2
−1��1

−2+�2
−2�−1, a weak inertia of the nonlinear-optical

response is included in the nonlinear phase shift through a
factor 1+2�1,2� /�p. Around the peak of the pulse, � /�p
�1, where 	����1−�2 /�p

2, this factor gives rise to linear
���1,2� /�p� and cubic ���1,2�3 /�p

3� phase terms in addition
to the quadratic phase ��2 /�p

2, which also appears in the

expression for the Kerr-effect-related nonlinear phase
�K�� ,z�. The related frequency deviation around the peak of
the pulse is

�
R1,2�t� � 2k0n2zI0fR� �

�p
2 −

�1,2

�p
�1 − 3

�2

�p
2 	
 . �16�

In addition to the linear chirp, represented by the �� /�p
2

term in Eq. �16�, the expression for �
R1,2�t� also includes
small corrections implying a uniform frequency downshift
�−�1,2 /�p and a quadratic chirp ���1,2 /�p��� /�p�2. Continu-
ous redshifting of ultrashort pulses induced by retarded op-
tical nonlinearity has been earlier extensively studied for the
regime of anomalous dispersion, where this effect is usually
referred to as the soliton self-frequency-shift. In the solitonic
regime, where the peak power of a soliton needs to scale as
�s

−2 with the soliton pulse width �s to keep the balance be-
tween dispersion and nonlinearity, the soliton frequency shift
rate ���f � /�z ��f is the soliton frequency shift� has been
shown to scale as �s

−4 as long as the Raman gain profile can
be approximated with a linear function of radiation fre-
quency. For nonsolitonic pulses, no balance between disper-
sion and nonlinearity is assumed, with the peak power scal-
ing simply as �p

−1 with the pulse width �p, leading to a �p
−3

scaling law for the rate of frequency downshift. This �p
−3

scaling law has been elegantly explained by Santhanam and
Agrawal �35� for the regime of normal dispersion by using
the method of moment analysis. Both the �s

−4 and �p
−3 scaling

laws for the rate of the frequency downshift of a light pulse
are readily recovered by taking the derivative ����
R1,2 � � /�z
of the frequency shift defined by Eq. �16� with a substitution
I0= P /S��s

−2 for the solitonic regime and I0= P /S��p
−1 for a

nonsolitonic regime �S being the effective beam area�.
For light pulses with �p=100 fs, I0�1012 W /cm2, and a

central frequency 
0 propagating in fused silica ��1
�12.5 fs, �2�32 fs, n2�3�10−16 cm2 /W, fR�0.18�, Eq.
�16� yields the following estimate for the redshift:
��
R2 /
0 � �10−3z �cm� �where z is expressed in centime-
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FIG. 1. �Color online� Temporal profile of the nonlinear phase
shift �R1 induced by an inertial optical nonlinearity with �nl /�p

=0.1 �open circles and dashed line� and �nl /�p=1 �dash-dotted line�
calculated using Eq. �13� �open circles and dash-dotted line�, and
approximated by Eq. �15� �dashed line�. Field intensity envelope is
shown by the solid line.
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ters�. A light pulse with a central wavelength �0=1 �m will
thus be redshifted by 100 nm within a propagation length of
z�1 m. Such propagation lengths are typical of many fiber
experiments, where the redshifting of ultrashort light pulses
is often quite substantial, especially in the soliton regime
�39–42�, in agreement with the above estimates.

In the case of fused silica or atmospheric air, the inertial
nonlinearity constitutes only a certain fraction of the overall
nonlinear-optical response �about 18% in the case of fused
silica and about 50% for the atmospheric air�. The redshift-
ing of ultrashort pulses is therefore observed in such media
simultaneously with spectral broadening due to the fast elec-
tronic nonlinearity �the Kerr effect�. On the other hand, many
liquids are known to feature strong Raman optical nonlin-
earities, which are almost entirely due to a strongly inertial
molecular response, characterized by relatively long orienta-
tion relaxation times on the picosecond time scale. Pico- and
subpicosecond pulses propagating in such media, as shown
nearly four decades ago �30,43�, tend to form small-scale
filaments and undergo a well-pronounced redshifting �by
6–8 nm for 5 ps laser pulses transmitted through a cell filled
with CS2 �30,43��, with only a small fraction of energy con-
tained in the blue wing of the spectrum.

