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Energies and electric dipole rates of x rays from doubly ionized K shells of atoms in the range Z=12 to 56
have been calculated in the active space approximation using multiconfiguration Dirac-Fock wave functions
with the inclusion of higher order relativistic corrections. Using a scaling procedure on the already available
relativistic radial matrix elements for a single vacancy in the K shell, the Auger rates have been calculated for
the empty K shell. The present investigation shows that though the contribution from relativistic correlation to
the K� x-ray hypersatellite energies is not significant, the strength of correlation on the x-ray rates is appre-
ciable, especially for low Z elements. It is observed that the contribution to single configuration K�2

h rate of
low Z ions is essentially from electron-electron correlation whereas Breit interaction contributes significantly to
the K�2

h rate of high Z elements. The K�1
h rate is affected both by correlation and higher order relativistic

corrections. The computed results for the x-ray and Auger transitions as well the fluorescence yields of double
hole K shell of various ions are reported and compared with other available values.
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I. INTRODUCTION

The excitation and deexcitation of a hollow atom where
the inner shell is completely empty have been studied by
many researchers since it was first produced by Briand et al.
in 1990 �1�. The structure properties of such atoms have
wide ranging applications �2,3�. Moreover, as the inner shell
is initially empty and hence relativistic, its decay properties
give valuable information about the relativistic atomic corre-
lation effects.

The radiative decay of empty inner shell has been experi-
mentally investigated using different processes �1,4–7�. On
the theoretical side, relativistic calculations using Dirac-
Hartree-Slater �DHS� �8� and multiconfiguration Dirac-Fock
�MCDF� �9–13� models are also available. The effects of
Breit interaction and quantum electrodynamic corrections on
the energies of K� X-ray hypersatellites have been studied in
detail �8,9,11�. Although the radiative decay of double hole K
shell has been studied extensively, information on the ener-
gies and rates of KK-KLL Auger transitions exist only for a
few elements �12–16�. Neon appears to be the only element
for which experimental observations on the energies and
rates of Auger electrons from empty K shell are available
�14–16�. Theoretical calculations using MCDF wave func-
tions and including Breit and quantum electrodynamics cor-
rections have been reported by Chen �13� on the x-ray and
Auger decay of an empty K shell of five elements in the
range Z=10–36. To the best of our knowledge, the only
detailed information available on the fluorescence yields of a
double hole K state of elements is that of Chen �13�. The
purpose of the present investigation is to explore the contri-
bution of electron-electron correlation to the K� x-ray hyper-
satellite rates and also to report on an extensive calculation
of fluorescence yields of double hole K state of ions in the
range Z=12–56.

In the present work, the energies and dipole rates of K�
x-ray hypersatellites for sixteen elements have been com-
puted in the relativistic configuration interaction formalism
�RCI� which uses MCDF wave functions and includes Breit

interaction, nuclear mass corrections, and quantum electro-
dyamic effects �QED� that are comprised mainly of self-
energy and vacuum polarization. To account for correlation,
single and double excitations of electrons in the active space
approximation have been carried out. The Auger rates have
been calculated by applying scaling factors to the already
available relativistic Dirac-Hartree Slater �DHS� Auger radial
matrix element �17� for the normal atomic configuration with
a single vacancy in the K shell. The GRASPVU package used
in the present work to generate the MCDF wave functions
and perform the structure calculations is the modified version
of the GRASP92 code �18,19�.

II. NUMERICAL PROCEDURE

The relativistic MCDF basis set in the configuration inter-
action computational program is described in detail in the
literature �18–20�. In the MCDF method, configuration state
functions � ��JP� of a certain J and parity are formed by
taking a linear combination of Slater determinants of the
Dirac orbitals. A linear combination of these configuration
state functions �CSFs� is then used in the construction of
atomic state functions �ASFs� with the same J and parity:

�i�JP� = �
�=i

nCSF

Ci�����JP� , �1�

where Ci� are the mixing coefficients for the state i and nCSF
are the number of CSFs included in the evaluation of ASF.
The �� represents all the one-electron and intermediate
quantum numbers needed to define the CSFs. The ASFs thus
constructed were used in solving the Dirac-Fock equation
and the Dirac-Coulomb Hamiltonian included the Fermi
charge distribution of the atomic nucleus. To improve the
theoretical accuracy on the transition energies, the QED cor-
rections which are essentially single-electron properties were
taken from the recent rigorous compilations of Atremey et al.
�21� by interpolation. As the code considers only the long
wavelength limit of the two-photon transverse interaction, to
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obtain better predictions we added the frequency-dependent
contributions of Cheng et al. �22� to our computed Breit
energies. However, in the evaluation of transition rates, we
considered only the frequency-independent part of Breit in-
teraction in the Hamiltonian and recalculated the mixing co-
efficients while keeping the radial functions frozen. The non-
orthogonality was taken into account in the evaluation of
transition rates.

