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Generalized gauge-invariant formulations of the strong-field approximation

Yulian V. Vanne and Alejandro Saenz
AG Moderne Optik, Institut fiir Physik, Humboldt-Universitdt zu Berlin, Hausvogteiplatz 5-7, D-10117 Berlin, Germany
(Received 15 September 2008; published 20 February 2009)

The gauge problem in the so-called strong-field approximation (SFA) describing atomic or molecular sys-
tems exposed to intense laser fields is investigated. By introducing a generalized gauge and partitioning of the
Hamiltonian, it is demonstrated that the S-matrix expansion obtained in the SFA depends on both gauge and
partitioning in such a way that two gauges always yield the same S-matrix expansion, if the partitioning is

properly chosen.
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I. INTRODUCTION

Gauge invariance is one of the fundamental concepts of
electrodynamics. As a consequence it is, e.g., possible to
formulate the interaction of charged particles with electro-
magnetic fields in different gauges. Although the choice of
the gauge clearly influences parameters like the scalar or the
vector potential, all physical quantities (observables) are in-
dependent of the gauge, if a complete treatment is per-
formed. On the other hand, an approximate treatment often
leads to gauge-dependent predictions for physical observ-
ables. One prominent example is given by the so-called
strong-field approximation (SFA) for describing atomic or
molecular systems exposed to intense laser fields, which is
also known as Keldysh-Faisal-Reiss (KFR) theory [1-3]. It is
based on an (infinite) series expansion of the exact S matrix
describing the interaction of an atomic system with a laser
pulse. Besides a phase factor, the S matrix obtained from a
calculation of the complete expansion should thus be inde-
pendent of the chosen gauge, provided the series converge.
Consequently, the corresponding observable transition prob-
abilities (obtained from the squared absolute values of the
S-matrix elements) should be gauge independent.

This gauge independence of physical observables is usu-
ally lost, if only a truncated series is considered. This is the
case for the SFA which is defined as the first term of the
S-matrix expansion. In a number of investigations it has been
shown that transition probabilities or rates predicted by ei-
ther the length- or the velocity-gauge formulation of the SFA
differ easily by one or two orders of magnitude for experi-
mentally relevant laser parameters [4]. Furthermore, it was
shown that the velocity-gauge SFA rate does not converge to
the tunneling limit for weak fields, if long-range Coulomb
interactions are present [5]. Recently, it was also demon-
strated that there are pronounced qualitative differences be-
tween the energy distributions of the electrons ejected from,
e.g., the 2p state of hydrogen atoms exposed to intense laser
fields, if they are calculated within the SFA in either the
length or the velocity gauge [6]. The recent extensions of the
SFA to molecular systems in velocity gauge [7], length gauge
[8], or dressed length gauge [9] indicate similar or even more
pronounced gauge dependencies for molecules. These find-
ings have intensified the discussions whether the formulation
of the SFA in one of the two gauges may be “superior” to the
other. One approach to answer this question is rather prag-
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matic and based on a direct comparison of the SFA predic-
tions in both gauges to either exact (numerical) solutions of
the full time-dependent Schrodinger equation [6,10] or to
experimental results [11,12]. Clearly, if there is no a priori
reason that one of the two SFA formulations is superior to
the other, the conclusions may vary depending on the con-
sidered atomic or molecular system (even its quantum state)
as well as on laser-pulse parameters.

A second line of argumentation in favor of one of the
gauges is based on the question of “universality.” For ex-
ample, it has been argued that an evident limitation of the
length-gauge formulation is the fact that in this case the pre-
dicted observables depend only on the scalar potential and
thus a one-dimensional parameter, while the full description
of an electromagnetic field requires in principle more than
one dimension [13]. Very recently, Faisal proposed a “gauge-
invariant” intense-field S-matrix theory that yields equal
transition probabilities in the length or velocity gauge, inde-
pendent of the order of expansion [14]. Consequently, Faisal
claims that his theory overcomes the above-mentioned long-
standing discrepancy between the SFA in the two gauges.
According to the findings in [14] the “gauge-invariant” and
thus universal S-matrix theory appears to be equivalent to the
traditional length-gauge formulation. Specifically, the first-
order term reproduces exactly the Keldysh result [1] which
was obtained in the length gauge. In view of the popularity
of the SFA for describing atomic and molecular ionization in
intense laser fields (see, e.g., [15] or [16] and references
therein), this is an important result.

