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Plasma screening effects on the properties of bound-bound transitions of hydrogenlike ions imbedded in
Debye plasmas are investigated. The electron eigenenergies and wave functions are determined by numerically
solving the scaled Schrödinger equation with a Debye potential by the fourth-order symplectic integration
scheme. The scaled spectral properties of hydrogenlike ions in the plasma, including the transition frequencies,
absorption oscillator strengths, radiative transition probabilities, as well as the line intensities of the Lyman and
Balmer series, are presented for a wide range of plasma screening parameters. While for the �n�0 transitions
the oscillator strengths and spectral line intensities decrease with increasing the plasma screening, those for the
�n=0 transitions rapidly increase. The lines associated with the �n�0 transitions are redshifted, whereas
those for �n=0 transitions are blueshifted. Comparison of present results with those of other authors, when
available, is made. The results reported here should be useful in the interpretation of spectral properties of
hydrogenlike ions in laboratory and astrophysical Debye plasmas.

DOI: 10.1103/PhysRevA.78.062511 PACS number�s�: 32.70.Cs

I. INTRODUCTION

The effects of screened Coulomb interaction between
charged particles in hot, dense plasmas on the atomic struc-
ture and collision properties have been subject to extensive
studies in the last 30–40 years �see, e.g., �1,2�, and refer-
ences therein�. These studies have been motivated mainly by
the research in laser produced plasmas, euv and x-ray laser
development, inertial confinement fusion, and astrophysics
�stellar atmospheres and interiors�. The densities �n� and
temperatures �T� in these plasmas span the ranges n
�1015–1018 cm−3, T�0.5–5 eV �stellar atmospheres�, n
�1019–1021 cm−3, T�50–300 eV �laser plasmas� and n
�1022–1026 cm−3, T�0.5–10 keV �inertial confinement fu-
sion plasmas�. The Coulomb interaction screening in these
plasmas is a collective effect of the correlated many-particle
interactions, and in the lowest particle correlation order
�pairwise correlations� it reduces to the Debye-Hückel poten-
tial �for the interaction of an ion of charge Z with an elec-
tron� �1,2�

V�r� = −
Ze2

r
exp�−

r

D
� , �1�

where D= �kBTe /4�e2ne�1/2 is the Debye screening length, Te
and ne are the plasma electron temperature and density, re-
spectively, and kB is the Boltzmann constant. The represen-
tation of charged particle interaction in a plasma by the po-
tential �1� is adequate only if the Coulomb coupling
parameter �=e2 / �akBTe� and plasma nonideality parameter
�=e2 / �DkBTe� satisfy the conditions ��1, ��1, where a
= �3 / �4�ne��1/3 is the average interparticle distance. There is,
however, a wide class of laboratory and astrophysical plas-
mas in which these conditions are fulfilled �Debye plasmas�.
Expressions for the screened Coulomb interaction for
strongly coupled and nonideal plasmas can be found else-
where �see, e.g., �1,2��.

The purpose of the present work is to study the properties
of bound-bound transitions of a hydrogenlike ion with the
potential �1�. Studies of this type have been performed ear-
lier in �3–5� for a limited number of Debye lengths and have
concentrated on the calculation of oscillator strengths �4,5�
or radiative transition probabilities �3� only. In the present
study we cover the entire range of Debye screening lengths
and analyze in detail the properties of transition frequencies
and spectral line intensities and shifts. Particular attention
will be paid to the �n=0 transitions whose line intensities
increase �in contrast to the �n�0 transitions� with increas-
ing the screening strength, 1 /D. The line intensities of Ly-
man and Balmer series will also be studied in detail, includ-
ing different line intensity ratios within a given series.