The Auger matrix elements between two CSFs can be
separated into angular parts multiplied by radial integrals by
using Racah algebra. Assuming a frozen orbital approxima-
tion, the values of DHS Auger electron radial matrix ele-
ments of atoms with a single initial vacancy were reported
by Chen et al. �17�. The theoretical formalism for Auger
electron emission probability in terms of first order perturba-
tion theory is explained elsewhere �23�.

The numerical procedure adopted in this work is mainly
the same as in our earlier convergence study �12�. As a start-
ing point, the CSFs were generated in the extended optimal
level �EOL� scheme for the initial configuration with empty
1s shell and final configuration with a vacancy in the 1s and
2p shells. In the EOL method, the radial orbitals and the
mixing coefficients are determined by optimizing the energy
functional which is the weighted sum of the energy values
corresponding to a set of �2j+1� eigenstates. The zero order
eigenfunctions and energy eigenvalues were first calculated
using this code. The generation of CSFs depends on the cor-
relation model and the orbital set in the active space. In this
work, in the case of atoms with open shell ground state con-
figuration, the coupling between the inner shell vacancies
and the outer incomplete subshells was not taken into ac-
count. However, the electron-electron correlation was in-

TABLE I. A comparison of relativistic configuration interaction energies in eV of K�2
h and K�1

h lines with
other experimental and MCDF energy values.

K�2
h K�1

h

others others

Z present theory expt. present theory expt.

12 1367.7 1368.53a 1367.8�0.2d 1373.6 1374.34a

1368.6b 1374.5b

14 1874.5 1881.6

18 3131.2 3131.5a 3141.4 3141.62a

3131.5b 3141.9b

3130.5c 3140.5c

20 3884.8 3884.8a 3896.3 3896.39a

22 4727.0 4723.86a 4727�2e 4741.7 4736.76a 4741�3e

4723.7b 4737,6b

24 5648.4 5646.5b 5650�2e 5664.2 5663.4b 5666�3e

5645�2f

26 6657.0 6654.6b 6659�2e 6675.9 6674.4b 6679�3e

6655�2f 6675�2f

6658.3�0.1g 6677.3�0.8g

30 8928.9 8928.53a 8955.4 8954.97a

8926.8c 8953.2b

36 12980.2 12978.3a 13031.5. 13029.3a

12979.7b 13035.8b

12975.1c 13028.7c

38 14509.7 14577.2

42 17837.1 17943.4

46 21538.4 21697.2

50 25619.7 25849.6

54 30089.4 30086.1b 30414.9 30418.8b

56 32480.5 32474.0b 32866.1 32865.6b

aReference �10�.
bReference �9�.
cReference �13�.
dReference �24�.
eReference �25�.
fReference �26�.
gReference �27�.
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cluded by considering the excitations of atomic orbitals in
the active space approximation. The RCI requirements are
different for different initial ground state configurations. For
atoms with unfilled outer shells, the correlation functions
were evaluated by considering an active set with 1s, 2p, and

unfilled orbitals and the other virtual orbitals that are in the
same major shell as the unfilled subshell. For some elements,
the virtual shells in the subsequent major shell were also
included. For example, the relativistic ground state configu-
ration of Si is �Ne�3s23p1/2

2 and the active set was taken to be
�1s1/2 ,2p1/2 ,2p3/2 ,3p1/2 ,3p3/2 ,4s1/2 ,4p1/2 ,4p3/2�. For closed
shell configurations, the active set consisted of reference
configurations and a few unfilled shells outside the closed
shell configuration. In the case of Ar, the expansion set con-
sisted of �1s1/2 ,2p1/2 ,2p3/2 ,4s1/2 ,3d3/2 ,3d5/2 ,4p1/2 ,4p3/2� or-
bitals. Inclusion of any additional orbitals did not contribute
to the mixing coefficients. The correlation was evaluated by
considering single and double excitations of electrons from
the reference configurations to the orbitals in the active set
taking into account convergence criteria which in this work
was taken to be 10−8. In the present work, the initial state
configurations of Cr and Mo were taken to be �Ar�4s23d3/2

4

and �Kr�5s24d3/2
4 , respectively, and it was assumed that the

contributions from the respective 3d5/2 and 4d5/2 electron
will not alter the transition energies and rates significantly.

