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Adaptive analytical mapping procedure for efficiently solving the radial Schrodinger equation

Vladimir V. Meshkov,' Andrey V. Stolyarov,l’z’* and Robert J. Le Roy2
lDepartment of Chemistry, Moscow State University, 119992 Moscow, Russia
2Guelph—Waz‘erloo Center for Graduate Work in Chemistry and Biochemistry,

University of Waterloo, Waterloo, Ontario N2L 3G1, Canada
(Received 17 July 2008; published 19 November 2008)

This paper shows that replacing the usual integration variable r € [0,%) by a reduced radial variable y
=y(r;a) defined analytically on a finite domain y € [a,b] transforms the conventional radial Schrodinger
equation into an equivalent form in which treatment of levels lying extremely close to dissociation becomes
just as straightforward and routine as treating levels in the lower part of the potential well. Explicit integral
expressions for the eigenvalue error due to the use of a finite step size in finite-difference methods of numerical
integration are presented and are used to improve calculated eigenvalues as well as to determine optimal values
of the mapping parameters a. This adaptive mapping procedure is shown to be versatile and efficient for both

finite-difference and pseudospectral methods.
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I. INTRODUCTION

Solutions of the familiar radial or effective one-
dimensional Schrodinger equation

d*ydr)
dr?

- QB W) = —{i—’;w— U(r)]}m (1)

defined on the infinite domain r € [0,%) are often required
for adiabatic modeling and simulations of a wide variety of
experimental phenomena. For example, analysis of photoas-
sociation experiments, prediction of formation rates for ul-
tracold molecules, and determination of scattering lengths
and collision cross sections at very low temperatures all re-
quire highly accurate quantum calculations based on numeri-
cal solution of this equation. Furthermore, modern direct-
potential-fit (DPF) analyses of diatomic molecule
spectroscopic data must solve Eq. (1) to high accuracy for
the upper and lower levels of thousands or tens of thousands
spectroscopic transitions in each cycle of the nonlinear least-
squares fit which optimizes the parameters defining the upper
and lower-state potential energy functions [1-5]. Thus it is
important that the method used for solving this equation be
robust, accurate, and as efficient as possible. For levels lying
in the lower part of the well where the potential function is
only modestly asymmetric, a wide variety of algebraic,
basis-set, or wave-function propagation methods can satisfy
this need. However, studies of ultracold atomic and molecu-
lar systems often involve very weakly bound levels which lie
extremely close to dissociation and have outer turning points
of tens, hundreds, or thousands of A. Performing accurate
calculations of the energies and other properties of such lev-
els from a given potential energy function using conventional
methods can be quite challenging.

The nature of the problem is illustrated by Fig. 1 which
shows the wave functions #,(r) for a range of vibrational
levels v of a model Lennard-Jones (2n,n) potential
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with n=4, in which ®, is the well depth and r, is the equi-
librium internuclear distance, and the wave functions satisfy
the usual boundary and normalization conditions

o]

l/’u(o) = lzbv(oc) = O; f |(ﬂv(l’)|2d1"= I. (3)

0

The very different magnitudes of the intervals spanned by
the wave functions for different levels, the fact that a loga-
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FIG. 1. (Color online) Radial eigenfunctions ,(r) of the model
15-level LJ (8,4) potential of Table 1.
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rithmic scale is required to show the entire wave functions
for the higher levels, and the great differences in their am-
plitudes and peak widths in the inner and outer turning-point
region present considerable challenges to most methods. In
particular, the robust and efficient finite-difference [6—13]
and pseudospectral collocation [14-21] methods which ex-
ploit grids of equidistant r points are not well suited for this
type of molecular boundary value problems.

A grid mapping procedure based on an adaptive radial
coordinate y(r) has been proposed as an efficient tool for
addressing this type of problem [16-21]. The numerically
defined mapping function

y(r) ~ fr VO(E;r)dr; Q(E;r)=0 (4)

o

was assumed to be optimal for the Fourier grid Hamiltonian
(FGH) method in the classical allowed region where
Q(E;r)>0. A nontrivial scheme for improving the above
mapping near the classical turning points was suggested in
Ref. [19]. However, artifacts related to the appearance of
spurious (ghost) states in the mapped FGH method have
been associated with this approach [18,21].

The present work presents an alternate mapping proce-
dure designed to provide efficient solutions of Eq. (1) for
very weakly bound levels. The key to this approach is re-
placement of the usual integration variable r € [0,%) by a
reduced radial variable which is defined on a finite domain
y € [a,b] and has an analytical form written formally as y
=y(r;a@). This approach achieves considerable economy
with regard to computational effort and array storage require-
ments for both finite-difference and pseudospectral methods
of solving Eq. (1). More importantly, it makes the treatment
of levels lying extremely close to dissociation just as
straightforward as performing calculations for those lying
deep in the well.

Ascertaining the accuracy of calculations for levels lying
extremely near dissociation can also be a challenging prob-
lem. To address this question, an integral expression for es-
timating the residual error associated with use of a finite
radial mesh size in solving our transformed radial
Schrodinger equation is derived and used to examine the
effect of different choices of the parameters & governing the
mapping of the conventional radial variable r onto a finite
domain.