Besides the intrinsic interest in the study of structure and
radiative properties of atomic systems with short-range,
Yukawa-type interactions, the specific motivation for the
present systematic study of radiative properties of hydrogen-
like ions in Debye plasmas has been the increased accuracy
level of spectroscopic observations of atomic radiation from
hot, dense laboratory plasmas �6–10� and the need for their
proper interpretation �especially when it is used for plasma
diagnostic purposes�. In all these experiments the redshift of
spectral lines has been clearly observed, as well as the reduc-
tion of the Lyman series to a finite number �3,4� of lines. It
should be noted that in Refs. �9,10� the redshift of H Lyman
series lines and the termination of the series at the Lyman-�
line has been observed during the ablation of H-ice pellets in
a thermonuclear fusion plasma, the pellet cloud providing
locally the necessary high plasma density.

The paper is organized as follows. In the next section we
briefly outline the theoretical method used for determination
of eigenenergies and the wave functions of a hydrogenlike
ion with the potential �1�. In this section we also present in
scaled form the results for the bound state energies as func-
tion of the scaled screening strength �=1 / �ZD�, as well as
the results for the transition energies between the states. In
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Sec. III we present in scaled form the results for the oscilla-
tor strengths, transition probabilities and lifetimes as func-
tion of the screening parameter �. In Sec. IV we discuss the
properties of the spectral lines for both �n�0 and �n=0
transitions assuming a Doppler line profile, and in Sec. V we
give our conclusions.

Atomic units will be used in the remaining part of this
paper, unless explicitly indicated otherwise.

II. THEORETICAL METHOD, SCALED ENERGIES,
AND WAVELENGTHS

In the nonrelativistic approximation, the radial
Schrödinger equation for a hydrogenlike ion with nuclear
charge Z in a Debye plasma is given by

�−
d2

2dr2 +
l�l + 1�

2r2 + V�r��Pnl�r;Z,D� = Enl�Z,D�Pnl�r;Z,D� ,

�2�

where Pnl�r ;Z ,D� is the radial electron wave function, n and
l are, respectively, the principal and angular quantum num-
bers, and the potential V�r� is given by Eq. �1� �with e2=1�.

By making the scaling transformations

� = Zr, 	 = ZD, 
nl�	� = Enl�Z,D�/Z2, �3�

Eq. �2� is reduced to the form

�−
d2

2d�2 +
l�l + 1�

2�2 −
exp�− �/	�

�
�Pnl��;	� = 
nl�	�Pnl��;	� .

�4�

It is obvious that the substitutions �3� conserve the normal-
ization conditionTABLE I. Values of the critical scaled screening lengths 	nl

=ZDnl �units of a0�.

n

l

0 1 2 3 4

1 0.8414
�0.8399�a

2 3.236
�3.223�

4.541
�4.541�

3 7.213
�7.171�

8.875
�8.872�

10.948
�10.947�

4 12.785
�12.687�

14.74
�14.731�

17.215
�17.210�

20.065
�20.068�

5 19.999
�19.772�

22.149
�22.130�

24.990
�24.985�

28.257
�28.257�

31.905
�31.904�

aThe values in parentheses are from Ref. �13�.

FIG. 1. Scaled energies for the six lowest states of hydrogenlike
ion as function of scaled screening parameter �=1 /ZD.

FIG. 2. Scaled energy differences between the 1s and np �n
�5� states of hydrogenlike ion as function of scaled screening pa-
rameter �.

FIG. 3. Scaled transition energies for the �n=0, �l=1 transi-
tions �n=2,3 ,4� as function of screening parameter �.
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�
0

�

	Pnl�r;Z,D�	2dr = �
0

�

	Pnl��;	�	2d� = 1, �5�

and lead to the Z scaling of matrix elements


Pnl�r;Z,D�	rk	Pn�l��r;Z,D�� = Z−k
Pnl��;	�	�k	Pn�l���;	�� .

�6�

The scaled radial Schrödinger equation �4� for the discrete
spectrum has been subject to solution in the past by a variety
of approximate �perturbation, e.g., �11��, variational �e.g.,
�12�, and references therein�, and direct numerical integra-
tion methods �e.g., �13�, and references therein�. In Ref. �13�
the eigenenergies of Eq. �4� for the nl states with n�9 were
calculated in a wide range of the scaled Debye length 	.

