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We propose a two-photon correlated emission laser to generate entanglement amplifier for bright light
source. The coherence between upper and lower levels is generated in a Raman-driven scheme using two
external classical fields. The proposed scheme is practically more suitable for the macroscopic entanglement of
photons of the two modes of the cavity field.
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According to the superposition principle, a quantum sys-
tem may exist in a linear superposition of at least two differ-
ent eigenstates of an observable. For a multipartite system,
the corresponding superposition leads to quantum entangle-
ment. The concept of entanglement is at the core of quantum
computation, quantum communication, and quantum cryp-
tography. Therefore, considerable effort has been devoted to
the study of entangled states. More recently, studies have
been made toward generating macroscopic entangled states
of the objects �1�.

We proposed a scheme for generating an optically macro-
scopic state of entangled state �2,3� in a correlated emission
laser �CEL� �4–7�. The CEL-based scheme of a three-level
atomic system in the cascade configuration uses coherence
between the upper and the lower levels either to generate the
phase-sensitive amplification �7–9� or to be used as an en-
tanglement amplifier �2�. The required atomic coherence can
be established using external driving fields. In �2�, this is
done by coupling the upper and the lower levels by a single
driving field. As the coupling between the upper and the
lower levels is dipole forbidden, this requires a higher-order
process which is practically unsuitable.

To avoid this situation, certain schemes have been pro-
posed for the two-photon phase-sensitive amplifier within the
framework of multiwave mixing �9� and four-level Raman-
driven system �10�. In the latter scheme the atomic coherence
between upper and lower levels is established via a fourth
level using two external classical driving fields.

We discuss here the question of generating macroscopic
entanglement of photons in the two modes using a four-level
Raman-driven system. The advantage is to get an experimen-
tally more suitable driven system for the entanglement of
bright light. We consider a four-level atomic medium placed
inside a doubly resonant cavity as shown in Fig. 1. The at-
oms interact with the cavity modes resonantly. The coher-
ence between the upper and the lower levels is introduced by
driving the atoms with two external classical driving fields.

In order to ascertain the entanglement between the two
cavity modes, we use a criterion which is based on quadra-
ture measurements as given in �11� and known as Duan cri-
terion. According to this criterion, a state of the system is
entangled if the sum of the quantum fluctuations of two
Einstein-Podolsky-Rosen operators û and v̂ of the two modes
satisfies the inequality

��û�2 + ��v̂�2 � 2. �1�

This is in general a sufficient condition for entanglement. For
a Gaussian state, this is a sufficient as well as necessary
condition. Here

û = x̂1 + x̂2, �2�

v̂ = p̂1 − p̂2, �3�

and x̂j = �aj +aj
†� /�2 and p̂j = �aj −aj

†� /�2i �with j=1,2� are
the quadrature operators for the two modes 1 and 2 which
can be measured using the balanced homodyne detection
scheme �12�. On substituting the values of û and v̂ to the left
side of the Eq. �1�, we obtain �13,14�

��û�2 + ��v̂�2 = 2��a1
†a1� + �a2

†a2� + �a1a2� + �a1
†a2

†� − �a1�

��a2� − �a1
†��a2

†� + 1� − �a1��a1
†�

− �a1
†��a1� − �a2��a2

†� − �a2
†��a2� . �4�

We need to calculate the corresponding moments in Eq. �4�
to check for the entanglement generation. In the following,
we develop a mathematical model for the entanglement am-
plifier.

Consider a four-level atom with energy levels �a�, �b�, �c�,
and �d� as shown in Fig. 1. The coherence between levels �a�
and �c� is introduced via energy level �d� using two external
classical driving fields with optical frequencies �1 and �2.
The atom interacts with the cavity modes having frequencies
�3 and �4 inside a doubly resonant cavity. The interaction
picture Hamiltonian of the system can be written as

HI�t� = − �	�1

2
�a��a� −

�2

2
�c��c� +

�1

2
ei�1�a��d� +

�2

2
ei�2�c�

��d� − g1a1�a��b�ei�1t − g2a2�b��c�ei�2t + H.c.
 , �5�

where a1 �a1
†� and a2 �a2

†� are the annihilation �creation� op-
erators of the fields of frequencies �3 and �4, whereas �1
=�d−�a−�1 and �2=�2−�d+�c are the detunings corre-
sponding to the classical driving fields of frequencies �1 and
�2, respectively.