IV. EXTREMELY SHORT PULSES AND STRONGLY
INERTIAL OPTICAL NONLINEARITY

In the opposite limiting case of extremely short light
pulses and strongly inertial optical nonlinearity, �p
��nl ,�1 ,�2, integration in Eq. �5� with the response func-
tions H1,2��� defined by Eqs. �11� and �12� yields

�R1,2��,z� � − k0n2zfRI0


�

2
�1,2 erfc�−

�

�p
	 , �17�

where �1=�1
−1=�p /�nl and �2=�1�1

−1�2
−1=�p�1��1

−2+�2
−2� are

small parameters. Around the peak of the pulse, � /�p�1, a
Taylor-series expansion erfc ��1−2���−1/2��−�3 /3+�5 /10�
reduces Eq. �17� to

�R1,2��,z� � − k0n2zfR�1,2I0�
�

2
+

�

�p
−

1

3
� �

�p
	3

+
1

10
� �

�p
	5
 . �18�

Figure 2 compares the nonlinear phase shift �R1�� ,z� cal-
culated with the use of Eq. �13� �open circles� and Eq. �18�
�dashed line� with �nl /�p=10. As can be seen from this com-
parison, Eq. �18� provides an excellent approximation for the
phase shifts �R1,2�� ,z� induced by a strongly inertial optical
nonlinearity near the peak of a light pulse.

In contrast to the case of a weakly inertial nonlinear-
optical response, the phase shifts �R1,2�� ,z� induced by a
strongly inertial nonlinearity are intrinsically small because a
short light pulse cannot efficiently drive an inertial optical
nonlinearity with a response time much longer than the pulse
width. Indeed, in the regime of a weakly inertial nonlinearity,
the ratio of ��R1,2�� ,z�� to the Kerr-effect-related phase shift
��K�� ,z�� around the peak of the pulse, � /�p�1, is esti-

mated, in accordance with Eqs. �4� and �15�, simply as the
ratio fR / �1− fR�, yielding a value of �1 in the case of the
rotational Raman response of the atmospheric air and �0.22
for the Raman response of fused silica. For extremely short
light pulses and strongly inertial optical nonlinearity, on the
other hand, we find from Eqs. �4� and �18� that the ratio

��R1,2�0,z��/��K�0,z�� �

�

2

fR

1 − fR
�1,2 �19�

is proportional to a small parameter �1,2. The �1,2 smallness
of the phase shift ��R1,2�� ,z�� in the regime of extremely
short light pulses and strongly inertial optical nonlinearity is
illustrated in Fig. 2, where the nonlinear phase shift
��R1,2�� ,z�� is seen to decrease with the growth of the ratio
�nl /�p.

It is straightforward to see from the comparison of Eqs.
�15� and �18�, as well as from Figs. 1 and 2, that the temporal
profile of the nonlinear phase shift in the case of strongly
inertial optical nonlinearity radically differs from both
�R1,2�� ,z� in the regime of a weakly inertial optical nonlin-
earity and the temporal profile of the Kerr-effect-induced
phase shift �K�� ,z�. Since in the case of a strongly inertial
nonlinear-optical response, the induced phase shift very sub-
stantially lags behind the light pulse, �R1,2�� ,z� is no longer
dominated by a quadratic term, which plays a dominant role
in the case of instantaneous optical nonlinearity �see, e.g.,
Refs. �18,19��.

The relevant frequency deviation is given by

�
R1,2��,z� � − k0n2zfR�1,2I0� 1

�p
− � �

�p
	2

+
1

2
� �

�p
	4
 .

