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We demonstrate that superradiance and collective atomic recoil lasing from cold atoms can be enhanced
using a two-frequency pump with frequency difference twice the two-photon recoil frequency �r. In the
good-cavity regime the atoms behave as a three-recoil-level system, collectively scattering a single-frequency
radiation mode. In the bad-cavity regime, the superradiant cascade through the different recoil momentum
states is strongly accelerated. The emitted radiation shows a discrete spectrum whose harmonics are separated
by 2�r and generated by transitions between adjacent momentum levels.
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I. INTRODUCTION

The recent realization of a Bose-Einstein condensate
coupled with a quantized field mode in a high-finesse optical
cavity �1,2� has opened the opportunity to investigate differ-
ent dynamical behaviors of coherent matter in the strong-
coupling regime, such as, for instance, cold atoms trapped in
a double-well potential �3� or the quantum magnetic dynam-
ics of polarized light in arrays of microcavities �4�. More-
over, collective effects are greatly enhanced when a cold gas
of weakly interacting atoms couples with radiation inside an
optical cavity �5�. A paradigmatic example of cooperation in
cold atoms is the collective atomic recoil lasing �CARL�
�6,7� observed when the atomic gas is illuminated with an
intense far-off-resonance laser beam. The interaction mecha-
nism between laser and atoms leads to an exponential growth
of the probe light beam and to the formation of an atomic
density grating with the optical wavelength periodicity. The
atoms bunch in the wells of a pendulum potential formed by
the interference between the counterpropagating pump and
the probe fields, scattering photons coherently from the
pump to the probe. CARL can operate in the “good-cavity
regime” when the atoms are set in a ring cavity with negli-
gible radiation losses, or in the “superradiant regime” when
atoms are set in the free space or in a bad cavity. These
regimes have been observed as superradiant Rayleigh scat-
tering from a Bose-Einstein condensate �BEC� in free space
�8–11� and recently with ultracold atoms in a high-finesse
ring cavity �12–14�. CARL can operate also in a “quantum
regime” �15–17� when the temperature of the atomic sample
is below the recoil temperature and the gain bandwidth is
less than the two-photon recoil frequency �r=�q2 /2m,
where q= �q� � and q� =k�s−k� is the difference between the scat-
tered and incident wave vectors. In this case the recoil shifts
the frequency of the scattered photon out of resonance, in-
hibiting further scattering processes. As a consequence the
quantum CARL �QCARL� is characterized by a single-
photon scattering with the collective momentum state of the
cold sample changing by the two-photon recoil momentum
�q. As in the classical CARL, QCARL admits two different
regimes depending on the value of the cavity linewidth �: �a�
the good-cavity regime, in which the atoms return to their
initial momentum state after the emission of a 2� hyperbolic
secant pulse; and �b� the superradiant regime, in which the

atoms move through adjacent recoil momentum states emit-
ting each time a � hyperbolic secant pulse experiencing a
sequence of superradiant processes interrupted only when the
decoherence between momentum states prevails �8�. The
emission frequencies in QCARL are discrete and determined
by the difference between the final and the initial kinetic
energies of each transition. In fact the atoms scatter the pump
photons into the radiation mode, changing the momentum
from the state n=0, �1. . . �with momentum pz=n��q�� to
the state n−1, varying its kinetic energy by En−1−En
=��r�1−2n�. For each momentum transition between n and
n−1 a coherent pulse is emitted, with frequency �s=�
−�r�1−2n�, where � is the pump frequency. Hence, the
spacing between the emitted frequencies is 2�r. In the good-
cavity quantum regime each atom initially at rest �i.e., in the
state n=0� backscatters a single photon first from the pump
to the cavity mode and afterward from the cavity mode to the
pump, moving from the momentum state n=0 to n=−1 and
back. On the contrary, in the superradiant quantum regime
the atoms move through the negative recoil momentum
states n=−1,−2, . . . in a sequence of superradiant processes.

Both these processes can be enhanced if a term of fre-
quency �+� �with �=2�r� is added to the pump field of
frequency �. In this way, after the atoms have scattered the
pump photon changing the momentum state from n=0 to −1,
they will also scatter the pump photon with frequency �
+� further changing the momentum from n=−1 to −2. The
two scattered photons add coherently at the same frequency
�s=�−�r. If the cavity linewidth � is much smaller than the
gain bandwidth �good-cavity regime�, no other resonant scat-
tering processes through other momentum transitions are
possible and the two photons will be reabsorbed by the at-
oms which will return to the state n=0. In this way a closed
three-momentum state system �n=0,−1,−2� is realized. In
the superradiant regime with a two-frequency pump things
change drastically also when the pump component at the
frequency �+� is weak. The sequential superradiance is
strongly accelerated, with the atoms rapidly moving through
adjacent negative momentum states. The scattered field is an
overlapping of many superradiant pulses, each one corre-
sponding to a momentum transition n→n−1. The radiation
spectrum is composed by many lines separated by 2�r down-
shifted with respect to the pump frequency �.

