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Collective processes of an ensemble of spin-1/2 particles
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When the dynamics of a spin ensemble are expressible solely in terms of symmetric processes and collective
spin operators, the symmetric collective states of the ensemble are preserved. These many-body states, which
are invariant under particle relabeling, can be efficiently simulated since they span a subspace whose dimen-
sion is linear in the number of spins. However, many open system dynamics break this symmetry, most notably
when ensemble members undergo identical, but local, decoherence. In this paper, we extend the definition of
symmetric collective states of an ensemble of spin-1/2 particles in order to efficiently describe these more
general collective processes. The corresponding collective states span a subspace that grows quadratically with
the number of spins. We also derive explicit formulas for expressing arbitrary, identical, local decoherence in
terms of these states. We then investigate the open system dynamics of experimentally relevant nonclassical
collective atomic states, including superposition and spin squeezed states, subject to various symmetric but

local decoherence models.
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I. INTRODUCTION

The ability to model the open system dynamics of large
spin ensembles is crucial to experiments that make use of
many atoms, as is often the case in precision metrology [1,2],
quantum-information science [3-5], and quantum-optical
simulations of condensed matter phenomena [6—8]. Unfortu-
nately, the mathematical description of large atomic spin sys-
tems is complicated by the fact that the dimension of the
Hilbert space Hy grows exponentially in the number of at-
oms N. Realistic simulations of experiments quickly become
intractable even for atom numbers smaller than N~ 10. Cur-
rent experiments, however, often work with atom numbers of
more than N~ 10'°, meaning that direct simulation of these
systems is well beyond feasible. Moreover, simulations over
a range N~ 1-10 are far from adequate to discern even the
qualitative behavior that would be expected in the N> 1
limit. Fortunately, it is often the case that experiments in-
volving large spin ensembles respect one or more dynamical
symmetries that can be exploited to reduce the effective di-
mension of the ensemble’s Hilbert space. One can then hope
to achieve a sufficiently realistic model of experiments with-
out an exponentially large description of the system.

In particular, previous work has focused on the symmetric
collective states i), which are invariant under the permuta-

tion of particle labels: ﬂij|¢5)=|lﬂs). These states span the
subspace HyC Hy, which grows linearly with the number of
particles, dim(Hg)=Nj+ 1. However, in order for H to be an
invariant subspace, the dynamics of the system must be ex-
pressible solely in terms of symmetric processes, which are
particle permutation invariant, and collective operators,
which respect the irreducible representation structure of ro-
tations on the spin ensemble. Fortunately, even within this
restrictive class, a wide variety of phenomenon may be ob-
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served, including spin squeezing [9,10] and zero-temperature
phase transitions [6].

In practice, symmetric atomic dynamics are achieved by
ensuring that there is identical coupling between all the at-
oms in the ensemble and the electromagnetic fields (optical,
magnetic, microwave, etc.) used to both drive and observe
the system [11]. This approximation can be quite good for all
of the coherent dynamics, because with sufficient laboratory
effort, electromagnetic intensities can be made homoge-
neous, ensuring that interactions do not distinguish between
different atoms in the ensemble. However, incoherent dy-
namics are often beyond the experimenter’s control. Al-
though most types of decoherence are symmetric, they are
not generally written using collective operators. Instead they
are expressed as identical Lindblad operators for each spin,
i.e.,

N
L[51p= 2 <§(n)[)(§(n))'l' _ %(SA("))TSA(n)ﬁ _ %ﬁ(f(n))i@(n)) )

n=1
(1)

The fact that decoherence does not preserve H¢ has been
well appreciated and the standard practice in experiments
that address the collective state of atomic ensembles has
been either (i) to model such experiments only in a very
short-time limit where decoherence can be approximately ig-
nored; or (ii) to use decoherence models that do respect the
particle symmetry, but which are written using only collec-
tive operators, even when doing so is not necessarily physi-
cally justified. In atomic spin ensembles, for example, a typi-
cal source of decoherence comes from spontaneous emission,
yet collective radiative processes occur only under specific
conditions such as superradiance from highly confined atoms
[16] and some cavity-QED or spin-grating settings [15].

In this paper, we generalize the collective states of an
ensemble of spin-1/2 particles (qubits) to include states that
are preserved under symmetric—but not necessarily
collective—transformations. Specifically, we generalize from
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the strict condition of complete permutation invariance to the
broader class of states that are indistinguishable across de-
generate irreducible representations (irreps) of the rotation
group. While the representation theory of the rotation group
has been utilized in a wide variety of contexts, such as to
protect quantum information from decoherence by encoding
it into degenerate irreps with the same total angular momen-
tum [12,13], we utilize relevant aspects of the representation
theory to obtain a reduced-dimensional description of quan-
tum maps that act locally but identically on every member of
an ensemble of qubits.

Our main result, presented in Eq. (42), enables us to rep-
resent arbitrary symmetric Lindblad operators in the collec-
tive state basis. We find that the dimension of the Hilbert
space H. spanned by these generalized collective states
scales favorably, dim(H )~ N?. This allows for efficient
simulation of a broader class of collective spin dynamics
and, in particular, allows one to consider the effects of deco-
herence on previous simulations of symmetric collective spin
states. We note that dynamical symmetries for spin-1/2 par-
ticles have been studied in the context of decoherence-free
quantum-information processing [12,13]. Unlike our work,
which uses symmetries to find a reduced description of a
quantum system, these works seek to protect quantum infor-
mation from decoherence by encoding within the degenera-
cies introduced by dynamical symmetries.

The remainder of the paper is organized as follows. Sec-
tion II reviews the representation theory of the rotation
group, which plays an important role in defining the symme-
tries related to Hg and H . Section III introduces collective
states and Sec. IV defines collective processes over these
states. Section V gives an identity for expressing arbitrary
symmetric superoperators, e.g., Eq. (1), over the collective
states. Section VI leverages this formalism to compare the
effect of different decoherence models in nonclassical atomic
ensemble states. Section VII concludes.

