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We investigate theoretically the electron dynamics in a single-channel mesoscopic ring with a localized
impurity subjected to picosecond linearly polarized asymmetric electromagnetic pulses. A nonequilibrium
coherent population of electronic states that possesses a time-dependent polarization is induced. The associated
radiation emission decays on a time scale determined by the system relaxation and hence lasts long after the
pulses have perished. We derive analytically and confirm numerically that the presence of an impurity influ-
ences strongly the time-dependent charge polarization and allows the generation of higher harmonics in the
terahertz range.
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I. INTRODUCTION

In a seminal work �1,2� Aharonov and Bohm predicted in
1959 that the partial waves of charged particles are influ-
enced by the presence of a vector potential and experience a
phase shift even in regions where electromagnetic fields are
absent. This phenomenon known as the Aharonov-Bohm ef-
fect �3� leads in phase-coherent rings to the existence of a
persistent �equilibrium� current �4–8�. Over the past two de-
cades various aspects of the electronic properties of nano-
scopic and mesoscopic rings �MRs� �role of disorder, elec-
tronic correlations, etc.� have been investigated both
theoretically and experimentally �7–19�. Another aspect
which gained much attention recently is the nonequilibrium
charge dynamics in MRs driven by time-dependent electro-
magnetic fields �20–26�. The generation of nonequilibrium
currents and time-dependent charge-density oscillations was
predicted. Associated with the latter is the emission of light
with characteristics determined by the ring properties and the
driving fields �10,21,27–29�. The question we pose here is
the possibility for utilizing MRs as a versatile source for the
generation of higher harmonics, a topic of much importance
for optical spectroscopy and lasers developments �30–35�.
The system we inspect is a ballistic MR with a localized
impurity driven by linearly polarized half-cycle electromag-
netic pulses �HCPs�. A HCP is in fact a monocycle pulse
with a short but strong half cycle with duration �p, followed
by a weak but long second half cycle of opposite polarity
�see Fig. 1�b�� �long or short is meant in comparison to the
electron round-trip time �F which is in the range of picosec-
onds�. Currently available HCPs possess half-cycle durations
�p below 1 ps and peak field amplitudes of up to several
hundreds of kV/cm �36–38�. For �F being longer than �p the
impulsive approximation �IA� �20,29,39,40� becomes appli-
cable and the action of a HCP can be subsumed in an instan-
taneous momentum kick p=q�0

�pF�t�dt. Here F is the electric
field amplitude of the pulse and q is the carrier charge �the

pulse is applied at t=0�. As shown previously �21,29�, HCP
applied to MR generates a postpulse time-dependent electric
polarization with an emission spectrum containing multiple
fundamental harmonics �0= N

4 �0 with �0=� / �m��0
2� �41�,

where �0 and m� are the ring radius and the electron effective
mass and N is the number of electrons. If the ring contains an
impurity, e.g., experimentally realized in Ref. �42� by cutting
the ring at one position, one may expect the introduction of
additional channels for the charge radiative decay and hence
additional frequencies. This is the intuitive picture we wish
to explore quantitatively—a task which, to our knowledge,
has not been addressed before. We find that under appropri-
ate conditions the presence of the localized impurity results
in additional higher harmonics with frequencies in the tera-
hertz range.

II. POSTPULSE ELECTRON DYNAMICS

The system under study is an isolated ballistic ring at low
temperature �T�0 K�. If the ring thickness and width are
smaller than the Fermi wavelength �F �a condition routinely
realizable by present day technology�, the consideration can
be restricted to the lowest radial channel. Accounting for
additional radial channels can be done as in Ref. �20�. The
ring is subjected at the time t1=0 to a single HCP. Within the
IA the time-dependent single-particle wave function � obeys
then the following time-dependent Schrödinger equation
�TDSE�:
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FIG. 1. �Color online� �a� Schematic drawing of the MR. �b�
HCP as reported in �36�.
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�t
= �−
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2m��0
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�2

�	2 + Vint�	,t� + Vimp�	��� , �1�

where

Vint�	,t� = − �0p
�t − t1�sin 	 . �2�

Here the linear polarization vector of the pulse defines the y
axis and m� is the effective mass of the particle. If the local-
ized impurity acts within a region smaller than �F then its
potential can be modeled by

Vimp�	� = �
�	� , �3�

where the strength � is measured in units of energy per
angle interval and the angle 	 is counted from the location of
the impurity. A realization of this situation is a small cut in a
ring or an inclusion of a material with a broader band gap.