In the following we analyze the effect of the two-
frequency pump in the good-cavity and superradiant regimes
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of QCARL for a BEC, neglecting nonideal behaviors, like
decoherence and Doppler broadening, which will be consid-
ered in a more complete future analysis.

II. THE MODEL

The quantum collective atomic recoil laser with a two-
frequency pump is described by the following equations for
the order parameter ��z , t� of the matter field and the cavity
mode field amplitude a�t�:

��

�t
=

i�

2m

�2�

�z2 − g�	*�t�aei�qz+
t� − c.c.�� , �1�

da

dt
= gN	�t� � dz���2e−i�qz+
t� − �a , �2�

where z is the coordinate along the cavity axis and 	�t�=1
+� exp�−i�t�. These equations have been derived in the
usual way �6,15,17� by performing the adiabatic elimination
of the atomic internal degrees of freedom but replacing the
pump field with Ep=ei�k�·x�−�t��E0+E1e−i�t�. In Eqs. �1� and �2�
a�t�= ��0V /2��s�1/2Es�t� is the dimensionless electric field
amplitude of the scattered radiation beam with frequency �s,
g= ��0 /2�0���d2 /2��0V�1/2 is the coupling constant, �0
=dE0 /� is the Rabi frequency of the pump laser incident
with an angle  with respect to the z axis �=� if counter-
propagating�, with electric field E0 and frequency � detuned
from the atomic resonance frequency �0 by �0=�−�0. The
pump laser has a frequency sideband of �+�, with �=2�r
�where �r=�q2 /2m and q=2k sin� /2��, and electric field
E1, with �=E1 /E0. Since ��� and the condensate length L
is much less than 2�c /�, we neglect the spatial modulation
due to the difference of the two pump frequencies. The other

parameters are d= �̂ ·d� , the electric dipole moment of the
atom along the polarization direction �̂ of the laser, V, the
cavity mode volume, N, the total number of atoms in the
condensate, 
=�−�s, and �, the cavity linewidth. The emit-
ted frequency value �s is within the cavity frequency line-
width, whereas the pump field is external to the cavity so that
its frequencies are not dependent on those of the cavity. A
sketch of a possible experimental configuration, similar to
the one described in �14�, is shown in Fig. 1.

The order parameter � of the matter field is normalized
such that �dz���2=1. The second term in the right-hand side
of Eq. �1� represents the self-consistent optical wave grating,
whose amplitude depends on time according to Eq. �2�. The

first term in the right-hand side of Eq. �2� represents the
self-consistent matter-wave grating. Equations �1� and �2�
have been written in the “mean-field” limit. Equation �2�
describes approximately also the case of free space �see, for
example, experiments described in �8–10��, modeling the ra-
diation propagation by a damping term with ��c /2L, where
L is the condensate length.

If the condensate is much longer than the radiation wave-
length and approximately homogeneous, then periodic
boundary conditions can be applied on the atomic sample
and the order parameter can be written as ��z , t�
=	ncn�t�un�z�ein
t, where un�z�= �q /2��1/2 exp�inqz� are the
momentum eigenstates with eigenvalues pz=n��q�. Introduc-
ing the density matrix �m,n=cmc

n
* and �n=�rn

2+
n, we ob-
tain from Eqs. �1� and �2�

d�m,n

dt
= − i��m − �n��m,n + g�a	*�t���m,n+1 − �m−1,n�

+ a*	�t���m+1,n − �m,n−1�� , �3�

da

dt
= gN	�t�	

n

�n,n−1 − �a . �4�

Before presenting the results of the numerical integration
of Eqs. �3� and �4�, it is worth investigating the equations
obtained by reducing the Hilbert space to the one spanned by
only the first three recoil momentum levels, n=0,−1,−2.
Defining the three polarizations B1=�0,−1, B2=�−1,−2, B3
=�0,−2 and the population differences D1= P0− P−1 and D2
= P−1− P−2, where Pn=�n,n, Eqs. �3� and �4� reduce to

dB1

dt
= − i�
 − �r�B1 + g	*�t�aD1 − g	�t�a*B3, �5�

dB2

dt
= − i�
 − 3�r�B2 + g	*�t�aD2 + g	�t�a*B3, �6�

dB3

dt
= − 2i�
 − 2�r�B3 + g	*�t�a�B1 − B2� , �7�

dD1

dt
= − g�	*�t�a�2B1

* − B2
*� + c.c.� , �8�

dD2

dt
= g�	*�t�a�B1

* − 2B2
*� + c.c.� , �9�

da

dt
= gN	�t��B1 + B2� − �a . �10�

The presence of the pump sideband term at the frequency
�+� will induce two sideband terms in the cavity field a
which can be written in general as

a�t� = A1�t� + A2�t�ei�t + A3�t�e−i�t, �11�

where A1, A2, and A3 are slowly varying functions. Further-
more, when 
=�r the polarization B1 is resonant, whereas B2
and B3 oscillate at the frequency �=2�r. Hence, we can set