For the purposes of the present work we solve Eq. �4� in
the discrete spectrum numerically, under the standard bound-
ary conditions, by employing the fourth-order symplectic in-
tegration scheme described in Refs. �14,15�. Introducing the
functions P and Q by the relations

Ṗ = dPnl��;	�/d� = Q, Q̇ = − BP , �7�

Eq. �4� can be written in the canonical Hamiltonian form

� Ṗ

Q̇
� = � 0 1

− B 0
��P

Q
� , �8�

with B=2
nl�	�+2 exp�−� /	� /�− l�l+1� /�2.
The spatial variation of the solutions of Eq. �8� are sym-

plectic, so that they can be solved numerically in a symplec-
tic scheme for given boundary conditions. The explicit
fourth-order symplectic integration scheme, with four steps
within each ��n ,�n+1� interval, can be written as �14,15�

v1 = Qn − c1hB��n�Pn, �1 = Pn + d1hv1, �1 = �n + d1h ,

v2 = v1 − c2hB��1��1, �2 = �1 + d2hv2, �2 = �1 + d2h ,

v3 = v2 − c3hB��2��2, �3 = �2 + d3hv3, �3 = �2 + d3h ,

Qn+1 = v3 − c4hB��3��3, Pn+1 = �3 + d4hv3, �9�

where 
= �2−21/3�−1, �=1−2
, c1=0, c2=
, c3=�, c4=c2,
and d1=
 /2, d2= �
+�� /2, d3=d2, d4=d1.

The bound state radial wave functions Pnl�� ;	� satisfy the
usual boundary conditions

Pnl�0;	� = 0,

(c)(a)

(b) (d)

FIG. 4. Scaled wavelengths as function of screening parameter �. Panel �a�, Lyman series; panels �b�, �c�, and �d�, the three branches of
the Balmer series.
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Pnl��;	� = 0. �10�

In the present implementation of the symplectic integrator
method we have, for a given 	, computed Pnl��� on the in-
terval �0,X�, where X is a sufficiently large point in the
asymptotic region so that Pnl�X� can be obtained from the
WKB solution of Eq. �4�. A linear mesh has been applied,
which is similar to that adopted in Ref. �16�. The mesh is
composed of m blocks, and each block has N equally spaced
intervals. The interval h0 in the first block is chosen and
doubled in each successive block. The values of m, N, h0 are
appropriately chosen for each nl subshell to ensure an accu-
racy of 10−7 for the eigenenergies and an accuracy of 10−5

for the wave functions.
As it is well known �see, e.g., �17��, the potential �1� that

decreases with increasing r faster than −1 /r2 supports only a
finite number of bound states for any finite value of D. More-
over, the l degeneracy of the energy levels, characteristic for
the pure Coulomb potential, is lifted in the screened Cou-
lomb potential �1�. The finite number of bound states for any
finite value of D implies that with decreasing D the electron
binding energy decreases and at a certain critical value Dnl it
becomes zero. In Fig. 1 we show the scaled energies 
nl of
the 1 s, 2l, and 3l states as function of the screening param-
eter �=1 /	. The figure shows that with increasing � the
scaled energies rapidly approach the continuum edge. The
critical scaled Debye lengths, 	nl=ZDnl, where 
nl�	nl�=0,
are given in Table I for all the states with n�5. They are
compared with the values obtained in Ref. �13�. The slight
disagreement of 	nl values for the low l substates in the two
calculations reflects the fact that close to the continuum edge
the integration step in the calculations was slightly different.
This, however, does not affect the energy values outside the
immediate vicinity of the continuum edge. For the purposes
of the present paper, the agreement of the two data sets can
be considered quite adequate.