The stationary states of the field-free case read

�k�	� =	 1

�

sin�k	� , k � Z

�� +
sin�2k��

2k �−1/2
cos�k�	 − ��� , k � R ,

� �4�

where the eigenenergies E= �2k2

2m� are determined by

cos�2�k� +
�m��0

2

k�2 sin�2�k� = 1. �5�

Due to the presence of the impurity half of the k values that
belong to the even-parity stationary eigenfunctions �k be-
come a noninteger �shown as full spheres in Fig. 2�. States
with odd parity are not affected as they have a node at 	
=0. Their quantum numbers k remain an integer �shown as
open circles in Fig. 2�. The spectrum is illustrated in Fig. 2.
For particles with small energies in comparison with the im-
purity potential, a splitting of the energy levels �limited to
the splitting of k values by 1/2� is observed. With an increas-
ing particle energy the probability of the particle to transmit
through the impurity potential increases and in the limit of
high energies the particle is hardly affected by the impurity.

Obviously, the energy levels that allow additional state-to-
state transitions are controllable by appropriately choosing
the potential strength �. In what follows �k0

�	 , t� denotes
the time-dependent solution of the TDSE with the initial con-
dition that the particle starts from the state characterized by
quantum number k=k0. �k0

�	 , t� can be expanded in terms
of the MR stationary eigenstates �k as

�k0
�	,t� = �

k

Ck,k0
�t��k�	�e−iEkt/�. �6�

For the particular case of HCP the solutions �k0
�	 , t� satisfy

the matching condition �29�

��	,t = 0+� = ��	,t = 0−�ei sin 	, �7�

where t=0− and t=0+ refer to times shortly before and after
the application of the electromagnetic pulse. The parameter
,

 = �0p/�, p = q
0

�p

F�t�dt , �8�

characterizes the action �normalized by �� delivered to the
ring by the HCP. From Eqs. �6� and �7� we infer for the
expansion coefficients

Ck,k0
�t � 0� = 
k,k0

, �9�

Ck,k0
�t � 0� = Ck,k0

i,j , �10�

where 
m,n is the Kronecker symbol. The expressions for the
coefficients Ck,k0

i,j are given in Appendix B; the superscript i , j
determines the types of the initial and final states that can be
either odd or even.

To characterize the charge distribution in the direction of
the HCP we employ a parameter that stands for the localiza-
tion of the single-particle probability density along the y
axis,

�sin 	�k0
�t� = 

0

2�

��k0
�	,t��2sin 	d	 . �11�

The corresponding �single-particle� dipole moment along the
y axis is given by

�k0,y�t� = q�0�sin 	�k0
�t� . �12�

Analogously for the single-particle charge polarization along
the x axis we define

�cos 	�k0
�t� = 

0

2�

��k0
�	,t��2cos 	d	 , �13�

�k0,x�t� = q�0�cos 	�k0
�t� . �14�

The total dipole moment of the MR along the y axis �x axis�
�y�x��t� is

�y�x��t� = �
k0,�

fk0,�
0 �k0,y�x��t� , �15�

where fk0,�
0 is the equilibrium distribution function and �

refer to the particle spin. By the pulse application, the charge

FIG. 2. �Color online� Quantum numbers k as a function of the
potential strength � measured in units �0= �2

m��0
2 . Shown are the

energies of even-parity �full dots� and odd-parity �open circles� sta-
tionary eigenfunctions �Eqs. �4� and �5��.
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carriers are transferred into coherent excited states that
propagate according to the field-free Hamiltonian. The co-
herences determine the dynamics of the dipole moment.
However dissipative processes result in a loss of coherence,
and therefore to a decay of the dipole moment. The physical
processes behind this behavior are mainly electron-phonon
scattering �21,43–45� and electron-electron interaction
�46–48�. Here we assume the decay of the dipole moment to
be characterized by a single time constant, which is the re-
laxation time �rel. The relaxation time �rel depends on the
parameters of the MR; for low temperatures it can be even
longer than 1 ns �21�. Equation �15� then reads