ω
ω+∆

ωs

FIG. 1. �Color online� Schematic diagram illustrating the geom-
etry of a two-frequency pump CARL experiment.
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B2,3= B̃2,3ei�t, where B̃2,3 are slowly varying functions. By
substituting them, together with �11�, in Eqs. �5�–�10� and
neglecting the fast-oscillating terms proportional to
exp�im�t� with m= �1, . . . we obtain

dB1

dt
= − i
̃B1 + g�A1 + �A2�D1 − g��A1

* + A2
*�B̃3, �12�

dB̃2

dt
= − i
̃B̃2 + g��A1 + A2�D2 + g�A1

* + �A3
*�B̃3, �13�

dB̃3

dt
= − 2i
̃B̃3 + g��A1 + A2�B1 − g�A1 + �A3�B̃2, �14�

dD1

dt
= − g�2�A1 + �A3�B1

* − ��A1 + A2�B2
* + c.c.� , �15�

dD2

dt
= g��A1 + �A3�B1

* − 2��A1 + A2�B2
* + c.c.� , �16�

dA1

dt
= gN�B1 + �B̃2� − �A1, �17�

dA2

dt
= gNB̃2 − �� + i��A2, �18�

dA3

dt
= �gNB1 − �� − i��A3, �19�

where 
̃=
−�r. Equations �12�–�19� describe the three-level
dynamics of the collective atomic recoil lasing with a two-
frequency pump.

III. THE GOOD-CAVITY QUANTUM REGIME

With a single-frequency pump the QCARL in the good-
cavity regime is realized when ��g
N�2�r and 
=�r
�15�. In this regime only the first momentum recoil state n
=−1 becomes occupied and the condensate behaves as a two-
level system with only two momentum levels coupled with
the radiation mode.

With a two-frequency pump no sidebands in the emitted
field a will be generated, since the sideband fields A2 and A3
of Eq. �11� are out of resonance due to the detuning terms
�i�A2,3 in Eqs. �18� and �19�. The atoms scatter resonantly
both the pump photons with frequencies � and �+� into the
same field A1 with frequency �s=�−�r undergoing two mo-
mentum transitions from n=0 to n=−2. In this case a pure
three-level system, driven by two pump fields, is generated.

The good-cavity regime with a two-frequency pump is
illustrated in Fig. 2 showing �a� the average number of pho-
tons emitted per atom, �a�2 /N, and �b� the populations of the
three momentum levels, P0 �dashed line�, P−1 �continuous
line�, and P−2 �dotted line�, vs t /� �where �= �g
N�−1� ob-
tained from the numerical integration of Eqs. �3� and �4� with

�=0, g
N=0.063�r, �=1 and 
=�r. The solution of the
reduced Eqs. �12�–�19�, with A2=A3=0, agrees perfectly
with the exact solution demonstrating that in the good-cavity
regime a single-frequency field a=A1 is generated. As can be
seen in Fig. 2�a�, two photons with frequency �s=�−�r are
coherently emitted during the process transferring the atoms
from n=0 to −2 and back.

IV. ACCELERATED SUPERRADIANCE

The QCARL superradiance with a single-frequency pump
is realized for ��g
N and GSR�2�r, where GSR=g2N /� is
the superradiant gain �15,21�. The effect of a sideband at the
frequency �+� in the pump is illustrated in Figs. 3 and 4,
showing the results of the numerical integration for Eqs. �3�
and �4� with �=20�r, GSR=0.2�r and 
=�r. Figure 3�a�
shows the average momentum in units of �q, �p�=	nnPn, vs
t /�SR, where �SR=GSR