In Fig. 2 we present the scaled energy differences
�
np,1s= �Enp−E1s� /Z2 between the 1s and np�n�5� states
�the transition frequencies of the Lyman series� as function
of the scaled screening parameter �. The figure shows that
with increasing the plasma screening, the transition frequen-
cies of the Lyman series rapidly decrease. For a given np
state, the function �
np,1s��� terminates at �np=1 /	np, the
critical screening parameter when the energy of np state en-
ters the continuum. It is interesting to observe that the end
values, �
np,1s

c , of transition energies of the Lyman series, as
function of �, lie on the line �
np,1s

c �Ry�=1−1.70�np. �Ob-
viously, for �→0 and n→�, �
np,1s

c �Ry�=1.�
It should be noted that due to the lifting of the energy

degeneracy of the n=2 state in the screened Coulomb poten-
tial �1�, the traditional Balmer series of hydrogenlike ions is
now split into three branches of dipole-allowed transitions:
2s−np, 2p−ns, and 2p−nd, where n�3. The higher series

TABLE II. Oscillator strengths for Lyman series for a number of scaled Debye lengths 	 �units of a0�.

	 �a0�

1s-np

2 3 4 5

� 0.4162 0.0791 0.0290 0.0139

100 0.4155
�0.416�a

0.0785
�0.0784�

0.02812
�0.0282�

0.0130
�0.0130�

50 0.4136
�0.410�

0.0767
�0.0728�

0.0261
�0.0219�

0.0108
�0.00635�

40 0.4123 0.0754 0.0247 0.00926

20 0.40175
�0.402�

�0.40165�b

0.06585
�0.0658�
�0.06579�

0.01448
�0.0145�
�0.01448�

10 0.3630 0.0298

5 0.1933

aData from Ref. �4�.
bData from Ref. �5�.

FIG. 5. Dependence of absorption oscillator strengths f1s,np on
the screening parameter �.
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of hydrogenlike ions in the plasma screening case are also
similarly split into 2n0−1 branches, where n0 is the principal
quantum number of lower state. The transition energies of all
“daughter” series of �n�0, �l= �1 transitions, as function
of the screening parameter �, also decrease with increasing
�.

The situation, however, is quite different with the behav-
ior of the transition energies as function of the interaction
screening for the �n=0, �l= �1 transitions. Figure 3 shows
the � dependence of transition energies for the �n=0, �l
=1 transitions for n=2,3 ,4. It can be seen that with increas-
ing � the transition energy �
nl,nl+1��� between these states
increases, but with the approach of � to the critical value
�n,l+1 the observed increase becomes increasingly weaker
and the transition energy may even start to decrease �as in
the case of ns-np and 4p-4d transitions in Fig. 3�. This is due
to the fact that the gradient of the energy level 
nl��� rapidly
decreases when the energy level approaches the continuum
edge and because, for a given n, �n,l+1��n,l.

In Fig. 4 we show the Z-scaled wavelengths for the Ly-
man series �panel �a�� and for the three branches of the
Balmer series �panels �b�, �c�, and �d�� as a function of the
screening parameter �. For a given transition the correspond-
ing wavelengths rapidly increase with increasing the screen-
ing and terminate at the critical value �n,l of the correspond-
ing upper state. In accordance with Fig. 3, the wavelengths
of the �n=0, �l=1 transitions, however, decrease with in-
creasing � �except when � is close to �n,l�.

III. OSCILLATOR STRENGTHS, RADIATIVE
TRANSITION PROBABILITIES AND LIFETIMES

OF THE STATES

The absorption oscillator strength for the transition 	nl�
→ 	n�l�� in the hydrogenlike ion with nuclear charge Z in
the Debye plasma with screening length D is �18�

TABLE III. Oscillator strengths for the three branches of Balmer series for a number of scaled Debye
lengths 	 �units of a0�.

