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We have measured the ratio R of the vector ac Stark effect �or light shift� in the 6S1/2 and 5D3/2 states of
a single trapped barium ion to 0.2% accuracy at two different off-resonant wavelengths. We earlier found
R=�S /�D=−11.494�13� at 514.531 nm where �S,D are the vector light shifts of the 6S1/2 and 5D3/2
m= �1 /2 splittings due to circularly polarized light, and now we report the value at 1111.68 nm,
R= +0.4176�8�. These observations together yield a value of the �5D�er�4F� matrix element. Also, comparison
of our results with an ab initio calculation of dynamic polarizability would yield a test of atomic theory and
improve the understanding of atomic structure needed to interpret a proposed atomic parity violation
experiment.
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I. INTRODUCTION

Although the atomic structure of singly ionized barium is
generally well-understood, and a number of precise calcula-
tions of transition matrix elements have been carried out in
recent years ��1–4�, among others�, precise measurements of
these matrix elements are relatively few. Among the low-
lying electric dipole transitions, only the �6S�er�6P� matrix
element has been measured with an accuracy approaching
1%, while the �5D�er�4F� matrix element is unknown in the
literature to our knowledge �see Table I�. Precise measure-
ments are needed to test modern many-body atomic theory in
this alkali-metal-like system to the 1% level and beyond.
Such precision is necessary, for example, to interpret pro-
posed measurements of parity violation in Ba+ and Ra+

�5–7�.
Earlier we reported �6,8� developing a technique for

evaluating matrix elements by precisely measuring off-
resonant Zeeman-like light shifts in a single trapped barium
ion. Here we describe the technique in more detail, and
present measurements that, together with previous results
�8�, provide a more complete picture of matrix elements in-
volving low-lying states of Ba+. The technique is in principle
generalizable to other atoms and ions possessing convenient
metastable states; we show that unknown matrix elements
can be individually targeted by choosing an appropriate off-
resonant light shift wavelength. The key idea is to determine
the ratio of light shifts simultaneously measured in two
atomic states, thereby eliminating the need to precisely know
or control the light shift laser intensity. Our measurements
place constraints on the Ba+ matrix elements that can test
modern atomic theories, such as the coupled-cluster method,
and ab initio techniques ��1,3,4,9�, for example�.

Through dynamic polarization of a �two-level� atom �10�,
an off-resonant light beam shifts the energies of atomic states
by

�E1,2 = � �
�2

4�
, �1�

where � is the Rabi frequency that scales linearly with the
light electric field strength and the atomic dipole matrix ele-
ment �1�er�2�, and � is the detuning of the light beam from
the two state resonance frequency. Equation �1� is easily gen-
eralized to multistate atoms. The light shift of a state �� , j ,m�
due to an oscillating field E�t�=E cos �t is, to second-order
in perturbation theory �11�,

�E�,j,m =
�E�i�E�k

4 	
��,j�,m�,�

��, j,m�eri���, j�,m��

� ���, j�,m��erk��, j,m� �
1

E�,j,m − E��,j�,m� � ��
,

�2�

where E is the electric field strength times a polarization
vector 	, e is the electron charge, and summation over the
indices i and k is implied. The term containing +�� in the
denominator �termed the “Bloch-Siegert” shift in the context
of radio frequency spectroscopy� is often ignored when the
rotating wave approximation is made �12� but must be in-
cluded here.

The next order in perturbation theory, called hyperpolar-
izability, is unimportant unless the supposedly off-resonant
laser is accidentally resonant with a two-photon transition
�13�. We empirically find no hyperpolarizability effects by
confirming that ratios of light shifts do not change with laser
intensity.

If the light shifts are much smaller than the Zeeman en-
ergies, the resulting energy shift also can be written in terms
of tensor ranked polarizabilities 
0, 
1, and 
2 �11�:

�E�,j,m = −
�0

2
�E�2

scalar

− i
�1

2

m

j
�i�E � E*��

vector

−
�2

2
�3m2 − j�j + 1�

j�2j − 1� �3�Ez�2 − �E�2

2

quadrupole/tensor

,

�3�
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which is identical to the form of the dc Stark effect except
for the addition of a vectorlike term. In general, the vector
shift term is maximal for pure circularly polarized light
aligned with any existing magnetic field. In other words,
both the relative strength of circular polarization

��z� = 
E � E* · ẑ

E2 
 , �4�

and the vector light shift term are maximized when E
=E�x̂� iŷ� /�2. Other researchers call this the “Zeeman-like”
ac Stark shift �14� or a vector shift specified by a “fictitious”
magnetic field �15,34�.