II. GENERAL STATES OF THE ENSEMBLE

Consider an ensemble of N spin-1/2 particles, with the
nth spin characterized by its angular momentum j(”)

:{fi”),jiﬂ),ji")}. States of the spin ensemble are elements of
the composite Hilbert space

Hy= HY o HPD @ - @ HW (2)
with dim(#,)=2". Pure states of the ensemble, |)) € Hy,
are written as

|lr//> = 2 Cm],mz,..A,mN|ml’m27 cee »mN> (3)
my,my,....,my
with m,= = % and where
| ) ! ® ! ® - ® !
my,my, ..., my)=|=,m —,m —,m
1,11 N > 1 ™ ) 2N .
4)

satisfies
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i my.  (5)

When studying the open-system dynamics of the spin en-
semble, one must generally consider the density operator

my,my, ...,my)=hm,|m,m, ...

. ’ ! r
pml,mz,. ST S

Cmyl. (6)

States expanded as in Egs. (5) and (6) are said to be written
in the product basis.

X |my,my, ... ,my)my,m, ..

A. Representations of the rotation group

For a single spin-1/2 particle, a spatial rotation through
the Euler angles R=(«a,,7) is described by the rotation
operator

R(a,B,y) = e Blyg1, (7)

The basis kets %,m) for this particle therefore transform un-
der the rotation R according to
1
_9 9’ 8
5 M> (®)

’ 172
’m > = 2 ,Dm”m(R)
m
where the matrices D"?(R) have the elements

1 1
D, = <§,m' §,m>. 9)

The rotation matrices D"?(R) form a two-dimensional repre-
sentation of the rotation group.
For the ensemble of N spin-1/2 particles, each component

A

R

N | =

R(a.B,7)

of the ket |)=|m,,m,, ... ,my) transforms separately under
a rotation so that an arbitrary state transforms as
/) =[P (R)I*N ). (10)

The rotation matrices D(R)=[D"?(R)]*" provide a reducible
representation for the rotation group but can be decomposed
into irreducible representations as

Jimax d‘ll\/ .
DR)= @ &D"(R). (11)
‘/=‘Imini=1
The quantum number i(J)=1,2, ... ,d{v is used to distinguish
between the
, NI(2J + 1)

= s ]ming‘lg‘lm X 12
NTUNR2=DUNR2+T+ 1) wo (12)
degenerate irreps with total angular momentum J [14]. That
is to say, d,Jv is the number of ways one can combine N
spin-1/2 particles to obtain total angular momentum J. The
matrix elements of a given irrep D’(R)

Dy oy (R) = (J.M,i| D" (R)*N

J.M',i) (13)

are written in terms of the total angular momentum eigen-
states

jz

LM, iy=J(J+1)

J,M.i), (14)
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jz|J’M,i>:M|JsM,i>’ (15)
with J ZN 1], ,JmaX=N/2, and

1
—, N odd,
Jminz 2 (16)

0 N even.

It is important to note that degenerate irreps have identical
matrix elements, i.e.,

Ji[DV*(R) i) =ML ")
(17
for all i,i’.
In this representation, pure states are written as
max dj
|‘/’> 2 E ECJMl (18)
J=J pyin M=—1J i=1
and mixed states as
Jmax J’J’ d{V
p E E 2 Prm,isy' m i’ M
JJ =i MM '==JJ" i,i'=1
(19)

States written in the form of Eq. (18) or (19) are said to be
written in the irrep basis. We stress that both the product and
irrep bases can describe any arbitrary state in H .

III. COLLECTIVE STATES

While the representations in Sec. II allow us to express
any state of the ensemble of spin-1/2 particles, the irrep
basis suggests a scenario in which we could restrict attention
to a much smaller subspace of H,. In particular, the irrep
structure of the rotation group, as expressed in Eq. (11), in-
dicates that rotations on the ensemble do not mix irreps and
that degenerate irreps transform identically under a rotation.

Following this line of reasoning, we introduce the collec-
tive states |i-), which span the sub-Hilbert space HC Hy.
Collective states have the property that degenerate irreps are
identical; for pure states, ¢ ;=c; . for all i and i'. We
note that the symmetric collective states mentioned in the
Introduction are the collective states with c; ;=0 unless J
=N/2 and thus correspond to the largest J value irrep. We
also note that

l(N+ 3)(N+1)

o if N is odd,
dimHe= >, 2J+1)=
J=min Z(N+ 2)? if N is even.
(20)

Physically, the collective states reflect an inability to ad-
dress different degenerate irreps of the same total J. This
new symmetry allows us to effectively ignore the quantum
number i and write
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max J ‘I}IV max

o= 2 2 DemlMi= 2 E Nyl M),

J=Tin M==1T i=1 J=Tin M=—J
(21)
where we have defined effective basis kets
! &
7. M) = ¢E .M. i) (22)

N’_

with effective amplitude c; y=c;,; for all i (since the cj;
are equal for collective states).

The factor of w@ serves as normalization, so that we can
apply standard spin-J operators to the effective kets without
explicitly referencing their constituent degenerate irrep kets

erate kets, each with identical probability amplitude coeffi-
cients. But since the matrix elements of a spin-J operator are
identical for irreps, we need not evaluate them individually.