	 �a0�

2l-nl�

2s-3p 2s-4p 2s-5p 2p-3s 2p-4s 2p-5s 2p-3d 2p-4d 2p-5d

� 0.435 0.103 0.0419 0.0136 0.00304 0.00121 0.696 0.122 0.0444

500 0.435 0.103 0.0418 0.0136 0.00304 0.00121 0.696 0.122 0.0443

100 0.431 0.101 0.0396 0.0136 0.00299 0.00115 0.692 0.120 0.0424

50 0.422 0.0950 0.0340 0.0135 0.00287 0.00101 0.682 0.115 0.0372

40 0.416 0.0910 0.0300 0.0134 0.00278 9.03E−4 0.674 0.112 0.0332

25 0.390 0.0744 0.0130 0.0132 0.00240 4.54E−4 0.643 0.0941

20 0.367 0.0587 0.0129 0.00202 0.612

10 0.171 0.0102

TABLE IV. Oscillator strengths for the �n=0 �n�3� transitions for a number of Debye screening lengths
	 �units of a0�.

	 �a0�

�n=0

2s-2p 3s-3p 3p-3d

� 0 0 0

500 3.549�10−5 2.106�10−4 1.764�10−4

100 8.669�10−4 0.00499 0.00418

50 0.00336 0.0188 0.0159

40 0.00518 0.0287 0.0245

25 0.0128 0.0696 0.0618

20 0.0196 0.107 0.0981

11 0.0623 0.368 0.485

10 0.0752 0.470

9 0.0930 0.626

8 0.119

7 0.159

6 0.228

5 0.379
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fnl,n�l��Z,D� =
2�En�l��Z,D� − Enl�Z,D��

3�2l + 1�
	
n�l�	r	nl�	2,

�11�

which, in view of the transformations �3� and the relation �6�,
takes the form

fnl,n�l��Z,D� = fnl,n�l��	� =
2�nl,n�l�

3

�l + 1�
�2l + 1�

	
Pn�l�	�	Pnl�	2,

�12�

where �nl,n�l��	�=
n�l�−
nl is the transition frequency.
fnl,n�l��	� is the oscillator strength for the 	nl� → 	n�l��
transition in a hydrogen atom with a Debye potential having
screening length 	.

The spontaneous radiative decay probability An�l�,nl�Z ,D�
for the transition 	n�l�� → 	nl� in a hydrogenlike ion with
nuclear charge Z embedded in a Debye plasma with screen-
ing length D can be similarly expressed in terms of the hy-
drogen atom radiative transition probability with a Debye
potential having screening length 	,

An�l�,nl�Z,D� = Z4An�l�,nl�	� , �13�

where

An�l�,nl�	� = 2
2l + 1

2l� + 1

3�nl,n�l�

2 �	�fnl,n�l��	� �14�

with 
 being the fine-structure constant.
In Table II we give the absorption oscillator strengths for

the Lyman series �up to n=5� for a number of screening
lengths 	. For the value 	=20a0 they are compared with the
values from Refs. �4,5�, and for 	=50a0 and 	=100a0 they
are compared with the values from Ref. �4�. The differences
in the f1s,np�	� values reflect the accuracies of the numerical
methods used for solving the radial Schrödinger equation.
Figure 5 shows the values of f1s,np as function of screening
parameter �, indicating a rapid decrease of f1s,np with in-
creasing �.

The values of the absorption oscillator strengths for the
three branches of the Balmer series are given in Table III up
to n=5� for a number of Debye screening lengths. It is evi-
dent from this table that with decreasing 	 the oscillator
strengths of each Balmer series branch rapidly decrease.

The values of the absorption oscillator strengths for the
�n=0 transitions, 2s-2p, 3s-3p and 3p-3d, are given in
Table IV for a number of Debye screening lengths. As ex-
pected, the oscillator strengths for these transitions increase
with decreasing 	. As function of the screening parameter �
they are shown in Fig. 6, together with the absorption oscil-
lator strengths for the 4s-4p, 4p-4d, and 4d-4f transitions.
We observe that with increasing �, the increase of fn,l;n,l+1 is
sharper for the larger n. Thus, already for relatively modest
screenings with 	=20a0 the oscillator strengths f4l;4,l+1 have
values of 0.4–0.6, while the values of f3l;3,l+1 are about 10
times smaller. The oscillator strength fn,l;n,l+1 obtains its larg-
est values when � approaches the critical value �n,l+1 of the
upper state where �n,l;n,l+1 gets also its largest values.