�20�

The first term in the square brackets in Eq. �20� describes a
uniform frequency downshift of the laser field. The depen-
dence of this frequency shift on the pulse width is less
dramatic than in the regime of a weakly inertial nonlinearity
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FIG. 2. �Color online� Temporal profile of the nonlinear phase
shift �R1 induced by an inertial optical nonlinearity with �nl /�p

=10 �open circles and dashed line� and �nl /�p=2 �dash-dotted line�
calculated using Eq. �13� �open circles and dash-dotted line�, and
approximated by Eq. �18� �dashed line�. Field intensity envelope is
shown by the solid line.
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as the pulse is already short enough for its bandwidth to
cover the entire band of the nonlinear response, �p

−1��nl
−1.

Importantly, while the nonlinear phase shift induced by a
strongly inertial optical nonlinearity is � small, the related
frequency shift is not. To examine the implications of
this result, we consider a material with a response time of
optical nonlinearity �nl. For light pulses with pulse widths
�p1��nl, such an optical nonlinearity qualifies as weakly
inertial, inducing a redshift with a �-small rate
����
R1 � � /�z�2k0n2I0fR�1 /�p1�k0n2I0fR /�p1. For very
short light pulses with pulse widths �p2��nl, on the other
hand, optical nonlinearity becomes strongly inertial, and we
apply Eq. �20� to find ����
R1 � � /�z�k0n2I0fR /�nl, which is a
factor of �p1 /�nl�1 higher than the frequency shift rate in
the regime of a weakly inertial nonlinearity.

In the case of ultrashort light pulses with I0
�1014 W /cm2 and a central frequency 
0 propagating in the
atmospheric air ��1�62.5 fs, �2�77 fs, n2�5
�10−19 cm2 /W, fR�0.5�, the redshift predicted by Eq. �20�
is ��
R2 /
0 � �2.2�10−2z �cm� �where z is expressed in
centimeters�. A 100 nm redshift for a light pulse with �0
=1 �m can thus be expected within a propagation length of
z�5 cm. This estimate suggests that, similar to the regime
of a weakly inertial nonlinear response, the waveguide ge-
ometry is much more favorable �see, e.g., Refs. �44–47�� for
the isolation of the redshift due to the inertial part of optical
nonlinearity compared to the tight-focusing geometry. In the
regime of filamentation, on the other hand, redshifting due to
the initial phase of plasma defocusing, as well as ionization-
and shock-wave-induced spectral transformations typically
play a much more significant role �20–22�, masking effects
related to the inertial part of optical nonlinearity. The influ-
ence of ionization and shock-wave effects is especially dra-
matic in the case of few-cycle pulses, when the light field
undergoes noticeable spectral transformations within propa-
gation lengths and on a time scale much shorter than the
propagation lengths and intervals of time required for the red
shift due to the inertial optical nonlinearity. These arguments
are consistent with the results of numerical modeling of
short-pulse evolution in the filamentation regime in both gas-
phase and condensed media �20,21,48�. However, effects re-
lated to the inertial optical nonlinearity in the filamentation
region can be visualized, as shown by recent experiments
�49,50�, by probing the filamentation region with a probe
pulse delayed in time with respect to the high-intensity field
producing a filament.

V. NONLINEAR PHASE SHIFT IN MATERIALS WITH
INHOMOGENEOUSLY DISTRIBUTED MULTIPLE

RAMAN-ACTIVE VIBRATIONAL MODES

A single-oscillator model of the inertial nonlinear-optical
response �Eq. �12�� yields a Lorentzian Raman gain profile in
the spectral domain:

g0�
� � 
���
2 − �2�2 + 4
2�2�−1, �21�

where �=�2
−1 and �= ��1

−2+�2
−2�1/2. Such a Raman gain pro-

file calculated for the time constants of a single-oscillator
model of the Raman response of fused silica ��1�12.5 fs,
�2�32 fs� is shown by the dashed line in the inset to Fig.
3�a�.

