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In this paper we report energy and angular distributions of electrons emitted in collisions of protons with
neon-�F−,Ne0 ,Na+�, argon-�Cl− ,Ar0 ,K+�, krypton-�Br−,Kr0 ,Rb+�, and xenon-�I− ,Xe0� isoelectronic series for
high and intermediate impact energies. Calculations were performed within the continuum distorted wave-
eikonal initial-state method using an angular expansion in spherical harmonics and a numerical evaluation of
the radial functions corresponding to both: the initial �bound� and the final �continuum� states in the same
central potential. The first Born approximation was calculated on equal footing. The shellwise local plasma
approximation was also calculated when possible. A complete and exhaustive comparison with the available
experimental data is carried out. We have spanned almost all the published experiments in our range of interest.
Successes and failures of the different theoretical methods are pointed out. Possible signatures of many-
electron effects are noticed.

DOI: 10.1103/PhysRevA.79.022708 PACS number�s�: 34.50.Fa, 32.80.Aa, 33.15.Ry

I. INTRODUCTION

In a previous paper �1� �hereafter referred to as paper I�
we undertook the task of calculating the ionization total cross
section of protons colliding with elements of the
helium �He0,Li+�, neon �F−,Ne0 ,Na+�, argon �Cl− ,Ar0 ,K+�,
krypton �Br−,Kr0 ,Rb+�, and xenon �I− ,Xe0� isoelectronic se-
ries. Although our particular interest focused on the electron
yield as well as the total energy loss of protons impinging on
NaCl-insulator surfaces at grazing angles, we also calculated
ionization of rare gases �He, Ne, Ar, Kr, and Xe�, where
several experimental data are available. Calculations were
performed within the continuum distorted wave-eikonal
initial-state �CDW-EIS� method using an angular expansion
in spherical harmonics and a numerical evaluation of the
radial functions corresponding to both the initial �bound� and
the final �continuum� states. The first Born approximation
was also calculated on equal footing. For comparison, we
also calculate the shellwise local plasma approximation
�SLPA�, which has been used to determine electron yields
and energy loss of protons in collision with insulator surfaces
�2�. Performances of the theoretical methods as compared
with the experiments at level of total cross section were
pointed out in paper I. For singly charged targets, we found
that SLPA overestimates or underestimates the CDW-EIS de-
pending whether the target is charged positive or negative.

In this paper we go on further and examine in detail en-
ergy and angle singly differential cross sections. Our target is
to find in what energy and angle regions the theories fail by
comparison with the measurements. For rare gases there is a
series of experiments we can compare. In particular, for Ar
targets, there are detailed experiments carried out in three
different laboratories �3�. For Ne and Kr there are experi-
ments of energy distributions in terms of the Platzman plot
�4–6�. For Xe targets, there are few energy differential cross
sections published by Toburen �7�. The article of Rudd et al.
�6� collected all known experimental data on energy distri-

butions at that time, and we compared with all of them in our
range of energy. For angular distributions, on the contrary,
there are very few data: we have only results for Ar �3�. We
also report here the differential cross sections for charged
targets since they are very relevant for collisions of protons
with NaCl surfaces, but unfortunately, there are no experi-
ments for negative and positive targets to compare with. Be-
fore proceeding, it should be mentioned that theoretical cal-
culation within the CDW-EIS at level of double differential
cross sections for He, Ne, and Ar was reported by Gulyás
and Fainstein and collaborators using different potentials
�8–12�. We will omit the target helium since there are several
theoretical calculations; it has become lately an ideal bench-
mark to treat two active electron systems. In Sec. II we
present the results and then the conclusions. Atomic units are
used.