As an example, consider a rotation operator R which nec-
essarily respects the irrep structure of the rotation group.
Calculating the expectation value of R by expanding the col-
lective state |¢/) in the full irrep basis, we have

<‘/’C|Ié|‘r/fc>zz 2 EC;{,MJCJ’,M’,N Mi')
JJ' MM’ i’
(23)
:2 E EciM’ic.],M',i 9l> (24)
J MM’ i
=2 2 & o (25)
Jomm’

where in going from Eq. (23) to Eq. (24) we set J=J' and
i=i' since rotation group elements do not mix irreps. In
reaching Eq. (25), we have further used the collective state
property that ¢; 4, ;=c; . V i,i" and the rotation irrep prop-

’i>:<J’M7i, ,i,>Vl.,l., to

drop the index i.
Equivalently we can evaluate the expectation using the
effective basis kets

WelRlvy =2 2 NdNdlic} e (MR M)

JJ MM’
(26)

(27)

:2 E d,Jvcj’McJ,M/

Jomm’

Comparing this to Eq. (25) and recalling that ¢, y,=c;,,; for
all i, we see that the effective calculation gives the same
result.

We can similarly define collective state density operators
pc that have the properties that (i) there are no coherences
between different irrep blocks and (ii) degenerate irrep
blocks have identical density matrix elements. The second
assumption again means we can effectively drop the index i,
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since py s iymr i=Prmirym i for any i and i’. This allows us
to write

Jmax J

pc= E 2 Prmam’

J= mmin MM '=—J

J.MYJ,M'| (28)

where the effective density matrix elements, written using an
outer product with overbar, are related to the irrep matrix
elements via

dj
FEYVEEYITRR S . .,
stz MIIT M | = d_JE it il M iXT, M il
Ni=1
(29)

Just as for the effective kets, the normalization factor of dlj\,
ensures that expectations are correctly calculated using the
standard spin-J operators. The density matrix has
E;g;lxmn(21+ 1)%= é(N+ 3)(N+2)(N+1) elements.

We stress that the outer product notation with overbar is
different from naively taking the outer product of the effec-
tive kets defined in Eq. (22). Such an approach would in-
volve outer products of kets between different, although de-
generate, irreps. Such terms are strictly forbidden by the first
property of collective state density operators. Instead, one
should consider the effective density operator as a represen-
tation of d,JV identical copies of a spin-J particle. The overbar
notation is meant to remind the reader that the outer product
beneath should only be interpreted using Eq. (29) to relate
back to the irrep basis.

IV. COLLECTIVE PROCESSES

We are now interested in describing quantum processes £
that preserve collective states p.=Lp. Writing this explic-
itly, we must have

2 2 d0; g e MM
UMy,

=2 > dzjvzpjz,Mz;Jz,Méﬁwz’M2><J2,M£|- (30)
T2 My M)
If we define the action of £ on collective density matrix
elements as

P (T

) (31)

we immediately see that this action must be expressible as

PSS N GO0 ()

J1M M
r; , oMMy
I MM

JMM'
JM M|
is an arbitrary function of its indices. Any process that pre-
serves collective states by satisfying Eq. (32) is a collective
process.

Examples of collective processes are those involving col-

in order for the equality in Eq. (30) to be met. Here \

lective angular momentum operators {J,,J,, ...} and, more

generally, arbitrary collective operators c =Eﬁlv=16(”). Since
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collective operators correspond to precisely the rotations
considered when the irrep structure of the rotation group is
defined, they can all be written as

é=2 E Crmm’

S omm’

JMYJ,M'

) (33)

which cannot couple effective matrix elements with different
J.

However, the collective operators define a more restrictive
class than an arbitrary collective process, which can couple
different J blocks, so long as it does not create coherences
between them. In fact, if all operators are collective, then the
symmetric collective states (|ig)) span an invariant subspace
of the map. This holds even when considering Lindblad op-
erators that are written in terms of collective operators,

L[S]p= Spsf—ESISp—EpS‘S , (34)

where § =35,
In the following section, we demonstrate that a process of
the form

N
FMM S 0 MY, M| () (35)

n=1

which cannot be written solely in terms of collective opera-
tors, is nonetheless a collective process. Moreover, if we ex-
pand the operators in the spherical Pauli basis via §=5- ¢ and
t'=7.&%, we find

FMM =5 a(J MM N)-{ (36)
with the tensor g(J,M,M’,N) defined as
N
g, (J.M.M'.\N)= > 6"lMyI. M6 (37)

n=1

The tensor is written as a function of N to coincide with the
notation in the following section.

Before deriving a closed form expression for
g(J,M,M',N), we would like to relate it to modeling sym-
metric decoherence processes, which take the form In order
to relate £[§] to Egs. (35) and (37), set 7/=§ and expand the
single spin operator § in the spherical Pauli basis

S=s,1+ > 85,0, =8[1+5,0,+5_G_+5.0, (38)
q

with the convention A=1, 6'+=(8 (1) , 6'_:((1) 8), and &
= (') _0] ). The symmetric Lindblad operator of Eq. (37) can be
expanded as

N

1 1 .
L[51p= 2 (s(")p(s(”))T _ _(S(n))Ts(n) _ —p(s(")) ts(”)>
n=1 2 2
Y 1 1
= 2, [§7p(") 1= Sp = ShSw (39)
n=1

with the collective operator S v given by
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N
§N= E (§(n))+§(")

n=1
1 2 1 2 2 2 7
= (15 s s + 5. i

ES £ k ES o
+(sisp—s_s s s s s,

ES *k * ES ol
+(s;s s s+, 57— 5,5
l 2 1 2 * * 7
+ 2|s_| —2|s+| +s,5.+s 5| (40)

and J ==N 16'51”) a collective spin operator.

In thls form, it is clear that only the first term of the
symmetric Lindbladian is not written using collective opera-
tors. In fact, if we again expand §" in the spherical basis, we
observe that the only terms which involve noncollective op-
erators are those which do not involve the identity operator,

2 [$Wp(E ") T = s Np + 2 (5,5,

n=1

p+ s,s;kﬁfg)

+E(Esq, 30 p(8Y )) (41)

n=1

The last term here is precisely the tensor evaluation of
s-g(J,M,M',N)-s5* We now proceed to give an identity for
the tensor elements.