We now focus on the 6S1/2, m= �1 /2 and 5D3/2, m
= �1 /2 splittings �S and �D �refer to Fig. 1� and their asso-
ciated light shifts �S and �D. As shown in Fig. 2, only vector
pieces of the ac Stark effect can accomplish such shifts.
Therefore scalar and tensor light shifts are not directly mea-
sured �though we will see that the tensor piece in the 5D3/2
state plays a role in small systematic �D resonance line-
shape distortions�. If we define the shifted resonances

�S
LS = �S + �S, �5�

�D
LS = �D + �D, �6�

then we can form a quantity we call the light shift ratio from
the measurement of two shifted and two unshifted resonance
measurements

R �
�S

�D
=

�S
LS − �S

�D
LS − �D

. �7�

Writing Eq. �2� in terms of atomic dipole reduced matrix
elements, the light shift ratio is

R =
�S

�D
=

�E6S1/2,m=1/2 − �E6S1/2,m=−1/2

�E5D3/2,m=1/2 − �E5D3/2,m=−1/2
�8�

=

	
��,j�,�

v
1

2
, j�� ��6S1/2�er���, j���2

�E��,j� − E6S1/2
� ���

	
��,j�,�

v
3

2
, j�� ��5D3/2�er���j���2

�E��,j� − E5D3/2
� ���

, �9�

where E��,j� is the energy of state ��� , j��, �=2� /
 is the
off-resonant laser frequency, and v�j , j�� is a vector light
shift coefficient calculated from Clebsch-Gordan coefficients

TABLE I. Collection of calculated and measured 5D3/2 and 6S1/2 dipole matrix elements. The transition energies are derived from the
collection �26�. Data from �27� are derived from published radial integrals. No signs are shown for experimental data which are sensitive
only to the matrix element magnitude. Data from �28� �see also �29�� are derived from absolute transition rates; data from �30,31� are derived
from oscillator strengths. Data presented from �32� assumed LS coupling and rely on various measurements. A given set of matrix elements
generates estimates of the light shift ratio R �see Eq. �9�� to be compared with our measured results R514.531 nm=−11.494�13� and
R1111.68 nm= +0.4176�8�. Arbitrarily, the estimates of R below use results from �1� when otherwise not available in a given column. Note the
lack of published experimental data on �5D �er �nF� matrix elements.

Transition
�Eij

�cm−1�

Dipole matrix elements �units of ea0�

Theory Experiment

Ref. �1� Ref. �27� Ref. �2� Ref. �28� Ref. �30� Ref. �31,32�

6S1/2–6P1/2 20261.561 3.3266 3.310 3.300 3.36�16� 3.36�12� 3.36�4��31�
6S1/2–6P3/2 21952.404 −4.6982 −4.674 ���4.658 4.45�19� 4.69�16� 4.55�10��31�
6S1/2–7P1/2 49389.822 0.1193 −0.099 0.24�3��32�
6S1/2–7P3/2 50011.340 −0.3610 −0.035 0.33�4��32�
6S1/2–8P1/2 61339.5 −0.4696 −0.115 0.10�1��32�
6S1/2–8P3/2 61642.0 0.5710 0.073 0.15�2��32�

5D3/2–6P1/2 15387.708 −2.9449 3.055 3.009 3.03�9� 2.99�18� 2.90�9��31�
5D3/2–6P3/2 17078.552 −1.2836 −1.334 ���1.312 1.36�4� 1.38�9� 1.54�19��31�
5D3/2–7P1/2 44515.970 −0.3050 0.261 0.42�11��32�
5D3/2–7P3/2 45137.488 −0.1645 −1.472 0.19�5��32�
5D3/2–8P1/2 56465.6 −0.1121 0.119 0.23�6��32�
5D3/2–8P3/2 56768.1 −0.0650 −0.070 0.10�3��32�

5D3/2–4F5/2 43384.765 −3.69�33�
5D3/2–5F5/2 52517.070 1.59�33�
5D3/2–6F5/2 59722.48 0.44�33�

R
=514.531 nm prediction −13.41 −12.55 −12.75 −13.21 −13.35 −13.98

R
=1111.68 nm prediction 0.4444 0.4146 0.4168 0.5001 0.5110 0.7444
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and tabulated with similar scalar and tensor shift coefficients
in Table II. For scalar and tensor light shifts, both the nu-
merator and denominator of Eq. �8� would cancel; however,
this is not the case for a vector light shift created by circu-
larly polarized light. In Sec. VII we will use Eq. �9� to inter-
pret our measurements. One result will be improved values
for some of the dipole reduced matrix elements
�6S1/2�er��� , j�� and �5D3/2�er��� , j��. Current theoretical
calculations and previous measurements of these are shown
in Table I and are sufficiently accurate to compute an esti-
mate of the light shifts �S and �D as a function of laser
wavelengths. We plot the results in Fig. 3. Assuming pure
circular polarization and a 20 �m laser spot centered on the
ion, observed shifts are approximately �S=2.59 kHz /mW,
�D=−0.187 kHz /mW at 
=514.531 nm, and �S
=0.069 kHz /mW, �D=0.093 kHz /mW at 
=1111.68 nm.