II. RESULTS

Before presenting the results, here is a brief description of
the calculations. For each state, the central potential was de-
termined from the Hartree-Fock wave functions and im-
proved to achieve the best binding energy and moment of the
position. As indicated in paper I, we expanded both the ini-
tial �bound� and final �continuum� electron wave functions in
spherical harmonics times radial wave functions which re-
quire the numerical solution of the radial Schrödinger equa-
tion. To that end, we have used the code RADIALF developed
by Salvat et al. �14�. The Clebsch-Gordan coefficients permit
one to solve the angular coordinates in closed forms but
radial functions need to be integrated numerically using a
radial grid. With the use of the hypergeometric function 2F1,
which solves the integrals on the projectile variables, we
obtain the T-matrix element T�E ,�E ,�� � for each electron
energy �E�, electron angle ���, and projectile transversal mo-
mentum transfer ��� �. The double-differential cross section is
obtained after integrating on �� , i.e.,
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where v is the projectile velocity and nlm are the usual quan-
tum number of the initial state. In this paper we concentrate
on the single differential cross sections, in energy and angle
which read

d�nlm
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d�nlm

dE d�
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d�nlm
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=� dE

d�nlm

dE d�
. �2�

Total magnitudes, as displayed in this paper, involve the sum
over all the relevant states of the target, i.e., on n, l, and m.
The sum on n, l, and m was extended to include two com-
plete shells: i.e., for Ne �nlm=2p0�1, 2s, and 1s�, Ar �3p0�1,
3s, 2p0�1, and 2s�, Kr �4p0�1, 4s, 3d0�1�2, 3p0�1, and 3s�,
and Xe �5p0�1, 5s, 4d0�1�2, 4p0�1, and 4s�. For impact en-
ergies larger than 1 MeV, we have concentrated on the cal-
culation of the Born approximation with a more accurate
numerical precision. In these cases, we use 28 ejection
angles, up to 50 electron energies, and up to lmax=32. For
further details of the calculations, see paper I.

A. Energy distributions

We start by studying the Ar target, following on the article
of Rudd et al. �3�, who reported an exhaustive set of experi-
mental double differential cross sections by protons in our
range of interest. To our interest, the authors also reported
single differential cross sections integrated in either angle or
energy performed in three different laboratories. In Fig. 1 we
plot the CDW-EIS �solid lines�, Born approximation �dotted
lines�, and SLPA �dashed lines� along with the measured
cross sections. For 50 keV we have two sets of experiments,
and for 300 keV we have the convergence of the measure-
ments coming from the three laboratories involved in the
project. In general, the theories have a reasonable perfor-
mance running close to the experiments along six orders of
magnitude. However, on closer examination, two disagree-
ments are observed.

�i� First, the CDW-EIS does not reproduce the experi-
ments in the low-electron-energy regime. This discrepancy
has been also observed in Ref. �9� at the level of double
differential cross section and no explanation was found.
Later on Kirchner et al. �12� demonstrated that the energy
distribution depends strongly on the explicit form of the local
static exchange potential. The authors used the optimized
potential model �OPM� and obtained a better agreement with
the experiments. Our V3p potential agrees perfectly well with
the OPM one in the range plotted in Fig. 1 of Ref. �12�. But
our V3s potential is substantially smaller than the OPM in the
same range. We have compared our wave functions with the
ones obtained using the OPM calculated with the program of
Ref. �13� and verify that they are indistinguishable from each
other. Unexpectedly, the SLPA shows a good agreement with
the experiments in that low-energy region. It is known that
the SLPA is a first-order model which considers the target as
a local free-electron gas. The success of this model is the
description of the total stopping power and straggling. We
cannot expect, however, the SLPA to account for the details

of the energy distribution. Instead, the CDW-EIS is expected
to be a more specialized theory to that end. It is nonlinear
which means that it accounts for higher order in the projec-
tile charge, including the capture to the continuum, and its
calculation is quite rigorous. Anyway, even with these limi-
tations, the SLPA accounts for a many-electron system and
explains the low-energy electron regime. Having this point in
mind, we essay possible explanations for these low-energy
behaviors as explained next.