V. IDENTITY

Identity 1. Given a collective density matrix element for N

spin-1/2 particles, "I, we have
N
g,/ (J.M.M'.N) = E i) (64
1 ay'2J+1
=—|(1+ J
2J % J+1
ﬁ ’ aﬁl
—LBIM g1, M XJ - 1,M] B ¢ —P——
271 ! dR2(J+1)
XD+ 1,M )+ 1,M] D",
(42)
where g,r e {+,—,2}, M,=M+1, M_=M-1, and M_.=M,
N2
, N!
dl = 43
ay= J,E:J NTN2=DIN2+ D (“43)
and
f [
AM NI -M)J+M+1), (44a)
Mo JJ+M)(JT-M+1), (44b)
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Y
NS
NN

FIG. 1. Degeneracy structure from adding spin-1/2 particles,
labeled as dﬂ,XJ .

J.M
Az - M’ (440)
and
BM=\NU-M)-M-1), (45a)
BM=—JU+M)J+M-1), (45b)
[
B =\(J+M)(J-M), (45¢)
and lastly
DM=—NU+M+1)U+M+2), (46a)
DM=UJ-M+1)(J-M+2), (46b)
DM=\U+M+1)I-M+1). (46c)

Note that «), and df, are zero if J is negative or J=N/2,
ensuring that only valid density matrix elements are in-
volved.

In the following sections, we prove Identity 1 inductively.
The motivation for the inductive proof comes from the
simple recursive structure of adding spin-1/2 particles. As
seen in Fig. 1, the dlj\, irreps that correspond to a total spin-J
particle composed of N spin-1/2 particles can be split into
two groups, depending on how angular momentum was
added to reach them. By expressing the N-particle states in
terms of bipartite states of a single spin-1/2 particle and a
spin-(N—1) particle, we can then evaluate the dynamics in-
dependently on either half by assuming that Identity 1 holds.
Returning the resulting state to the N-particle basis should
then confirm the identity. By inspection, the base case of N
=1 holds, as the A;’M terms reduce to the single spin-1/2
matrix elements. We now proceed to the inductive case.

A. Recursive state structure

In order to apply the inductive hypothesis, we need to
express an N-particle state in terms of (N—1)-particle states.
This recursive structure is best seen by examining Fig. 1,
which illustrates the branching structure for adding spin-1/2
particles. For example, the threefold-degenerate N=4 spin-1
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irreps arise from two different spin additions—addition of a
single spin-1/2 particle to the nondegenerate J =%, N=3 ir-
rep and addition to the twofold-degenerate J= %, N=3 irreps.
Since we are always adding a spin-1/2 particle, the tree is at
most binary. This allows us to recursively decompose the
degenerate irreps for a given J in terms of adding a single
spin-1/2 particle to the two related (N—1)-degenerate irreps.

Recall that for the collective states we defined effective
density matrix elements which group degenerate irreps [Eq.
(29)]. In order to make the relationship between states of
different N clear, in this section we will add the index N to
all effective density matrix elements—I|J,M ,N)(J,M’,N |
Similarly, when the collective state is expressed in the irrep

PHYSICAL REVIEW A 78, 052101 (2008)

basis, we will also use kets with the index N, i.e., |J,M,N,i).
Here, the N and i indices indicate that the state is from the ith
degenerate total-spin-J irrep that comes from adding N
spin-1/2 particles. So that we can leverage the binary
branching structure seen in Fig. 1, we also need to relate the
N-particle irrep states to the (N—1)-particle irrep states. Ac-
cordingly, we define J,M;%,]i %,N—l,z}), where the last
four entries indicate that the overall N-spin state can be
viewed as combining a single spin-1/2 particle with a
spin-(J = %) particle. The spin-(J = %) particle is from the i,th
such irrep for N—1 spin-1/2 particles. With these definitions,
we can now relate the N-particle states to the (N—1)-particle
states by explicitly tensoring out a single spin-1/2 particle:

!
- 1
J.M,NYJ,M' ,N| = d—,E J,M,N,i}J,M',N,i (47)
N i=1
+1/2
18 11 . 11 .
=_] J,M;_,J+_,N—1,ll J,M ;_,J+_,N—1,ll
a0 2772 2772
dIJV—_ll/Z
1 1 1 . 1 1 _
+— 2 | LM;= == N=1i )\ M=, J = —.N = L,i, (48)
a5 27 2 27 2
dlj\l+—ll/2 JM ~1/2.m 1 1 ’
= &, E, ' CJ+1'/2,1M—m1 >\ 5
my,my
P YR VPR Y TR VU g PR TPOe N
® +2» — MmN = +2’ —my, N = J+12,M"=m |
J—1/2 1
n—1 . 1/2,r i
+ 7 2 JMCJ—I/;,ZM—mZ E’mz —,m,
N m m,
2,19
I VR VR Y S VRN R PR 49
® —2, —my,IN — _2’ — My, N = J-112,M"-m, ( )

with Clebsch-Gordan coefficients Cg::ﬁ;:(] M j1,ja|j1.mysjp,my) and the m;,m! sums over single-spin projection values

i%. In reaching Eq. (50), we made use of the definition of the effective density matrix element for N—1 spins given in Eq.
(29). With this recursive state definition, we can now start the inductive step of the proof.