For a material where the Raman response cannot be as-
signed entirely to a single damped oscillator, as suggested by
Eq. �12�, but is related to a manifold of vibrational modes
�51� with a Gaussian distribution of oscillation frequencies,
the Raman response function can be represented as �52�

hR��� = �
j=1

N

Aj
���exp�− � j��exp�−
� j

2�2

4
	sin�
 j�� ,

�22�

where N is the number of Raman-active modes, and Aj, 
 j,
� j, and � j are the amplitude, frequency, decay rate, and
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FIG. 3. �Color online� Temporal profile of the nonlinear phase
shift �R induced by an inertial optical nonlinearity with �circles� a
single-oscillator response function �Eq. �12�� with �1=12.5 fs and
�2=32 fs and �dashed line� the HC-model multiple-vibration-mode
response as defined by Eq. �22�. Field intensity envelope is shown
by the solid line. The pulse width is 20 �a� and 100 �b� fs. The inset
displays the Raman gain spectra for the single-damped-oscillator
model �Eq. �12�� with �1=12.5 fs and �2=32 fs �dashed line� and
the HC model �solid line�.
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Gaussian distribution linewidth of the jth Raman-active
mode.

In the important particular case of fused silica, which is
most frequently used in fiber-optic technologies, the experi-
mental Raman gain can be accurately fitted, as shown by
Hollenbeck and Cantrell �52�, with Eq. �22� including N
=13 terms with parameters Aj, 
 j, � j, and � j specified in Ref.
�52�. The Raman gain spectrum calculated by taking the Fou-
rier transform of Eq. �22� with this set of parameters �the
solid line in the inset to Fig. 3�a�� provides a very good fit for
the experimental Raman gain spectrum, offering a physically
transparent explanation for several prominent peaks ob-
served in the experimental Raman spectrum of fused silica
that cannot be accounted for with the single-oscillator model
of the Raman response �cf. the solid and dashed lines in the
inset to Fig. 3�a��. The series defined by Eq. �22� with pa-
rameters as specified in Ref. �52� will be referred to here as
the Hollenbeck-Cantrell �HC� model of the Raman response
function.

In the HC model of the Raman response, the central peak
of the Raman gain observed at approximately 440 cm−1 is
noticeably narrower and is in a much better agreement with
the experimental result than the bandwidth of the Lorentzian
Raman gain profile predicted by the single-oscillator model
of Eq. �12�. Correspondingly, the HC-model Raman response
function displays clearly pronounced oscillations within a
much longer time interval as compared with the single-
oscillator Raman response function, whose oscillations fade
off within �2=32 fs. In the regime of short light pulses ��p
=20 fs in Fig. 3�a��, these oscillations with slightly different
decay times are readily seen in the temporal profile of the
nonlinear phase shift �R in the trailing edge of the laser
pulse. For longer pulses ��p=100 fs in Fig. 3�b��, oscillations
in �R on the back of the light pulse are not visible any longer,

as they are washed out through the integration over a larger
time interval, defined by a longer light pulse �see Eq. �5��.
Still, even in this regime, a slightly stronger inertia of the HC
model translates into a slightly larger lag of the temporal
profile of the nonlinear phase with respect to the driving light
pulse �cf. the dashed line and circles in Fig. 3�b��.

VI. CONCLUSION

We have shown in this paper that inertia of optical non-
linearity distorts the temporal profile of the intensity-
dependent phase shift of an ultrashort laser pulse relative to
the phase induced by the instantaneous optical nonlinearity.
We demonstrate that a weakly inertial optical nonlinearity,
whose response time is smaller than the pulse width, tends to
redshift the light field and generates a cubic-phase correction
to the quadratic phase, thus complicating the chirp of the
spectrally broadened field. These results agree well with the
signatures of the Raman effect observed in the phase of ul-
trashort light pulses using frequency-resolved optical gating
�53�. For very short light pulses with pulse widths shorter
than the response times of optical nonlinearity, the redshift
and cubic-phase terms often dominate the nonlinear phase
shift, giving rise to phase profiles significantly different from
those induced by instantaneous optical nonlinearity.
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