II. METHODOLOGY
A. The coordinate transformation

On introducing a new radial coordinate function y(r)
which is a smooth, monotonically increasing function of r,
our initial radial equation (1) becomes

& g_')g }
{dy2_<g dy+gQ #=0 ©)

in which
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and r(y) is defined on the interval y € [a,b] as the inverse
function of y(r), while a prime (') denotes differentiation
with respect to the new variable y. The substitution

W) =g () )
then transforms Eq. (5) into the conventional form
d ~
20— ) ®)
y
in which
O(E:y) = g2 (y)Q(E:r(y)) + F(y) )
and the additive term
_g 3(gy
F=5 —4( g) (10)

depends only on the definition of the new radial coordinate.
Equation (8) may also be rewritten in the equivalent form

1 d? -
{— Zﬁ+g2U]¢=g2E¢ (11)
in which
- h* F
_y- ) (12)
2ug(y)

is the effective potential.
When combined with the modified boundary and normal-
ization conditions

b
@la) = p(b) =0; J lg()p(y)|Pdy =1 (13)

Egs. (8) and (11) are completely equivalent to the initial
equation (1) as long as r(y) € C*([a,b]) is a monotonically
increasing function. It should be stressed that only the in-
verse function r(y) is needed to accomplish the analytical
transformations of the initial equation (1).

We note that combination of the mapping function of Eq.
(4) with the substitution of Eq. (7) actually corresponds to
the well-known Liouville-Green transformation [22] which
leads to the conventional WKB approximation [23,24]. In-
deed, the substitution g(y)=dr/dy=1/p [where p
=\Q(E;r) is the classical impulse] transforms Eq. (8) to the
form

d*¢
d—y2=—[1+F(y)]d> (14)

in which the function F(y)=0 when p>0, in which case

@(y) = C sin(y) + C, cos(y), (15)
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W(r) = er sin(fpdr) % COS(deV)- (16)
\p \P

Thus, recovery of the semiclassical results of Egs. (15) and
(16) justifies the argument that the mapping (4) could be
optimal for the Fourier grid methods of solution. However,
Eq. (4) cannot be applied straightforwardly to define a map-
ping function on a whole domain, since Eq. (15) is only valid
deep inside the classical allowed region.

B. Solution of the transformed equations

Equation (8) is linear homogeneous differential equation
whose solutions are oscillating sinusoidal functions in the

pseudoclassical region where Q(E; y) is positive, and decay
exponentially in the boundary regions where it is negative.
Any direct integration scheme can straightforwardly be ap-
plied to solve Eq. (8) using a “shooting” propagation method
[13]. In particular, simply replacing Q(E;r) by Q(E;y) trans-
forms a code which uses the Numerov integration scheme
[6-9] to solve Eq. (1) [25] into a code for solving Eq. (8).
The only other modification required is the replacement of
the conventional normalization conditions of Eq. (3) by those
of Eq. (13). In particular, the Lowdin-Cooley eigenvalue cor-
rection &(E) [6,8] becomes

(= Yoy = Yoy +2Y,)/0° = Oy
EZ1|¢1‘81‘|2

in which ¥;=[1+(h%/12)Q;]¢;, M is the wave-function array
matching mesh point, h=(b—a)/(N-1) is the integration
step [26], and N is the total number of uniformly spaced grid
points. Furthermore, in any calculation of matrix elements
using the eigenfunctions ¢(y), the integrand must include the
weight function g2(y):

8E) = (17)

*© b
M= f Pi(r)M(r)(r)dr = f G(yIMIr(y)]¢;(y)g(y)dy.
0 a

(18)

The matrix realization of the most robust and efficient
finite-difference and pseudospectral methods of numerical
integration reduces the transformed equation (11) to the gen-
eralized eigenvalue problem

A¢p=EBdo, (19)

where A is a symmetric (and for finite difference methods,
banded) matrix, while B is a positive definite diagonal matrix
with elements B;;= giz. The substitution

¢=B""¢ (20)
based on the trivial matrix decomposition B=B'>B!? then

yields the ordinary eigenvalue problem:

[B-2AB2]o=E¢; ¢(a)=¢(b)=0, (21)

where the wave function ¢(y) satisfies the standard normal-
ization condition  [’|@(y)’dy=1, and hence M;
=[heMIr(y)]e;dy.
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C. Minimizing eigenvalue error

For nonsingular potential energy functions whose eigen-
functions satisfy the boundary conditions of Eq. (13), the
perturbative arguments given in Appendix A provide an el-
egant means of estimating the eigenvalue error AE associ-
ated with use of a finite step size &. In particular, for a central
three-point finite difference scheme (FD3), the error is given
by the integral

h2 h2 b _
AEFD3(h)=@(E> J [Q¢)dy (22)

while for the Numerov integration method (Num), which is
subject to the additional boundary condition

¢'(a)=¢'(b) =0, (23)

the error term is

R\ (7] d@e) ]2
AENum(h) - ZM( 240)J; l dy dy (24)

These expressions indicate that in contrast to variational
methods, for small 4 the FD3 and Numerov methods give
lower bounds to the exact eigenvalues for bound levels of
Egs. (1) and (8), as had been discovered empirically by
Shore [12]. However, for cases in which some other bound-
ary condition is appropriate, such as for quasibound levels or
for a model potential which is a singular function at one end
of the range, the more general energy correction formulas
given in Appendix A should be used.