II. APPARATUS

As described in earlier reports �7,8�, we trap single
barium ions in a twisted-wire Paul-Straubel ring trap roughly

0.75 mm in diameter. The trap itself is made from tantalum,
and all nearby surfaces—vacuum feedthrough pins, ovens
containing pure barium, dc compensation electrodes, an elec-
tron emission filament, and a half-loop of wire that serves as
a source of spin-flip radio frequency fields—are made from
nonmagnetic tungsten or tantalum. A uniform �1.5 G mag-
netic field, established by coils mounted on the vacuum sys-
tem, splits magnetic sublevels by a few MHz and avoids a
fluorescence dark state �16�. Surrounding the vacuum cham-
ber and magnetic field coils are two layers of magnetic
shielding. Unlightshifed spin-resonance resolution is ulti-
mately limited by residual magnetic noise of �40 �G /�Hz
at the site of the ion.

We perform Doppler cooling on the 493 nm 6S1/2↔6P1/2
transition while also applying a 650 nm laser to prevent the
ion from populating the metastable 5D3/2 state. Both of these
lasers are locked to an optogalvanic resonance in a barium
hollow cathode lamp; the 493 nm laser linewidth is typically
10 MHz while the 650 nm laser linewidth is purposefully
broadened by modulation to �100 MHz to destroy a coher-
ent population trapping dark state in this system �17�. Cam-
era optics image the ion fluorescence onto a photomultiplier
tube; we typically observe 4000 counts /s of 493 nm fluores-
cence when slightly above saturation. Filtered light emitting
diodes �Lumileds� are light sources that cover the 455 nm
6S1/2↔6P3/2 transition that can result in a decay to the meta-
stable 5D5/2 “shelving” state, and the 614 nm 5D5/2↔6P3/2
transition that correspondingly empties or “deshelves” the
5D5/2 state. Though the diodes’ spectra are extremely broad,
we nonetheless can drive these transitions at rates exceeding
10 Hz. �We have driven the 6S1/2↔5D5/2 electric-
quadrupole transition at 1762 nm, most recently with a diode
pumped fiber laser source, which would provide more effi-
cient shelving and deshelving in future experiments.�

III. SINGLE ION RF SPECTROSCOPY

We have developed a technique to measure the 6S1/2 and
5D3/2 m= �1 /2 spin resonance frequencies �S and �D �refer
to Fig. 1� in a single trapped ion. After a period of laser
cooling, the 493 nm beam is made dim and circularly polar-
ized via an acousto-optic and electro-optic modulator. Since
the laser beam is aligned with the dominant magnetic field,
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FIG. 1. �Color online� This level diagram of Ba+ shows several
relevant atomic states, transition wavelengths, lifetimes, and ap-
proximate decay branching ratios. The Zeeman structure of the
6S1/2 and 5D3/2 states is shown explicitly; an external magnetic field
makes �S and �D a few MHz.
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FIG. 2. Structure of the multipole light shifts in the 6S1/2 and
5D3/2 states. In this schematic, we imagine a magnetic field splitting
the 6S1/2 and 5D3/2 sublevels by �S and �D in the vector structure
of the Zeeman interaction. Higher order terms in the ac Stark per-
turbation �assumed small� can mix the scalar, vector, and tensorlike
shifts.

TABLE II. Scalar, vector, and tensor coefficients used in esti-
mating the light shift ratio shift magnitudes in the m= �1 /2 split-
tings in the 6S1/2 and 5D3/2. In particular, the constants v�j , j�� are
necessary in the computation of our measured light shift ratios in
Eq. �9�.

�j , j��
Relevant light shift coefficients

Scalar s�j , j�� Vector v�j , j�� Tensor t�j , j��

�1 /2, 1 /2� −1 /6 −1 /3 0

�1 /2, 3 /2� −1 /2 1 /6 0

�3 /2, 1 /2� −1 /12 −1 /12 1 /12

�3 /2, 3 /2� −1 /12 −1 /30 −1 /15

�3 /2, 5 /2� −1 /12 1 /20 1 /60
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optical pumping into one of the 6S1/2 sublevels results with
extremely high efficiency; for this discussion we assume
pumping into the m=−1 /2 state. Both the 493 and 650 nm
resonant lasers are shuttered, and a precisely timed pulse of
radio-frequency voltage is applied to a half-loop of wire
about 1 mm away from the trapped ion, oriented such that an
oscillating magnetic field perpendicular to the quantization
axis develops. This pulse is engineered to be the appropriate
duration and strength to be a so-called � pulse; when reso-

nant, it causes the ion spin to completely flip from m
=−1 /2 to m= +1 /2. Then, a dim, circularly polarized
“probe” pulse of 493 nm light either leaves the ion alone if it
remained in the 6S1/2, m=−1 /2 state after the rf pulse, or
moves it to the 6P1/2 if the rf pulse succeeded in flipping the
spin to m= +1 /2. Roughly 30% of the time, this excited ion
will then decay to the long-lived 5D3/2 state. A 150 ms pulse
of 455 nm light moves any ion still in the 6S1/2 state to the
5D5/2 via a decay from the 6P3/2 state �the decay fraction to
5D3/2 is fortunately very rare, approximately 3%�. Finally,
application of bright, linearly polarized 493 and 650 nm ra-
diation results in ion fluorescence only if the ion is not stuck
in 5D5/2; this is correlated to whether the rf spin flip was
successful.