B. Application of the inductive hypothesis

In order to prove Identity 1, we must be able to apply the inductive hypothesis to Eq. (42). Ignoring the Clesbsch-Gordan
coefficients for the moment, consider an arbitrary term from Eq. (52). The dynamics are distributed as

®

N (n)( : >< : ’
g, —m; )\ —.m;
n=1 2 2

! 1
Ji E,M_mi,N— 1><Ji E’M_mi,’N_ 1‘)0_571)

1
= gqr<§,mi,m;, 1) ®

1 1,
_’mi _’mi
2 2

1
+ —

® gq,<J *

2’

1 1
Jx E’M_mi’N_l><JiE’M_mi,’N_l‘

M—m,»,M'—m},N—l). (50)

By extension, all terms in Eq. (50) split the dynamics in this manner, which allows us to apply the inductive hypothesis to
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evaluate gqr(%,mi,m 1)and g, (J* 3 * M —m;,M’'—m/ ,N—1). This means evaluating the g, terms according to the hypothesis
in Eq. (42), after which we rewrite the bipartite states in the N-spin basis.
We have the gqr(%,ml ,my,1) terms
T _
Jl’Mq;E’J-'- E,N— 1,11

d](;r_]/z Jel

1/12,my J1,.M , ~1/2,m; JM ~1/2,my
7 > 22 (A Grinmm, "~ Criinvm,
N ij=1 Ji=J my

1

J+1
1 1 ro12.m! r ol 12.m] 4
M Jmy JM] oy 1/2,m}
X > > (<J1, pigd o N= L | M C D JRpy (51)
Ji=I m)
and the gqr(%,mz,mé, 1) terms
1/2
dﬁl 1/2.my T 12 172, 1 1
m S JM m - — ;
& 2 E > Ay qGJ—l/Z,zM—mz Crlivm, J27M472J+2,N—1,12
N izl Jp=J-1 my
d 11 /
"ot VR 1/2,m} ThM! 1/2.m) 1/2,m!
X ’E E’( ‘]27Mr’2"]+ 27N 1912 CJ—I/Z,M’—mé C]+l/2M/—mé r (52)
Jy=J-1 m,
The gqr(J+%,M—m1,M'—m{,N—1) terms are
172
1+3/2 27472 i g 1 1
J+12,.M-my J{ .M, ~1/2.m J.M ~1/2.m . _ .
2T +1) dJ+1/ZJ 3 PIEDIPS <Aq Vi m, T CH T Mm, J1,Mq,2,J+ 2,N— L )
N -1 =1 Jy=J my
J+1 | |
b b L 1 oM Sl2m T1ML ~12m JH12,M =]
X E 2( Jl’Mr’Z’J"' Z’N Li, CJ+1/2,M'—m; CJ+1/2,Mr’—mI’ r (53)
J{:J mi
—1/2
J+1/2 o 1 1
J+1/2,M-my J 1/2.m JM ~1/2.m L L .
d 1‘1/22(J+1/2) E > E( e iC; 1/21M -m, CJ+1/2,1M—ml Jthaz’J— 2,N—1,11 )
i1=1 Ji=J-1 m
1 1 1 4 YU ! ’ ’
| JM S2mg JiM] A12.my J+1/2,M" —m |
X E 2<<J1, 2J 2 - Li CJ+1/2,M’—mi CJ—1/2,Mr’—m;Br (54)
Ji=J-1 m|
3/2
o312 a2 1 3
| J+1/2,M=my J 1/2,m IM ~1/2m L 2 .
) E<Dq o, ™ Ct Bt | oMy 4 N = Ly )
=1 Jy=J+1 m

)

J+2 1 3
X > 2(<J1, = J+=.N-1,i,

JM' A12m) TyM] A12.m) J+1/2,M" =m
CJ+I/2,M’—1 CJ+3/2 M;—m{Dr (55)

Jl=J+1 my

and, lastly, the gq,(J—%,M—mQ,M’—mé,N— 1) terms are
ay'? 27 UE J=1/2,M=m» J 1/2.m JM ~172m

420 - 1/2)(1 Wwagr 1/2) 222 (A O o, it

ir=1 Jry=J-1 m,

11 ,
| oMy = SN - 1,12>>

1 1 . T 12,mh 1/2, _12.M —m,
X 2 E( JMl= 0= = N=1,iy ) "M CJ_IZ?M,_M M CJ_IZZM,_M,Af 12.M"=my (56)
Jz—J—l mh 2 2 ro 2
a]—l/z le\/_}l/2 J-1 1 3
N-1 J=112,M=my T, My ~1/2m .M 112m I M = J—=N-1.i )
djjvdjjv 3/22(J_ 1/2) 122_1 ng 2% ( J=3/2.M ~my =1/2,M=my | 12 q> 5> 9’ 42

1 3 ’ ! ’ ’
3 N\ M A2y ! 2 J112.M" -m),
Ty M 2’ 2’N L,iy CJ—I/Z,M’—m CJ—3/2 M;—méBV (57)

Jp=J-2

<33
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+1/2
J+l/2 a i

J=1/2,M~-my J»,M 1/2,my JM ~1/2,my
7 J+l/2 > X E( Crinm -my " Crinmm,
dydy (2J+ 1) o=t Jp=d my ¢

xgz(

Jh=l m

o1 ,
.Iz,Mq;E,J‘F E,N— 1,l2>>

1 1 ’ 4 ’
L . JM l/2,m2 ]2 172 mz J=1/2,M-m,
129 ’2’J+ 2’N_ L,iy CJ—]/Z,M’—m CJ+I/2 M’—méDr : (58)

C. Evaluation of the sums

We are now tasked with showing that the terms (52)—-(59) sum to g,,(J,M,M',N) as written in Eq. (42). Before doing so,
we observe that the J;,m; and J!,m/ sums factor in all the equations above. Moreover, if one replaces primed quantities with
unprimed ones, the Clebsch Gordan and A, B, D coefficients of the kets in a given J;,m; sum are identical to those of the bras
in the related J; ,m; sum. Therefore, we focus on simplifying the unprimed sums and then apply those results to the primed
sums in order to s1mp11fy Egs. (52)—(59). In the Appendix, we explicitly calculate two representative sums from these
equations. The calculations involve manipulating products of Clebsch-Gordan and A, B, D coefficients. Although tedious, the
interested and pertinacious reader should have no trouble evaluating them for all relevant sums, finding in particular that the
J =2 terms vanish. We forego detailing all those manipulations here and simply use the results in both the primed and
unprimed terms of the equations above, which then simplify Eq. (52) to