The master equation of the system in the configuration in
Fig. 1�b� can be obtained via standard method of the laser

PHYSICAL REVIEW A 79, 013831 �2009�

1050-2947/2009/79�1�/013831�7� ©2009 The American Physical Society013831-1

http://dx.doi.org/10.1103/PhysRevA.79.013831


theory. Here we only consider the linear amplification of the
signal field which is sufficient for the discussion of entangle-
ment generation �2,13,14�. Therefore, we consider a
quantum-mechanical treatment for the transitions between
levels �a� and �b� and �b� and �c� up to the second order in the
coupling constants g1 and g2. However, for strong driving
fields, we consider all orders in the Rabi frequencies �1 and
�2. We also assume that the atoms are injected in the cavity
in level �d� at a rate r and the resonance condition �1+�2
=0 is satisfied. The resulting equation for the reduced density
operator for the required cavity field modes is therefore writ-
ten as

	̇ = − �B11
� a1a1

†	 + B11	a1a1
† − �B11 + B11

� �a1
†	a1 + B22

� a2
†a2	

+ B22	a2
†a2 − �B22 + B22

� �a2	a2
† + B12

� a1a2	 + B21	a1a2

− �B12
� + B21�a2	a1 − �B12 + B21

� �a1
†	a2

† + B12	a2
†a1

†

+ B21
� a2

†a1
†	� − 
1�a1

†a1	 − 2a1	a1
† + 	a1

†a1�

− 
2�a2
†a2	 − 2a2	a2

† + 	a2
†a2� , �6�

where 
1 and 
2 are the cavity decay rates of mode 1 and
mode 2, respectively. A detailed procedure for this derivation
is presented in �10�. The coefficients in Eq. �6� for the case
where �1=−�2=0 are calculated as

B11 =
6g1

2r�2�1
2

D
, �7�

B22 =
6g2

2r�2�2
2

D
, �8�

B12 =
6g1g2r�2�1�2

D
ei��1−�2�, �9�

B21 =
6g1g2r�2�1�2

D
e−i��1−�2�, �10�

where D=2�2�4�2+�1
2+�2

2���2+�1
2+�2

2� and � is the
atomic decay rate from levels �a�, �c�, and �d�, which for
simplicity’s sake we assume to be equal. Here B11 is the gain
term for the first mode and B22 is the absorption term for the
second mode. We observe from Eqs. �7� and �8� that the
system does not behave as parametric oscillator because B11
and B22 never go to zero for the condition �1 ,�2�� �10�.

The equations of motion for the various moments in Eq.
�4� are required to verify the entanglement generation. These
can easily be obtained from Eq. �6� by taking traces for the
corresponding moments. For the choice �1−�2=0, we get
two sets of coupled rate equations,

d

dt
�a1

†a1� = 2�B11 − 
1��a1
†a1� + B12��a1a2� + �a1

†a2
†�� + 2B11,

�11�

d

dt
��a1a2� + �a1

†a2
†�� = �B11 − B22 − 
1 − 
2���a1a2� + �a1

†a2
†��

+ 2B12�a2
†a2� − 2B21�a1

†a1� − 2B21,

�12�

d

dt
�a2

†a2� = − 2�B22 + 
2��a2
†a2� − B21��a1a2� + �a1

†a2
†�� ,

�13�

FIG. 1. �Color online� �a� Atomic medium inside a doubly reso-
nant cavity; two external classical driving fields are applied. �b�
Four-level atomic configuration: The transitions between �a�→ �b�
and �b�→ �c� are resonant with the cavity field with frequencies �3

and �4. The coherence between atomic levels �a� and �c� is estab-
lished via off-resonant transitions �a�⇔ �d� and �c�⇔ �d� using ex-
ternal driving fields at frequencies �1 and �2. The corresponding
detunings are �1=�da−�1 and �2=�2−�dc.