This measurement sequence is repeated many times to
gather statistics and using several trial spin flip radio fre-
quencies to build a resonance curve as shown in Fig. 4; vary-
ing the rf pulse duration while on resonance shows the Rabi
probability flopping. The contrast in such curves is low due
to the 30% branching ratio we rely on to transfer spin infor-
mation of the 6S1/2 into state information in the 5D3/2 state.
We found that we could improve the contrast of the spin
resonances by applying repeated rf spin slip and dim 493 nm
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FIG. 3. �Color online� �top� Estimated total light shifts �S and
�D assuming a 20 �m, circularly polarized laser beam. �middle�
The fractional sizes and signs of contributions to the vector light
shifts �S and �D due to various nearby states, shown on linear and
�bottom� logarithmic scale plots. Notice, for instance, that in the
visible spectrum, the dominant contribution to the 6S1/2 vector shift
�S is due to the large and oppositely signed contributions of 6P1/2
and 6P3/2.
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See text for a description of the spin sensitive electron shelving
technique. We found that the low contrast of the spin resonances
�due to an unfavorable branching ratio of decays from 6P1/2� could
be improved by exposing the ion to several repeated rf spin flips
and optical probe pulses as shown here.
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optical probe pulses at the expense of the coherent features
of the resonance curves. We found that 3-5 repetitions
yielded the most success; two repetitions mimicked certain
aspects of Ramsey interrogation, complicating curve fitting,
while many more repetitions led to broadening of reso-
nances. We aggressively searched for, and did not find at the
level of 10−3 of the light shift, any shifts in the resonance
centers due to the additional pulses.

We employ a similar technique to measure the 5D3/2, m
= �1 /2 splitting �D. After a period of laser cooling, the
650 nm laser beam is made circularly polarized; for instance,
�−. Population accumulates through optical pumping in the
5D3/2, m=−1 /2 and m=−3 /2 levels. The fraction of popula-
tion in m=−1 /2, which we call a−1/2, turns out to be an
important parameter of systematic effects discussed later.
Figure 5 shows the result of a rate equation model for deter-
mining a−1/2 for a given 650 nm laser misalignment and de-
gree of circular polarization; notice that a−1/2 is maximized
with imperfect polarization. With the 650 and 493 nm lasers
shuttered, a timed radio frequency pulse is engineered to
transfer population from the m=−1 /2,−3 /2 manifold to the
m= +1 /2, +3 /2 manifold of 5D3/2. Though the four-state
spin flip dynamics are different from the well-known J
=1 /2 case, an effective “�-pulse” can nonetheless be defined
that results in maximum population transfer in analogy to a
spin flip �18�. The dim, circularly polarized 650 nm laser
again probes the 5D3/2 state, transferring any population in
the upper spin manifold out to the ground state via a likely
decay from 6P1/2 while an ion left in the m=−1 /2 or m
=−3 /2 state is likely unaffected. A 455 nm shelving pulse
moves an ion in 6S1/2 to the metastable 5D5/2 state, as before.
Finally, resonant 650 and 493 nm laser light results in bright
ion fluorescence as long as the ion is not in the 5D5/2 shelved
state; dim observed fluorescence is correlated with the suc-
cess of the rf spin flip.

As seen in a previous work �8�, and Fig. 6, the shape of
the curves differs from the familiar sin2 �t dependence rel-

evant in the J=1 /2 case, but can be fit to the solution of the
appropriate optical Bloch equations �19�. Some details of the
resonance curves depend sensitively on the initial condition
a−1/2 of the 5D3/2 state, as well as the duration, polarization,
and alignment of the 650 nm probe pulse.

IV. MEASUREMENT OF LIGHT SHIFTS

Here we describe our measurements of the vector light
shifts �S and �D due to an applied beam of off-resonant,
circularly polarized light. The ratio R=�S /�D �see Eqs.
�7�–�9�� is independent of the intensity of the laser, and
largely independent of errors in polarization and alignment;
see Fig. 7 for an example data run. A previous report �8�
details our result using a single-frequency argon-ion laser at
514.531 nm. We will now discuss a new measurement using
a 1 W, polarization-preserving, Yb-fiber laser �Koheras� at
1111.68 nm. Though tunable, we operated this laser with no
active frequency stabilization; its wavelength was checked
with a commercial wavemeter between measurements so that
laser frequency variations would cause only a 10−5 relative
error in our reported value of R. After warm-up, the laser’s
long term power variation, measured after a high quality po-
larizer, was less than 2%. The light shift beam polarization
was made circular with an achromatic quarter-wave plate
�����0.9� or Babinet-Solieil compensator �����0.95�. The
beam is aligned to counterpropagate along the 493 and
650 nm resonant beams, and therefore also along the mag-
netic field, confirmed to within 5° by separate optical pump-
ing experiments.