The CDW-EIS is a theory based on the independent elec-
tron model, in which electrons not involved in the transitions
are considered frozen. On the other hand, the SLPA considers
all the electrons of a given shell fully correlated within the
Lindhard-Louis-Levine dielectric-response function. It
would be more convenient to classify it as an independent
shell approximation since all the electrons of the shell react
self-consistently to the presence of the projectile. Electrons
emitted with low energies essentially stem from large dis-
tances from the projectile seeing the projectile shielded by
the other electrons, and therefore their Coulomb charge di-
minishes. In consequence, the differential cross section
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FIG. 1. �Color online� Energy differential cross sections for ion-
ization of Ar by protons at four different impact energies as indi-
cated. Symbols �green�, experiments reported by Rudd et al. �3�.
The different symbols correspond to different laboratories as indi-
cated in the same reference. Crooks and Rudd, and Rudd performed
at Bethlen; measured by Toburen at Battelle, and Gabler and
Stolterfoht at Hahn-Meitner, Germany. Theories: Solid �red� lines,
CDW-EIS; dotted �black� lines, Born approximation; and dashed
�blue� lines, SLPA.
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should be smaller as observed in the experiments, and in
agreement with the SLPA prediction. If this were the case,
and this is to be proven, we would be in the presence of a
many-electron signature and it would open an interesting
field to explore. There could be another source involving a
many-electron process—the polarization potential created by
the remaining electrons upon the emitted one—but as we are
dealing with Coulomb potentials this effect should not be
noticeable. There are experimental difficulties to determine
accurately differential cross sections for slow ejected elec-
trons, say E�10 eV �7�, so the development of a theory that
can predict an accurate energy distribution can serve not only
as a valuable tool to gauge experimental errors �3� but also to
determine the physics involved in large distances �soft� col-
lisions. This would be of particular interest in collision with
solids where the interactions are diminished by the presence
of the remaining bulk. There is another possibility left: there
is not a many-electron effect, the agreement of the SLPA is
fortuitous, and the CDW-EIS simply fails to describe the soft
peak in our range of velocities. At large electron energies
both the CDW-EIS and SLPA converge to the Born approxi-
mation. This convergence is to be expected since high-
energy electrons come from head-on collisions �short dis-
tances� where the nucleus projectile charge is mandatory.

�ii� The second outcome to be noted is that at large proton
energies, the SLPA distribution starts to show a spurious
peak at around 40 eV, not present in the experiments. This
structure can be attributed to a local or quasiplasmon effect
as explained next. The basic assumption of the local plasma
approximation is to consider that at every position, the pro-
jectile samples a free-electron gas with a plasmon energy
�p=�4�n�r�, where n�r� is the local electronic density. To
visualize the problem, it is convenient to change the integra-
tion variable. Instead of sampling all the projectile positions
r, we can integrate on the all possible plasmon energies �p.
The change of variable reads �15,16�

dr =
�p d�p

2�

1

�dn�r�
dr

	 . �3�

It becomes clear that for the energy values so that
dn�r� /dr=0, the denominator of Eq. �3� diverges and that
divergence is called “pseudo” plasmon here. Mathematically,
this divergence has generally a logarithmic structure and it is
integrable. For a homogenous free-electron gas, the elec-
tronic density is a constant in every position and all the de-
rivatives of the density are zero, and therefore we find a
Lorentzian-type peak which is the signature of “real” plas-
mon. Thus we can think that a real plasmon comes into ex-
istence when the cancellation of the successive derivatives of
the electron density allows a constant value for the density in
the whole space. As the velocity increases, the pseudoplas-
mons appear producing unrealistic structures and they should
be considered as an artifact of the theory.

The energy distributions present a scale involving several
orders of magnitudes and so the fine details could pass un-
noticed. An alternative way to plot the energy distribution is
the Platzman plot whose physical interpretation is the effec-

tive number of electrons. This is a ratio between d� /dE and
the “modified” Rutherford cross section by impact of one
electron with the same energy. It reads

Y =
d�/dE

�d�/dE�Rud
=

v2�E + I�2

4�

d�

dE
, �4�

where I is the modulus of the binding energy of the outer-
most shell. The difference between the modified Rutherford
expression and the “original” one is the presence of I. For the
rare gases we used the values of Bunge et al. �17� �I
=0.850, 0.591, 0.524, and 0.457 a.u. for Ne, Ar, Kr, and Xe,
respectively�. The magnitude Y is a powerful tool for analyz-
ing and identifying the different features in the SDCS in fine
detail �5,6�.