In practice, the asymmetry of typical interatomic poten-
tials means that the limiting region where r—0 (or y—a) is
completely inaccessible. As a result, for both FD3 and Nu-
merov methods it is customary to define the inner boundary
condition as a node at some moderately small distance r,,
where 0<r,<r,. As long as the exponentially decreased
wave-function amplitude approaching this node is several
orders of magnitude smaller (e.g., by a factor of 107°) than
that in the classically allowed region, the precise location of
this inner starting point is immaterial, and the boundary con-
dition on the first derivative of the wave function (23) is
effectively fulfilled at the selected point r, or y(r,). Analo-
gous considerations apply to the treatment of the outer
boundary for strongly bound levels of “well-behaved” poten-
tials, although for levels lying very near dissociation, the
outer boundary condition must be applied at the upper bound
y=b, and limitations arise regarding suitable values of the
parameters « defining the mapping function (see Sec. III).

The practical value of a particular coordinate mapping
procedure will depend (i) on its ability to treat all cases of
interest, and (ii) on a minimization of the computational ef-
fort (CPU time and memory) required to solve the modified
equation (8). For grid methods, the latter consideration im-
plies a minimization of the total number of mesh points N
required to yield solutions with a given level of accuracy,
since the computational effort scales roughly as N. In gen-
eral, the choice of an optimal mapping function will depend
simultaneously on the nature of the potential, on the energy
region of interest, and on the particular numerical method
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used. However, numerical tests showed that the choice of
optimum mapping parameters & were not strongly dependent
on the mesh size i (or total array size N), so most tests
reported below were performed by varying & with the mesh
size fixed. Thus for bound states with conventional boundary
conditions, the optimal mapping parameters can be found by
minimizing the eigenvalue error estimates given by Eq. (22)
for an FD3 procedure, or by Eq. (24) if a Numerov procedure
is being used. Expressed in terms of the eigenfunctions ob-
tained at some constant mesh, this corresponds to the mini-
mizations

N
min h32 [éi¢i]2 (25)
a i=1
and
N-1
min h32 [éi+l¢i+l - éi—ld’i—l]z ) (26)
a i=1

respectively, for a given fixed N (or fixed h) value.

While explicit expressions for the energy truncation error
are not available for collocation methods, the optimal map-
ping parameters can be found by minimizing the last few
coefficients of the spectral expansion of the wave function
[20] with respect to a, because the spectral series is accurate
if the magnitudes of the coefficients decrease rapidly. This
more qualitative minimization procedure is required for the
collocation method since the calculated eigenvalues E Nogy do
not converge monotonically to ENCOPUQ as the number of
collocation points increases, and local oscillations of the dif-
ference |EN¢011_ENCO1W°C‘| can occur (see Sec. IV).

Equations (22) and (24) also show how eigenvalue con-
vergence error depends on the integration step size h. How-
ever, to facilitate the choice of an appropriate value of & for
any particular problem, it is useful to convert these results to
an (approximate) alternate form. Consider the Numerov in-
tegration case of Eq. (24). In the classically allowed region

where Q>0 one can approximate the wave function by the
semiclassical expression  @(y)=(C/Q")sin(fQ"2dy+ )
and we may divide the interval [a,b] into subintervals each
corresponding to one “loop” of the semiclassical wave func-
tion. Assuming that é is approximately constant across a
given subinterval, its length will be equal to 'rr/ém. The
number of mesh points N, on the subinterval associated with
that “loop” of the wave function is then 7/ (é” 2h), and the

contribution to the eigenvalue error associated with this
wave-function loop is

B2 (Ch*\ ~, R (CPm) 1
AE}ggﬁ;zw—<—>Q2z—< ) 7. (27)
2\ 480 2u\ 480 ) (Ny)

The total error would be a sum of such terms, the largest of
which would arise from the interval on which N, is smallest

(i.e., on which Q is largest). Thus it seems reasonable to
characterize the level of accuracy in a given case by the
smallest value of N, for its wave function, which implies that
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the integration mesh size for a given system may be defined
as

. - _ mhH2u 1
(02 N,) vmax{g(y)*[E - U(r)]} N¢

max’

[ K2 T
~ N ouo, gtron, (28)

Experience indicates that using this definition and N,=30
gives realistic results for most cases, while higher accuracy is
achieved readily, since the errors decrease by a factor of 2*
for each doubling of N,.

Note, however, that for numerical round-off reasons, de-
fining the binding energy of the very highest level even to
only one or two significant digits will tend to require a higher
degree of absolute accuracy than would normally be required
to provide satisfactory precision for the lower levels. Thus
accurately describing extremely weakly bound levels may
require a somewhat finer mesh than would be needed to give
satisfactory results for the lower levels.