�y�x��t� = �y�x��t � 0� + e−t/�rel��
k0,�

fk0,�
0 �k0,y�x��t�

− �y�x��t � 0�� . �16�

The equilibrium dipole moment of the ring vanishes in ab-
sence of the impurity and otherwise it is finite and directed
along y axis, i.e., �x�t�0�=0 and �y�t�0��0, if ��0.

III. EMISSION PROPERTIES

The pulse-induced dynamical charge polarization in a MR
is associated with the emission of electromagnetic dipole ra-
diation. We note that due to the fulfilled relations �p��F and
�p��rel, the electromagnetic radiation is emitted mainly
when the driving external electric field is already absent. The
oscillating charge density decays within a time of the order
of the relaxation time �rel. The oscillations can be sustained
for a much longer time if a sequence of HCPs is applied �29�.
It is even possible to influence the specific characteristics of
the radiation spectrum by appropriately designing the se-
quence and shape of the HCPs. In such a way pulse-driven
MRs can serve as an efficient and a controllable source of
electromagnetic radiation. The intensity of the emitted radia-
tion depends on time. Here the time-integrated emission
spectrum is calculated �the time-dependent emission spec-
trum is beyond the scope of this work and is discussed in
Ref. �44��. The main contribution to the emission spectrum is
determined by the dipole contribution to the emitted electric
field being proportional to the second derivative of the dipole
moment of the MR. Therefore, the emission spectrum up to a
normalization factor is given by

I��� � ���̈y����2 + ��̈x����2� , �17�

where �̈y��� and �̈x��� denote the Fourier-transformed sec-
ond time derivatives �̈y�t� and �̈x�t�, respectively.

In our numerical calculations we assume �rel=1 ns, which
is long enough to resolve different harmonics. Shorter
�longer� times will lead to the broadening �narrowing� of the
peaks in the emission spectrum.

IV. NUMERICAL RESULTS

For our numerical calculations of the dipole moment dy-
namics and the emission spectra given by Eqs. �16� and �17�,
we used the parameters of electrons in a GaAs quantum ring.

The ring radius is �0=132 nm �as in the experiment of Ref.
�8�� and the electron effective mass is m�=0.067m0, where
m0 is the free electron mass. Our ring contains N=20 elec-
trons and the width of the ring is small enough for the single-
channel model to be valid. We employ HCPs with a sine-
square shape having a time duration of �p=1 ps and linearly
polarized along the y axis. The duration of the HCP and the
sine-square shape of the pulse determines the relation be-
tween the parameter  and the peak value of electric field
�see Eq. �8��. The case where the HCP is linearly polarized
along the x axis is discussed in Sec. V and in Appendix A. As
outlined above, the action of the pulse is characterized by the
parameter . Hence, in the numerical illustrations below we
provide only the single parameter  that contains all relevant
external field properties. For modeling relaxation processes
of the electronic system we used a phenomenological relax-
ation time �rel=1 ns. With these parameters and assumptions
we calculated the dynamics of the HCP-induced time-
dependent charge polarization of the ring and the corre-
sponding emission spectrum for different pulse and impurity
potential strengths.