The Auger rates were calculated by applying scaling fac-
tors to the relativistic Auger matrix elements. The Auger ra-
dial matrix elements for singly ionized atoms have been re-
ported by Chen et al. �17� using j j coupled Dirac-Hartree-
Slater �DHS� wave functions. In our earlier work �12�, these
values were used to calculate the radial matrix elements of
neon with an empty K shell and varying degrees of ioniza-
tion in the L shell. In a similar way, in this work the radial
integral values of Chen et al. were modified by including
scaling parameters to the radial integral values of K-L1L1,
K-L1L23, and K-L23L23 transitions In this work, these correc-
tion factors were taken as the ratios of the correlated electron
densities for the atom with triple hole KL1L1, KL1L23 and
KL23L23 configurations and the respective double hole L1L1,
L1L23, and L23L23 configurations at the position of the

TABLE II. K�2
h and K�1

h x-ray rates in 1014 s−1 in length gauge
calculated with the inclusion of correlation, Breit interaction and
quantum electrodynamic corrections. Also listed are the earlier
MCDF length gauge �13� and DHS total rates �8�. The asterisk
indicates the previous DHS total rates.

X-ray rates

K�2
h K�1

h

Z present Ref. �13� present Ref. �13� Ref. �8�

12 0.547 0.00041

14 1.032 0.0171

18 2.929 3.07 0.0399 0.043 2.718*

20 4.487 0.129 4.279*

22 5.609 0.489

24 8.624 1.286

26 10.52 2.281

30 17.93 18.3 7.047 7.205 23.88-

36 29.56 29.7 22.47 23.9 50.93*

38 33.79 31.82

42 46.12 52.55

46 61.41 81.28

48 70.09 98.81

50 81.82 118.32

54 107.8 165.29

56 123.2 83.01 269.6*
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FIG. 1. Percentage differences
between length gauge K�2

h rates
and single configuration rates.
Solid line indicates Breit and
quantum electrodynamic correc-
tions along with electron-electron
correlation while dashed line re-
fers to contribution from correla-
tion only.
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nucleus. As the Auger rates are independent of the passive
electron structure and initial double hole K state will affect
substantially in altering the single K hole radial matrix ele-
ments, the present Auger rates are expected to be accurate.
Also, it has been shown by Chen et al. �8� that the DHS
results agree well with the results of MCDF calculations and
the DHS model can be relied upon to get results of adequate
accuracy.

III. RESULTS AND DISCUSSION

The contributions from correlation to the K� x-ray hyper-
satellite energies was observed to be unimportant by Martins

et al. �10�. However, the effect of correlation on the transi-
tion rates of double hole K state has not been explored. To
analyze this contribution of electron-electron correlation to
the transition parameters, we first investigated the effect of
correlation on the transition energies and rates. We then car-
ried out another set of calculations that included correlation,
Breit interaction, and quantum electrodynamic corrections.
Our results also show that the effect of correlation on the
transition energies is negligible and contributes, in general,
between 3 to 6 eV for both the K�2

h and K�1
h lines of all the

elements. The computed RCI energies that include both cor-
relation and higher order relativistic corrections are com-
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FIG. 2. Percentage differences
between length gauge K�1

h rates
and single configuration rates.
Solid line indicates calculations
with contributions from Breit in-
teraction, quantum electrody-
namic corrections and electron-
electron correlation while dashed
line refers to contribution from
correlation only.
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pared in Table I with other theoretical and experimental en-
ergies. Since the present study tries to analyze the
contribution of correlation to the transition parameters and
Breit as well other QED corrections are of interest here, only
results from similar earlier investigations are listed. The
agreement between the present K�2