III. REDUCED VARIABLE MAPPING

It is now necessary to introduce an explicit definition for
the new radial variable y(r). A particularly convenient choice
is a two-parameter version of the Surkus variable [27], which
is also proving to be useful in representing potential energy
functions [28-31]:

/r)*—1
yrar>0=U0Zl i )
(rir)*+1
or
~ 1+y la
r(y) = r( ) . (30)
-y
For this case
dr(y) 2r(1+y)"et (54 7)?
g(y)E = Vatl = —a_ a1 (3])
dy a(l-y) 2ar%r
and the function F(y) of Eq. (10) has the form
1-1/d?
Fy)=—>5. 32
0= (32)

Many other choices for the definition of the transformed
variable are possible [32]. However, the present paper fo-
cuses on the use of Eq. (29) because the analytic simplicity
of Egs. (29)—(32) makes it particularly easy to use and facili-
tates making optimum choices for the mapping function pa-
rameters (see below). In any case, since they map the infinite
interval of the initial radial coordinate r € [0,°) onto a finite
domain, all of these mapping functions avoid the type of
“termination” errors [12] associated with truncation of the
integration range, a problem which can be especially prob-
lematic for the levels lying closest to the dissociation limit.
Note that the transformation of Eq. (1) into Eq. (8) using the
variable mapping of Eq. (29) is an exact procedure, because
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TABLE 1. Properties of selected model LJ (2,n) potentials, with lengths in A and energies in cm™!. All
models have equilibrium distance r,=1 A, and the reduced mass is set as u=16.857 629 20 au so that in
“spectroscopists units,” the scaling factor #2/(2u)=1 cm™" A2,

n Ulast D, D,-E(0) D~ E(Us) Fmax(Vlast)
6 14 3761 3403.4732790098 1.79465837533 X 1073 27.4

5 14 2165 1939.7924547397 1.81287028897 X 1073 47.4

4 14 1000 878.45204473428 1.29964564537 X 1073 111.4

3 14 270 223.64254525927 1.55428504268 X 1077 1514.6
3 300 107000 106021.67122428 1.5738671521 X 10713 1107852.

the required g(y) and F(y) functions are unambiguously de-
fined as analytic functions on the whole domain.

At sufficiently long range, all attractive intermolecular po-
tentials take on the limiting behavior U(r)=2-C,/r",
where ® is the energy at the asymptote, the power n is an
integer determined by the nature of the dissociating atomic
fragments [33-35], and the constant C,, may often be calcu-
lated from theory. If we ignore the special case of ion-pair
states, the limiting value of n is always one of n=6, 5, 4, or
3 [36-38]. The utility and limitations of the proposed map-
ping procedure are therefore illustrated by examining its ap-
plication to a set of 15-level LJ (2n,n) model potentials (2)
for n=3, 4, 5, and 6, whose well depths were adjusted to
ensure that the highest level is very weakly bound. Param-
eters defining the selected LJ (2n,n) potentials are given in
Table I.

For the same model LJ (8,4) potential considered in Fig.
1, results obtained on solving Eq. (8) in terms of the mapping
variable of Eq. (29) for a=1 (and 7=r,=1 A) are seen in
Fig. 2. The differences between the nature of the wave func-
tions seen in Figs. 1 and 2 illustrate the essential advantages
of the present procedure. While the wave functions i, (r) are
spread asymmetrically across an immense domain and have
amplitudes and node spacings which vary dramatically
across that range, all the eigenfunctions ¢,(y) of Eq. (8) are
restricted to the same finite domain y € [-1,1], and the node
spacings and loop amplitudes change relatively little between
the turning points of a given level. This approximate con-
stancy of node spacings means that for fixed-mesh computa-
tional methods, a given mesh size will give rise to approxi-
mately the same values of N,, and hence approximately the
same contribution to the eigenvalue error, for all loops of that
wave function. This means that a much smaller total number
of mesh points N will be required to yield a given level of
accuracy for all levels of a given potential, which in turn
means that much less computational effort and array storage
will be required than with conventional treatments which use
r as the radial variable.

While the illustrative results seen in Fig. 2 are very prom-
ising, care must be taken with choice of the mapping func-
tion parameters « and 7 of Eq. (29). For a fixed mesh of
equally spaced points on the interval y e[-1,1], the density
distribution function for those mesh points as a function of r
is p(r)=A(dy/dr)=A/g(r), where A is a normalization factor.
The plots of these distribution functions shown in Fig. 3
indicate that for most cases, the mesh point density is fairly
close to its maximum for r=7r. However, the discussion of

Sec. II C shows that to minimize eigenvalue error, the mesh-
point density should be highest near the equilibrium internu-
clear distance where [E—U(r)] is largest. Moreover, numeri-
cal tests show that the stability and efficiency of solving Eq.
(8) for highly excited states is not very sensitive to the choice
of the reference distance 7 in Eq. (29). Hence in the studies
reported below 7 is fixed at the equilibrium distance for our
various model potentials: r=r,.