FIG. 2. �Color online� Resonant case: time evolutions of �a�
��û�2+ ��v̂�2 and �b� �N�= �a1

†a1�+ �a2
†a2� for initial vacuum state

�in terms of normalized time Kt, where K=g2r /�2�. Different pa-
rameters are selected as r=50 MHz, 
1�
2=0.05 MHz, �
=20 MHz, and �1��2= �i� 40, �ii� 50, and �iii� 60 MHz.
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d

dt
�a1� = �B11 − 
1��a1� + B12�a2

†� , �14�

d

dt
�a2

†� = − �B22 + 
2��a2
†� − B21�a1� . �15�

The time evolution of the various moments can be deter-

mined and analytic expressions can be obtained for an arbi-
trary choice of initial state. These can then be used to test
entanglement criterion �4� and calculate the mean photon
number �N�. However, the resulting expressions are cumber-
some and complex to reproduce here. Hence we present ex-
act solutions of ��û�2+ ��v̂�2 and �N�= �a1

†a1�+ �a2
†a2� for an

initial vacuum state for the two modes only,

���û�2 + ��v̂�2�t =
23

1
e1t/2 sinh

1t

2
− 2�13	 �1 + �2�e1t

1�i
�1 − �i�

+
�2

1�i
�i

− i,j,k,i�j,j�k

e�it��2 + �i�
�i�1 − �i���i − � j���i − �k�


+ 2�4	 �2

�i
�i

− i,j,k,i�j,j�k

e�it��2 + �i�
�i��i − � j���i − �k�
 + �2	i,j,k,i�j,j�k

e�it��i − 1�
�i��i − � j���i − �k�



+ �1�4	i,j,k,i�j,j�k

e�it��i − 1�
�i��i − � j���i − �k�

+
1

�i

 − �13	i,j,k,i�j,j�k

e�it��2 + �i�
�i��i − � j���i − �k�

−
�2

�i
�i



− �4	i,j,k,i�j,j�k

e�it��i − 1�
��i − � j���i − �k�

+
�21

�i
�i

 + �1�13	i,j,k,i�j,j�k

e�it

�i��i − � j���i − �k�
−

1

�i
�i

 ,

�16�

�N�t =
23

1
e1t/2 sinh

1t

2
− 2�13	 �1 + �2�e1t

1�i
�1 − �i�

+
�2

�i
�i

− 
i,j,k,i�j,j�k

e�it

�1 − �i���i − � j���i − �k�

+ 2�4	 

i,j,k,i�j,j�k

e�it��2 + �i�
�i��i − � j���i − �k�


 + �2�13	 
i,j,k,i�j,j�k

e�it

�i��i − � j���i − �k�



+ �1�4	i,j,k,i�j,j�k

e�it��i − 1�
�i��i − � j���i − �k�


 . �17�

Here,

1 = 2�B11 − 
1� , �18�

2 = B12, �19�

3 = 2B11, �20�

�1 = 2B21, �21�

�2 = B11 − B22 − �
1 + 
2� , �22�

�3 = 2B12, �23�

�4 = 2B21, �24�

�1 = B21, �25�

�2 = 2�B22 + 
2� . �26�

�i’s are the roots of the cubic equation,

�3 + a�2 + b� + c = 0, �27�

where

a = �2 − 1 − �2, �28�

b = − 1�2 + �12 − 2�2 + 1�2 + �3�1, �29�

c = �12�2 + 1�2�2 − 1�3�1. �30�

We observe from rate equations �11� and �13� that 1 �Eq.
�18�� and �2 �Eq. �26�� must be positive in order to maintain
the mean number of photons growing in the two modes
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which is required for the entanglement generation in our sug-
gested system.