h line energies and earlier
experimental measurements on Mg �24�, Ti �25�, Cr �25,26�,
and Fe �25–27� is very good within the experimental uncer-
tainties. The RCI energies differ from the relativistic mono-
configuration values of Martins et al. �10� by �0.5 eV ex-
cept for Z=22 for which the difference is �3 eV. The

present calculations include higher order relativistic correc-
tions and electron-electron correlation but neglects coupling
between the initial as well the final vacancy states and the
unfilled outer shells whereas the single configuration ener-
gies of Martins et al. �10� neglects correlation but considers
full Breit interaction and QED corrections and also includes
the coupling with the outer open shells. However, it is ob-
served that both the approaches yield nearly the same tran-
sition energies. The RCI energies are in good agreement with
the earlier MCDF results of Chen �13� except for Z=36 for
which the RCI energies differ from MCDF values of Chen
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FIG. 4. Differences between
the RCI intensity ratios calculated
in this work and other theoretical
and experimental ratios. Square,
present; circle, Ref. �11�; triangle,
Ref. �18�; inverted triangle,
MCDF Ref. �27�; reverse square,
experiment in Ref. �27�; left tri-
angle, Ref. �26�; right triangle,
Ref. �25�; hexagon, Ref. �29�; star,
Ref. �28�.
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tions from Breit interaction, quan-
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and electron-electron correlation
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bution from correlation only.
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by �5 eV. The overall agreement between the present ener-
gies and the relativistic values of Aberg et al. �9� is good.
The energies of K�1

h lines are also in very good agreement
with the experimental and earlier theoretical results.

In Table II, the RCI length gauge dipole rates of K�2
h and

K�1
h lines of various elements are reported along with the

length gauge MCDF rates of Chen �13� and the total DHS
rates of Chen et al. �8�. The present rates are smaller than the
MCDF rates of Chen for Z=18, 30, and 36 by �4, 2, and
3 %, respectively, and this might be due to second order
correction from correlation to the x-ray rates. The present
total rates of K�h lines are larger than the DHS rates of Chen
et al. �8� by 1–4 % except for Z=18 and 20.

The percentage differences between the length gauge RCI
and single configuration DF rates of K�2

h lines with respect
to DF rates for various Z are plotted in Fig. 1. To analyze the
influence of correlation on the dipole rates, similar length
gauge percentage differences between the correlated and DF
rates of K�2

h lines are also plotted in the same figure. While
correlation coupled with higher order relativistic corrections
enhance the DF rates for Z�30 except for Z=22 and reduce
the single configuration rates for Z	30, the contribution
from only correlation enhances the DF rates for all Z except
for Z=22. Our calculations show that though the influence of
correlation on the energies of K�2

h x ray is negligible, the
effect of electron-electron correlation on the dipole rates vary
with atomic number. It is observed that the RCI rates and
correlated rates of K�2

h line are nearly the same for Z�26
showing that the contribution of correlation to the EI rate is
significant and the overall effect of higher order relativistic
corrections on the rate is only marginal, while for medium
and heavy elements, the x-ray rates are sensitive to Breit
interaction. The strength of correlation on the length and
velocity rates varies with atomic number and the trend is
irregular.

In Fig. 2, the percentage differences between the RCI and
monoconfiguration rates of K�1

h lines with respect to single-
configuration rates calculated in length gauge are plotted for
various Z. Similar percentage differences between the dipole
rates of K�1

h line investigated with and without correlation
are also plotted in the same figure. Unlike K�2

h rates, the RCI
rates for K�1

h lines are smaller than the DF rates for light
atoms and larger for Z
30. The variations between RCI and
monoconfiguration rates range from 3–6 % for Z
30. For
the other low Z elements, the variations are more than 10%
with a maximum of 25% for Z=12. The correlation enhances
the K�1

h rates of all except for Z=24 and 26 with a reduction
of 6.8 and 3.1 %, respectively. It is observed that correlation
in general affects the velocity rates of K�1

h line slightly more
than the length rates except for a few ions. It is also seen that
though the contribution of Breit interaction to the dipole rate
of K�2

h line is negligible for low Z elements, its influence on
the K�1

h rate of these ions is significant.
As observed in our earlier work �30�, this work also con-

firms that EOL calculations lead to correct nonrelativistic
�NR� limit when the major contributions from 1s2p3/2 and
1s2p1/2 states are considered and the contributions from
other correlation configurations retain to a larger extent the
proportionality of the mixing coefficients of 3P1 and 1P1
states in the NR limit.