For the mapping parameter « of Eq. (29), one possible
approach would be to use the error minimization procedure
of Egs. (25) or (26) to determine an optimum value a, for
each bound level of interest. Results obtained in this way on
applying the Numerov wave-function propagation approach
to the 15-level model LT (2n,n) potentials of Table I are

|E,(v=12)/D,=0.00064]

|E,(v=9)/D,=-0.0183)]
L | L

|E,(v=5)/D,=-0.1687|

/]\
Do(Y,)

|E,(v=0)/D,=-0.8785

FIG. 2. (Color online) Radial eigenfunctions ¢,(y;a=1) for the
same five levels of the model LJ (8,4) potential considered in Fig. 1.
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FIG. 3. (Color online) Unit normalized mesh-point (in y) den-
sity distribution functions p(r) for the mapping function y(r;a,7
=r,=1 [A]) of Eq. (29) for different values of . Numbers in brack-
ets denote the percent of the grid points on the interval [0.3,00)
which are located in the subinterval /7 € [0.3,3] [i.e., the number
100 X f8.3p(r)dr/f§3p(r)dr].

shown in Fig. 4 (use of FD3 methods yields very similar
results). However, performing an independent minimization
for each level of interest would itself require considerable
computational effort and would be counterproductive, as in
practical applications it is highly desirable to have all eigen-
functions of a given potential defined in terms of the same

7

||||I||||:||||/||||

[oe]

)]

N
o A T T T T

N

o

FIG. 4. (Color online) Optimal mapping parameters « for all
vibrational levels of our model 15-levels LJ (2n,n) potentials for
ne{3,4,5,6} associated with use of the Numerov propagation
(Num) method of integration.
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radial variable and on the same radial grid. Fortunately, in
practice it is usually sufficient to optimize the mapping pa-
rameters only for highest energy level of interest, since all
lower levels can be calculated efficiently and accurately us-
ing that same scheme.

The greatest advantage of our variable mapping procedure
is the fact that (see Fig. 2) for small values of «, the descrip-
tion of levels lying very near dissociation becomes qualita-
tively very similar to that for those deeper in the well. For
those very weakly bound levels, [E-U(r)]=[D-U(r)]
=~ (C,/r" over most of the classically allowed region. More-
over, at these large distances the Jacobian factor of Eq. (31)
takes on the behavior g(y) =r®*!/(2a7®). As a result, if we
overlook the additive transformation factor F(y), over much
of the domain on which the wave function has significant

amplitude, the function Q(E,y) in Eq. (8) behaves as

2#( re+! )2c,, 2#«( C,

h2\ 207 4077

O(E;r) = )rZM—". (33)

7 - hZ
Thus if a=(n/2)-1 the factor Q(E;r), and hence also the
wavefunction node spacings, would be approximately con-
stant over much of the classically allowed region. This is the
reason that, except for the very last level, the a,y plots in
Fig. 4 tend to approach limiting values of a,,=2, 1.5, 1, and
0.5 for n=6, 5, 4, and 3, respectively, for levels approaching
dissociation. This suggests that a=(n/2)—1 would be an ap-
propriate general rule to govern the selection of mapping
function parameter « for a given potential energy function.

The one remaining question concerns the treatment of the
very highest, most weakly bound level for each case. The
numerical results of Fig. 4 clearly show that for n=4-6, the
optimum « value for this very last level drops significantly
below the trend associated with the other levels, and further
tests show that the value of @y (vy,y) for that highest level
also depends on the magnitude of its binding energy.

It turns out that this abrupt dropoff of «,, is explained by

the behavior of the factor Q(E ;¥) in the region close to y
=1 where the approximations which gave rise to Eq. (33) are
no longer valid. In particular, because of its singular behavior
as y—1 [see Eq. (32)], the contribution of F(y) cannot be
ignored. Moreover, at distances well past the outer classical
turning point, [E—U(r)]=-[® —E], and on taking account
of the limiting behavior of g(y) (see above), we find that the
“curvature factor” in our differential equation (8) becomes

—\2 (2/a)-2 e
Q<E;y>:—{2—“(2—’) [Q—E]}(Hy)/ T

w2\« (l _ y)(Z/a)+2 (1 _ y2)2 ’
(34)

Thus while generally well behaved in the region between the
turning points, at y values close to 1 this curvature factor
becomes a sum of two terms which both become singular at
y=1, and which have different mathematical signs for «
> 1. In the limit, the negative singularity of the first term is
stronger by the factor (1—y)~*®. However, over much of the
region past the outer classical turning point, for a>1 the
additive F(y) term with its positive singularity is the larger,

so O(E;y) will remain positive almost all the way to y=1
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FIG. 5. (Color online) Differential equation curvature factor
Q(E ;r) for energies very near the dissociation limit of the model LJ
(12,6) potential of Table I for different choices of the mapping
variable parameter «. Solid curves are for the very highest
(v=14) bound level of the model potential of Table I; dotted curves
are for a hypothetical binding energy of 1077 cm™.

before it finally changes sign. For the highest bound level of
our model LJ (12,6) potential, this behavior is illustrated by
the solid curves in Fig. 5. As a result, for &> 1¢,(y) will be
an oscillatory function with substantial amplitude almost all
the way to the y=1 limit. However, since g(y) also becomes
singular as y— 1, Egs. (22) and (24) show than unless the
integration mesh £ is made extremely small, this interval will
make a very large contribution to the overall eigenvalue er-
ror. This explains why the values of «, in Fig. 4 all drop to
=1 for the very last bound level of all four model potentials
(see below).