We know from our earlier work �15� that the characteristic
function of the two-mode field in the Wigner function repre-
sentation is defined as

���1,�2,t� = Tr�	�t�e�1a1
†−�1

�a1e�2a2
†−�2

�a2� . �31�

Therefore, the general solution for master equation �6� can
also be obtained by using the characteristic function
���1 ,�2 , t�, which for two-mode field under consideration is
given by

���1,�2,t� = �e�B11−
1��1��/��1�−�B22+
2��2��/��2�−B12�2
���/��1�+B21�1

���/��2�−��B11+
1�/2��1
��1−��B22+
2�/2��2

��2+��B12
� +B21

� �/2��1�2+c.c.����1,�2,0� .

�32�

Equation �32� can be solved exactly by defining a set of
operators which form a closed Lie algebra and using the
operator-ordering theorem. We assume that the two-mode
field is initially in a two-mode Gaussian state having a char-
acteristic function �16�

���1,�2,0� = e−�1/2��V0�†
, �33�

with �= ��1
� ,�1 ,�2

� ,�2� and

V0 =�
n1 m1 ms mc

m1
� n1 mc

� ms
�

ms
� mc n2 m2

mc
� ms m2

� n2

� , �34�

where V0 is the covariance matrix, ni= �ai
†ai�+1 /2, mi=

−�ai
2� �with i=1,2�, mc=−�a1a2�, and ms= �a1a2

†�. Hence we
get the time-dependent solution of Eq. �32� as

���1,�2,t� = e−�1/2��Vt�
†
, �35�

where

Vt =�
h1 h11

� h12
� h3

�

h11 h1 h3 h12

h12 h3
� h2 h22

�

h3 h12
� h22 h2

� , �36�

and the elements of Vt are given in the Appendix. The result
shows that the two-mode field state at time t evolves in a
two-mode Gaussian state if it is initially in a two-mode
Gaussian state. The entanglement property of the two-mode
Gaussian state with covariance matrix �36� can be analyzed
by the use of two sufficient and necessary separability crite-
ria for the two-mode Gaussian state �11,17�.

We now discuss how the proposed CEL with Raman-
driven coherence serves as a source of macroscopic entangle-
ment of the light. We assume that the cavity modes are reso-
nant with the atomic transitions �a�⇔ �b� and �b�⇔ �c�.
However, in the case of external fields, we consider resonant
as well as off-resonant interaction. The analysis for the reso-
nant case is presented in Figs. 2 and 3, whereas for the off-
resonant case the results are presented in Figs. 4 and 5. Here
we would like to mention that the time evolutions of the

required quantities ��û�2+ ��v̂�2 and mean photon number
�N�= �a1

†a1�+ �a2
†a2� are plotted versus dimensionless quan-

tity Kt, where the parameter K=g2r /�2. Also in all the nu-
merical results we use the dimensionless parameters �1 /�,
�2 /�, �1 /�, and �2 /�.

For the resonant case, the two external classical driving
fields, having Rabi frequencies �1 and �2, are resonant with
the atomic transitions �a�⇔ �d� and �c�⇔ �d�, which means
�1=−�2=0. We plot the time developments of ��û�2

+ ��v̂�2 and mean photon number �N�= �a1
†a1�+ �a2

†a2� in
Figs. 2�a� and 2�b�, respectively, for an initial vacuum state.
As time increases, the value of ��û�2+ ��v̂�2 becomes less
than 2 and it remains less than 2 for some time. This shows
that the proposed Raman-driven system behaves as an en-
tanglement amplifier of photons of the two cavity modes.
This is due to the coherence introduced between the upper
and lower levels of the atom which is controlled by the two
external driving fields’ Rabi frequencies. We observe that for

FIG. 3. �Color online� Resonant case: time evolutions of �a�
��û�2+ ��v̂�2 and �b� �N�= �a1

†a1�+ �a2
†a2� for initial coherent state

�50,−50�. The rest of the parameters are the same as in Fig. 2.
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the higher values of the Rabi frequencies �where �1��2�
the period of entanglement increases considerably. For ex-
ample, when �1��2=40 MHZ the entanglement starts at
Kt�500 and ends at Kt�3000. The entanglement period
increases to Kt�500–5000 when �1��2=60 MHz �Fig.
2�a��. Figure 2�b� shows the behavior of mean photon num-
ber �N� as time evolves. The mean photon number having
initial value 0 at the beginning �Kt=0� builds up significantly
during the time of entanglement. As observed analytically, it
is found numerically as well that the values of 1=2�B11
−
1� and �2=2�B22+
2� remained �0 in our results.