We took interleaved resonance scans of �S, �D, �S
LS, and

�D
LS, the latter being spin-resonance scans with the light shift

laser incident on the ion. The scans �S
LS and �D

LS differed
from �S and �D in only two respects. First, because the
residual power, pointing, and polarization noise of the light
shift laser causes drift in the frequencies �S

LS and �D
LS, we

used higher spin-flip radio frequency voltages during the
light shifted scans to power-broaden the resonances by fac-
tors of 2-10; however, the radio frequency pulse “area” �St
was kept constant. Second, the tensor part of the light shift in
the 5D3/2 state made the 5D3/2, m= �1 /2 levels an effective
two-level system for large light shifts compared to the spin
flip Rabi frequency; i.e., �D��D. In this limit, the spin-
dynamics of the J=3 /2 system changes such that the effec-
tive �-pulse exposure time scales down by a factor of 2
compared to the unshifted 5D3/2 sublevels �20�; see Fig. 6.
Therefore the correct spin-flip rf pulse “area” �D

LStD
LS

=�DtD /2.

V. DATA

A typical resonance curve scan consisted of a few hun-
dred spin-flip trials at about 20 equally spaced radio frequen-
cies, ten or so of which would be on or near-resonant. About
1 h of data taking yields �1 Hz statistical resolution of �S
and �D. Four to eight hours of data taking would yield
�0.1% statistical precision on the quantity R; one such data
collection run is shown in Fig. 7. Figure 8 shows the results
of about 40 of these runs at each wavelength, plotted against
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FIG. 5. �Color online� A rate equation model of optical pumping
allows us to estimate the steady state population a−1/2 of the 5D3/2,
m=−1 /2 state when linearly polarized 493 nm and �− polarized
650 nm light is incident on the single ion. We plot contours of a−1/2,
an important parameter for a systematic line-shape effect, against
the misalignment angle of the 650 nm beam to the magnetic field �,
and the strength of circular polarization ���. Notice that a−1/2 is
maximized with imperfect polarization.

MEASUREMENT OF LIGHT SHIFTS AT TWO OFF-… PHYSICAL REVIEW A 78, 052514 �2008�

052514-5



�D /�D, the most important parameter leading to systematic
effects. The fitted slope of R vs �D is zero within the statis-
tical errors, implying that the light shift ratio is independent
of laser intensity. Adding statistical �one standard deviation�
and systematic errors �discussion to follow� together in
quadrature, we find that

R�514.531 nm� = − 11.494�13� , �10�

R�1111.68 nm� = + 0.4176�8� . �11�

The quoted error in the latter result has been �2-corrected by
a factor of 1.3 to account for unexplained excess scatter in
the data; the reduced �2 of the result at 514.531 nm is 1.0.

VI. SYSTEMATIC ERROR ANALYSIS

A leading virtue of the experiment design is the lack of
significant systematic effects. Light shifts are proportional to
the laser intensity I, which in general is difficult to measure
at the site of the ion with any precision. By measuring the
light shifts in two states, however, the intensity drops out
completely in the ratio R. By choosing to measure the m
= �1 /2 splittings in both the 6S1/2 and 5D3/2, errors in laser

polarization and alignment affect the light shift ratio only in
second order. By interleaving the measurements temporally,
noise and drift in the magnetic field, laser pointing, polariza-
tion, and intensity are shared by both shifted and unshifted
resonances and thus do not contribute to the ratio.

The effects that remain are smaller than the statistical pre-
cision of the data. The first effect documented in this section
is the most important: line-shape effects that plague the light-
shifted 5D3/2 resonance. We then consider laser problems:
misalignments, polarization errors, fluctuations, and spectral
purity. Next, we analyze ac Zeeman effects from the trapping
and spin-flip fields, and finally, systematic fluctuations in the
magnetic field and ion position.

A. 5D3Õ2 resonance line-shape effects

Though we expect to measure the m= �1 /2 splitting �D
in 5D3/2, the shifts of the outer two splittings

�upper � E5D3/2,m=3/2 − E5D3/2,m=1/2 − �D, �12�

�lower � E5D3/2,m=−1/2 − E5D3/2,m=−3/2 − �D �13�
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FIG. 6. �Color online� These data demonstrate theoretically
�top� and experimentally �bottom� distortions in light shifted 5D3/2
spin resonance curves resulting from using the same spin-flip expo-
sure time for large and small light shifted resonances. At large light
shifts �D��D, the 5D3/2, m= �1 /2 levels are isolated into an
effective two level system with a different Rabi frequency than the
unshifted J=3 /2 system �18,20�. At small light shifts ���D, the
tensor light shift makes all the 5D3/2 splittings quasiresonant, lead-
ing to complicated line shapes.