In Fig. 2 we present the theoretical Platzman plots for Ne
and compare with the experiments �6�. The agreement of the
theory with the experiments is satisfactory and it also agrees
with the results obtained with the OPM as reported in Fig.
2�a� of Ref. �12�. In this case our theory runs along the ex-
periment at low electron energies. For 1-MeV protons, the
deficiency of the CDW-EIS and Born approximation at very
large electron energy, where the differential cross section
falls off four orders of magnitude, may be possibly due to the
insufficient number of angular momentum used. The good
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FIG. 2. �Color online� Platzman plot from protons on neon as a
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agreement at 100-keV impact energy may be fortuitous, as
pointed out in Ref. �5� where also the first Born calculations
using Hartree-Fock wave functions were presented. This
good agreement at 100-keV is not supported by the conver-
gence at higher impact energy, as one should expect. The
SLPA gives also a good account of Y but, for 1 MeV it starts
to present a pseudoplasmon at 180 eV.

Platzman plots for krypton are presented in Fig. 3 and
compared with experimental data for three impinging ener-
gies: to our knowledge, the only available in our range of
energies. For 1- and 3.67-MeV impact energies, we display
just the Born approximation because the CDW-EIS is almost
identical. The dip at around 30 eV is noteworthy. The dip is
also notable in the experiment but much less dramatic than
the theory. In the lower part of the figure, we also present
some theoretical prediction of Y in the CDW-EIS for other
energies to have a more complete idea of shape and position
of the dip. To be sure that the dip is not rooted in a numerical
problem, we carried out the calculation with the Born ap-
proximation with 28 ejection angles, 50 electron energies,
and up to lmax=32. Although this dip occurs when the elec-
tron initial wave function has nodes, it would not be appro-
priate to identify it fully with Cooper minima. It would be

better to say that it occurs as a consequence of the nodes of
the Fourier transform of the outer 4p�1 states. As the
squared modulus of the Fourier transform gives the probabil-
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ity of the state having the electron a given velocity, we can
explain the dip as related to the incapability of the state to
provide electrons with velocities so that a binary collision
with the projectile would end in the energy region of the dip.
The theoretical dip is quite significant and this energy region
should be explored more carefully. At 100 eV the CDW-EIS
again does not reproduce the experiments in the low-
electron-energy regime.

In Fig. 4 we display energy distributions times the elec-
tron energy for three different proton velocities: 300, 1000,
and 2000 keV on xenon targets. Our theoretical results
CDW-EIS, Born approximation, and SLPA are compared
with the experiments published by Toburen �7�, the only ones
to our knowledge. In general all the theories work reasonably
well: they describe the experiments along 6 orders of mag-
nitudes. It is not clear whether the experiments follow the
CDW-EIS approximation in the low-energy regime. Again
for large velocities the SLPA presents a pseudoplasmon at 20
eV. It corresponds to a maximum of the density of the 5p-Xe
state at 0.65 a.u. from the nucleus �18�. Peaks occurring in
the experiments at 30–40 and 400–500 eV correspond to
Auger transitions filling the vacancies in the N and M shells.
In the lower part we display Y plots for different energies.
Here one can identify better the fine structures of the distri-
butions. The waves of Y should be adjudicated to the nodes
of the Fourier transform of the outer 5p�1 and in a lesser
scale to the inner shells.

In Figs. 5 and 6 we report the Platzman ratio Y for
charged ions. For negative and positive ions we used the
values of I given by Clementi and Roetti �19� �I=0.180,
0.150, 0.138, and 0.129 for F−, Cl−, Br−, and I−; and I
=2.79, 1.79, 1.17, and 1.01 for Li+, Na+, K+, and Rb+, re-
spectively�. It can be observed that positive ions do not
present any structure at all, but negative ones do exhibit in-
teresting structures mainly because of the outer shells which
are relevant in this range of energy. Although less noticeable,
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it is possible to observe a dip minimum in Br−, probably as a
consequence of belonging to the Kr isoelectronic series; it
seems to be the most sensitive one. To our knowledge there
is no single differential cross section published for charged
targets in our range of interest. Knowing these distributions
plays a very important role in the prediction of spectra of the
emitted electrons in collisions of protons with insulators.