In Fig. 3, we do the same analysis as done in Fig. 2.
However, the cavity modes are now considered to be in ini-
tial coherent state �50,−50�. The results show a similar be-
havior, as has been observed for the initial vacuum state, of
the time evolution of the two quantities. However, the mean
photon number �N�= �a1

†a1�+ �a2
†a2� is a bit higher now. This

is due to the fact that for initial coherent state �50,−50� the
mean photon number at Kt=0 is 2500.

From Figs. 2�b� and 3�b�, we also observe that the value
of the mean photon number depends on the strength of the
driving fields and the maximum value decreases with in-
creasing Rabi frequencies amplitudes. This is due to the pres-
ence of the cavity losses 
1 and 
2 which determine the
threshold condition for �1 and �2. Here, the threshold con-
dition is found to be �1=�2�10 MHz.

Next, we consider the driving fields to be off-resonant
with the respective atomic transitions. However, they follow
the resonance condition given by �1+�2=0. For simplicity,
we use �=�1=−�2 and analyze the macroscopic entangle-
ment generation and mean photon number for different
choices of the detuning �. We would like to mention that the
analytical computations for off-resonant case become rather
complex when we consider �1��2 which has been consid-
ered in deriving expressions �7�–�10�. Therefore, keeping in
mind the selection of parameters in the resonant case and the
results which we have observed earlier, it is reasonable to
consider that �1=�2=� along with �1=�2=�. Under these
assumptions, all the coefficients Bnm �n ,m=1,2� in Eq. �6�
become equal,

Bnm = g2r
− 2�� − i����e−i� + �3� + i���2

4���2 + �2 + 2�2���2 + 2i�� + �2� + �2 − 4�� cos���
, �37�

where n ,m=1,2.
The effect of atom field detuning � on the entanglement

amplifier and mean photon number is presented in Figs. 4
and 5. We again plot the time evolutions of the Duan crite-

rion ��û�2+ ��v̂�2 and mean photon number �N� for the ini-
tial vacuum state in Fig. 4 and for the initial coherent state
�50,−50� in Fig. 5. In each case, the system becomes a
source of macroscopic entanglement of bright light. The pe-

FIG. 4. �Color online� Off-resonant case: time evolutions of �a�
��û�2+ ��v̂�2 and �b� �N�= �a1

†a1�+ �a2
†a2� for initial vacuum state.

Here �1��2=40 MHz and �1=−�= �i� 15, �ii� 20, and �iii� 25
MHz. The other parameters are same as in Fig. 2.

FIG. 5. �Color online� Off-resonant case: time evolutions of �a�
��û�2+ ��v̂�2 and �b� �N�= �a1

†a1�+ �a2
†a2� for initial coherent state

�50,−50�. The other parameters are the same as in Fig. 4.
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riod of entanglement increases while the mean photon num-
ber �N� decreases with increasing detuning �. We note that
the threshold condition changes and it becomes ��45, 55,
and 65 MHz for �=15, 20, and 25 MHz, respectively. Here,
it should be noted that these threshold conditions are calcu-
lated numerically for resonant as well as off-resonant cases.

It is already mentioned that levels �a�, �c�, and �d� decay
with a common rate � to some other atomic levels. These
atomic decays do not affect the entanglement generation un-
less we are working near threshold conditions. Further, we
do not consider transverse decay rates in the system whose
nonvanishing values decreases the degree of coherence be-
tween atomic levels �a� and �c�. We know from our earlier
work that phase diffusion of the pump field reduces the en-
tanglement in a nondegenerate parametric amplifier �18� and
in a correlated spontaneous emission laser �13�. Therefore,
we expect a similar reduction in macroscopic entanglement
in our proposed system as well. The choices of parameters in
all these results correspond to the experimental parameters
quoted in �2� and references therein.