Besides the evident appeal of a universal S-matrix formu-
lation which would provide an end to the long-lasting de-
bates on the choice of the appropriate gauge (for a very re-
cent example, see [17-19]), it appears, however, quite
surprising that such a formulation should exist. In fact, Faisal
derives in [20] an alternative S-matrix expansion that repro-
duces in length and velocity gauge the traditional velocity-
gauge result. Inspired by the results in [14,20], it is shown in
the present work that it is possible to achieve an S-matrix
expansion in agreement to any traditional SFA formulation in
either length, velocity, or radiation gauge for an arbitrary
choice of the gauge, if the Hamiltonian is correspondingly
partitioned. In fact, introducing a generalized gauge transfor-
mation that includes the mentioned particular gauges as spe-
cial cases, an in principle infinite set of different S-matrix
expansions can be formulated. All of them can be shown to
be achievable within any gauge as long as a proper partition-
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ing of the Hamiltonian is performed. Furthermore, the intro-
duction of the generalized gauge allows us to clearly dem-
onstrate how the choice of the gauge and the partitioning of
the Hamiltonian describing the atomic or molecular system
exposed to a laser field are connected with each other. This
provides a much deeper insight into the gauge problem of
SFA that in fact turns out to be more properly described as an
expansion problem.

In order to provide a clear definition of terms and nota-
tions, the following section gives a brief discussion on (lo-
cal) gauge invariance. Most importantly, a generalized gauge
is introduced and the wave function of a free electron in an
electromagnetic field in this gauge is given. Equipped with
these prerequisites, Sec. III discusses the S-matrix theory in
different gauges. It represents thus the main results of this
work, in which it is demonstrated how various results
(S-matrix expansions) can be obtained using different com-
binations of gauge and partitioning. Atomic units h=m,
=|e| =1 are used throughout. In particular, —1 is used for the
charge of an electron.

II. GENERALIZED GAUGE

In the validity regime of the SFA, the laser intensities are
so high that the photon density is also very high and thus
semiclassical theory can be used in which the radiation field
is treated classically, but the atomic or molecular system is
described using quantum mechanics. The influence of the
quantum system on the external field is also neglected.

A classical electromagnetic field is described by electric
and magnetic field vectors F(r,7) and B(r, ) or, alternatively,
by the scalar and vector potentials ®(r,7) and A(r,7). Con-
sider a system consisting of an electron in a electrostatic
potential U(r) created by a nucleus (or some nuclei) which
interacts with an external electromagnetic field. In semiclas-
sical theory, the evolution of the system is governed by the
time-dependent Schrodinger equation that satisfies local
gauge invariance and is given in the coordinate representa-
tion with the minimal-coupling Hamiltonian of the system,

H,, by

d n
iE\IfX(r,t) = HX\PX(r,t)

1
= (E[I)C + A)((I',z‘)]2 - ®,(r,0) + U(r))*lfx(r,t),

(1)

where the subscript denotes the used gauge y and the opera-
tor of canonical momentum is given independently of the
gauge as p,=-iV, a consequence of the definition of the
minimal-coupling Hamiltonian. The word invariance means
that if the wave function W, and both potentials A, and @,
are simultaneously transformed into a new gauge ' using
the transformation recipes

W (r,0) = W (r, 1) el Dxx 00), 2)

— T\ \(1,1)
\IfX(r,t)—‘le,(r,t)e[’ X/ —x0]
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Ay (r0) = A (6,0 = VT, (r,0), (3)

A(r.)=A,(r,t)-VT,_ (r1),

J
D, (r,t) =P (r,1) + &_tTX_’X’(r’t)’ 4)

J
D, (r,1) =D/ (r,1) + &_tTX/_’X(r’t)’
Eq. (1) is transformed into itself, but with v, =V, A,
—A,s, and @, —®,,. All physical quantities like the prob-
ability P(r,r) or the electric and magnetic fields F(r,r) and
B(r,r) are gauge independent, i.e.,