B. Angular distributions

We start again with argon where angular single differen-
tial measurements were published in detail in Ref. �3�. Figure
7 presents angular distributions for six proton impact ener-
gies. CDW-EIS and Born approximation are also plotted.
The SLPA is not shown since it cannot provide information
on the direction of the ejected electron; it does not account
for the target nucleus recoil which is important in this case.
At the lower impact energies large differences are observed
between the CDW-EIS and the Born approximation mainly
in the forward direction and should be attributed to the cap-
ture into the continuum processes. As the proton energy in-
creases both theories converge, but not to the extent of the
experiments at large angles. The data run quite below the
present theories, even at 1 MeV, where one should expect the
Born approximation to converge to the data. At 1-MeV pro-
ton energy, the recommended experimental value for the to-
tal cross section is 5.07 a.u �20�, which compares reasonably
well with 5.90 predicted by the CDW-EIS �1�, that is 16%
above �21–25�. However at the largest angle measured
�125°� the theories run 70% above, which is a serious dis-
agreement to take into consideration. We should also keep in
mind that the experiments include the Auger emission. These
postcollisional processes will increase the theoretical values
at larger angles even more since the decay electrons present
isotropiclike spectra.

In Fig. 8, we display angular distributions of protons for
the rest of the rare gases, i.e., Ne, Kr, and Xe. We also in-
clude He for completeness, although this system has been
studied in detail by other authors within the Born approxi-
mation and CDW-EIS at the level of double differential in
detail in Ref. �26,27�. Along the CDW-EIS, the Born ap-
proximation is included for all the cases but for just two
energies: 300 keV, i.e., the minimum impact energy for
which it converges to the CDW-EIS at level of total cross
section, and 1 MeV, the maximum energy here studied. Note
that, although at 300 keV the total cross section in Born
approximation is closed to the CDW-EISA, there are still
substantial differences at the level of angular distribution due
to the capture into the continuum mechanism. As pointed out
by Toburen �7�, there is an enhancement of cross sections for
electron emission into larger angles for the heavier targets.
As the velocity increases the angular distributions are ruled
by low-energy electrons which are ejected in soft collisions
at large impact parameters, and as a consequence of the di-
pole transition rules one would expect the distribution to be
more isotropic as observed in the experiments for all the
targets. Unfortunately no angular distributions were reported
for Ne, Kr, or Xe.

Finally in Figs. 9 and 10, we display angular distributions
for impact of protons on negative and positive target ions

where the same features are observed. Inspecting these fig-
ures, one could say that negative ions provide more isotropic
distributions than the ones of positive targets. No experi-
ments have been reported for these cases yet.

III. CONCLUSIONS

Single differential cross sections in energy and angle for
protons on rare gases and singly charged ions have been
reported in detail. Theoretical methods CDW-EIS and first
Born approximation were presented and compared with al-
most all the experimental data available in the high-energy
regime, i.e., between 50 keV and few MeV. A complete set of
results is plotted which will help to understand future experi-
ments. For energy distributions SLPA results were also dis-
played. The comparison was designed to be as complete,
comprehensive, and exhaustive as possible.

We can summarize the following points:
�i� At level of energy distribution, the CDW-EIS and first

Born approximation give in general good account of the
available experiments in the high-electron energy range.

�ii� Surprisingly the SLPA gives a very good agreement
with the experiments except at some specific emission ener-
gies where the derivative of the electronic density cancels,
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300 and 1000 keV.
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giving rise to spurious pseudoplasmons �only at very large
impact energies�.

�iii� There is an overestimation of our CDW-EIS calcula-
tions for Ar at low electron energy. It would be interesting to
study if there is a deficiency of the static potential used in
this work, or in the presence of correlated processes at an
impact velocity range where the single-electron model is ex-
pected to work. For the other rare gases, the CDW-EIS seems
to work properly at least at level of energy distribution.

�iv� At level of angular distribution, the performance of
our CDW-EIS method for argon is disappointing. At large
impact velocities where one would expect this method to

converge both to the Born approximation and to the experi-
ments, they do not. Our calculations are consistently large at
large angles where we have up to 70% of difference with the
experiment.

It would be interesting to have measurements of single
differential cross sections at low electron energy to investi-
gate the role of the potential and the possibility that a new
physics is involved that is not accounted for by the CDW-
EIS approximation.
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