In conclusion, we have proposed a CEL-based Raman-
driven four-level atomic scheme to generate macroscopic en-
tanglement of light. The atomic coherence is introduced us-
ing two external classical driving fields. The bright light
entanglement is generated in the resonant as well as off-
resonant interaction of the atom with the external driving

fields. It is observed that the entanglement is independent of
the initial state of the cavity modes. The advantage of this
proposed entanglement amplifier over its predecessors is
twofold. First, the atomic coherence is introduced through
Raman-driven setup and, second, there is no dipole-
forbidden transition involved. This makes the system practi-
cally more suitable. It is also observed that the system does
not behave as parametric oscillator because B11 and B22,
which correspond to the emission from level �a� and absorp-
tion to level �c�, never go to zero for the condition �1 ,�2

��. The scheme may be implemented experimentally by
placing an atomic medium, having four-level atoms, inside
the doubly resonant cavity. The atomic medium is prepared
in the initial state �d� by incoherent pumping, whereas the
coherence between levels �a� and �c� is introduced via level
�d� using two coherent external classical fields. Also as an
alternative approach, the initially prepared atoms having
long-lived state may pass through the doubly resonant cavity
one at a time. During the passage, atom interacts with the
external coherent classical fields and hence introduce atomic
coherence between upper and lower levels �19,20�. Here, we
would like to mention that for appropriate conditions the
proposed atomic system is equivalent to the injected coher-
ence system �7� and never reduces to the one studied in �8�
and �9�. For a detailed analysis, see �10�.
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APPENDIX

Here we present the elements of Vt, which appear in Eq. �36�.

h1 =
n1�1

4 + 4n2B21
2 �1

2 sinh2�dt/2� − 2B21�1
3 sinh�dt/2��mc

� − c.c.�
d2�1

2 f − f1,

h2 =
n1B12

2 �1
2 sinh2�dt/2� + n2d2�2

2 − 2B12�1�2
2 sinh�dt/2��mc

� − c.c.�
d2�1

2 f − f2,

h11 =
m1

��1
4 − 4m2B21

2 �1
2 sinh2�dt/2� + 4ms

�B21�1
3 sinh�dt/2�

d2�1
2 f ,

h22 =
− 4m1B12

2 �1
2 sinh2�dt/2� + 4msB12�1�2

2 sinh�dt/2� + m2
��2

4

d2�1
2 f ,

h12 =
− 2m1

�B12�1
2 sinh�dt/2� + 2m2B21�2

2 sinh�dt/2� + ms
��2�2

2 − d2�
d2�1

2 f ,

h3 =
2n1B12�1

3 sinh�dt/2� + 2n2B21�1�2
2 sinh�dt/2� + mc

��1
2�2

2 − mc�1
2��2

2 − d2�
d2�1

2 f − f3
�,
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f i =
1

2d2 �Ci1�fedt − 1� − Ci2�fe−dt − 1�� +
Ci3

2d2 �f − 1�, i = 1,2,3,

C11�2� =
�b1d � �B21

2 − B12B21���1 + �2 � 2d� � 4�B21
2 b2 − B12B21b1�

1 − �2 � 2d
,

C1�2�3 =
2�B12B21 − B21

2 ��1 + �2� � 8B21�12��B12b1 − B21b2�

1 − �2
,

C21�2� =
�b2d � �B12

2 − B12B21���− �2 − 1 � 2d� � 4�B12
2 b1 − B12B21b2�

1 − �2 � 2d
,

C31�2� =
�4B12B21�B12 − B21� � B12b1�1 + �2 � 2d� � 2b2B21�1 − 2 � d�

1 − �2 � 2d
,

C33 =
�B12 − B21��1 + �2�2 + 4�B12b1 − B21b2��1 + �2�

1 − �2
,

f = e�1−�2�t/2, �1 = d cosh�dt/2� +
�1 + �2�

2
sinh�dt/2�, �2 = ��1

2 + 4B12B21 sinh�dt/2� ,1 = 2�B11 − 
1� ,

�2 = − 2b2 = 2�B22 + 
2�, d =
��1 + �2�2 + 16B12B21

2
, b1 = − B11 − 
1.
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