The time dependencies of the electric dipole along the y
axis �y�t� induced by a weak HCP of strength =0.1 �this
corresponds to a peak value of electric field F=10 V /cm�
are shown in the left panel of Fig. 3. The impurity barrier
strength � is increased from 0 meV in �a� to 0.5 meV in �b�
and 10 meV in �c�. One can see that in the case of such a
weak excitation the dynamics of the dipole moment demon-
strates beatings �21,29� in the absence of impurity. The am-
plitude of the beatings is decreasing on a time scale much
larger than the oscillation period due to the relaxation. In the
presence of impurity the dynamics of �y�t� is evidently a
result of composition of more than two harmonics. In the
case of weak excitations the dynamics of the dipole moment
is determined by generated coherences between the states
near the Fermi level and the corresponding transition matrix
elements. In the case of �y�t� the transition matrix elements
��k��sin 	��k� �cf. Eqs. �6�, �11�, and �12�� are different from
zero only for transitions between the states of different par-
ity. The expression for these matrix elements is given in
Appendix A. Possible transitions are illustrated in Fig. 4 for
N=0 �mod 4� electrons in the ring. All other transitions,
which are not shown in Fig. 4, do not contribute to the dy-
namics because either the generated coherences are small or
the corresponding matrix elements are vanishing or small.
Figure 4�a� corresponds to the case without impurity. We
clearly see that two close frequencies should be present in
the dipole moment dynamics. When the impurity barrier is
introduced other transitions start to contribute more to the
dynamics. The case of a very high impurity barrier is de-
picted in Fig. 4�b� where three transitions with close frequen-
cies, which are approximately 1.5 times larger than the fre-
quencies for the perfect ring case �they are around �0

=2� /�F= N�

4m��0
2 �, and one transition with a frequency, which

is approximately a half of the frequencies in absence of im-
purity, should give the strongest contributions to the dynam-
ics of the dipole moment. This is confirmed by the corre-
sponding emission spectra shown in the left panel of Fig. 5.
In Fig. 5�c� the contribution with the frequency around �0 /2
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is small but still visible. Increase in the impurity potential
beyond �=10 meV does not lead to any significant changes
in the dipole moment dynamics and the emission spectrum.
The energy barrier can be considered as infinite. In the case
of weak excitations the dynamical part of the dipole moment
along the x axis �x�t� is negligibly small.

The time dependencies of the electric dipole along the y
axis �y�t� induced by a strong HCP of strength =10 �F
=1 kV /cm� are shown in the right panel of Fig. 3. The im-
purity barrier strength � is increased from 0 meV in �d� to
0.5 meV in �e� and 10 meV in �f�. The strong pulse creates
populations far from the Fermi level as well as coherences
between distant levels. In the absence of impurity the transi-
tion matrix elements are nonvanishing only for transitions
between neighboring levels. Therefore, the dynamics of �y�t�
is governed by many harmonics with close frequencies.
There are no contributions from coherences between distant
levels. This results into a typical dynamics of revivals and
collapses as in Ref. �21� �where, however, it was a result of a
nonzero temperature creating equilibrium population of dis-

tant levels�. The corresponding spectrum is shown in Fig.
5�d�. With respect to the case of weak excitations the spec-
trum maximum is blueshifted. This is a result of the energy
transfer from the HCP to the MR, which is connected with
the momentum transfer. The shift scales quadratically with
the HCP strength �29�. One can also notice that the emission
intensity increases dramatically with increasing the excita-
tion strength. By increasing the impurity potential the dy-
namics of the dipole moment becomes more irregular as evi-
dent from Figs. 3�e� and 3�f�. Coherences between distant
levels start to contribute to the dipole moment dynamics due
to an increase in the transition matrix elements �Eq. �A5��.
The maximum of the emission intensity is additionally
shifted toward the blue region �see Figs. 5�e� and 5�f��. Apart
from this shift one can resolve more high harmonics far away
from the emission maximum. This is seen in Fig. 6. It is
important to remark that the scale is kept the same in all
panels of Figs. 5 and 6. For �=0.5 meV frequencies up to
around 28�0 are present. For �=10 meV and larger impu-
rity barrier frequencies up to around 35�0 can be resolved

FIG. 3. Time dependence of
the generated electric dipole mo-
ment along the y axis �y for vary-
ing impurity potential strengths �
and two different strengths �weak
and strong� of the HCP . �a� 
=0.1 �F=10 V /cm�, �=0; �b� 
=0.1, �=0.5 meV; �c� =0.1,
�=10 meV; �d� =10 �F
=1 kV /cm�, �=0; �e� =10, �
=0.5 meV; �f� =10, �
=10 meV.