FIG. 7. �Color online� In this example spin resonance data set,
we find the Zeeman splittings �S and �D with and without applica-
tion of an off-resonance light shift laser. Though coherent features
are observed on the spectral lines, in practice we fit the resonance
profiles to Gaussian line shapes since temporal magnetic drift and
light shift laser intensity, pointing, and polarization noise tends to
broaden the lines.
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nevertheless play a role in shifting the �D
LS line shape through

distortions of the resonance profile. Only the vector part of
the light shift Hamiltonian shifts magnetic sublevels an
amount proportional to m. While scalar shifts are completely
undetectable, the tensor shift makes �upper and �lower in gen-
eral different than �D=�middle. If the light shifts are compa-
rable in size to the spin-flip Rabi frequency �D��, then all
the shifted 5D3/2, m↔m�1 resonances are quasiresonant
with the spin-flip field. Since our optical pumping method
prepares the 5D3/2 state in some statistical mixture of the
m=−1 /2,−3 /2 states, the resulting spin resonance curves
can be quite complicated and distorted as illustrated in Fig.
6. We expect the size of the distortion to decrease as the
relative size of the vector light shift �D /�D increases; this is
confirmed with a model of the Bloch equations. Also, the
sign of the distortion reverses if the sense of circular polar-
ization of either the 650 nm optical pumping beam, or the

light shift beam polarization reverses; this explains the large
scatter of the data in Fig. 8 at small relative light shifts
�D /�D. For data collected with the 1111.68 nm laser, we
performed an equal number of data runs in each of the four
possible light shift polarization and 5D3/2 state preparation
configurations.

We observe that the size of the distortion depends sensi-
tively on the optical pumping conditions that prepare the ion,
while the sign depends on the sense of light shift circular
polarization ��0 or ��0, and whether the ion is initially
prepared in the m=−1 /2,−3 /2 or m= +1 /2, +3 /2 manifolds
by choosing a �− or �+ polarized 650 nm beam during opti-
cal pumping. We modeled the optical pumping, light shift
Hamiltonian, rf spin-flip, and detection-by-shelving aspects
of the experiment by numerically integrating the Bloch equa-
tions with the spin-flip Hamiltonian using Runge-Kutta
routines �21� for all conceivable experimental conditions at
several candidate light shift wavelengths. Simulated experi-
mental data were then subjected to our curve fitting routines
to determine �D as we would measure it. The expected rela-
tive �D shift error is plotted in Fig. 9 against the relevant
scaling parameter: the ratio of light shift to spin-flip Rabi
frequency �D /�D. Intuitively, for � pulses of rf, �D /�D is
also a measure of the vector light shift divided by the spin-
flip linewidth.

Since the sign of the error depends on both the sign of the
light shift laser polarization and the sign of the circular po-
larization used for state preparation, in principle the error can
be cancelled by performing reversals of these parameters.
While we did implement such reversals in the 1111 nm data
set, the earlier runs using 514 nm were not systematically
controlled in this way. Therefore, for a consistent treatment,
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FIG. 8. Light shift ratio data at 514 and 1111 nm plotted against
the most important parameter for systematic effects, �D /�D �the
light shift magnitude over the 5D3/2 resonance linewidth�. Data in
the shaded regions are cut from the straight line fit because the size
of the line-shape fitting error is expected to be �10−3 while the sign
is uncontrolled; this explains the large scatter at low �D /�D. In
each case, this data cut does not change the fitted values for R
beyond the quoted errors. No statistically significant slopes are de-
rived from these plots which might otherwise imply an effect due to
hyperpolarizability. To account for the larger than expected scatter
in the 1111 nm data, we have �2-corrected the reported value.
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FIG. 9. �Color online� Models of the 5D3/2 spin resonance line-
fitting error. The top graph compares the typical error magnitude for
514 and 1111 nm light shifts considered here. The bottom graph
shows the error profiles for some other candidate light shift wave-
lengths. For each wavelength, the top curve assumes initial 5D3/2
optical pumping fraction a−1/2=0.8, the maximum typically ob-
served while the bottom curve assumes a−1/2=0.51 which mini-
mizes line-shape error. Dashesd lines illustrate approximate bounds
on �D /�D that keep the line fitting relative error below 0.1%.
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we have decided to cut data which our model suggests has a
line fitting error of more than 0.1%. In both data sets, this cut
procedure does not end up shifting the reported R values by
more than the stated final precision.

B. Laser misalignments, polarization errors

Our experiment is designed to ideally measure only vector
light shifts which are maximized in the case of pure circular
polarization aligned along the magnetic field. We will show
in this section that the light shift ratio R is insensitive to
misalignments and errors in polarization as long as the light
shifts are much smaller than the Zeeman shifts,

�S � �S,

�D � �D.

First we will treat laser misalignments and polarization
errors following �19,22�. If a �positive� circularly polarized
laser beam along k is misaligned by a small angle 
 with
respect to the magnetic field B, the polarization in a spherical
basis becomes

� =
1
�2�cos 


0

sin 

� .

If we further allow a small relative phase � between the
orthogonal components 	x and 	y, the light becomes ellipti-
cally polarized,

� =
1
�2�cos 


iei�

sin 

� .