When a=1 the F(y) term disappears and we are left with
only the negative contribution to Eq. (34) near y=1. How-
ever, this alone may not completely resolve the problem,
since the range of y over which ¢(y) has positive curvature
(and hence dies off exponentially) may be very narrow, and
the very rapid growth of g(y)? in this region [where it varies
as (1-y)>*2%] will again give rise to large contributions to
the error predicted by Egs. (24) and (24) unless & is made
extremely small. This problem is illustrated by the fact that
the positive-curvature exponential die-off of ¢ 4(y) as y
— 1 is barely discernable in Fig. 2. On the other hand, if « is
given a value slightly less than 1 (say, @=0.9), the additive
(and singular) F(y) term is also negative, and it makes the

curvature factor Q(E ;) large and negative over a much
broader region. As a result, the exponential die-off of ¢,(y)?
will overwhelm the inverse-power growth of g(y) as y—1,
and the associated contributions to the error term represented
by Egs. (22) or (24) will be very small. A simple practical
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test for this condition is whether on propagating ¢,(y) in-
ward from the outer boundary at y=1, the amplitude of ¢,(y)
grows by the same type of factor (say, 10°) typically associ-
ated with the inner boundary condition at r, (where 0<r,
<r,).

In summary therefore the basic approach to solving the
radial or one-dimensional Schrédinger equation using Egs.
(8) and (29) using a Lowdin-Cooley type wave-function
propagator approach is as follows. The outward wave-
function propagation starts from a node set at a value of
y corresponding to a distance r, lying between r=0 and
r. which is selected in the usual way (typically,
rq/r,~0.3-0.6). The inward wave-function propagation
then starts from a node placed exactly at y=1 (i.e., at
r— ), and the correction to the trial energy is calculated in
the usual way using Eq. (17). We suggest that a reasonable
zeroth order choice for the parameter defining our new radial
variable is a=5-1, where n is the (inverse) power associ-
ated with the asymptotic behavior of the potential energy
function. For the very last level, setting « slightly smaller
than 1 should give good results for n=6, 5, and 4, while 0.5
should always suffice for potentials for which n=3.

IV. DISCUSSION AND CONCLUSIONS

Most of the preceding discussion focused on application
of our mapping procedure in the framework of either a direct
wave-function propagation (or “shooting”) method based on
the Numerov finite-difference integration scheme combined
with the Lowdin-Cooley eigenvalue corrector (17), or on
straightforward finite-difference methods based on a matrix
realization of a central three-points integration scheme
(FD3). However, this mapping procedure also allows one to
minimize the number of grid points N, required to achieve
convergence when using pseudospectral techniques such as
Fourier, polynomial, or sinc collocation methods (FCM,
PCM, and SCM) [40]. For example, for the very
highest level of the 301-level LJ (6,3) potential of Table I
[E,(300)=1.57 % 10""* cm™'], Fig. 6 shows how the error in
the relative binding energy

E(v) _
szact(v)

v

(35)

depends on the number of collocation points N for a range
of values of a, for both the polynomial (PCM) and Fourier
(FCM) collocation methods. (Here, E}** was determined by
increasing N, to attain full convergence.) Collocation
method calculations for this level using the conventional ra-
dial variable r would be virtually unthinkable because of the
immense range involved (see Table I). Figure 6 shows that
although the eigenvalue convergence is not simply mono-
tonic (see discussion of Sec. IT C), collocation techniques can
attain very high accuracy using a very modest number of
points, even for this very extreme case. On the basis of the
behavior of these plots, we would choose a,,=0.49 and
0.31, respectively, for PCM and FCM treatments of this
level. In general, the Fourier and Sinc methods yield almost
identical results, while PCM allows one to obtain equivalent
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FIG. 6. (Color online) Convergence tests for polynomial (PCM)
and Fourier (FCM) collocation method calculations of the binding
energy of the very highest level of the 301-level LJ (6,3) potential
of Table I.

results with a slightly smaller number of collocation points.

An important advantage of using the Numerov propa-
gation method for solving the radial Schrodinger equation
is the ability to locate quasibound (or tunneling-
predissociation) levels which lie above the asymptote but
below a potential energy maximum barrier, by applying an
Airy-function outer boundary condition at the outermost
turning point [25,42,43]. Fortunately, it is a straightforward
matter to combine that definition of the outer boundary con-
dition with the use of Eq. (8). Thus, this automatic and
highly efficient method of locating such metastable levels is
retained on replacing the conventional Schrodinger equation
in r of Eq. (1) by our Schrédinger equation in y, Eq. (8).
Similarly, Eq. (18) shows that Franck-Condon factors and
other matrix elements may be routinely generated in the new
scheme, and a straightforward extension of this approach to
inhomogeneous versions of Egs. (1) and (8) allows the cal-
culation of diatomic molecule centrifugal distortion con-

PHYSICAL REVIEW A 78, 052510 (2008)

stants using the exact quantum mechanical method of Hutson
[44]. Moreover, while the above discussion has focused on
rotationless vibrational levels, incorporating the repulsive
centrifugal distortion term J(J+1)/2ur? due to molecular ro-
tation into the effective potential raises no challenges. A ver-
sion of the widely used LEVEL program [25] based on the
present method will be released shortly.