P(r,0) =¥ (r,0)] =¥, (r,), (35)

F(r,t)=-V® (r,1) - %Ax(r,t) ==V, (r,1)- gtAX,(r,t),
(6)
B(r,)) =V X A,(r,t)=V X A (r,1). (7)

If no sources are present, the radiation gauge, labeled in
the following by subscript R and defined by the relations

V'AR=O, (DR=O, (8)

is convenient. If the wavelength of the considered radiation
is sufficiently long, the spatial variation of the radiation field
across the system can be neglected, i.e., Ag(r,7)=Ag(?). In
the following, the vector function A(z) specifies the vector
potential in radiation gauge, Ag(r). Thus, the relation
F(1)=—dA(r)/dt holds in any gauge.

There exist two further gauges, the length and velocity
gauges (labeled in the following by subscripts L and V),
which are extensively used in the context of the dipole ap-
proximation. However, all three gauges can be considered as
particular cases of a generalized gauge defined by an arbi-
trary set of parameters, X={x,,x,}. This gauge, which will be
referred to as the X gauge, is obtained via the transformation

Tr x(r,t) =x;A() - T+ x,8(), B1)= % f A%(tdt',

)

so that X={0,0}, X={0,1}, and X={1,0} correspond to the
radiation, velocity, and length gauges, respectively.

The vector and scalar potentials in the X gauge are given
as

Ay()=(1=x)DA(1), Py=—xF()-r+x,A%1)/2.

(10)
This leads to
Hy=p*2+U(x) + (1 - x))A(?) - p.+x,F(0) -
+[(1=x))? = x,]JA%(1)/2 (11)

as a definition of the total Hamiltonian in the X gauge.
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If the electrostatic potential U(r) is absent, the solution of
Eq. (1) in the X gauge is given by the generalized (nonrela-
tivistic) Volkov wave function

Wy (r,n) = e~ 1Ox(0) pikor (12)
with real phase function
Ox(1) =Et +k - alt) —x,A(1) -1 = (x, - 1)B(1),  (13)

where the vector parameter k specifies the so-called drift
momentum, a(f)=['A(t')dt’, E,=k?/2, and S-function nor-
malization is used.

III. FORMAL S-MATRIX FORMULATION OF THE SFA

The following formulation of the S-matrix theory describ-
ing atomic and molecular systems in intense laser fields con-
siders the case of a one-electron system for the sake of sim-
plicity. The generalization to an arbitrary number of
electrons is, however, straightforward. As a starting point the
time-dependent Schrodinger equation (TDSE) formulated in
the X gauge is considered,

(f% —ﬁx(»)lwr» =0. (14)

The electromagnetic field is absent before and after the pulse,
i.e.,

A=Ay, F(1)=0, Hy(t)=H" forr<t and 1> 1y,
(15)

where the constant A, has no physical meaning (since both
the electric and magnetic fields are obtained as derivatives of
the vector potential) and will be set to zero for the sake of
simplicity. (Note that using Ay# 0 requires a considerable

modification of the following formulations.) The operator H°
is the field-free Hamiltonian with eigenvalues E, and eigen-
vectors |i,),

H=p2+U, H,)=Elih). (16)

(The index « denotes discrete as well as continuum states
and is thus itself either discrete or continuous.)

To describe the action of the pulse on the system, com-
plete and orthonormal initial- and final-state basis sets are
introduced. The initial-state basis set is given by |¢,(,))
=e Edli|4fs ) where the phase factor is introduced for conve-
nience. The final-state basis set is given by plane waves with
momentum Kk, again for convenience multiplied by a phase
factor, and depends both on the adopted gauge and on Kk,

W k(tp)) = e x|k, (17)
The phase [see Eqgs. (13) and (15)]
Ox(t) = Extp+ k- alt) — (x;— 1) B(t)) (18)

is r independent but depends on the used gauge, k, and the
pulse. Note that the phase factors introduced for reasons of
convenience add only constant phases in the transition am-
plitudes and do not alter transition probabilities.
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The probability amplitude of a transition from an initial
state |4,(1;)) to a final state [ Wy (z,) is given by

Ska= (W (1) Gt 1) (1), (19)

where the propagator Gy(7,1') is associated with Hy(7) by the
inhomogeneous equation

Jd A
<i5 - Hx(t)>GX(t,t') =8(t-1t). (20)

To obtain a systematic expansion of the transition ampli-
tudes of interest it is convenient to express the total propa-

gator éx of the system in terms of a partial propagator, de-
fined by a partitioning of the total Hamiltonian. The choice
of the partitioning is made in such a way that the partial
propagator can be expressed analytically, i.e., the
Schrodinger equation with the corresponding partial Hamil-
tonian is solvable.