FIG. 4. �Color online� Scheme of transitions responsible for the dynamics of �y�t� �shown by arrows� in the case of weak excitations.
Panel �a� corresponds to the case of no impurity whereas panel �b� corresponds to the case of a high impurity barrier. Only the levels near
the Fermi level are shown. Full lines indicate the levels filled before the excitation and dashed lines indicate the empty levels for N=0 �mod
4� electrons in the MR at zero temperature. Notations “odd” or “even” relate to the symmetry of the wave functions of the shown levels.
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which corresponds approximately to 3 THz. The magnitudes
of the high-frequency components of the emission spectrum
are much smaller than the magnitudes of the low-frequency
components but comparable with those of the MR driven by
a weak HCP with =0.1. The emitted intensity can be
strongly increased by using a planar array of MRs such as
the configuration experimentally realized in Ref. �42�. A fur-
ther increase in the excitation field strength leads to a viola-
tion of an assumption of pretty long relaxation times when
the average energy gained by an electron from the HCP 2

4 �0
�29� reaches the energy of the LO phonon in GaAs, which is
36 meV. For the chosen ring parameters this sets a limit 
�60.

In the case of a strongly driven ring with a large impurity
barrier, a considerable dynamical part of the dipole moment
along the x axis �x�t� is generated. However it contributes
only to the low-frequency range of the spectrum. The reasons
are similar to those discussed in Appendix A. In Fig. 5�f� the
emission generated in the frequency range below 2�0 comes
mostly from �x�t�. We have also made calculations for a
larger number of electrons in the MR. The conclusions are
similar to those discussed above. By changing the parameters

of the MR and the number of electrons the properties of
emission can be adjusted.

V. CONCLUSION

Summarizing, when a single-channel ballistic mesoscopic
ring containing a localized impurity is exposed to a single
linearly polarized half-cycle pulse, the induced time-
dependent charge oscillations and the resulting radiation
emission are influenced strongly by the potential barrier of
the impurity. A controlled generation of high harmonics can
be achieved for strong excitations and high impurity barriers
if the pulse polarization axis is perpendicular to the line con-
necting the ring center and the impurity. Planar or three-
dimensional arrays of such driven mesoscopic rings could be
potentially used for terahertz spectroscopic studies. With re-
spect to a practical realization of a terahertz-emitting device
based on the arrays of cut rings, it should be noticed that
particular device properties would strongly depend on the
number N of rings in the array, the chosen geometry, and
optical system. As far as the radiation is coherent, the emit-
ted intensity would scale as N2 up to some limit, where the
absorption of the energy of HCP pulses in the ring array
becomes significant. The spatial coherence of the emitted
terahertz radiation would strongly depend on the setup used
for filtering out high-order harmonics that can be based on a
terahertz photonic crystal �49�. Our estimation shows that the
power of the terahertz radiation emitted from a single ring
can be on the order of 10−20 W �e.g., for the parameters of
Fig. 6�b��. Taking an array of 109 rings we obtain a power on
the order of some milliwatts.

In a high symmetry case where the pulse electric field is
linearly polarized parallel to the line connecting the ring cen-
ter and the impurity, we observe only marginal modifications

FIG. 5. Emission intensity
I��� for varying impurity poten-
tial strengths � and two different
strengths �weak and strong� of the
HCP : �a� =0.1 �F
=10 V /cm�, �=0; �b� =0.1, �
=0.5 meV; �c� =0.1, �
=10 meV; �d� =10 �F
=1 kV /cm�, �=0; �e� =10, �
=0.5 meV; �f� =10, �
=10 meV. The frequency � is
normalized by �0= N�

4m��0
2 �which

corresponds to approximately 0.08
THz for the parameters of the MR
used here�.

FIG. 6. High-frequency range of the emission spectra. �a� cor-
responds to Fig. 5�e� and �b� corresponds to Fig. 5�f�.
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of the emission spectrum with respect to the perfect ring case
�cf. Appendix A�. This finding can be used to determine the
position of a localized defect by monitoring the emission
spectrum and rotating the polarization axis of the pulse. Fi-
nally we note that similar arguments as in the recollision
model �30,33� apply for the interpretation of the demon-
strated effect. Electrons excited by an electromagnetic pulse
bounce off the impurity producing coherent light bursts. The
difference to the conventional recollision model is that in our
system the role of the ionic potential of the core atom �51� is
played by the localized impurity potential and the recolli-
sions are forced not by the periodicity of the exciting field
but by the ring geometry.