Figures 5 and 6 show �as well as Tables II–IV� that the
absorption oscillator strengths for �n�0 and �n=0 transi-
tions are, roughly speaking, within the same order of magni-
tude for n�4, with the difference that when � increases the
former decrease whereas the latter increase. For a given
value of �, the oscillator strengths for �n�0 transitions de-
crease with increasing the principal quantum number of the
upper state n, while for the �n=0 transitions they increase
with n. The scaled radiative transition probabilities
An�l�,nl�	�, Eq. �14�, however, show a quite different picture
regarding their magnitude for these two types of transitions.
Figure 7 shows the � dependence of the scaled radiative
transition probabilities for the Lyman series �np→1s panel
�a�� and for the three branches of the Balmer series �panels
�b�, �c�, and �d�� for n� �5. In Fig. 8 we show the similar
dependence of the 2p→2s, 3p→3s, 3d→3p �panel �a�� and
4p→4s, 4d→4p, 4f →4d �panel �b�� transitions. While the
character of the � dependence of An�l�,nl��� for �n�0 and
�n=0 transitions remains the same as that for the corre-
sponding absorption oscillator strengths, the magnitudes of
scaled radiative transition probabilities for the �n�0 transi-
tions are two to three orders larger than those for the �n
=0 transitions. This is a consequence of the additional
�nl,n�l�

2 �	� factor in the expression �14� for An�l�,nl�	� with
respect to that for fnl,n�l��	�, Eq. �12�, which for the �n�0
transitions is about two orders of magnitude larger than for
the �n=0 transitions �cf. Figs. 1 and 2�.

In Figs. 7 and 8 we also show �by crosses� the values of
transition probabilities from Ref. �3� for a number of � val-
ues. The calculations in Ref. �3� were limited to the n��3
states only. The radial Schrödinger equation in Ref. �3� was
solved by using the variational method with a Slater-type
basis of trial functions. The values of transition probabilities
of Ref. �3� differ from ours in the third significant digit only.
It is to be noted in Figs. 7�b�–7�d� that the transition prob-
abilities of the nd→2p branch of the Balmer series are sig-
nificantly larger than those for the other two branches.

In concluding this section we give the results for the ra-
diative lifetimes �nl�Z ,D� of excited nl states of hydrogenlike
ions in a Debye plasma for n�4. These are defined by the
relations

FIG. 6. Dependence of oscillator strengths for �n=0�n�4�
transitions on the screening parameter �.
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�nl�Z,D� = Z−4�nl�	�, �nl�	� = ��
k

Anl,nklk
�	��−1

, �15�

where nk�n, and the summation runs over all dipole-
allowed transitions. Figure 9 shows the scaled radiative life-
times of n�4 states as function of the screening parameter
�. The lifetimes increase with increasing �, and for a given
l they increase with increasing n. The sharp increase of the
lifetimes of the 3s and 4s states when � approaches the
corresponding critical values �3s and �4s, respectively, is the
result of the very small values of transition probabilities
Ans,nkp��� near and at the critical points �ns �see Fig. 7�c��.

IV. SPECTRAL LINE INTENSITIES AND SHIFTS

Under local thermodynamic equilibrium conditions, the
spectral line intensity associated with the transition 	n�l��
→ 	nl� in a hydrogenlike ion with charge Z embedded in a
Debye plasma with screening length D is given by �19�

In�l�,nl�Z,D� = �En�l�,nl�Z,D�An�l�,nl�Z,D�Nn�l�, �16�

Nn�l� = N1s�2l� + 1�exp�− �En�l�,1s/Te� , �17�

where Nn�l� and N1s are the populations of the upper 	n�l��
and the ground 	1s� state, respectively, and Te is the plasma
temperature expressed in energy units. As well known, the
spectral lines in a plasma are subject to shift and broadening
due to the thermal motion of the emitting particle or its in-
teraction with the surrounding plasma particles. In the
present study we shall consider only the thermal effects on
the spectral lines described by the Doppler line profile func-
tion �19�

S��� = � ln 2

��2�1/2
exp�− ln 2�� − �0�2/�2� , �18�

where �0=�En�l�,nl�Z ,D� and � is the half-width of the line
given by

� = �2
2Te�ln 2�/M�1/2�0 �19�

with M being the mass of the emitting ion. The line intensity,
normalized to the population of ground-state hydrogenlike
ions N1s, is now given by

(c)(a)

(b) (d)

FIG. 7. Scaled radiative transition probabilities as function of screening parameter �. Panel �a�, Lyman series; panels �b�, �c�, and �d�, the
three branches of the Balmer series for n�5.
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In�l�,nl�Z,D�/N1s = �2l� + 1��0An�l�,nl�Z,D�

�exp�− �En�l�,1s/Te�S��� . �20�

We note that An�l�,nl�Z ,D���0
2 and, hence, the line intensity

is proportional to �0
3. The presence of the ion mass in the

expression �19� for � does not allow us to give the normal-
ized line intensity in a scaled form with respect to Z. There-
fore, we present the results for specific ions. However, the
observed plasma effects on the spectral line properties have
general character.

In Fig. 10 we show the reduced �by the population N1s of
the ground state� intensities of Lyman-
 �panel �a�� and 2p
→2s line �panel �b�� in the H atom for a number of screening
lengths D and a fixed plasma temperature of 2024 eV. �We
note that the half-width � in the calculations of intensities in
Fig. 10�b� was multiplied by a factor of 80 in order to make
the width of these lines visible in the figure.� Figure 10�a�
also shows the Lyman-
 line when the interaction is un-
screened. The plasma screening effects on the Lyman-
 line
are manifested in the decrease of its intensity and the redshift
of its frequency when the Debye screening length decreases.
The frequency redshift is, as mentioned earlier, the result of

the decrease of the energy difference �E2p,1s with decreasing
D �see Fig. 2�, while the decrease of line intensity is due to
the predominance of the �0

3 factor in Eq. �20� and its de-
crease with decreasing D. The plasma screening effects on

(a)

(b)

FIG. 8. Scaled radiative transition probabilities as function of
screening parameter �. Panel �a�, 2p→2s, 3p→3s, 3d→3p; panel
�b�, 4p→4s, 4d→4p, 4f →4d.

x10

x10

x10

x10

x10

x10

FIG. 9. Scaled radiative lifetimes of n�4 states as function of
the screening parameter �.

(a)

(b)

FIG. 10. Reduced intensities of hydrogen atom lines for a num-
ber of screening lengths D and a fixed plasma temperature of
2024 eV. Panel �a�, Lyman-
; panel �b�, the 2p→2s line �with the
half-width enlarged 80 times for visibility�.
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the 2p→2s line are opposite to those on the Lyman-
 line
and result from the increase of �E2p,2s with decreasing D. It
is worthwhile to note that whereas in the considered interval
of variation of D the intensity of Lyman-
 line changes by a
factor of about 3, the intensity of 2p→2s line changes by
more than five orders of magnitude. This is a consequence of
the rapid decrease to zero when D increases. It should also
be noted that for a given value of D, the intensity of
Lyman-
 line is at least four orders of magnitude stronger
than that of the 2p→2s line.

Of particular interest to plasma diagnostics are the inten-
sity ratios of spectral lines within a given spectral series. In
Fig. 11 we show the variation with the screening length of
the line intensity ratios I� / I
 and I� / I
 of the Lyman series
�panel �a�� and the similar ratios of the lines of the nd→2p
branch of the Balmer series �panel �b�� of the hydrogen atom
for a fixed plasma temperature of 2024 eV. For the small
values of D these ratios are rather small but they increase
relatively rapidly towards their asymptotic values �of the un-
screened Coulomb interaction� when D increases.