1 4 11 11
————— > DM+ LM+ - N =Ly T+ LML= J+ =, N= Liy | DI
d2r+272 5 1 272 272
J.M 1 1 . ’ 1 1 . M
AP My J+ 2 N=Liy \ T+ LM];=J+ =, N=1,i;| D}
272 272
J.M 1 1 . ’ 1 1 . M’
DM T+ LM yi— J+ = N=Liy \ I M= J+ =, N=Li| | A}
a 272 272
11 11 /
L AM J’Mq;E,J+§,N—1,i1 <J,M;;5,J+E,N— 1,i; Af*M , (59)
Eq. (53) to
ot 11 11 ,
—— > BMI-1 M0 iN=-1i \J-1.M]:=.J- =:N- Li, | BJ™
BAP 1 27 2 272
11 11 ,
+AM I M~ 0= —iN= i, )\ J-1L.M];=,J - —N=Li, | B
a 27 2 27 2
11 11 ,
+BM T 1My~ J - —N=1,i; )\ I M) =0 = — N = 1,0, | ALY
a 27 2 27 2
11 11 ,
+AM J,Mq;E,J—E;N—l,il <J,M;;§,J—E;N—1,il ATM (60)
Eq. (54) to

l+1/2
1 a2 +2 1 11 11 ,
- (1 T E ——=DM T+ LM~ 0+ 2 N=Lig \ J+1.M: =T+ . N-1,i;| D}
s+ )\ af P I+32) (2 (27+2) 7 272

2(J +3/2 11 11 :
—(—2) MV M~ J+ = N=Liy \J+1,M}; =0+ ~,N-1,i; | D/
(27 +2) 2 Y 272
2(J +3/2 11 11 :
—(—Z)DJ’M J+ LMy~ J+-,N=Lig )\ .M}~ J+=,N-Li |[AM
(27+2)* 71 2 272
J+3/2)* 11 11 :
ﬁ Mg+ 5N = Ly <J,M;;5,J+5,N—l,i1 AT (61)

Eq. (55) to
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o2 vy 1 1 1 1 ,
e 2 U+ DBMT=1.My;=J = —iN=Lig )\ J-1.M};5.J - -:N= Li; | BV
i P20+ 12) 2 27 2 272

J.M J.M'
+A, B,

1 1 1 1
JIMy=J—-=N=1,i; )\J-1,M];=,J - ~;N-1,i;
2 2 2 2

J.M JM'
+ Bq Ar

1 1 1 1
J=1,My =, J-=;N-1,i JIM) =, J——=;N=-1,i
2 2 2 2

1 JM
+—A!

J+1 A, (62)

2 2 2

1 1 ) , 1 1 )
JMy = J= - N=1i )\ M,;~,J-—;N-1,
2

Eq. (56) to (since J+2 terms vanish)

o1 e 13 13 :
—— = > DM+ LM = I+ SN =i )T+ LML= J+ = N =L | DI, (63)
a0+ d 50 272 2772
Eq. (57) to
dJ—l/Z
1 a2 \'Q 11 11 ,
— <1+ e > BMI-1M;-J-oN=1ig \ T - 1M =0 - =N = Liy | B/M
BAP20 -1\ a P I+12) 2 27 2 27 2
1 11 11 ,
_2<J——)AJ’M M= J = —sN=Lig )\ J= LLM/;=,J— =N = Li, | B/
2/ 27 2 27 2
1 11 11 ,
—2(]——)BJ’M J-1,My;=J—-=N-1i )\ J.M};=.J - —:N-1,i | A
2/ 27 2 27 2
1\ 11 11 I
+4\J= = | A M~ d = =N = Liyg I M= 0= =N = 1iy AP (64)
2) 74 27 2 27 2
Eq. (58) to (since J—2 terms vanish)
aJ—3/2
J N-1
a, 1 13 13 :
A > B - 1M = - S N=Lig N J- 1M =0 - S N= 1,0, | B (65)
d2rdait 20 P ) 27 2
and Eq. (59) to
J+1/2 e 1 1 1 1 )
— DM T+ LMy 0+ 2 ,N=Liy \ J+ 1L,M]; =, J+ = ,N- Li,| DI
A Pr+1) 2 T+ 272 2772
1 11 11 ,
+——AM M~ J+ = N=Liy )\ J+1,M}; =0+ -,N-Li | D/
J+171 272 2772
1y 11 _ 1 o
+—D" | J+ I,Mq;—,J+—,N—1,11 J M ;= J+ - ,N=1,i;|Ay
J+114 2772 272
1y 11 , S o
+ A I M = J+ = N=1,i (N M= T+ = N = Li, [ATY (66)
JU+1)74 272 PA)

D. Recovery of g,,.(J,M,M’',N)

We now combine the equations from the previous subsection to recover Identity 1 in Eq. (42). Given that density operators
in the collective state representation lack coherences between different J irreps, we expect |J = 1){J| and |[J){J * 1| terms to
vanish. Since both the [J)(J * 1| and |J + 1){J| terms have the same coefficients, we need only explicitly deal with one of the
two. Starting with |J+1){J| coefficients from Egs. (60), (62), and (67), we find
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1 1 (27 +3) ( N a3 2r+2 ) . 1 altl?
& (27+2)? 27+ 1)(2J+2)? AP I+32) T+ DRI+ 1) a
1 ( (N+1) N+ 2J+2>
= S5\-1- +
d (2] +2)? 2J+1 2J+1
=0.