−1 is the superradiant time, for �=0
�dashed red line�, 0.1 �continuous blue line� and 1 �dash-
dotted black line�. The sequential superradiance observed
with the single-frequency pump is strongly accelerated when
the sideband component is added to the pump. After the first
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FIG. 2. �Color online� Good-cavity QCARL regime for �=0,
g
N=0.063�r, �=1 and 
=�r. �a� �a�2 /N and �b� populations of the
three momentum levels, P0 �dashed line�, P−1 �continuous line�, and
P−2 �dotted line�, vs t /�, where �= �g
N�−1.
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FIG. 3. �Color online� Superradiance �SR� and accelerated su-
perradiance �ASR� for �=20�r and GSR=0.2�r. �a� Average mo-
mentum �p� in units of �q vs t /�SR �where �SR=GSR

−1 � for single-
frequency pump, �=0 �dashed red line�, and two-frequency pump
with �=0.1 �continuous blue line� and 1 �dash-dotted black line�.
�b� Populations Pn vs t /�SR for n=0,−1, . . . ,−4 with �=0 �dashed
red line� and �=0.1 �continuous blue line�.
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momentum transition atoms move through the recoil mo-
mentum levels in a rapid sequence of superradiance transi-
tions down to large and negative momentum states, as shown
in Fig. 3�b� where the populations Pn of the first levels �up to
n=−4� are plotted for �=0 �dashed red line� and 0.1 �con-
tinuous blue line�.

The scattered intensity �a�2 /NSR �expressed as the average
photon number relative to the maximum superradiant value
NSR= �gN /2��2� is shown in Fig. 4 for �a� �=0 and �b� 0.1.
The corresponding spectra after t=130�SR are shown in Figs.
4�c� and 4�d�, respectively, as a function of ��s−�� /�r. For
each momentum transition between n and n−1 a superradi-
ant pulse is emitted with frequency �s=�− �1−2n��r and
n=0,−1, . . .. Whereas for the single-frequency pump ��=0�
superradiance generates a sequence of well-separated pulses,
the pump sideband enhances the superradiant cascade accel-
erating the atoms to a large and negative momentum state,
emitting a sequence of closely spaced SR pulses with a dis-
crete spectrum composed by narrow lines separated by 2�r.
In the good-cavity regime a single-frequency field at �s=�
−�r �resonant with both the first two momentum transitions
driven by the two pump frequencies� is generated while in
the superradiant regime two sidebands at �s=�−�r�� are
generated during the two first transitions, as can be seen by
solving the reduced three-level model of Eqs. �12�–�19�. In
this case the sideband at frequency �s=�−3�r will combine

with the pump sideband at �+2�r stimulating the transition
from n=−2 to −3 with frequency difference 5�r. The process
will continue indefinitely until the decoherence prevails and
the coherences between the momentum levels decay to zero.
We must also note that the present model does not properly
take into account the real transmission curve of the cavity, in
which any frequency out of the cavity linewidth does not
oscillate: in a real experiment with a high-finesse cavity the
maximum number of generated sidebands will be only of the
order of � /2�r. Furthermore, superradiance has been ob-
served also without a cavity, with the radiation emitted along
the end-fire modes of an elongated condensate �8–11�. The
model here considered describes as well these experiments
�18� if a very large effective linewidth �c /2L is assumed,
where L is the condensate length. In this kind of experiment
it seems relatively easy to observe the accelerated superradi-
ance just by adding a sideband to the pump field.

V. CONCLUSIONS

In conclusion, we have demonstrated that a bichromatic
pump with frequency separation �=2�r allows for the ob-
servation of different regimes in the quantum collective
atomic recoil laser. In the good-cavity regime, when the cav-
ity linewidth is much smaller than the gain bandwidth, the
BEC behaves as a three-level system, with each atom emit-
ting two equal-frequency coherent photons. Eventually, with
addition of relaxation terms to the polarization equations
�12�–�14�, the model describes typical behaviors well known
in three-level systems as, for instance, electromagnetic-
induced transparency or population trapping �19�. So
QCARL with a two-frequency pump, using a BEC in a high-
finesse ring cavity, could be conveniently implemented for
typical applications expected from coherent three-level sys-
tems such as, for instance, for creating entangled states or for
storing and transferring codified information between radia-
tion and cold matter �20,22�.

In the superradiant regime the addition of a weak term
with frequency �+� to the pump will strongly enhance the
collective process, accelerating the superradiant cascade
through adjacent recoil momentum levels and emitting a
train of pulses with equally spaced frequencies separated by
�. We note that an experiment with a bichromatic pump in
the superradiant Rayleigh scattering has been recently per-
formed in a different configuration �23� enhancing the back-
ward emission in which the atoms reabsorb a photon from
the superradiant radiation and emit a stimulated photon into
the pump laser, recoiling oppositely to the pump. Instead, in
our case the pump field at the frequency �+� induces fur-
ther recoil in the pump direction, accelerating the atoms to-
ward large-momentum states without inducing any velocity
spread in the atomic sample.
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