APPENDIX A: HCP LINEARLY POLARIZED
ALONG THE x AXIS

The interaction of the electrons in the ring with a HCP
linearly polarized along the x axis Eq. �2� is

Vint�	,t� = − �0p
�t − t1�cos 	 . �A1�

As a consequence, one has to change sin 	 to cos 	 in Eq.
�7�. Then due to the symmetry only the dipole moment along
the x axis is created and no dipole moment along the y axis.
When analyzing the matrix elements ��k��cos 	��k� that de-
termine the dynamics of �x�t�, it is obvious that only transi-
tions between states of the same parity are allowed. We find

��k��cos 	��k� =
1

2
�
k,k�+1 + 
k,k�−1� �A2�

if k and k� are integer �odd states� and

��k��cos 	��k� =
��k����k�

�
	 k − k�

�k − k��2 − 1
sin��k − k����

+
k + k�

�k + k��2 − 1
sin��k + k����� �A3�

if k and k� are noninteger �even states�, where

��a� = �
1 +
sin�2a��

2a�
�−1

. �A4�

From Eq. �A2� it follows that only the coherences between
the neighboring levels contribute to the dynamics of the di-
pole moment in the case of odd states even though the co-
herences between distant levels can be excited by strong
HCPs. In the case of even states also the matrix elements for
transitions between distant states are different from zero.
However, on one hand, the values of k−k� and k+k� are
close to integer numbers for not very distant levels �see Fig.
2� and consequently sin��k−k���� and sin��k+k���� are
close to zero for any impurity barrier strength. On the other
hand, the coefficients of the sine functions in Eq. �A3� dic-

tate vanishing transitions matrix elements for distant levels.
Therefore contributions to the dynamics of the dipole mo-
ment of higher frequencies connected with transitions be-
tween distant levels are strongly suppressed as compared to
the case when the HCP is polarized along the y axis, in
which case the transitions between the states of different par-
ity play a role and the transition matrix elements are given by

��ko
�sin 	��ke

� = −
��ke�

�

4keko sin�ke��
ko

4 + ke
4 − 2�ke

2 + ko
2� − 2ko

2ke
2 + 1

,

�A5�

where ke is related to an even state and ko is related to an odd
state. In general, only marginal differences in the time de-
pendence of the generated charge polarization and the emis-
sion properties can be noticed compared to the case of a
vanishing impurity barrier if the applied HCP is polarized
along the x axis. The physical interpretation of this fact is
that the contributions to the dipole moment and the corre-
sponding electric fields from the electrons accelerated by the
impurity potential at the left and the right sides of the ring
compensate each other to high extent. This is a consequence
of the symmetry of the ring and excitation.

APPENDIX B: TRANSITION COEFFICIENTS

The transition coefficients introduced in Eqs. �6� and �10�
are

Ck,k0

odd,odd = −
1

4�
�J̃k+k0

�� − J̃k−k0
�� − J̃−k+k0

�� + J̃−k−k0
��� ,

�B1�

Ck,k0

odd,even =
i��k0�

4�
�J̃−k−k0

��e−ik0� − J̃k−k0
��e−ik0�

+ J̃−k+k0
��eik0� − J̃k+k0

��eik0�� , �B2�

Ck,k0

even,even =
��k���k0�

4�
�J̃k+k0

��e−i�k+k0�� + J̃−k+k0
��ei�k−k0��

+ J̃−k−k0
��ei�k+k0�� + J̃k−k0

��ei�−k+k0��� , �B3�

Ck,k0

even,odd =
i��k�
4�

�J̃−k−k0
��e−ik� − J̃−k+k0

��eik� + J̃k−k0
��eik�

− J̃k+k0
��eik�� , �B4�

where

J̃m�� � 
0

2�

eim	ei sin 	d	 . �B5�
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