Another useful result presented herein is the integral ex-
pressions of Egs. (22) and (24) for predicting the residual
eigenvalue error associated with a given finite-mesh propa-
gation or three-point finite-difference calculation. As an illus-
trative test of these expressions, Table II compares the rela-
tive error J, in the eigenvalue of the the highest level of each
of our model 15-level LJ (2n,n) potentials obtained using a
given fixed mesh (in y), with the relative error 8" obtained
when E,(v)=E,(v;h) in Eq. (35) is corrected by addition of
the error term given by Egs. (22) or (24). The two to five
orders of magnitude error reduction from 9, to 5‘;_’0 attests
to the validity and accuracy of the eigenvalue corrections
yielded by these expressions. This provides a very straight-
forward way of greatly improving the accuracy of eigenval-
ues generated in the conventional way for a given finite mesh
step length A.

As a final test case, we consider the model 301-level LJ
(6,3) potential of the last row of Table I. It is representative
of a class of molecular states of homonuclear alkali diatomic
molecules which dissociate to n2S+n2P atoms, and are of
considerable interest in the study of ultracold atoms and mol-
ecules. Two cases of this type are the A'S* ~b31, systems
of Li, [5] and K, [45]. The highest observed A'S" state level
for Li, is v=92 and v=245 for K,, and calculations for these
levels and predictions for higher ones are difficult to perform
in the conventional r domain, as they have outer turning
points r,(v) =90 A. The relative ease with which the new
approach (see Table III) can treat such extremely weakly
bound levels offers a remarkably straightforward method of
addressing such problems.

For all levels of this 301-level model system, Fig. 7 shows
the relative binding energy errors 51,?0 obtained using three
different Numerov propagation cases and the PCM method.
The more demanding (N=5X10*) Numerov application,
which yields accuracy close to machine precision, only in-
volves use of an average of ~200 grid points per loop of the
wave function. Similarly, full convergence of the PCM and
FCM methods for all levels of this potential is achieved with

TABLE II. Relative errors &, in the binding energies of the highest bound level of each of the 15-level model LJ (2n,n) potentials of
Table I obtained using the indicated optimized « value, total number of mesh points &, and numerical technique. For the finite difference
(FD3) and propagation (Num) methods, 524) was obtained with Ej, replaced by [E,+AE(h)] with AE(h) calculated from Egs. (22) or (24).
The numbers in parentheses indicate the power of 10 multiplying each associated number.

FD3 Num FCM
n N Qopt S, SLHO N Qopt 5, 55)H0 N Qopt 6,
6 20 000 1.36 8.1(-3) 3.6(-6) 5 000 1.07 1.1(=5) 1.0(=7) 200 0.66 2.5(-11)
5 20 000 1.26 2.5(=-3) 1.5(=7) 2 000 1.00 8.2(-5) 1.7(-6) 200 0.55 1.1(=12)
4 20 000 1.06 5.3(-4) 4.8(-8) 2 000 0.88 9.1(-6) 3.5(-8) 180 0.51 6.3(~13)
3 20 000 0.63 1.6(-4) 8.0(-9) 2 000 0.57 1.0(-4) 1.6(-9) 150 0.31 1.3(=13)
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TABLE III. Relative errors §, in the binding energy of the high-
est bound level of the 301-level model LJ (6, 3) potential of Table I
obtained by the Numerov propagation method using a= a,,=0.56.
5’H0 values were obtained by replacing Ey, by [E,+AE(h)] where
AE(h) was calculated from Eq. (24). Numbers in parentheses indi-
cate the power of 10 multiplying each associated number, and N is
the number of grid points.

N 8, &0
10000 3.3(-2) 3.3(-4)
20000 7.6(-4) 8.2(-6)
40000 4.7(=5) 1.1(=7)
60000 9.4(=6) 1.2(-8)

Neon=3 Xuvyq In contrast, accurate treatment of the very
highest levels of this potential using fix r-grid methods
would require almost heroic degrees of computational effort
using conventional methods.

The advantages of the present procedure will be some-
what smaller for potentials with n=4, 5, and 6, since the fact
that the term C,/r" dies off more rapidly for large n means
that relatively fewer levels will lie in the region very close to
dissociation where the new method has most impact. At the
same time, even for the n=6 case, performing practical cal-
culations for the highest bound levels, which is completely
routine for the present procedure, would be very challenging
when using r as the radial variable.

In summary, the analytic coordinate mapping technique
introduced here makes it very straightforward to solve the
radial Schrodinger equation for levels lying extremely near

107 g [T T T T[T T T T[T T T T [ T T T T[T T T TTg
10° i
Numerov E
N=2x10* e
1 0‘9 o=0.56 =
107 Numerov4 =
N=5x10"7 3
R Numerov _ ]
v ; N=2x10* o=0.56 ]
10° 0= 0l (V), E
10"y £ -
N 3
lﬁ £ ‘ =
0 13 4 1 ll —;
( PCM 3
i 1"" ,,1 j ety mn“ fls
-14 ”:\ % | |
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FIG. 7. (Color online) Relative errors of eigenvalues obtained
by the polynomial collocation method (PCM) and by the Numerov
propagation (Numerov) method extrapolated to zero step size
(5‘111%0), for vibrational levels 0 <v <299 of the 301-level model LJ
(6,3) system of Table I. N is the number of grid points.
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dissociation which would be very difficult to treat using con-
ventional methods based on the r domain. The much smaller
numbers of integration mesh points N or collocation points
N, associated with use of the present method also means
that both computational effort and array storage requirements
are substantially lower than with traditional r-coordinate cal-
culations of equivalent accuracy. Moreover, the analyticity of
the present mapping function eliminates the spurious (ghost)
states which sometimes appear in the framework of numeri-
cal transformations implemented in Refs. [18,19]. For nu-
merical integration methods, the present adaptive analytical
mapping procedure completely avoids termination error, be-
cause inward integrations start (in principle) at the r— oo
limit, and it significantly reduces the effect of fruncation
error, because fewer integration mesh points are required.