The size of the vector part of the light shift is proportional to
the degree of circular polarization strength defined by

� = ��� = ��* � �� �14�

= ��− cos � sin 
,0,cos � cos 
�� . �15�

Some refer to the vector part of the light shift as an effective
magnetic field along the vector �. When 
=0, � points
along the direction of the main magnetic field ẑ, and the
quantity �D defined in Eq. �6� exactly measures the vector
light shift; but for 
�0, the light shift perturbation does not
commute with the Zeeman Hamiltonian. Specifically, the to-
tal Hamiltonian in the 5D3/2 state is

H = HZeeman + HLight shift �16�

=�
−

3

2
��D + �D� cos 
 cos �� −

�3

2
�D� cos � sin 
 0 0

−
�3

2
�D� cos � sin 
 −

1

2
��D + �D� cos 
 cos �� − �D� cos � sin 
 0

0 − �D� cos � sin 
 +
1

2
��D + �D� cos 
 cos �� −

�3

2
�D� cos � sin 


0 0 −
�3

2
�D� cos � sin 
 +

3

2
��D + �D� cos 
 cos ��

� . �17�

One can diagonalize this matrix; the eigenvalues correspond
to the shifted state energies. The difference between adjacent
m levels, the observed vectorlike shift, is

�D = ��D
2 + �D� cos ��2�D cos 
 + �D� cos �� − �D,

�18�

which, for small shifts �D� ��D, can be expanded into

�D = − cos 
 cos ��D� +
�D�

2

2�D
�cos � sin 
�2 + O��D�

3� .

�19�

We see that the observed energy shift �D is reduced given
finite misalignments and polarization errors. The first term,
linear in �D� , however, is common to both �D and �S and
therefore cancels in the ratio. We mechanically constrain
misalignment angles to below 5°, verified by the observed
efficiency of optical pumping. Deviations from true perfect
circular polarization are almost always less than 5%. For the
typical �D�10 kHz light shift on a background magnetic
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field splitting �D�2.5 MHz, the relative error due to Eq.
�19� is less than 1�10−4. A similar treatment of the tensor
shift �19� mixed into �D by a misaligned beam gives a simi-
larly small error. The relative systematic shift is

�D,tensor

�D
�

3

4

�D

�D
�sin2 � − 2 sin2 
� . �20�

C. Laser frequency error, spectral impurity,
residual fluctuations

How accurately must we measure and control the light
shift beam wavelength? Consider a quantity R�, the relative
light shift ratio slope with respect to wavelength:

R��
0� � 
 1

R�
0�
dR�
�

d





0

. �21�

We expect �R�� to become large only near Ba+ dipole transi-
tions. Using existing literature values for the barium reduced
matrix elements, we plot this function in Fig. 10. Examining
it helps us determine the level of laser stability required at
particular wavelengths. If a given laser can be stabilized to
within �
 over the course of the experiment then the contri-
bution to the expected relative error in the reported light shift
ratio is

�


R
= �R��
0���
 . �22�

The maximum drifts observed using a wavemeter over the
months spent collecting data were �
=0.001 and 0.01 nm
for the 514.531 and 1111.68 nm lasers, respectively. We ad-

justed the wavelength of the Yb-fiber laser at the beginning
of each data run but made no attempt to actively stabilize it.
The Yb-fiber laser is pumped with high power 795 nm diode
lasers. Using a prism we separated out and observed �1 mW
of pump light emitting from the fiber. Any residual pump
light that did end up focused on the ion would not likely be
well circularly polarized since the polarizing elements we
employ are wavelength dependent. The purity and stability
of the 514 nm laser is discussed elsewhere �8,20�. We pro-
grammed the data acquisition system to monitor the light
shift beam power with a photodiode and halt data taking in
the case that the light shift power drifted 5% above or below
a set point. We employed active laser intensity control during
the experiments at 514 nm.

D. Off-resonant, rf ac Zeeman shifts
(i.e., from trapping currents)

All our spin resonance measurements are infected with
off-resonant magnetic light shifts �the ac Zeeman effect� be-
cause measurements of the g-factor ratio

Gmeas �
g�6S1/2�
g�5D3/2�

= �S/�D �23�

consistently deviated from the precisely measured value G
=2.505 220�2� �23�. The sign of the deviation changes as we
move the resonances above the trap frequency by increasing
B �20�. Further, as shown in Fig. 11, the deviation scales with
the trapping rf strength which confirms that rf currents at the
trapping frequency �trap�9.5 MHz generate an oscillating
magnetic field of sufficient size to shift our single ion reso-
nances. Such an off-resonant shift can be written in terms of
the magnetic dipole interaction strength �a Rabi frequency�
�trap rf and detuning from resonance. Including the Bloch-
Siegert term we have shifts in the 6S1/2 and 5D3/2 spin reso-
nances,

��S
trap rf = −

�trap rf
2

2��trap − �S�
+

�trap rf
2

2��trap + �S�
, �24�
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FIG. 10. �Color online� An estimate of the light shift ratio slope
�R�� with respect to wavelength gives us an idea of how sensitive
the measured light shift ratio will be to fluctuations in the laser
frequency. The slope diverges near atomic dipole resonances. In
regions with an expected relative error �R���0.1 nm−1, a laser with
free running stability of �
=0.01 nm contributes a relative system-
atic error to the light shift ratio of 10−3. The region with low �R��
around 470 nm is in-between the 6S1/2↔6P1/2 and 6S1/2↔6P3/2
transitions.
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FIG. 11. Data showing the measured g-factor ratio deviation
with trap rf strength. An electrical model shows it is plausible for
this shift to be due to the off-resonant ac Zeeman effect. In �20� we
argue that the net effect on the measurements of R reported here are
at the 5�10−4 level—far below the statistical sensitivity.
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��D
trap rf = −