Similarly, for [J—1){J| coefficients in Eqgs. (61), (63), and (65), we have

1 J+_1/22J a1+_1/2 27
| Ay |4 S B
Tzl tT 172 TS =
dyAT dy_ (J+1/2) dy_; J+1/2

Turning to the J+1 terms from Egs. (60), (62), and (67), the coefficients sum to

1 1 1 aJ+3/2 27 +2 7 J+11/2
— + 1+ + i
dyl @7+2)7* 27+ 127+ 2)2< i T+ 3/2) (J+1D)Q2J+ 1) d)?

1 N+1 JIN+2J+2)
=— 5 1+ +
dy(2J +2) 2J+3)(2J+1) 2J+1

1 2J+N+4 1 ay!
CdL 8207412 dl2(J+ 1) dlf"

which gives overall

+1/2
J+1 dljv

Ay L E D;,M

—r DM
a2+ 1)ay" i g

1 1 1 1
J+1LMy=J+ 2, N=- 1,0 J+1,M ;- J+—-,N—-1,i
2 2 2 2

The J terms from Egs. (60), (62), and (67) have coefficients
1 1 (27 +3)? ( a3 25 +2 ) 1 aftl?
— + + +
il Q7+2)F " 27+ 1)(2J+2)? d;,tl{z J+32) I+ 1)(2J+ 1) di?

1 (N+1)(2J+3) N+2J+2
=— ST+ +
dy(2J +2) 2J+1 J2J+1)

1 (1 ’*‘2J+1>
2] &, J+1 )’
which gives overall

dJ+]/2
1 ’+‘2J+1 18w 11 . 1 .
—(1+-% — 2 AM UM+ S N= iy ) x A IMi = T+ 2 N = L
2J & J+1 ) d, ¢ 2772

12—

Similarly, the J terms from Egs. (61), (63), and (65) have coefficients
1 J+1/22J 1 J+l/2 2]
a1t e 2(1_ _>(1 jv—_ll/Z )
dAT AP+ 12)T+ 1) 2 &P T+ 172
1 N-2J[ 1 1 ' 27+ 1
=——|2J+ +2/-1)|=— I+— ,
dlAT 27+1\J+1 &2\ & T+

-1/2

@
1 a'27+1\ 1
—(1+ > AN

2J dy J+1 d{v,l

which gives

!
ATM

11 11

M= J == N=1,i, )\ .M} =,J = =N = 1,i,
vy’ 2 2 2

And finally, the J—1 sums from Egs. (61), (63), and (65) have coefficients
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FIG. 2. (Color online) Decoherence of the initial superposition state |(0))=(|+N/2)+|-N/2))/ V2: (al), (a2) Time-dependent fidelity
with the initial state for both symmetric local £[&_] and collective £[J_] decoherence for different numbers of particles; (b1), (b2) similar

comparison for £[6,] versus £[J,]; (c) time-dependent populations of different total-J irreps for £[&_].

1 alt 22007 + D, 1 ( aftl? 2y )
+ +
diAT? d AT+ 172) T20-12) a5 T+ 12
1 1 N-2J 1 1 a
=——| 1+ + J+l+ — | =777, (78)
dIAT 2J-1 2J+1 2J-1 a\2J dy
which gives
al, e 11 11
d’2JdJ —= > B —1,Mq;5,J—5,N—1,i1> X <J—1,M;;§,J—5,N—1,i1 B (79)
i1=1

,N| given in Eq.
(29), we see that Egs. (75) and (77) correspond to the
,N| terms in Eq. (42). A similar combination
of Egs. (66) and (80) corresponds to the J—1 term and the
combination of Egs. (64) and (73) corresponds to the J term.
We have thus shown inductively that Identity 1 holds. M

VI. EXAMPLES

As discussed in the Introduction, realistic decoherence
models for an ensemble of spin particles are often described
most aptly by a symmetric sum over local channels. Con-
sider, for example, the open system dynamics governed by
the master equation

2 == i p0)] + TLISIA0),

(80)

where H (and any measurements performed) are described
by collective operators, but the decoherence involves the
symmetric Linblad superoperator L[§] of the form in Egq.

(37). As this decoherence model does not preserve symmet-
ric states, it has been common practice to consider instead
the associated collective process L[S] given in Eq. (34) with
§=3,5".

To illustrate the difference between symmetric and collec-
tive decoherence models, we considered the open system dy-
namics of two representative problems. First, we compared
the dynamics generated by the symmetric-local L[§] versus

collective L[S‘] Linblad master equations applied to an initial
superposition  (cat)  state [(0))=(IN/2,+N/2)+|N/2,
—N/2))/\2. Figures 2(a) and 2(b) depict the ﬁdehty Fr)

=({0)|p(1)|/0) evolved under Eq. (80) (with H=0) for two
different types of decoherence channel: Figs. 2(al) and 2(a2)
compare the collective versus symmetric master equations

with §=c_ for N=10 and 100 particles, respectively; and
Figs. 2(b1) and 2(b2) make a similar comparison for §=4,.
The examples we considered (including some not reported
here) suggest that symmetric local decoherence models can
generate dynamics that are appreciably different from their
collective analogs. This is perhaps not too surprising: for an
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FIG. 3. (Color online) Time evolution of the squeezing param-
eter & for a spin ensemble driven by ﬁ:—i/\(ﬁ—ﬁ) subject to
L£[6_] (dotted lines) and £[J_] (dashed lines) with relative decoher-
ence rates I'=A/5,A,5A. For comparison, the solid line denotes
decoherence-free squeezing.

initially symmetric state, collective decoherence models
E[S‘] confine the dynamics to only maximum-J irreps; sym-
metric local models £[$] do not necessarily preserve the ir-
rep decomposition of the initial state. Figure 2(c) depicts the
norm of each total-J irrep block of the density operator N,
=tr[ﬁ!é(t) as a function of time for L[6.] (P .
=3 y|J,M){J,M|). The observation that small-J irreps are
only minimally populated suggests that further model reduc-
tion by truncating the Hilbert space to only the largest-J
blocks could be beneficial.