A first class of Hamiltonians that leads to analytical solu-
tions is the one describing a free electron in the field. As was
discussed in Sec. II, such Hamiltonians are gauge dependent
and their solutions are given by Volkov states. The partition-

ing of H v using the free-electron Hamiltonian in the X gauge,
FAIQ, is given by
Hy=H,+U. (21)

The corresponding propagator can be written analytically us-
ing the solutions |Wy (7)),

Gl(t,t") == i0(1 = 1") 2 [ Wy (DN W i (1)
k

. (22)

where 6(x) is the step function. From Eq. (22) follows

— (Wt |GRlep 1) = (Wp )] for 1< (23)

Another Hamiltonian that can be used for the partitioning

is the field-free Hamiltonian H°. It is, however, only a special
case of the class of Hamiltonians which will be referred to as
generalized field-free Hamiltonians and will be considered in
the following section.

A. Generalized field-free Hamiltonian

The generalized field-free Hamiltonian
70 = it o p-intea) _ SYID)
k4 o

9y

N ] 1
=H'+ “Ay—(Vy) - p.+ (V)=
+5 y—(Vy) pc+2( ) P

(24)

is defined with the aid of an arbitrary function (r,¢) in such
a way that it reduces for y=0 to the field-free Hamiltonian

HC. Solutions of the TDSE with I-AI(; can be expanded in terms
of the solutions of the TDSE with A° as
W, a(1)) = &0 E ). (25)

In general, the function y(r,7) can be chosen independent
of the gauge that is used to formulate the TDSE. Consider a
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particular choice of ¥(r,r) parametrized by a set of param-
eters A={\;,\,},

W) =NA®@) -1+ N\ 6(1). (26)

The corresponding generalized field-free Hamiltonian (the

subscript A is adopted instead of vy, for the sake of notational
simplicity) is then given by

H = H— N (A1) - po+ MF() -1+ (A2 = M)A(1)/2.

(27)

Note that for all choices of A the Hamiltonian FAI?\ gives an

equivalent description of the evolution before and after the

pulse, since for those times both A(r) and F(¢) are equal to
zero. Different choices of \ yield, however, different partial

propagators I:I?\ during the pulse that can be written analyti-
cally as

GY(1,1") == i6(1—1") 2 [V o(DXW o(1)].  (28)

In order to express the total propagator éx in terms of G2,
the total Hamiltonian is partitioned in two parts,

I:IX:FAIQ"' Vg)(,m (29)
where the interaction operator V?Q\ is given by
Va0 =(1=x; +NDA() - p.+ (x, =N )F(®) - 1
+[(1=x)? = x5, = AT+ M ]A%(n)/2. (30)

It is worth recalling that the two sets of parameters X
={x;,x,} and N={\;,\,} are independent of each other.
Therefore, the same interaction operator can be obtained for
different X gauges, if the A parameters are appropriately cho-
sen. It can be shown, for example, that

Varro =YW=Y 00=F0-r, (31)
Vaioo =00 =Viay=A0 - p. (32)

VIQe,{o,o} = V(\)/,{O,l} = Vg,{l,Z} =A(1)-p.+A* /2. (33)
Since | W), (1,))=|1,(1,)), Eq. (28) yields

iGY(t, 1) a(1)) = Wy o(0)) for1>1,.  (34)

B. Matrix elements

It will now be shown that most of the matrix elements of
interest depend at most on the two parameters v={v;,v,}
with v;=1+\;—x; and v,=\,—x,. Indeed, one finds for dif-
ferent matrix elements the relations

<\IrX,k(t)|\I’)\,a(t)> = <k|einka(t)| ¢a>’ (35)