�trap rf
2

2��trap − �D�
+

�trap rf
2

2��trap + �D�
. �25�

A plausible model for the source of these shifts is magnetic
currents caused by the high voltage trap rf, but not micromo-
tion of the ion in an inhomogeneous magnetic field �20�. We
demonstrate that the largest relative effect these shifts have
on the light shift ratio R is at the 5�10−4 level but could be
much worse if the trap rf is made nearly degenerate with any
spin resonances, or if any light shift was large compared to
the Zeeman splittings.

E. On-resonant, rf Bloch-Siegert shift
(i.e., from spin-flipping field)

The resonant spin-flip field is itself responsible for an ac
Zeeman light shift through the Bloch-Siegert effect:

��0
BS = +

�spin flip
2

4�0
. �26�

The effect would cancel in the light shift ratio if we probed
the light-shifted and unshifted resonances with the same rf
power. In practice we do not since the light-shifted reso-
nances undergo a substantial amount of temporal noise, from
fluctuating laser intensity or pointing, that require broaden-
ing the resonances with larger spin-flip fields. �spin flip

D

�2 kHz and �spin flip
S �4 kHz during our experiments, so we

can bound the effect on the resonances to below 1 Hz. This
translates into systematic light shift errors of �5�10−5 for
the bulk of the data. Though this effect is well below the
statistical sensitivity and dwarfed by other systematics, we
attempted to search for any shift that scaled with �spin flip by
taking special interleaved data runs differing only in spin-flip
magnitude by a factor of 25.

F. Correlated magnetic field shifts

Any change in the magnetic field correlated with the mea-
surement of 6S1/2 versus 5D3/2 resonances vanishes entirely
in the light-shift ratio. However, a change in B correlated
with the application of the light shift laser does not cancel
out. The only conceivable mechanism is a fluctuation of the
magnetic field due to the actuation of the stepper-motor shut-
ter gating the light shift laser. We try to suppress any such
effect with two layers of magnetic shielding and by placing
the shutter more than 1 m from the trap with the solenoid
aligned perpendicular to the quantization axis. A flux-gate
magnetometer placed just outside the magnetic shielding
showed no change larger than 1 mG correlated with the light
shift beam shutter. Testing for any shift using the ion itself is
straightforward: leaving the light shift laser turned off, we
performed a typical light shift ratio data run with narrow �D
resonances. During several dedicated scans, we find that
there are no apparent shutter-correlated shifts at the �2 Hz

level. The error would be correlated in both 6S1/2 and 5D3/2
resonances and larger in the former by the g-factor ratio of
2.5. We put limits on the error in R due to this effect to
�2�10−4 for 10 kHz type shifts. Despite being below the
statistical sensitivity, we assign this error estimate to each
light shift run.

G. Systematic ion displacements

Any systematic shift in the ion’s position due to the ap-
plication of the light shift laser will lead to a light shift ratio
error: a displaced ion experiences a different light intensity
and magnetic field. Also, the dipole force on an ion in the
6S1/2 will be in principle different than when in the 5D3/2
state. Fortunately the rf trapping force dwarfs these effects
by many orders of magnitude. Previous work �19� also treats
systematic movement of the ion trap loop and fluctuations of
the pseudopotential due to application of the spin-flip rf:
such mechanisms contribute to a systematic shift at a level
far below the other effects considered in this section.

VII. EXTRACTION OF MATRIX ELEMENTS

As a simple first step, we can turn our results into values
for reduced dipole matrix elements by solving for two de-
sired quantities in Eq. �9�, using literature values of the other
required dipole matrix elements as “known” quantities. Per-
forming this operation using literature values �1� yields

��5D3/2�er�6P1/2�� = 3.14�8�ea0,

��5D3/2�er�4F5/2�� = 4.36�36�ea0,

where the errors are due mainly to uncertainties in the litera-
ture values. There are additional errors due to terms in Eq.
�9� we have not included, such as core excitations and con-
tinuum states. The latter should contribute at the few percent
level; studies of the dc Stark effect in Ba+ �24� that imply the
fractional effect of high-n and continuum levels is �1.4
�10−4 for 6S1/2, m= �1 /2 states and �2.9�10−2 for 5D3/2,
m= �1 /2 states. Without such corrections, the value we ob-
tain for ��5D3/2�er�6P1/2�� is in good agreement with both the
theoretical and experimental results summarized in Table I.
Our determination of ��5D3/2�er�4F5/2�� is in reasonable
agreement with the theoretical estimate.

A more sophisticated approach to analyzing our results,
currently underway �25�, utilizes modern many-body atomic
theory at all stages of the calculation. Such a direct ab initio
calculation of the light shift ratio R should enable our mea-
surements to provide an exacting test of atomic theory.
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