In closing, we note that the advantages of having to deal
with distinctly smaller numbers of radial integration steps
will be of particular importance in applications of this ap-
proach to coupled-channel problems. Further work which
shows that this approach also provides a particularly efficient
and stable way of calculating photoassociation cross sections
and scattering lengths and other zero-energy collision prop-
erties will be reported elsewhere [46].
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APPENDIX A: EIGENVALUE ERROR OF FINITE-
DIFFERENCE METHOD

The conventional nth order finite-difference approxima-
tion of the second derivative term in Eq. (11) leads to the
modified equation [26]

h* &
Ton d2+g%’¢+RAm E(hg*¢, (A1)
where the eigenfunction ¢=¢(y;h) coincides with finite-
difference approximate eigenfunction at the grid points [10],
and

R,(h) = —cw<h>¢W@+om“% (A2)
n+2
P = jynf (A3)

is the truncation error of the nth order scheme. The pertur-
bative treatment of Eq. (A1) given first in Ref. [10] then
allows one to represent the zeroth-order energy correction
E,(h)=E,_(h)+AE,(h)+O(h"*?) by the closed form ex-
pression
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fb(ﬁ ¢)(n+2)
sty ) o
(h)=c g oy

where ¢y=p+0(h?) is the exact eigenfunction of Eq. (Al)
corresponding to the eigenvalue E,(h—0).

On integrating by parts in Eq. (A4) and making use of the
differential equation (11) and the associated normalization
condition of Eq. (13), we find that energy corrections for the
central three-point (FD3) (n=2) and Numerov (Num)
(n=4) schemes have the explicit forms

ﬁZ
AEgp; = <_> lAFD3+f (Qd’)zd)’} (A5)

) (A4)

2
A2\ K vlaod) )\
AENumz(a)gO[ANum"'f (%) in|’ (A6)
where
Appy= (9% — ¢V )P = 20V, (A7)
Axum= (99 = ¢V + ¢ P )1 (A8)

When the effective potential Uly) is nonsingular at the ends
of the interval [a,b] and the wave function ¢(y) satisfies the
standard boundary and normalization conditions (13), the
Agps term vanishes and the Ay, term reduces to

ANum = - 2[¢(1)]2é(1)|z (A9)

APPENDIX B: PSEUDOSPECTRAL DIFFERENTIATION
MATRICES

In the pseudospectral method of solving Eq. (11), the
wave function is approximated by the interpolation function,

N,

coll

d(y) = 2 dy)L(). (B1)
j=1

where {y;} are the collocation points and {/,(y)} are functions
that have the property

1, i=j
1.(y,) = . B2
() {0’ e (B2)

Substituting Eq. (B1) into the Schrédinger equation of Eq.
(11) using Eq. (B2) yields the generalized eigenvalue prob-
lem of Eq. (19) in which A=— ﬁ2/2,u,)D2+V D? =li(y) is
the matrix of second derivatives, and V;;=g; U o is the di-
agonal matrix of effective potential energy.

1. Polynomial collocation

The N, polynomial collocation points y; are numerically
defined as roots of the first derivatives of the Legendre poly-
nomials, dPNmHH/dy,
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l( )_ Yy - 1 coll(y)
T Weon + DWean +2)Py_ () = 3) dy

(B3)
and
l (Nco]] + 1)(Nco]l + 2) _
) 3 y?—l o
D= . B4
v 2Py () (B4)

coll . .
- i#j
(yi_yj)2 Non(y)
While the matrix (B4) is nonsymmetric, the final matrix
equation (21) can be symmetrized by the substitution ¢
=Cg, where C is the diagonal matrix C;=Py_(y;).

coll

2. Fourier collocation

The Fourier collocation points are y;=—1+2(j—1)/Ncy

for j=1,...,Ny with N odd, while
l(y) — 1 Sin[WNcoll(y - y/)/z] (BS)
! Ncoll Sin[ﬂ-(y - yj)/z]
and
#(1 Ny )/12, i=j
T
cos| —(i—j)
DZH = q . (N )
ij _(_ 1),+]772 coll , l?ﬁj
2 sin2<Nl(i —j))
\ coll
(B6)

The Fourier collocation method tacitly assumes periodic
boundary conditions; however, it also works perfectly for
wave functions which die off exponentially.

3. Sinc collocation

The Sinc collocation points are y;=—1+jh where h

=2/(Ngy+1) and j=1,...,N_y, while
sin[(/h)(y = ;)]
-
)= (B7)

(m/h)(y - y;)
and

m3h?, i=j

2(= D™ (i - j)?, (B8)

Sinc collocation works perfectly for wave functions which
die off exponentially.
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