(W 1 (DU[W, (1)) = (k|e™bokaD U], (36)
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(W o DIVEAD[T o)) = e Ea=Ed (o [ V(0) ),
(37)
and
(T OV OT (1)) = (k| Pk V(D) 1h,),  (38)
where
Vo(t) = V() + N (1 —x; + N )A%(D)
=0 A(0) - pe+ (1 —v)F @) - 1+ (02 +v,)A%(1)/2

(39)
and
Quialt) = Ox(t) + W (r,1) — Et
=(Ey—E)t+k-a(t)+ (v, - 1)
XA(1) -1+ (v, + 1) B(1). (40)

Finally, the matrix element
(W g (D] Uy i (1)) = /BB R0-a0 g | ]k (41)

is independent of both gauge and partitioning.

As a consequence of these properties of the matrix ele-
ments the transition amplitude depends only on v, as is
shown below.

C. S-matrix series

The operator éx(t,t’) can be expanded either in terms of
the operator (A?()z(t,t’),

Gy(1,1") = GA1,t') + f At Gylt,1) V(1) G (11,1'),

(42)

or in terms of the operator (A}Q(t,t’),
Gy(t.t') = Gh(r.1) + J dt, Gi(t,1)UGy(t,.1').  (43)
Substitution of Eq. (43) in (42) yields

Gy(t.t) =GO (1.1") + J At Gt 1) Vo (1) G (1y,1")

+ffdfzdﬁé)f((f,fz)Uéx(fz,h)Vg)(,x(h)é?\(fhf’)~

(44)

A further substitution of either (42) or (43) in Eq. (44) results
in a series expansion of Gy(z,7). Inserting this expansion in
Eq. (19) generates the S-matrix series for the transition am-
plitude between the initial state and the final state to any
desired order,

Siee= 2 Sy (45)
n=0

with

023421-4



GENERALIZED GAUGE-INVARIANT FORMULATIONS OF...
) _ ~0
Ska = l<qlx,k(Ff)|Gx((f', 1) a(1)), (46)

Sk)_lfdf1<q’Xk(ff)|Gf(lfJ1)V9(x(fl)G (t1,1)| (1))

(47)

Depending on whether (42) or (43) is substituted in (44) one
obtains either

S0 =i f f dtdty (Wi (17)| it ) U

X GOty 1)) Vi A (1) G (11,1) [ (1)) (48)
or

{(zi_lffdtldt2<ka(tf |Gx(ff,fz)U

X Gty 1) Vo \ (1) G (11,1 [1a(1:)) (49)

and so on, where the integration is performed in the range ¢;
tot -

PHYSICAL REVIEW A 79, 023421 (2009)

From Eqgs. (34) and (35) it follows that

SO = (W (1)[W) (1) = Pk DG (k) (50)

where ¢, (k)=(k|,) is the Fourier transform of t,. From
Egs. (34) and (23) it follows on the other hand that

Ska=i j fdth,k(t)|v§,x<t>|%,a<r>>, (51)

i

which—using the identity (38)—can be reduced to

I ; _

Sva=i f di(k|e POV (1) ). (52)

5

In an analogous way, Eq. (48) can be transformed using
(28) as

@—ZJ dtzf dty (W k( t2)|UG (t2’t1)vg)()\(t1)|¢)\ ot1))

i

i

or Eq. (49) can be transformed using (22) as

=f dfzz <\I}X,k(t2)|U|\P)\,a’(t2)>f dl1<q’x,a'(f1)|V?{,x(ﬁ)m’)\,a(ﬁ»

I ) ) ) _
= f dt, >, (k|e ke DU ,,) f dt, e EaEd (| V(1)) ), (53)
! o' 53

ka_lf dfzf dfl(‘I’Xk(f2)|UGf(f2J1)V?m\(f1)|%a(f1)>

= f dt22 <‘Px,k(t2)|U|‘I’x,k'(f2)>f dt1<\I,X,k’(tl)|V?(,)\(tl)|\l,)\,a(tl)>

i k'

= f drEe’(ErEk Jrilk=k')-alt) (| ) f dt (K| R V() [, (54)

1f

Continuing in an analogous manner, it can be shown that S{(’Q
for any order n depends only on v. Therefore, S, itself
depends only on v. In the next section some particular cases
will be considered explicitly.