As a second example, we compared symmetric local ver-
sus collective decoherence models applied to dynamically
generated spin squeezing under the countertwisting Hamil-
tonian H =—iA(ji—jE) [9]. We performed simulations by
time-evolving Eq. (80) from the initial spin-coherent state
IN/2,N/2) for N=100 with £[6] and £[J_]. Figure 3 de-
picts the time-dependent squeezing parameter &
=N(AJ?)/(J.)?, each for '=A/5,A,5A. Under the condi-
tions we considered, symmetric local decoherence was evi-
dently less destructive to the squeezing dynamics than col-
lective models. As observed for the cat state dynamics, to a
large extent the main effect of symmetric local decoherence
is leakage from the maximum-J irrep. But since the driving

A611/2,1/2 J+1 ,chl/2,l/2q

J,MC1/2,1/2
J+1/2,M-1/2

J+1/2,M-1/2

- LM, ~1/2,-1/2
+A(1)/2’ 172 J+1, qC/, /

PHYSICAL REVIEW A 78, 052101 (2008)

Hamiltonian H involves only collective spin operators, the
coherent dynamics decouple for different total J: the popula-
tion in each irrep block then undergoes its own squeezing,
evidently making the dynamics more resistant to symmetric
local decoherence than collective processes.

VII. CONCLUSION

We have presented an exact formula for efficiently ex-
pressing symmetric processes of an ensemble of spin-1/2
particles. The efficiency is achieved by generalizing the no-
tion of collective spin states to be any such state which does
not distinguish degenerate irreps. For a collection of N
spin-1/2 particles, the effective Hilbert space dimension
grows as N2, a drastic reduction from the full Hilbert space
scaling of 2V. The collective representation is used in Iden-
tity 1, which gives a closed form expression for evaluating
noncollective terms from symmetric Lindblad operators.
Simulations confirm that symmetric local decoherence mod-
els can be drastically different from collective decoherence
models. Unfortunately, due to the complicated structure of
addition of spin-(J> %) particles [14], our results do not ap-
pear to generalize. Nonetheless, we believe that this ap-
proach will become a useful tool in analyzing collective spin
phenomena and, in particular, accurately considering the role
of decoherence in collective spin experiments.
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APPENDIX: EXPLICIT SIMPLIFICATION OF TYPICAL
SUMS

In Sec. V C, we simplify the sums in Egs. (52)—(59) but
do not go through the detailed algebra. The work involves
manipulating products of Clebsch-Gordan and A,B,D coef-
ficients. In this appendix, we explicitly calculate two repre-
sentative sums from this set and invite the reader to calculate
the remainder in a similar fashion.

First, consider the sums over J; and m, in Eq. (52), which
are representative of sums in Egs. (52) and (53). For J,=J
+1,

J,MCI/Z,—I/Z

J+1/2,M+1/2 J+1/12,M+1/2

—\/(J+M+2)(J+M+l), qg=+,

= X
2(J+1)

NVI-M+2)(J-M+1),

q=—, (Al)

VI-M+1D)(J+M+1),

q=2,
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1
_ DM, A2
2J+2 1 (A2)
and for J,=J
112,12 J.M, 172,172 JM 12,172 12,212 I M, 12~ 172, J.M ~1/2,-172
A, 1Crindi-in " Crilnm-12+4q ! 1C T nmin CJ+1/2,1/V1+1/2
VI-M)J+M+1), g=+,
=- XWWI+M(JT-M+1), g=—, A3
20+ 1) VI+M)J-M+1), g (A3)
M, q=2z,
L (A4)
2J+2 1

where AV2V2Z A12-12 ) AV2=12_ gU202_ 1 a0q AV2E12_ 419
+ - > + — > z — .
Similarly, consider the sums over J; and m, in Eq. (55), which is representative of Egs. (55), (56), and (56)—(59). For J;
=J-1, we have

J+1/2,M=1/2 J=1.M , ~1/2,1/2 I M 12,172 JH12,M+1/2 J=1,M | ~1/2,-1/2 M 12,172
B, qCJ—l/Z,Mq—l/Z Criinm-12+By qCJ—l/Z,Mq+l/2 Criinm+in

= J-M)J-M+ 1)BJ+1/2,M—1/2 % (1 . \/J+M,, \/J+M+ lel/z’M”/z)
4J(J+1) a J-M,NJ-M+ IB;+1/2,M—1/2

J-M)J-M+1) 2+1)  [T+1 W=mU-M-D.  q=+, [7+1
—MIV =M+ 1Y) i m-12 + + f M
= B, = X\=NVU+M)J+M-1), g=—, =~/—"8B".
\/ 4J(J+1) q J-M+1 J % ). 4 7 P
VU +M)(J - M),

q=2,
(A5)
Similarly, for J,=J, we have
1 1
JH12,M=112 M, 172,172 M 12,172 1 LM, 1212 M 12,2172
B, qCJ—l/Z,Mq—l/Z Crinm-1n+tBJ + .M+ qCJ—l/2,Mq+l/2 Criinmsin

2
_ (J+M)J-M+ I)BJ+1/2,M—1/2 y (1 ~ \/J_Mq J+ M+ IB{]+1/2,M+1/2)
(

4J(J+1) 4 J+M, NJ-M+ IB;+1/2,M—1/2
1
) =+,
J-M+1 1
_ \/(J+Mq)(J_M+ I)BJ+1/2,M—1/2 waxd 1 _
- q > q s
4J(J+1) J+M+1
M p—
(VMU= M+1)’ =z

\/(J—M)(J+M+1), qg=+,
N X UMM+ D), g==. =AM (A6)
“NJU+1) U+ M AET EN et

M, q=1z,
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