It is important to emphasize that due to the successive exit
of the nl-energy levels from the discrete to the continuum

spectrum with decreasing the screening length, for a given
value of D the higher members of a given spectral series will
not appear in the line spectrum. Thus, for D=10a0 the state
4p of hydrogen atom and the state 5p of the He+ ion already
lie in the continuum �see Table I and the Lyman series of
these one-electron systems contain only two and three lines,
respectively. �The disappearance of high nl terms from the
spectral series is sometimes interpreted as “lowering of the
continuum,” or figuratively called “pressure ionization;” see,
e.g., �1,2�.� As we have mentioned in the Introduction, the
reduction of Lyman series in dense plasmas to a finite num-
ber of lines has been experimentally observed both for H
atoms �7,9,10� and other elements �Be and Al in �6�, C in
�8��.

In Figs. 12 and 13 we show, respectively, the reduced
intensities of spectral lines of the Lyman series of He+ and
C5+ ions for the fixed Debye screening length D=10a0 and
plasma temperature of 1012 eV. �For this value of D, the 9p
state of C5+ lies in the continuum.� In the bottom panels of
these figures the corresponding lines in the unscreened case
are also shown. The decrease of line intensities within the

(a)

(b)

FIG. 11. Line intensity ratios of hydrogen atom for a fixed
plasma temperature of 2024 eV as function of Debye screening
length. Panel �a�, I� / I
 and I� / I
 of the Lyman series; panel �b�, for
the nd→2p branch of the Balmer series.

FIG. 12. Reduced intensities of Lyman series lines for the He+

ion for D=10a0 and Te=1012 eV. The bottom panel shows the lines
in the case of no interaction screening.

FIG. 13. Same as in Fig. 12, but for the C5+ ion.
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series with increasing the principal quantum number of the
upper state is similar to that in the case of pure Coulomb
interaction. Only the lines close to the termination of the
series in the screened interaction case become significantly

weaker with respect to the unscreened case �as illustrated by
7p-1s and 8p-1s lines in C5+ in Fig. 13�.

In Figs. 14�a�–14�c� the reduced intensities of spectral
lines of the three branches of the Balmer series in the C5+ ion
are shown for D=10a0 and Te=1012 eV. The characteristic
features of these line series are similar to those of the Lyman
series in Fig. 13.

V. CONCLUSIONS

In the present paper we have studied the spectral proper-
ties of bound-bound transitions in hydrogenlike ions in a
Debye plasma, in which the interaction between charged par-
ticles is given by Eq. �1�. The bound state energies and wave
functions of hydrogenlike ions were obtained by solving the
scaled radial Schrödinger equation for a wide range of values
of the scaled Debye screening length, 	=ZD, by the fourth-
order symplectic integration method ensuring their high ac-
curacy.

The plasma screening of the interaction potential is mani-
fested in lifting the l degeneracy of hydrogenic energy levels,
decrease of the binding energies of nl states when the screen-
ing length 	 decreases, and in the decrease �increase� of en-
ergy differences for the states with �n�0 ��n=0� when 	
decreases. Due to the finiteness of the number of bound
states in the potential �1�, each nl-energy level enters the
continuum at a certain value 	nl of the scaled screening
length. These changes in the energy spectrum of hydrogen-
like ions in a Debye plasma strongly affect the characteristics
of bound-bound transitions �oscillator strengths, radiative
transition probabilities, radiative lifetimes� as well as the
spectral lines associated with these transitions and their se-
ries. The lines associated with the �n�0 transitions are red-
shifted and their intensities decrease with decreasing 	, while
those for the �n=0 transitions show opposite behavior. Due
to the finite number of bound states in the hydrogenlike ion
for any finite value of 	, the number of lines within a given
spectral series is always limited and decreases with decreas-
ing 	. When the state n0l0 of the series nl→n0l0�n�n0 , l
= l0�1� enters the continuum, the entire series disappears
from the spectrum.
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