D. Particular cases

As a first example, consider the case studied in [14]. It is
obtained using v={0,0} where one has

V() =F(@) -, (55)

Qo) = (Ex—Et+k-a(t) = A1) - v+ B(1).  (56)

This formulation is achieved using the following partition-
ings for different gauges:

A={-1,0} inR gauge, A={-1,1} inV gauge,

(57)
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A={0,0} in L gauge.
Since in the L gauge the relation I-Al?\zlfl0 holds, the gauge-
invariant formulation with v={0,0} reproduces the tradi-
tional SFA in the L gauge.

However, in an analogous way, the traditional V-gauge
SFA is obtained with v={1,-1} (cf. [20]), where

V() =A() - p.., (58)

kaa(t) = (Ek - Ea)t+ k- a(t) (59)

It can be achieved using the following partitionings for dif-
ferent gauges:

N={0,—1} in R gauge, A={0,0} in V gauge,

(60)

N={1,-1} in L gauge.

In a similar way, the traditional R-gauge SFA is obtained
with v={1,0}, where

V(1) = A(0) - p. + A%(1)/2, 61)

Qualt) = (Ex— E )t + k- a(t) + B(1). (62)

It can be achieved using the following partitionings for dif-
ferent gauges:

A={0,0} in R gauge, N={0,1} in V gauge, (63)

A={1,0} in L gauge.

Clearly, every S-matrix expansion (SFA formulation) in one
of the “conventional” (length, velocity, or radiation) gauges
can be obtained by adopting any of the possible gauges, if
the partitioning of the Hamiltonian is chosen accordingly.

IV. CONCLUSION

In this work it is shown how the (infinite-order) S-matrix
expansion describing atomic or molecular systems in intense
laser fields depends on the choice of both the gauge and the
partitioning of the Hamiltonian. For this purpose a general-
ized gauge as well as a generalized partitioning scheme is
introduced. They are defined by four independent parameters
(x; and x, for the gauge as well as | and \, for the parti-
tioning). However, the S-matrix expansion is then shown to

PHYSICAL REVIEW A 79, 023421 (2009)

depend on only two parameters, v;=1+\;—x; and v,=\,
—X,. Clearly, every possible combination of the parameters
defining the gauge and the partitioning that conserves the
values \|—x; and \,—x, leads to an identical S-matrix ex-
pansion (up to an overall phase factor that cancels when
calculating physical observables).

The present analysis thus shows that one has to be very
careful not to consider solely the gauge, since a suitable
choice of the partitioning may lead to an S-matrix expansion
that is identical to the one obtained in some other gauge, as
was also demonstrated in [14] where the velocity-gauge ex-
pansion appeared to agree with what is usually known as the
length-gauge S-matrix expansion. In fact, it is much more
appropriate to discuss different expansions (defined by a spe-
cific combination of gauge and partitioning) than different
gauges. This allows introduction of some terminology like
“equivalent expansions in different gauges” instead of the
perhaps confusing “gauge-invariant (first-order) KFR ap-
proximation in the velocity gauge” [14].

Furthermore, the present result demonstrates that there re-
mains an in principle infinite set of S-matrix expansions
(characterized by different values of v,,v,) that are shown to
provide the same transition probabilities only in the limit of
an infinite series expansion, if the latter converges. Truncated
series like, e.g., the zeroth-, first-, or second-order expan-
sions will, however, in general disagree. Thus the question of
a “proper” choice of the expansion in the case of truncation
remains and can be clarified only by a comparison to either
experiment or gauge-independent theory (like full solutions
of the time-dependent Schrodinger equation).

In the authors’ opinion, there is no a priori reason to
believe that one expansion is necessarily advantageous over
others for all atomic or molecular systems as well as all
possible laser parameters. Similarly to various physical ap-
plications, where the choice of a suitable expansion is opti-
mized in order to achieve faster convergence, there may exist
an optimal parameter set v for a given problem. This set may,
however, not necessarily agree with one of the traditional
SFA expansions. A deeper understanding certainly requires
further studies.
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