The ratios of
I�K�1

h�
I�K�2

h� calculated in length to velocity gauges
are presented in Fig. 3. The length values are nearly the same
as the velocity ratios for most of the elements with a maxi-
mum of 1.012 for Z=14 and 56 and a minimum of 0.975 for
Z=24. The near equal agreement between the intensity ratios
calculated in length and velocity gauges gives a measure of
the accuracy of the wavefunctions employed in this work.

In Fig. 4, the differences between the present intensity
ratios of K�1

h to K�2
h lines calculated in length gauge and

earlier relativistic values �8,11� are plotted for various Z.
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FIG. 6. Empty K shell Auger
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KK-KL23L23 calculated in this
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tive MCDF rates of above three
transitions reported by Chen �13�.
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Also included are the differences between the present ratios
and the experimental ratios of Ti �25�, Fe �25–27�, and the
experimental as well the MCDF ratios of Mo �28,29� and Pd
�29�. While the present ratios are in good agreement with the
experimental value of Ti �25� and Mo �28�, they underesti-
mate the experimental values of Boscheng et al. �29� for Mo
and Pd by �16 and 27 %, respectively. However, the RCI
values are in good agreement with their MCDF ratios. The
RCI ratios are larger than the velocity gauge ratios of Costa
et al. �11� for light elements except for Z=14 and the differ-
ences between the two results indicate the sensitivity of tran-
sition rates of low Z ions to correlation and for Z
30, the
present ratios are in excellent agreement with their values
confirming that the contributions from Breit interaction and
QED corrections to the E1 rates are significant while the
effect of correlation is negligible for medium and high Z
ions. The RCI ratios are larger than the DHS rates of Chen et
al. �8� by 1 to 5 % with the exception of Z=22.

The percentage differences between RCI and monocon-
figuration relative intensities of fine structure lines with re-
spect to the single configuration rates are plotted in Fig. 5 for
various Z. Similar percentage differences between the inten-
sity ratios of these lines calculated with and without correla-
tion are also included in the same figure. It is clear from the
figure that correlation along with higher order relativistic
corrections reduce the intensity ratios of low Z ions and en-
hance the ratios of ions with Z
30, whereas contribution
from only correlation in general enhances these ratios. With
increasing Z, the contribution of correlation to intensity ra-
tios is nearly a constant and is �1%.

In Fig. 6, the calculated Auger rates for the KK-KL1L1,
KK-L1L23, and KK-Kl23L23 transitions are plotted as a func-
tion of Z. Also included are the length gauge rates of Chen
�13� for these transitions for Z=18, 30, and 36. The scaled
DHS rates are slightly larger than the MCDF rates of Chen
for KK-KL1L1 transition. However, the present rates are in
good agreement with the MCDF rates of Chen for the
KK-KL1L23 and KK-L23L23 transitions and differ by 2–4 %
This reasonably good agreement indicates that the scaled
DHS matrix elements are as reliable as MCDF values in the
evaluation of KK-KLL Auger hypersatellite rates.

Table III lists the fluorescence yields of the empty K shell
and includes the MCDF fluorescence yields of Chen �13� for
Z=18, 30, and 36. The present values are in good agreement
with those of Chen and the marginal difference is due to the
fact that the relativistic x-ray rates of Chen include the con-
tributions from the 1s-3p transition also.

IV. CONCLUSIONS

The transition energies and rates of x rays from the empty
K shell of atoms in the range Z=12 to 56 have been reported.
While the monoconfiguration rate of K�2

h x rays from low Z
ions is altered mainly by electron-electron correlation, Breit
interaction contributes significantly to high Z ions. The K�1

h

rate is affected both by correlation and higher order relativ-
istic corrections. While correlation in general enhances the
K�1

h rate, Breit interaction reduces the rate of low Z atoms
and enhances the rate of high Z elements. The empty K shell
configuration average Auger rates calculated using relativis-
tic DHS radial matrix elements of singly ionized K shell are
found to be in good agreement with the MCDF rates thereby
ensuring that the simple approach, used in this work is reli-
able in the evaluation of double hole K shell Auger rates with
a reasonably good degree of accuracy.
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